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Giant Oscillations in the Magnetoacoustic Attenuation of Bismuth
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Measurements of the magnetoacoustic attenuation of bismuth at temperatures of 1.4-1.8'K in transverse
magnetic fields up to 17 kG are reported. For shear waves of frequency 8-40 Mc/sec, propagated in the
bisectrix direction, with the magnetic field in the binary direction, oscillations in the magnetoacoustic
attenuation coeflicient as large as 1/ db/cm are observed. The oscillations in attenuation coeKcient are
approximately periodic in the reciprocal of the magnetic field with a period of 6.3)&10 ' Oe ', a value
corresponding to the smallest cyclotron mass. The data are compared with current theories and are found
to be in qualitative agreement. More detailed comparison, however, indicates the need for a more sophisti-
cated theory of the giant oscillations which takes into account the effects of finite electronic mean free path
and deviations from parabolicity of the conduction bands. The data presented were obtained using a new
and versatile sampling technique which involves the use of a commercial sampling oscilloscope.

I. INTRODUCTION

' 'HE de Haas —van Alphen-like oscillations of the
acoustic attenuation coefficient have been re-

ported in bismuth, ' ' zinc, ' and antimony. 4 These oscilla-
tions are the acoustic analog of the de Haas —van
Alphen oscillations in magnetic suceptibility or de
Haas —Shubnikov oscillations in magnetoresistance. That
is, in magnetic fields which are sufficiently large that the
Landau level spacing is large compared to the thermal
broadening at the Fermi surface, the acoustic attenua-
tion coe%cient undergoes quantum oscillations as a
function of magnetic Geld which are periodic in the
reciprocal of the magnetic-field intensity. When the
electronic mean free path is very large compared to the
sound wavelength, or, equivalently, when the product
of phonon wave vector q and electron mean free path 1

is large compared to one, the oscillations in attenuation
coeS.cient become proportionately much larger, and the
maxima take on a distinctive spike-like shape. In this
regime, they are referred to as "giant oscillations" of
the attenuation coeKcient and were theoretically pre-
dicted by Gurevich, Skobov, and Firsov. ' The "giant
oscillations" have been experimentally observed in
zinc, ' gallium, 7 and bismuth. ' For the zinc and gallium
measurements, the experiments were carried out in a
longitudinal magnetic field with longitudinal sound
waves; for the bismuth, with transverse sound waves
and with the magnetic Geld nearly perpendicular to the
sound propagation direction.

It is the purpose of this paper to indicate the present
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state of the theory of giant oscillations and to compare
to this theory data obtained from ultrasonic measure-
ments on bismuth single crystals. Anticipating our
results, we shall show that the experimental results are
in qualitative agreement with the theory. When the
data are examined quantitatively, however, many
discrepancies are noted which indicate the need for a
more sophisticated theoretical model. In addition, we
introduce a new method for taking the ultrasonic data
which offers many advantages over existing techniques.

II. THEORETICAL DISCUSSION

As Gurevich, Skobov, and Firsov' have shown, the
"giant oscillations" are a consequence of energy and
momentum conservation in the absorption of a phonon
by a free electron. Neglecting spin, the energy states of
the "free" electrons in the presence of a magnetic field
H are given by the expression

e= (ts+-,')AQ+It'k '/2m*,

where ts is a positive integer, Q = eH/m, c is the cyclotron
frequency, and k, is the component of electron wave
vector in the direction of the magnetic field, which has
been assumed to be in the 2 direction. The quantities
m, and m* are the cyclotron and effective masses,
respectively. When a phonon of frequency co and wave
vector q is absorbed, we must satisfy the following
condition:

(I+-,')AQ+5'k. s/2m*+koi
= (~'+-')hQ+hs(k yq )s/2m*, (2)

where energy and momentum conservation have been
assumed. Upon collecting terms and neglecting the
term fi'q, '/2m' (since k,»q, ), one obtains

(e—I')Q+oi =Ak, q,/m*.

In a su%.ciently large magnetic Geld, i.e., when
Q»hk, q,/m*, Eq. (3) can be satisfied only for N=n'.
Under these conditions,

hk, q,/m*= cu.
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s,s = u/coso. (6)

It is very interesting to note that condition (6) or
(5) is just equivalent to the condition that the electrons
drift in phase with the sound wave. For, if the electrons
are drifting parallel to the magnetic field with velocity
~„ the component of velocity in the j direction will be
s,= v, coso. If now s,= n, '= u/cos8, it is clear that ss =u.
Thus, the only electrons which can absorb a phonon
without changing Landau levels (i.e., Ae =0) and
simultaneously conserve energy and momentum are
those electrons drifting in phase with the phonon.

Let us now consider the significance of these results.
As one can see from Eq. (1), n and k, are quantum
numbers that characterize the energy state of an elec-
tron in a magnetic field. The quantum number n can
take on only integral values (or zero) and characterizes
which Landau level the electron belongs to, whereas k,
varies continuously. When the magnetic field is high
enough, or the phonon energy low enough, transitions
between Landau levels are forbidden; hence, we arrive
at the selection rule Ae=e —e'=0 for the absorption of
a phonon. Under these conditions, Eq. (5) or (6) must
be satisfied if a phonon is to be absorbed. That is,
phonons can be absorbed only by electrons which are

@f1"-to+I/2) flQ+fl kz /2m
2 2

Fxo. 1. Electronic
energy levels in a
quantizing magnetic
field for a parabolic
band. The energy
«„(k,) is a function of
the quantum num-
bers I, which deter-
mines which har-
monic oscillator level
the electron occupies,
and k„which is the
component of wave
vector parallel to the
applied magnetic
field.
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In the low-frequency range, in which we shall be
interested, we can assume a linear dispersion relation for
the phonons, so that co=pl, where I is the sound
velocity. Substituting this result into Eq. (4), we obtain
the result

k, =—k,'= m*uq/Aq, = m*u/k cos0,

where 8 is the angle between the sound propagation
direction and the magnetic field. %e can also rewrite
Eq. (5) in terms of the electron velocity,

in a particular initial state k, , determined by the
magnetic field and propagation directions, and which
can make a transition to a particular final state k,'+q, .
This process can take place only if the initial state is
occupied and the Gnal state empty, a condition which,
in general, is not satisfied. This can be seen better by
referring to Fig. 1 which is a plot of the allowed electron
energies e(e,k,) a,s given by Eq. (1).The line marked f'

is the position of the Fermi energy. Clearly, only those
states will be filled which lie below f, those which lie
above t will be empty. If has=0, both conditions can be
satisfied only for those carriers lying at the intersection
of the Landau levels with f If c.ondition (5) is to be
satisfied, however, this intersection must occur at
k.=k.', or

i = (e;+ ', )beH-, /m, c+k'k, "/2m* (7)

must be satisfied for some integer e; and Geld value H;.
As one can easily see, this is a very stringent selection
rule and will be satisfied only at particular values of
magnetic field. Thus, the attenuation coefficient, as a
function of magnetic field, consists of a series of sharp
maxima occurring at those H; satisfying Eq. (7). How-

ever, in the regions between the maxima the attenuation
coefficient is very small. Because the Fermi velocity is

so much larger than the sound velocity, ss/u 1000 in
bismuth, k, is ordinalily much smaller than kp and
k'k, "/2m* is much smaller than f Hence, . there will be
an e; and H, such that Eq. (7) is satisfied (unless the
magnetic field is so large that keH/2m, c)f'). However&

when coso&10 ', k,' may exceed k~, in which case,
I'r'k "/2m*)i, and Eq. (7) cannot be satisiied for any
value of magnetic 6eld. Thus, when the applied mag-
netic field is perpendicular to the sound propagation.
direction, the giant oscillations will disappear and the
attenuation will decrease.

Expressions for the acoustic attenuation coefficient
in the "giant oscillation" region were first derived by
Gurevich e] al. ' who treated in detail only the longi-
tudinal case, i.e., with the sound propagation in the
direction of the magnetic Geld. The more general case,
in which the sound propagation direction is not parallel
to the magnetic field and in which an electric Geld is

present was worked out by Kazarinov and Skobov. '
For the experimental results which will be presented,
the electric Geld is zero and the results simplify to

~,' AQ
I'=I',— P Jss(q,R„) cosh '$,

s 4kT ~0
where

p„=
~ t —An(u+-,') —ms,"/2 ~/2kT.

The quantity Fo is the attenuation coe%cient in zero
Geld; Jo is the Bessel function of zero order; q, is

(q '+q ')'I' and R„ is the average radius of the orbit

~ R. F. Kazarinov and V'. G. Skobov, Zh. Eksperim. i Yeor. Fiz.
43, 1496 (1962) LEnglish transl. : Soviet Phys. —JETP 16, 1057
(1963)3.
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in quantum state I and is equal to L(2N+1)ch/eH$'I'.
At high frequencies or low magnetic 6elds, i.e., qiR„)1,
the magnitude of the Bessel function Jo oscillates as a
function of magnetic field. The resulting oscillations of
the attenuation coeKcient are known as "geometric"
oscillations. The limit which is applicable to the results
to be presented is the opposite limit q&R„((1 which
obtains at low frequencies and high magnetic fields. In
this limit J0=1 and the geometric oscillations vanish.
In this regime, however, cosh '$ oscillates as a function
of magnetic field giving rise to the quantum oscillations.
It is clear that the expression in Eq. (8) has the prop-
erties discussed previously in more general terms. In
strong magnetic fields, i.e., 50)&kT, the sum over e in
Eq. (8) will be dominated by that term e=E for which

$~ is a minimum. In fact, I' will be a maximum when

$~——0. This is exactly condition (7), previously dis-
cussed. The resulting expression for the values of I' at
its maxima is then given by

when Eq. (2) is not satisGed, there will be some phonon
absorption. This contribution to the absorption is
proportional to 1/ql and will serve to decrease the
amplitude of the oscillations.

Expressions for the attenuation coefficient in the
presence of scattering, i.e., for finite q/, have been
obtained by Gurevich et al. ' and Skobov. "Both treat-
ments, however, are for the case in which the magnetic
field is parallel to the sound propagation direction.
Although they are not directly applicable to the experi-
mental results to be discussed, they are of interest in
that they indicate in a qualitative way the eRects of
defect scattering upon the giant oscillations. The treat-
ment by Skobov appears to be rigorous, but for the
case of most interest, the strong field region, i.e.,
ql(Q/f)'~'&&1, the result is in the form of a complicated
integral to be evaluated. For the weak field case,
(f/Q)»q'P»1, Skobov obtains the result,

I' =I'p(v, %) (l'sQ /4k T), (10) I'(e) =r, 1+q/(Q/f)»'

where 0, is the value of 0 calculated from the mag-
netic field at which the particular maximum occurs.
The minima in attenuation coefficient will be

where

00 cos (27rl f/Q m/4)—
Xg (—1)-~„

v-(e)'Is
(13)

v,' A0;„
I min —IO

s 4kT

dmin
cosh '

4kT

27r'Nk T/Q
A„=

sinh (2v'Nk T/Q)
(14)

where 0;„is the value of 0 calculated from the magnetic
field at which the particular minimum occurs. In this
limit, I' will be periodic in the reciprocal of the magnetic
Geld with the period given by the expression

6(1/H) = eb/nz, c(t m*v,"/2)—. (12)

So long as m*v,"/2 is small compared to f, the period of
the oscillations in I' is the same as that of the de Haas-
Shubnikov effect. However, when nz*v,"/2 becomes
comparable to t, as when the angle between the propa-
gation direction and magnetic field is nearly 90, the
period of the giant oscillations gets larger than that of
the de Haas —Shubnikov effect. When mv, "/2 gets still
larger, $~ cannot vanish for any value of magnetic
field, and the attenuation coefficient goes to zero as
cosh )st.

In the discussion thus far, one important factor has
been omitted; defect scattering of the electrons. In the
derivation of selection rule (5), it was assumed that
momentum was conserved in the electron-phonon inter-
action. This must be true only in the long mean-free-
path limit, ql)&4. In the presence of scattering, acoustic
absorption can occur simultaneously with defect
scattering of the electron. In the latter case, the defect
serves to supply or take up the necessary momentum.
In other words, the electron momentum is not a good
quantum in the presence of scattering. Thus, the eRects
of scattering are twofold. Firstly, the maxima in the
attenuation coeKcient are broadened. Secondly, even

B=q/(k T/t')'~', — (16)

and the other quantities are defined as previously. When
scattering is neglected, Gurevich et al. obtain a result
equal to Eq. (8) with v,%=1 (when the sound propaga-
tion is parallel to the magnetic Geld, v,s=s). When
B))i, Gurevich et al. obtain the result

I',/r;„-q/(kQ/t. )'is(M/kT)»1. (17)

"V. G. Skobov, Zh. Ekspernn. i Teor. Fiz. 40, 1446 (1961)
LEnglish transl. : Soviet Phys. —JETP 15, 1014 (1961)g."J.S. Dhillon and D. Shoenberg, PhiL Trans. A248, 1 (1955).

This result is quite interesting because it indicates
that in the weak Geld region where q/(Q/g)'I'«1, the
oscillations are small in magnitude compared to I'0. In
fact, Eq. (13) is very similar to corresponding ex-
pressions for the de Haas —van Alphen eRect."

The treatment by Gurevich et al.' takes account of
scattering by smearing out the electronic energy by
5/T where r is the electronic relaxation time. This was
done in an integration which is involved in the evalua-
tion of the matrix element for phonon absorption. In
this mtegration, 8(Sqv, +Sq'/2m —cp) is replaced by
r—i/v-Pr —s+ (bqv, +jiq'/2m rp)' j, i.e., —the 5 function
conserving energy is replaced by a I.orentzian whose
width is proportional to r . Gurevich et al. then obtain
the result

AQ 1 B
I'= I'p dy- Q cosh

~

——$„~, (15)
4kT v. 1+B'y' ~=p k2

where
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When 8 1,

A=Apt, '~", (19)

where d is the distance traversed, F is the attenuation
coefficient, and Ap is the amplitude at d=o. If one

photographs the CRO trace, he can calculate I' from
measurements of the echo train. If one wishes to vary

III. DISCUSSION OF EXPERIMENTAL TECHNIQUES

A. Method of Making Measurements

Because the technique for making the measurements
to be presented is new, it will be discussed in some
detail. The usual method for measuring attenuation
coeKcient is shown in Fig. 2(a). The pulsed oscillator
produces an rf pulse of the proper frequency. At the
transmitting transducer T~, a fraction of this electrical
energy is converted into a sound pulse of the same
frequency which enters the sample S. The sound pulse
travels across the sample undergoing attenuation
cha.racteristic of the sample. At the opposite face, a
small fraction of the sound energy enters the "receiving"
transducer and is converted into an electrical signal
which is amplified, demodulated in the detector and
displayed on the cathode-ray oscilloscope (CRO). Most
of the sound energy incident on the sample surface at
T2 does not leave the sample, however, but is reflected.
This energy travels back to the first surface, is again
rejected and travels back to T~ where again a small
fraction of the incident sound energy is converted into
an electrical pulse which is displayed on the CRO, thus
producing a second pulse. This pulse, however, is
smaller than the first pulse because of the attenuation
suffered in traveling twice the sample thickness. As
this process of rejections continues, the signal displayed
on the CRO consists of a succession of pulses as shown
in Fig. 3, an echo train derived from the initial sound
pulse which entered the sample. Each pulse is delayed
from its predecessor by the time for a round trip across
the sample. The envelope of the pulses is an exponential
characteristic of the acoustic attenuation in the sample.
This attenuation is characterized by the attenuation
coefficient, or the logarithmic decrement per unit length
of sample traversed. The attenuation coefficient is
defined by the equation for the pulse amplitude.

some independent parameter X and measure r(X),
this can be done by taking successive photographs.
However, if F is a rapidly varying function of X so that
a large number of photographs is necessary, the proce-
dure can become quite tedious and time consuming.
The method is also rather unsuitable for measuring
small changes in F. To overcome these difficulties, a
sampling system becomes attractive. Here, one selects
a particular pulse in the echo train and measures its
amplitude as a function of X.Because of the exponential
dependence of A upon F, this technique provides high
sensitivity. There are, of course, many mays to measure
the variation in pulse height. The simplest is merely to
measure the height of a particular pulse on the face of
the CRO. This is, of course, greatly facilitated by using
large gain plus a dc offset voltage by means of which
the peak of the pulse is kept in view. A more sophisti-
cated scheme, which has been widely employed, "is the
use of an electronic gating circuit to select a particular
pulse which is then integrated. Thus, the output of the
integrator will be proportional to the area under the
pulse.

The scheme which w'e propose involves the use of a
commercial sampling oscilloscope. This contains
elaborate gating circuits with rectified outputs which
can be used to actuate an x-y recorder. The circuits are
very stable, allowing accurate locking on any desired
point on the input signal, with a dc output proportional
to the signal amplitude at this point. In addition, the
sampling oscilloscopes have a high sensitivity, on the
order of millivolts, and have a very wide bandwidth
extending from dc to-the kilomegacycle region. Thus,
the sampling oscilloscope provides a very versatile tool.
Its use is illustrated in Fig. 2(b). The output of the
amplifier is fed to the sampling scope. From the samp-
ling scope is obtained an output proportional to the
signal amplitude at a specified point. This output then
goes to the y (vertical) input of a recorder. To the x
(horizontal) input of the recorder is sent a signal
proportional to the independent variable X. For
example, the independent variable might be magnetic
Geld, electric 6eld, angle, temperature, or time. If one

I —2T T

H Js+
PULSED . AMPLIFIER

OSCILLATOR DETECTOR

T, = TRANSMITTING
TRANSDUCER

Tp= RECEIVING TRANSDUCER

S = SAMPLE

RAY
COPE

(a)

X-Y
RECORDER

(b)
I

SAMPLING
OSCILLOSCOPE

4

MAGNET CURRENT
ANGLE
TIME

ELECTRIC FIELD
TEMPERATURE

Fzo. 2. Block diagram of the apparatus.

TIME ( 5psee/DIY. )

FIG. 3. Typical pulse echo train.

r' G. N. Kamm and H. V. Iiohm, Rev. Sci. Instr. SB, 957 (1962).
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uses the internal sweep circuit of the sampling scope,
one can trace out the input signal. This is, in fact, how
Fig. 3 was obtained —the x input to the recorder coming
from the horizontal output of the sampling scope, which
provides a dc voltage proportional to the time swept
out by the internal sweep circuit. The instrument used
in this experiment was a Tektronix 661 sampling
oscilloscope with a Type 5T1A Timing Unit and a
Type 451 Dual Trace Sampling Unit. The other equip-
ment used is as follows: an Arenburg PG-650C pulsed
oscillator, Arenburg PA-620-SN211 preamplifier,
Arenburg WA-600B amplifier, and a Moseley 135
recorder. The transducers were I'- or AC-cut quartz
obtained from the Valpey crystal Corporation.

In the results to be discussed in this paper, it is the
variation in attenuation coe@.cient with magnetic Geld
under various conditions which is of interest. The
magnetic field was supplied by a Bitter type iron core
electromagnet, manufactured by Arthur D. Little, Inc.
By means of a manual sweep control, the oscilloscope
was synchronized on the peak of the desired echo of the
reQection train. The y axis of the recorder was then
driven by the vertical output of the oscilloscope, the x
axis by a signal proportional to the magnet current.
The results will be presented later.

B. Sample Prepara. tion

The results to be presented were obtained from two
bismuth samples which were cut using a spark cutter
from single crystals that were oriented by the Laue
x-ray back-reRection technique. Sample Bi 14 was cut
from a crystal provided by Metals Research Ltd. which
is supposed to be 99.999% pure. It was cut to a thick-
ness of nearly one centimeter, and the opposite faces
were mechanically lapped and polished fiat and parallel.
Sample LXI-F1 was cut from a crystal grown by the
Czochralski method from a melt of 99.9999% pure
bismuth. Its thickness was about 0.25 cm and its
opposite faces were made Rat and parallel by spark
planing. Both samples suffered some surface damage as
evidenced by x-ray diffraction photographs. The
orientations of the two samples were nearly the same,
i.e., with the parallel surfaces nearly perpendicular to
the bisectrix direction. For sample LXI-F1, the surface
normal was within 0.2' of bisectrix; for sample 14, the
normal was tilted 1.8' toward the trigonal direction
and 0.8' toward the binary direction. The transducers
were bonded to Bi 14 with Eastman 910 adhesive, to
LXI-F1 with GE 7031 varnish baked 12 h at 65'C.

5 Io l5
MAGNETIC FIELD (KILOGAUSS)

L
l7

Fxo. 5. Variation of transmitted acoustic pulse height as a func-
tion of applied magnetic Geld for tilt angles of —7.2', —5.7', and—4,3', respectively. The length of sample traversed is about
0.5 cm, the frequency was 45 Mc/sec and the temperature was
1.8'K.

IV. EXPERIMENTAL RESULTS

Consider erst the tilt e6ects. The geometry is shown
in Fig. 4. The sound'propagation direction, j, is nearly
perpendicular to the field. directions', the angle between
them designated as 8. We define a "tilt angle" as 90'—0.
The applied transverse acoustic waves are propagated
in the bisectrix direction with their polarization in the
binary direction. The magnetic field is approximately
in the binary direction. The results for sample LXI-F1
at a frequency of 45 Mc/sec and a temperature of 1.8'K
are shown in sequence in Figs. 5, 6, and 7. The oscillo-
scope is synchronized on a pulse which has traversed
two sample thicknesses, i.e., 0.5 cm of bismuth. The
traces shown are pulse amplitude versus applied mag-
netic field for various tilt angles, from —7.2' to +5.7'.
As one can see, the amplitude of the oscillations reaches
a maximum at about —2.9', decreases to zero at about
0', then passes through another maximum at approxi-

ChI-
R
cd

Ltj
O

CL

Both adhesives were found to be satisfactory, although
there was some evidence that the 910 adhesive strained
the sample somewhat more.

Fxo. 4. Sample geometry.

8
TRANSDUCER —W~~~
SAMPLE

TRANSDUCER- ~ -- '~
TILT ANGLE=90 -e

h
=H

5 IO l5 l7
MAGNETIC FIELD (KILOGAUSS)

FH". 6. Variation of transmitted acoustic pulse height as a
function of applied magnetic Geld for tilt angles of —2.9', —1.45',
and 0', respectively. The length of sample traversed is about
0.5 cm, the frequency was 45 Mc/sec and the temperature was
1.8'K.
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COI-
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hJ
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CL
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mately +2.9'. Thus, we see that the results are nearly
symmetric about zero (which occurs at an indicated
angle of about +0.7'), with maxima in the amplitude
at &3' and a minimum at 0'.

The second set of results is concerned with the change
in amplitude of the giant oscillations with the quantity
ql. A very simple way to vary q/ is by varying the fre-
quency of the sound. This was done by operating on
the odd harmonics of the transducers. Thus, in Figs.
8—10 are shown plots of amplitude versus magnetic
field for sample 14 taken under identical experimental
conditions except that the frequencies were 8, 26, and
43 Mc/sec, respectively. Hence, the values for ql are
approximately in the ratio 1:3:5.The amplifier gain
was adjusted so that at each frequency the signal
amplitude in zero 6eld was about the same. It is clear
that the amplitude of the oscillations increases mono-
tonically with ql. The experimental conditions for
Figs. 8—10 are the following: tilt angle 2', H in the
binary direction, j in the bisectrix direction, polarization
in the binary direction, and the temperature was about
1.5'K. The pulse studied was one which had traversed
one sample thickness, i.e., about one centimeter.

5.2V
5-

UTH

ha

A
lal

I

4 2—

W
CO

4 MAGNETIC FIELD (KILOGAUSS)
5 IO 15
I I I

IOO 200 ' 500
MAGNET CURRENT tamperee)

00
l7

400

FIG. 8. Variation of acoustic pulse height as a function of
applied magnetic Geld at a frequency of 8.2 Mc/sec for a sample
length of i cm and a tilt angle of 2'.

5 IO I5 17
MAGNETIC FIELD (KILOGAUSS)

Fro. /. Variation of transmitted acoustic pulse height as a func-
tion of applied magnetic 6eld for tilt angles of +1.45', +2.90',
+4.3', and +5.7', respectively. The length of sample traversed
was about 0.5 cm, the frequency was 45 Mc/sec and the tempera-
ture was 1.8'K.

5-
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MAGNETIC FIELD (KILOGAUSS)
5 IO I5
I I I

0 IOO 200 500 '

MAGNET CURRENT (clmperea)

I
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Fro. 9. Variation of acoustic pulse height as a function of
applied magnetic Geld at a frequency of 26.1 Mc/sec for a sample
length of 1 cm and a tilt angle of 2'.

carried out yet at 40 Mc/sec, but it is estimated to be
about 1 cm ' for Bi 14. Thus, I', /I'p= 2. This is quite
a sizable effect. For a path length of one centimeter, a
change in attenuation coefficient of 2 cm ' indicates a
change in pulse height by a factor of 7. However, from
Eq. (10), we calculate I',„/I'p 10' at 14 000 G. Like-
wise, from Eq. (11) we calculate I';„/I'p 10—"at
8600 6, whereas we observe I'; /I'p=1.

Next, let us examine the variation of F, with mag-
netic field. From Eq. (10), it is apparent that I',
should vary linearly with magnetic field. The maxima
in attenuation coefficient will, of course, correspond to
minima in the amplitude of the acoustic pulse. In
Fig. 11, we have plotted the logarithm of the amplitude
minima versus the magnetic field at which the minima
occur for the data of Figs. 8 and 9, i.e., 8 and 26 Mc/sec,
respectively. It is clear that the data fall, within experi-
mental error, on a straight line, as one would expect
from Eq. (10). The data at 40 Mc/sec, which are not
plotted, also lie approximately on a straight line. Thus,

V. DISCUSSION OF RESULTS

In discussing the comparison between experiment
and theory, there are two levels at which the data
should be examined. First, there is the qualitative
aspect: Do the results show the broad features predicted
by the theory? Secondly, there is the quantitative
aspect: Do the results agree in detail with the theory?

Firstly, let us consider the amplitude of the quantum
oscillations of attenuation coefficient. As the results of
Skobov suggest, i.e., Eq. (13), the oscillations grow in
amplitude with increasing magnetic field, only becoming
large at fields greater than 3000 Oe. Thus Reneker, '
who measured ultrasonic attenuation in bismuth at
magnetic fields up to 1600 Oe, never attained this region
in which the giant oscillations would have been visible.
At 40 Mc/sec, changes in attenuation coefficient as large
as 2 cm ' were observed in both of the samples discussed
in this paper. Accurate measurements of I'0, the attenua-
tion coeKcient in zero magnetic field, have not been
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FIG. 10. Variation of acoustic pulse height as a function of
applied magnetic Geld at a frequency of 43 Mc/sec, a tilt angle of
2' and a sample length of 1 cm.

are largest at tilt angles of nearly 0' and become very
small at exactly O'. These results are in qualitative
agreement with the theoretical predictions of Sec. II.
However, from Eqs. (8) and (9) one would expect the
maxima in the oscillations to occur at tilt angles such
that k,'=kg or cos 0=10 '. The tilt angle at which the
oscillations were actually observed to be a maximum
was about 6fty times larger than this estimate. In
addition, sample Bi 14 showed only a relatively small
tilt effect with the oscillations not vanishing for any
angle.

In considering the results discussed so far, which have
all been concerned with the magnitude of the giant
oscillations, it is clear that the experimental results
demonstrate qualitatively the features predicted by the
theoretical model. However, the magnitude of the ob-
served effects is not in agreement with what one would
expect from the theoretical model. There are at least
two causes for these discrepancies. There is first of all

again we get qualitative agreement with Eq. (10).
However, the magnitude of the slope is incorrect by
two orders of magnitude. The measured slope at
8 Mc/sec is 0.026 (kG)

—'. The slope calculated from
Eq. (10), taking I' s(8 M%ec) =0.2 cm ' and w,s/s=25,
is 14 (kG)—', a factor of 500 larger. In the case of I'

there does not seem to be even qualitative agreement
between theory and experiment. To check the effect
upon the giant oscillations of variation of q/, I', /I'
was calculated for frequencies of 8, 26, and 43 M%ec
from the data of Figs. 8—10 at II= 7500 G. It was found
that I' ./I';„was about two at each frequency, and
was thus independent of ql. The latter is in agreement
with the prediction from Eqs. (10) and (11) or (16),
but again the numerical value of the ratio is far smaller
than that predicted from the theoretical models.

Next, consider the angular dependence of the giant
oscillations. As Figs. 5, 6, and 7 indicate, the oscillation~

I(I~ ao-
IS,o

BISMUTH l4
TILT ANGLE*2
A II BINARY

$ II BISECTRIX
~ f~ SINc/s

~ 4.0- o f*26Nc/s

X 3.0-
K

20-

IU

(0
~ 0.7-
pL. 0.6-

l t I l 1 I I I I I I 1 I
.

I 2 5 4 5 6 7 8 9 IO II l2 I5 l4 l5
MAGNETIC FIELD AT MINIMUM (KILOGAUSS)

FzG. 11.Magnetic Geld dependence of pulse-height minima.
The data are from Figs. 8 and 9.

"Yi-Han Kao, Phys. Rev. 129, 1122 (1963).
'4 Harold N. Spector, Phys. Rev. 120, 1261 (1960).

the problem of properly taking into account the magni-
tude of ql for the carriers giving rise to the observed
oscillations of attenuation coef6cient. Secondly, there
is the problem of subtracting the attenuation of those
carriers not involved in the oscillatory phenomena. For
bismuth with the magnetic 6eld in the binary direction,
there are two groups of electrons and one group of holes"
with cyclotron masses of 0.01mo, 0.1mo, and 0.2mo,
respectively. As we show below, the observed quantum
oscillations have a period characteristic of the lightest
of these carriers. Thus, while the variations in attenua-
tion coeKcient with magnetic field can be largely
attributed to the carrier of cyclotron mass 0.01mo, the
background attenuation will contain contributions froln.
the other two groups of carriers.

Furthermore, there is the possibility that not all of
the observed ultrasonic absorption is electronic. Experi-
mentally, F, and F;„are measured relative to Fo,
the attenuation in zero magnetic 6eld. However, if the
measured attenuation coefficient in zero field is not
entirely electronic, the derived values of F,„and,
particularly, F;„will be in error. The disagreement in
the angular dependence of the oscillations is probably
the effect of 6nite q/. Evidence for this can be found in
the calculations by Spector." Spector has considered
in some detail the angular dependence of the non-
oscillatory part of the magnetoacoustic attenuation on
the basis of a two spherical band model. He finds that
the tilt angle at which the attenuation maximum
occurs, and indeed the sharpness of the maximum,
depend strongly on cur (or q/). In fact, from Fig. 1 or 2

of Spector's paper, which was plotted using parameters
appropriate for bismuth, one would estimate that for
sample LXI-F1, cur 0.1 or ql 400 at 40 Mc/sec.

Let us consider next the periodicity of the oscillations.
We note in passing that only one period is observed,
i.e., only one carrier contributes signi6cantly to the
quantum oscillations. In Fig. 12 is plotted the reciprocal
of the magnetic field at each observed minimum in
amplitude versus the index of the minimum, for the



A. M. TOXEN AND S. TANSAL

50-

40—
'a
4L
I-~», 4
CO

W~-
O

KI
K

o~ 200

+ 45Mc/s
o 26Mc/s

8 Mc/s

Fia. $2. Periodicity
in the reciprocal of
magnetic Geld for the
pulse-height minima
of Figs. 8, 9, and 10.

only occur for those carriers for which

nz~lQ nz* leH
k.=k. = -- — =—

Aq, m, cled,
(22)

since co(&'0 for the magnetic 6eld values and sound fre-
quencies with which we are concerned. We can also
rewrite Eq. (22) in terms of the carrier velocity to
correspond to Eq. (6).

e '= (lQ/o~) (I/cose) . (23)
IO

I I I I I I

0 '
I 2 5 4 5 6 7 8 9

INDEX OF MINIMUM (NO. OF LANDAU LEVEL,n)

where

(1», 2z-eh 27rehlk,
1+ H

t I6 cS — cSq,g'(k, )
(20)

(21)

and where 5 is the cross-sectional area of the Fermi
surface in momentum space.

The quantity g'(k, ) depends upon the topology of the
Fermi surface, but for a free electron model, it is —1.
Thus, we see that for Ae/0, the oscillations are not
strictly periodic, i.e., the period is a slowly varying
function of magnetic field. Let us now consider the
conditions under which transitions of the type l~0 can
occur. From Eq. (3), we see that such transitions can

data of Figs. 8—10, i.e., at 8, 26, and 43 Mc/sec, respec-
tively. The data obtained at 8 Mc/sec lie quite well on
a straight line of slope 6.3)&10 ' Oe '. This slope is
about 8% lower than that measured by Reneker, who
obtained 6.8X10 ' Oe ' in magnetoacoustic measure-
ments at 12 Mc/sec for magnetic fields below 1600 Oe.
From Eq. (12), one calculates a slope of 6.12&&10 ' Oe '
taking for ns, the value 0.0107mo measured by Kao"
for the lightest carriers in this direction, and for f the
value 0.0177 eV obtained by Dhillon and Shoenberg. "
The data taken at 43 Mc/sec coincide with the 8 Mc/sec
data at the higher magnetic fields, i.e., H) 5000 Oe, but
appear to deviate at the lower magnetic fields. The
26 Mc/sec data fall between the 8 and 43 Mc/sec data.
The reason for this departure from periodicity at the
higher frequencies is not understood. One can speculate,
however. Were electronic transitions with 6m=1 to
occur )see Eq. (3)j, one would expect deviation from
periodicity in 1/H. This point is discussed by
Gantsevich and Gurevich, "who obtain for the period
of the oscillations the expression:

2 — $2k 2 p
— 1/2

+so (m+-', )AQ+ a g,nlI—
k2 2m* 2

(24)

In the above expression eo is the energy gap, P is the
Bohr magneton, and g,qq is the spectroscopic splitting
factor, which gives rise to spin splitting of the levels.
The plus and minus signs in front of the curly bracket
refer to the conduction and valence bands, respectively.
It is clear that the energy level spacing and curvature of
the model of Eq. (24) are quite different from those of
Eq. (1). Hence, one would not be too surprised to see
deviations from periodicity if Eq. (24) is a correct
description. This point will be investigated and reported
in a future communication.

Still another feature of the giant oscillations is the
asymmetry of the minima in pulse height as shown in
Figs. 8—10. This feature is more pronounced, perhaps,
in Fig. 13, which shows another interesting feature, spin

Since the maximum allowable value for ~,' is eg, the
Fermi velocity, the l/0 transitions can only occur for
magnetic fields below a critical value determined from
Eq. (23) or (22) which depend upon the phonon fre-
quency, etc. For the experimental results shown in
Fig. 10, i.e. , f= 40 Mc/sec, j= bisectrix, and H =binary,
s,' at l= 1 is equal to 6X10"cm/sec for H = 2000 G and
is even greater for larger magnetic fields. Therefore,
tt,'(l= 1)/s~& 10', and this transition is thus impossible.
What then is the explanation of the deviations from
periodicity in 1/H. In the simple theory of Sec. Il, upon
which the results have been interpreted thus far, the
energy bands have been assumed to be parabolic, i.e.,
quadratic in the momentum. However, recent theo-
retical and experimental work" ""indicates that the
bands may be quite nonparabolic, so that the cyclotron
mass is energy dependent, or equivalently, 6eld-
dependent. The expression derived by Lax et al. ,

"
assuming two sets of interacting energy bands near the
band edge is the following:

"S.V. Gantsevich and V. L. Gurevich, Zh. Kksperim. i Teor.
Fiz. 45, 587 (1963) LEnglish transL: Soviet Phys. —JETP 18, 403
(1964)].

"B.Lax, Bull. Am. Phys. Soc. 5, 167 (1960).
'~ B.Lax, J. G. Mavroides, H. J.Zeiger, and R. J.Keyes, Phys.

Rev. Letters 5, 241 (1960)."M. H. Cohen, Phys. Rev. 121, 387 (1961).
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splitting, which is clearly resolved in the minimum
occurring at 15000 Oe, but is not resolved in the
minima occurring at lower magnetic fields. This spin
splitting has also been observed in quantum oscillations
of the temperature" and magnetoresistance' of bis-
muth. In Fig. 14 is shown a plot of pulse amplitude
versus magnetic Geld, as calculated from Eq. (8), which
neglects electron scattering. Not only are the experi-
mental minima broader than those of the theoretical
model, but they have a characteristic gentle slope on
the low field side, a much steeper slope on the high field
side. While the model of Gurevich et al. 5 would predict
broadening if electronic scattering were important, the
broadening which it predicts would be symmetric. Un-
resolved spin splitting would also cause broadening, but
again, this should be symmetric. In a previous commu-
nication, ' we suggested that this unsymmetric broaden-
ing was caused by electronic scattering, in contradiction
to the model of Gurevich et al. Preliminary calculations
by Liu" for a model of the giant oscillations which in-
cludes collision broadening indicates that this explana-
tion is correct. These calculations will be published in
the near future.

VI. SUMMARY OF RESULTS

GIANT OSCILLATIONS IN BISMUTH
K ) I BINARY

MAGNETIC

I l l r

IO0 200 500
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400

FIG. 13. Variation of acoustic pulse height as a function of
applied magnetic field at a frequency of 8.2 Mc/sec, a tilt angle
of 2, and a sample length of 5 cm.

"W. S. Soyle, F. S. L. Hsu, and J. E. Kunzler, Phys. Rev.
Letters 4, 278 (1960).

"Lawrence S. Lerner, Phys. Rev. 130, 605 (1963)."S. H. Liu (private communication).

As we have suggested throughout this paper, the
results must be examined at two levels —the qualitative
and the quantitative.

Qualitatively, the data bear out many of the features
of the theoretical models at high magnetic fields. One
sees very large quantum oscillations of the magneto-
acoustic attenuation. Changes as large as 17 dB/cm
have thus far been observed. The oscillations are
approximately periodic in the reciprocal of the magnetic
field, the period corresponding to the lightest cyclotron
mass. The maxima in attenuation coefficient increase
linearly with magnetic field, as the theory predicts. In
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addition, in one of the two samples, the predicted
angular dependence of the oscillation amplitude was
observed. Quantitatively, the experiments are in poor
agreement with the theoretical predictions, differing
in some instances by orders of magnitude. For example,
the observed maxima in attenuation are not nearly so
large as the simple theory predicts; the observed minima
not nearly so small. Although one sample showed an
angular variation of the amplitude of the quantum
oscillations, the other showed little or no angular varia-
tion. Furthermore, although the oscillations at 8 Mc/sec
were periodic in the reciprocal of the magnetic field,
those at 42 Mc/sec exhibited deviations from periodicity
which are estimated to be outside of experimental error.
In addition, there are two experimental features not at
all predicted by the theoretical models. There is the
asymmetry of the minima in transmitted pulse height
(or maxima in attenuation coefficient) and there is the
enhanced spin splitting in the pulse height minimum
occurring at 15 000 Oe.

It is felt that most, if not all, of the discrepancies
noted above would be resolved by a more sophisticated
model which would include the important features not
taken account of by the model of Kazarinov and
Skobov' —electronic scattering by defects, effects of
more than one type of carrier, and deviations from
parabolicity of the conduction bands in bismuth. In-
deed, preliminary calculations by Liu" which include
the effects of defect scattering of electrons upon the
giant oscillations indicate that inclusion of this feature
will explain the discrepancies in the amplitude of the
quantum oscillations as well as the asymmetry of the
minima in transmitted pulse height. However, it does
not appear to explain the deviation from periodicity.
The latter may be a consequence of the nonparabolicity
of the energy bands and will be investigated further.

F&G. 14. Variation of acoustic pulse height as a function of
applied magnetic Geld at a temperature of 1.5'K as calculated
from the theoretical model of Kazarinov and Skobov. The
calculations, which neglect spin splitting, are from Fq. (8) for the
following values of the parameters: 70=0.0024 cm ', d=1 cm,
C=eA/m, c=1.08X10 ' eV/G, kT= 1.29X10 4 eV, and /=0.022
eV.
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Finally, we should like to point out the versatility of
the scheme suggested in Sec. IIIA for making measure-
ments of ultrasonic attenuation. This method, which
utilizes a commercial sampling oscilloscope together
with an X-I' recorder, enables one to record the data
directly onto a sheet of graph paper. As Fig. 3 illustrates,
one can record the pulse echo train directly by using the
internal sweep of the oscilloscope. To measure the
variation of attenuation coefFicient with some inde-
pendent variable, one may select any echo in the echo
train and measure its change in amplitude as the
independent variable is changed in magnitude. This

technique is illustrated in Figs. 5—10 and 13, in which
the variation of pulse amplitude with applied magnetic
Beld under various circumstances has been recorded.
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The collective model of ferromagnetism is applied to various models for the upper third of the 3d band
profile of bcc alloys of transition metals. In the first band profile, we consider a rectangular sub-band with
rounded lower and upper edges, assuming an intra-atomic exchange integral just large enough to produce
ferromagnetism. The Iow-temperature specific-heat coeKcient y is found to have a sharp peak at the electron
concentration where ferromagnetism starts (almost empty sub-band) and a deep minimum at the concentra-
tion with largest saturation magnetization (half-filled sub-band). This agrees qualitatively with the meas-
urements by Cheng, Wei, and Beck in Cr-Fe and Fe-Co alloys. The agreement becomes quantitative if a
second similar model of the band profile is used where the density of states inside the sub-band is not con-
stant, but drops linearly with increasing energy. The calculated zero-temperature saturation magnetiza-
tions agree well with the Slater-Pauling curve for these alloys. In a third model, the sharp peak of p is not a
simple consequence of the action of the collective model, but reQects the existence of a real peak in the
assumed band profile. Then this peak of p is predicted to happen at an electron concentration slightly larger
than the one at which ferromagnetism starts; this seems to be found experimentally in the Cr-Fe series. The
calculated saturation magnetizations again agree with the Slater-Pauling curve.

INTRODUCTION

GREAT wealth of experimental data on the elec-
tronic specific heat of body-centered cubic alloys

of the first transition series is now available, due to the
work of Cheng, Vfei, and Beck' and of other authors. ' '
This gives direct information about the pro61e of the 3d
band, at least in the case of alloys where no ferromag-
netic spin polarization is present.

The purpose of the present work is to investigate
theoretically the effect of a ferromagnetic spin polariza-
tion on the low-temperature electronic specific heat of

*Work supported in part by the U. S. Once of Naval Research
and the National Science Foundation.' C. H. Cheng, C. T. Wei, and P. A. Beck, Phys. Rev. 120, 426
(1960).' K. Schroder, Phys. Rev. 125, 1209 (1962).

3 F,. A. Starke, C. H. Cheng, and P. A. Beck, Phys. Rev. 126,
1746 (1962).' K. Schroder, Phys. Rev. 117, 1500 (1960).

s K. Schroder and C. H. Cheng, J.Appl. Phys. 51, 2154 (1960).
6 K. Schroder, J. Appl. Phys. 32, 880 {1961).

bcc alloys in the framework of the collective approach to
ferromagnetism, assuming various models of the band
profile. Using the same models, the zero-temperature
saturation magnetizations for these series of alloys have
also been computed, to be compared with the well-
known experimental Slater-Pauling curve. 7 "The pres-
ent work. should also provide a general picture of the
electronic structure of the ferromagnetic bcc iron alloys.

It is by comparing the predictions of the collective
model with the magnetization data that Slater7 and
Pauling' were able to conclude that a region of low
density of states should exist in the pronle near the
Fermi level of chromium. Unfortunately, the value of
the magnetization is rather insensitive to the details of

7 J. C. Slater, Phys. Rev. 49, 537, 931 (1936).
8 L. Pauling, Phys. Rev. 54, 899 (1938).
9 W. Shockley, Bell System Tech. J. 18, 645 {1939}.' P. Weiss and R. Forrer, Ann. Phys. 12, 279 (1929).
"M. Fallot, Ann. Phys. 6, 305 (1936).
"A. Arrott and H. Sato, Bull. Am. Phys. Soc. 3, 42 (1958)."M. V. Nevitt and A. T. Aldred, J. Appl. Phys. 34, 463 (1963).


