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The resistivity of germanium containing between X=3)&10'7 and 10'~ antimony atoms per cc was meas-
ured at 1.2'K under uniaxial compressions of up to 10'0 dyn cm ~. These stresses are high enough to eGect an
observable saturation in the piezoresistance, that is, to transfer all electrons to a single conduction-band
valley ([111jcompression) or to two valleys (L110j compression). Two distinct ranges are observed in
degenerate germanium: for iV&10" cm ' the mobility increases with E and shows impurity-band sects;
for S)10 cm 3 the mobility decreases and ionized-impurity scattering is the dominant scattering process.
The latter range is N) 3X10" cm ' for large L111)compression. The resistivity was measured for current
fiowing parallel and perpendicular to the stress direction. The mobility anisotropy was found to be pz/i', «=3.9+0.1 for 3l&4)&10'8 cm .This indicates that the mean free path is nearly isotropic. The mobility for
electrons in 1, 2, and 4 valleys is compared with Csavinszky s partial-wave treatment of impurity scattering.
The change of screening with the number of valleys was taken into account. Csavinszky s theory overesti-
mates the N dependence and the magnitude of the scattering. This is attributed to the failure of the in-
dividual-scattering assumption.

I. INTRODUCTION mobility is composed of the anisotropic mobilities of
each valley and that both intra- and intervalley scat-
tering can occur, each process with a diferent aniso-
tropy and diferent dependencies on energy and im-
purity concentration. It has been shown, ' ' however,
that by extending the piezoresistance measurements in
degenerate germanium to stresses suKciently high so
that the electrons are transferred to two or a single
conduction band valley depending on the stress orienta-
tion, the mobility anisotropy can be measured directly.

In this paper we report high-stress piezoresistance
measurements in Sb-doped germanium at 1.2'K. The
range of concentrations extends from 3X10' to
9X10"cm '. Uniaxial compressional stresses of up to
10" dyn/cm' were used. These are suKciently high to
transfer all electrons into two valleys (L110j stress
orientation) or one valley (L111] orientation). The
resistivity was measured parallel and perpendicular to
the stress orientation. Samples were also measured
under L100j stress in order to test the homogeneity of
the stress distribution and to determine the magnitude of
small contributions to the piezoresistance which do not
depend on the removal of the equivalence of the valleys.

Sb rather than As or P was chosen as donor element
because its small central cell potential' yields an inter-
valley scattering which is negligible" in comparison
with the intravalley scattering.

The results are compared with the ionized impurity
scattering theory of Brooks and Herring" which is

~ 'HE transport properties and the shape of the
band edges in heavily doped (degenerate) semi-

conductors are not understood. Several recent experi-
ments indicate rather significant deviations from the
simple model which treats the doped semiconductor as
a metal under residual resistance conditions. A negative
longitudinal and transverse magnetoresistance' has been
observed within a wide concentration range, the
resistivity exhibits a temperature dependence' well
below the degeneracy temperature, and the tunneling
experiments' require for their explanation a sizeable
number of tail states4 extending far into the forbidden
gap of the pure material. Other experiments, on the
other hand, in particular the study of the piezoresis-
tance, "the specific heat, 7 the magnetic susceptibility, '
and the strain-induced birefringence, ~ are explained on
the basis of the simple degenerate model.

The transport properties of multivalley semicon-
ductors are complicated by the fact that the total

*This work was sponsored by the U. S. Air Force Office of
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W. Sasaki, C. Yamanouchi, and G. M. Hatoyama, in Proceedings
of the International Conference on Semiconductor Physics, Prague,
I960 (Academic Press Ltd. , London, 1961), p. 159; J. F. Woods
and C. Y. Chen, Phys. Rev. 135, A1462 (1964).' S. H. Koenig, in Proceedings of the International Conference on
Semiconductor Physics, Exeter, 196Z (The Institute of Physics and
The Physical Society, London, 1962), p. 5.' R. A. Logan and A. G. Chynoweth, Phys. Rev. 131,89 (1963).' For references see E. O. lane, Phys. Rev. 131, 79 (1963).

'O. N. Tufts and E. L. Stelzer, Phys. Rev. 133, A1705 (1964);
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FIG. 1. Compression apparatus for (a) longitudinal and (b)
transverse measurements. PR=pulling rod, T=support tubing,
PF=pulling frame, S=sample, MP=movable piston. , P=pin
pushing the movable piston upwards.

In both cases uniaxial compression is achieved bypulling
the lower end of the sample upwards, holding the upper
end Axed against the support of a stainless steel tubing.
The pulling frame hangs on a thin stainless rod from one
side of a beam balance which is on top of the cryostat
but still inside the helium chamber. This construction
has several advantages. First the larger tubing being
under compression and the inner rod being under ten-
sion, the dimensions can be chosen so that the heat
Aux to the lower parts of the cryostat is very small.
The inner rod would have to be much thicker to sup-
port large compressions without bending. Second, fric-
tion is eliminated by avoiding the passage of the pulling
rod through a vacuum tight seal.

The compression frame of Fig. 1(a) is machined out
of Invar. The ends of the sample, which has a cross
section of about 0.8 mm' and a length of 2 cm, are
cemented with Epoxy Resin into brass cups. For
electrical insulation, these are placed into thin nylon
cups and tightly 6tted into the end holes of the movable
pistons of the compression frame. Rotation of the
pistons while the Epoxy is setting assures very good
alignment of the sample.

The frame of Fig. 1(b) for transverse measurements
is made of hardened stainless steel. The gliding surfaces
of the piston and of the hole are chrome plated and
polished. In this case the sample rests with its long
axis perpendicular to the stress axis and is insulated by
thin mica sheets from the upper surface of the com-
pression frame and the top of the piston. These two
surfaces are of hard permalloy. They were polished
optically Bat and parallel. For the transverse measure-

TABLE I. Sample characteristics.

based on the Born approximation and the more ac-
curate partial-wave analysis of Csavinszky. " In both
cases the change of the screening parameter with the
change of the number of valleys as discussed by Robin-
son and Rodriguez' was taken into account. In both
theories the scattering anisotropy was treated on the
assumption of an isotropic scattering cross section.

II. STRESS APPARATUS AND CRYOSTAT

Sb-C-a
Sb-C-b
Sb-C-1
Sb-C-2
Sb-C-3
Sb-C-4
Sb-C-5

0.320
0.845
1.10
2.47
3.96
5.07
8.38

S
Sample (10"cm ') (eV)

0.00303
0.0058
0.00693
0.0119
0.0163
0.0194
0.0270

LEsatTif' b

(eV)

0.0048
0.0093
0.0111
0.0190
0.0262
0.0310
0.0430

p0 at
1.3'K.

(cm' sec '
Q—1)

809.5
1127
1097
1077
973
925
848

p»~ at
1 3oKb

(cm' sec '
V—1)

326
517
500
510
468
459
469

Germanium can be subjected to very large elastic
strains without breakage if the surface is smooth and
free of cracks. The presence of soldered leads on the
surface increases the probability of breaking, but strains
of the order of 10 ', that is, uniaxial compressional
stresses of 10" dynjcm', can safely be applied. The
part of the stress apparatus holding the sample is shown
schematically in Figs. 1(a) and 1(b) for longitudinal and
transverse piezoresistance measurements, respectively.

Sb-F-a
Sb-F-b
Sb-F-1
Sb-F-2
Sb-F-3
Sb-F-4
Sb-F-5
Sb-F-6

Sb-G-1
Sb-G-2
Sb-G-3
Sb-G-4

0.282
0.657
1.13
1.60
2.47
4.27
5.24
7.00

4.01
4.12
4.84
8.74

0.0028
0.0049
0.00705
0.00895
0.0109
0.0171
0.0199
0.0240

0.0164
0.01.69
0.0190
0.0282

0.00705
0.0123
0.0180
0.0227
0.0305
0.0440
0.0500
0.0605

0.0422
0.0430
0.0480
0.0714

719
1057
1056
1093
1103
1003
938
867

1046
1047
864
850

56.2
144.5
164
201
219
233
221
215

969
970
827
794

"P. Csavinszky, Phys. Rev. 131, 2033 (1963); 135, AB3
(1964)."J. E. Robinson and S. Rodriguez, Phys. Rev. 135; A779
(1964).

Sb-H-1 8.38 0.0270 0.0430

a The subscript 0 stands for zero stress.
b The subscript "sat" stands for saturation.
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to the length of the sample. This condition is never
satisfmd in the transverse arrangement, however, since
friction prevents the sample from expanding sideways
at the surfaces where the compression is applied. In
the Appendix, this case will be discussed in detail. It
will be shown there that the piezoresistance at large
stresses is not affected by the inhomogeneous stress
distribution.

The piezoresistance of sample Sb-C-a shown in Fig. 2
appears to saturate near X=SX10s dyn/cm'. It con-
tinues to rise, however, at larger stress values. The
origin of this eGect, which was only observed at the
low-concentration end of the range investigated, is not
yet understood. This sample is not used in our later
analysis.

O.IO

0.05

-0.05— 0 Sb-G-3

V Sb-G 4

}

0 IO 20 30 00 50 60 70 80 90 IOO

)II] Unlaxial Coinpresslon X (IO'dynes/crn')

FIG. 4. Transverse piezoresistance as a function of L111$ com-
pressional stress (arrangement G) at 1.2'K for Sb-doped germa-
nium. I'hc arrogate indigo. tg the sg, tgrg, tion strgss for p@rgbolig bpqdg,

A. Saturation Va1ues of the Piezoresistance

Most direct information can be obtained from the
piezoresistance at stresses far beyond the saturation
stress where one can safely assume that all electrons
are transferred to the lowest valley or valleys. Under
the assumption that the total carrier concentration is

unchanged by the application of stress the principal
mobility components, p}}and p & can be determined from
the saturation Dp/p, of case Ii and G, respectively,
and the component (@~+2@»)/3 from that of case C
(see Table II). The saturation values of d,p/p, remained
constant a,t stresses above SX10' dyn/cm'. This region
is not shown in Figs. 2 and 3.

The mobility components thus determined are
plotted as a function of donor or carrier concentration
in Fig. 5. Also included in that 6gure are previously
measured data points" of zero-stress mobility and p, }}
of samples containing smaller N. The arrows at Ã= 10'
cm ' and N=2. 1&(10' cm ' indicate the critical con-
centrations N, for the transition" from nonmetallic
to metallic conduction for zero stress and case F, re-
spectively, in Sb-doped germanium. This transition is
usually defined as the concentration N, at which the
thermal activation energy e2 of impurity conduction"
vanishes. This happens when the ratio's r,/a=3. 5,
where r, = (ss7rN)'ls and a= effective Bohr radius. S, is
di6erent for case X=O and case Ii because of the reduc-
tion of a by the L111jcompressional stress. "

It is remarkable that no break in the dependence of
mobility on N accompanies the transition from non-
metallic to metallic conduction as defined in this way.
The mobility, which increases rapidly with N below N,
because of the increasing overlap of the impurity wave
functions continues to increase above N, . After reaching
a maximum value near N=10" cm ' for X=O and
about about 3X j.0" cm ' for case F, the mobility de-
creases with increasing Ã. It is only in this higher con-
centration range that the mobility shows a behavior
similar to an impure metal.

In the range 10"&N&10" cm ', Sb-doped Ge is
metallic in the sense that the extrapolation of the resis-

"H. Fritzsche, Phys. Chem. Solids 6, 69 (1958); Phys. Rev.
125, 1552 (1962).

N. F. Mott, Phil. Nag. 6, 287' (1961).' N. F. Mott and W. D. Those, Phil. Mag. Suppl. 10' 10$
{1961).

"H. Fritzsche, Phys. Rev. 125, 1560 (1962),
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tivity to T=O yields a Gnite value but the mobility of
the charge carriers seems to be limited by the exchange
interaction of the randomly distributed impurities. It
seems unlikely that the mobility can be described by a
conventional scattering theory. It is precisely in this
region and at lower concentrations that the anomalous
negative magnetoresistance' has been found in Sb-
doped Ge and unusually large relaxation time aniso-
tropies K,=r~&/r, were determined. from the satura-
tion value of the longitudinal magnetoresistance. "

In the literature the conduction in this quasimetallic
range has been called impurity band conduction" in
contrast to hopping conduction or impurity conduction
at lower concentrations. Because of their dependence on
the dielectric constant and effective masses, on the
number of valleys and the central cell potential of the
impurity element, the upper and lower concentration
limits of these ranges depend on the semiconductor
material, the doping element, and the parameters
affecting the Bohr radius like stress and magnetic held.

Theoretical studies of Lax and Phillips" have shown
that the states which lie further than ED in the band,
where ED is the ionization energy of a single impurity,
remain unaffected by the impurities, whereas some of
the states which lie lower are pulled down in energy
and form a tail to the band which extends into the gap.
One might argue that normal metallic behavior is
expected only when the Fermi level penetration into
the band is larger than ED, that is Ep&E~. This con-
dition is satisfied at E&1.7X10" for the zero-stress
case and at S&4X10" for case F. Figure 5 shows,
however, that for case F the metallic behavior is only
approached at concentrations S&3X10"which are con-
siderably higher than for the zero stress case. Hence
other factors seem to play a more important role.

In the following we restrict the analysis to the high-
concentration range where the truly metallic behavior
appears to be established. The range is unfortunately
limited at the upper end by the relatively low solubility
of Sb in Ge. The ratio of the rnobilities measured in cases
G and Ii yields directly the mobility ratio E=tt, /ts«.
The scatter of data points in Fig. 5 is largely due to the
scatter of the zero-stress resistivity as a function of con-
centration. The saturation values of hp/p, as a function
of E shown in Fig. 6 fall much better on a smooth curve.
The large number of zero-stress data points make it
possible to determine po quite accurately as a function
of E. This curve was taken together with the smooth
curves of Fig. 6 to determine the dependence of mobility
on concentration for the cases C, F, and G. The mobility
anisotropy E obtained from measurements G and F is
&=3.9~0.1 for 4X1'(E&9X10is We noticed a

I
&era Stress

FIG. 5. Mobility com-
ponents along the cur-
rent direction deter-
mined from zero-stress
measurements and the
saturation values of the
piezo resistance in ar-
rangements C, F, and
G. The arrows indicate
the critical concentra-
tions E, at which the
transition from nonme-
tallic to metallic conduc-
tion occurs.
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slight decrease of g from X=4.0 to X=3.8 as Ã
increases within this concentration range. This change
lies, however, within the error limits.

Our value X=3.9~0.1 agrees quite well with the
value E=4.3 quoted by Koenigm for Sb-doped Ge,
X=2.2X10" cm—'. Tsidilkovsky" obtained X=2 for
/=2. 4X10' from the saturation value of the longi-
tudinal magnetoresistance. He finds that E' decreases
smoothly from E=6 to E=2 as S increases from
2.5X10" to 2.4X10" whereas we Gnd a negligible X
dependence at somewhat higher E. Although his high-
concentration sample lies beyond the range of impurity
band conduction it is possible that at high magnetic
fields the range limit is shifted to higher concentrations
because of the tightening of the electron orbits. His
results might therefore be affected by impurity band
effects.

YVe determined E under conditions at which all
electrons are in a single lower valley. Since we observed
hardly any concentration dependence of E it seems
justified to assume that E is quite insensitive to a change
in screening and hence to a change in the number of
valleys. If this is true one can use E=3.9 for the de-
termination of p.» from the mobility components

"I.M. Tsidilkovski and V. I.Sokolov, International Conference
on the Physics of Semiconductors, Paris, 1964 (unpublished).

u Y. Toyorawa, Proceediugs of the Irsteruatiouat Couferelce ors
SemicouCuctor Physics, Prague, 1NO (Academic Press Ltd. ,
London, 1961),p. 215.

"M. Lax and J. C. Phillips, Phys. Rev. 110, 41 (1958).
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IO where ~=static dielectric constant and g(E) =density
of states. This effect indeed yields p„(4))p„(2)&pi~ (1).
Counteracting this screening effect, however, is the
fact (b) that Coulomb scattering is more effective for
lower energy than for higher energy carriers. Because
Ev (v) =Ev (1)v '~' this factor tends to make p„(1)larger
than @~i(4). The magnitudes and the relative impor-
tance of the two competing effects (a) and (b) can be
estimated best by studying the predictions of the
theories for ionized impurity scattering in degenerate
semiconductors.

B. Ionized Impurity Scattering in the Born Approxi-
mation and the Partial-Wave Analysis

All scattering theories available for this problem
assume that scattering occurs on A individual scattering
centers, each having a total scattering cross section
A. The relaxation time r is then evaluated from

r = 1/vEA, (3)

lo IO

Conceoh'otion N (cm )

FIG. 7. Mobility component parallel to the valley axis as a func-
tion of impurity concentration. The experimental curves and the
two sets of theoretical curves are marked on the figure. The num-
bers are the number of lower valleys.

R= (~/4vre'g(E))'~',

g(E) =constv'~', (2)

measured at zero stress and with the C orientation. To
check this assumption one sample was measured in the
orientation H which is a transverse measurement with
two lower valleys at saturation. From the mobility com-
ponents of samples Sb-C-5 and Sb-H-1 we obtained
E=4.3&0.3 for two lower valleys. This value lies
slightly higher. It has, however, a larger uncertainty
since the value does not represent an average over a
number of measurements. Noting that this problem
has not yet been clarified we shall use the assumption
of a constant E in the following analysis. From the zero-
stress mobility p, o and the mobility p, of arrangement
C the parallel mobility components p&~ (4) and p, ~ (2) for
four and two lower valleys, respectively, can be
determined.

p,o= p, ii(4) (2&+1)/3,
u'=~ (2) (It+2)/3.

The mobility values p« for one, two, and four lower
valleys are shown as a function of E in Fig. 7. One
notices that p„(4) lies considerably higher than p„(2)
and p„(1).There are two effects that cause the mobility
to depend on the number of valleys over which a given
concentration of electrons is distributed. (a) The
Thomas-Fermi screening radius R decreases with in-
creasing density of states and hence with increasing
number of valleys v

where v is the velocity of the incoming charge carrier.
In the present case this assumption is certainly un-
justihed in view of the fact that the de Broglie wave-
length of electrons at the Fermi level and the screening
radius E are of the same order of magnitude as the
average impurity separation. ' It is therefore expected
that these calculations overestimate the magnitude and
the S dependence of the scattering.

Another approximation is made with respect to the
scattering anisotropy. Although some attempts'4 have
been made to calculate anisotropic impurity scattering
in nondegenerate semiconductors, very poor agreement
with experiment is obtained. For degenerate multi-
valley semiconductors the ellipsoidal Fermi surfaces
are usually approximated by spheres containing the
same number of states. "This means the true effective
masses are replaced by the density-of-states effective
mass ts = (tÃ„Bl,')'".

In the following we shall include the scattering aniso-
tropy partly by assuming an isotropic mean free path
h. = 1/)VS and the full anisotropy of the Fermi velocity
~v. This yields a ratio r„~/7, = (m„/m, )'~' and a mobility
anisotropy E =p,/IJ, „=(re„/m, )'~' There is .some con-
victing evidence concerning the change of effective
masses with heavy doping" as determined by optical
reQectivity studies. Furthermore these measurements
determine only the conductivity effective mass m, *
= (m '+2m~ ') '. Thus even if m, * is found to be
independent of 1V the mass ratio m„/m, might change.
Using the mass ratio of pure germanium one obtains
K=4.4 in fair agreement with our experimental value
JC=3.9%0.1.

-'4 F. S. Ham, Phys. Rev. 100, 1251 (1955); A. G. Samoilovich,
I. Ya. Korenblit and I. V. Dakhovskii, Dokl. Akad. Nauk SSSR
139, 355 (1961) LEnglish transl. : Soviet Phys. —Doklady 6, 606
it962) g.' For references on this subject see Ref. 5.
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Thus using an isotropic mean free path A we calcu-
lated p,» for 1, 2, and 4 lower valleys as a function of E
following Csavinszky's treatment" of the partial-wave
analysis but including the dependence of screening on
the number of valleys as expressed in Eq. (2). The
results are shown together with the experimental curves
in Fig. 7. The same figure also shows calculations based
on the less accurate Born approximation and on the
above assumptions.

The experimental rnobilities are considerably higher
and decrease less rapidly with increasing X than those
of the partial-wave treatment. This probably has to
be attributed to the failure of the individual scattering
assumption. In contrast to previous experience' the
Born approximation yields a higher mobility than the
partial wave treatment. Both theories predict p„(4))y~ ~ (2) and p, » (1) because of the more eKcient screen-
ing when the electrons are in 4 valleys. The effect,
however, is greatly reduced by the decrease of the
scattering cross section with increasing E~. The cal-
culated mobilities fi„(1), ii„(2), and Ii„(4) decrease
with increasing E.The slope increases with the number
of lower valleys. This causes y„(1) to become larger
than p„(2) at some concentration and to become even
larger than p«(4) at very high concentrations.

The experimental mobility curves decrease less fast
than both sets of theoretical curves. This discrepancy
as well as the fact that the partial-wave treatment of
Csavinszky overestimates the scattering probably re-
sult from the failure of the individual scattering model.

The magnitudes of the experimental p,„(2) and p,„(4)
of Fig. 7 depend on the choice of the mobility anisot-
ropy ratio E in Eq. (1). If E is not constant as we
assumed but increases to E=4.4 with the number of
lower valleys then cases for which Ii~&(2)(p«(1) can
be obtained.

2 E—1 E2S44
Ii(&)=- (l+ )

9 2E+1 Er

II(C) =-;rl(E) .

(4)

Here s is the power of the explicit energy dependence of

' J.M. Ziman, E/ectrons and' Phonons (Clarendon Press, Qxford,
England, 1962), p. 342; F. J. Blatt, Phys. Chem. Solids 1, 262
(1957).

'7 The magnitude of eRects on the piezoresistance which do not
originate from a shear-induced shift of the valleys was determined
by measuring the change in resistivity under L100$ compression.
The piezoresistance coeflicient found was to be smaller than 3/o
of the smallest II obtained in arrangement C. The corrections due
to the stress-induced geometry change is always less than 1/„.
These minor corrections have been neglected in the analysis.

C. Low-Stress Piezoresistance

Considering only the resistivity change resulting
from the shear-induced shifts of the $111jconduction-
band valleys, '~ one obtains for the piezoresistance coef-
6cient II= 9,p/pX in degenerate n-type germanium for
the orientations denoted by F and C, respectively,

Tc
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4l:O
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C7
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O.

I I I I ) I I I I 1 I

0-
50,
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FIG. 8. The low-stress longitudinal piezoresistance coefBcient
as a function of reciprocal Fermi energy for L110juniaxial compres-
sion (C) and $111$uniaxial compression (F).

the mobility which is assumed to have the form

p, =const'"E'. (5)

The factor S" expresses the explicit concentration de-
pendence of p. The assumption of a constant stress-
independent E implies that r and s are the same for
p„and p, . Er in Eq. (4) is the zero-stress Fermi energy.

The experimental values of II(P) and II(C) are
plotted against 1/Er in Fig. 8. From the slope of
either one of these curves and the value E=3.9&0.1 the
quantity s can be determined. We find s=0.79&0.03.
A slightly larger value of K=4.3 would yield s=0.7
~0.03. At low stresses the four valleys remain nearly
degenerate. Since the value of s might depend on the
number of lower valleys because of the change in
screening, the value thus determined is s(4). The slopes
of the mobility curves in Fig. 7 yield the quantity
r+ 2s/3 because the mobilities are determined at E=Er
and EF ~Ã'ts. With the value s(4) =0.79 and the slope
of the ii(4) versus E curve we find r(4) = —0.72.

We now compare these values with those predicted
by Csavinszky's theory. The theory yields an isotropic
scattering cross section and hence assumes E to be
stress-independent in agreement with our analysis.

The form of the mobility as expressed in Eq. (5)
is fairly well justified in the concentration range
5X10'8&X&10"cm ' of interest here. For the four-
valley case the theory predicts s(4)=0.3 and r(4)
= —0.71. A comparison with the experimentally de-
termined values s(4) =0.79 and r(4) = —0.72 shows a
rather large disagreement of the s values and a sur-
prisingly good agreement of the r values. One would
expect the failure of the individual scattering hypothesis
to have a much stronger effect on r. Even in the indi-
vidual scattering theory r deviates from r = —1.0
because of the concentration-dependent screening
e6ects. These effects become apparent when one com-
pares the values of r and s for different numbers of
lower valleys. The theory yields s (2) =0.52, r (2)
= —0.82, and s(1)=0.59, r (1)= —0.85 in the sa,me con-
centration range.

Because of the close agreement of the r values we
believe that the failure of the individual scattering
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hypothesis is not the only cause for the disagreement
between theory and experiment. In determining the
s value from the II versus Ep ' curves of Fig. 8 we used
the value of the mobility anisotropy E which was
directly obtained from a measurement of p„(1) and

p, (1). If E changes as the electrons are transferred from
four valleys to one valley, then such a simple analysis
of the experimental data is impossible.

IV. CONCLUSIONS AND SUMMARY

The mobility of Sb-doped Ge at 1.2'K increases
with concentration above as well as below the critical
concentration X, at which the transition from non-
metallic to metallic conduction occurs. No change in

slope marks the occurrence of this transition on the

p versus E curves. This indicates that even above E,
the mobility is governed by the exchange interaction
of the randomly distributed impurities.

Only at much higher impurity concentrations,
Ã&10" cm ' for zero stress and 37&3X10"cm ' for
large I 1111 compressions, does the mobility decrease
with increasing E and thus show the behavior expected
from a metal under residual resistance conditions.

Hence there seem to exist in germanium at very low

temperatures the following concentration ranges v ith
diGerent conduction processes:

(a) N(10" cm ', impurity or hopping conduction;
(b) 3+10'6(N(10'~ cm ', hopping conduction or

impurity band conduction with the existence of a
thermal activation energy e2,

(c) 10'r(N(10" cm ', impurity band conduction
with &2=0; and

(d) N)10" cm ', metallic conduction similar to a
metal in its residual resistance range.

The concentrations limiting these ranges are usually
not sharply de6ned. Furthermore, they depend on the
doping element and on the state of stress in the
semiconductor.

The mobility anisotropy E=p,/p~&=3. 9&0.1 was
obtained directly by measuring the resistivity com-
ponent perpendicular and parallel to the valley axis
at large $111j compressional stresses in the high-con-
centration range 4X10' &E&9X10' cm '. This value
is close to E=4.4, the theoretical value obtained with
an isotropic mean free path, and a mass anisotropy
equal to that of pure germanium.

We obtained the explicit energy and concentration
dependence of the mobility for the four-valley case
assuming the mobility anisotropy E to be stress inde-
pendent. Csavinsky's calculations overestimate the
magnitude of ionized impurity scattering by approxi-
mately a factor of 2 and also the total dependence of
the mobility on the number of scattering centers. Both
of these eGects indicate that the electrons do not experi-
ence scattering at independent donor ions but rather are
inQuenced by the potentials of several ions. The anal-

ysis also indicates that the mobility anisotropy may
change with the distribution of the electrons over the
various valleys.

It would be interesting to compare these results on
Sb-doped Ge with similar measurements on As-doped
Ge. It is known" that the mobilities of unstressed Ge
doped with As are 1ower by a factor of 1.4 than those of
Ge doped with Sb. This is attributed" to the large
central cell potential of the As impurities which affects
the intravalley scattering and which might lead to an
appreciable intervalley scattering. At large $111$com-
pressions we find, however, that the ratio p~~(Sb)/
p~~(As) is approximately 2. The fact that this ratio is
larger in the one-valley case than in the four-valley
case indicates that intervalley scattering does not seem
to be the dominant cause for the difterence in mobilities
observed with different donor elements. A quantitative
analysis of the measurements on As-doped Ge is com-
plicated by the fact that the piezoresistance con-
tinues to decrease even at the highest compressional
stresses and fails to saturate. This effect is not under-
stood and requires some further study.
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APPENDIX: STRESS INHOMOGENEITIES IN TRANS-
VERSE PIEZORESISTANCE MEASUREMENTS

Smith" performed transverse piezoresistance meas-
urements by stressing a long sample along its axis and
measuring the resistance between large area electrodes
deposited on two opposite narrow sides of the sample.
These electrodes were sufficiently far away from the
sample ends to assure a homogeneous stress distribution
between the electrodes. This method suffers from the
presence of contact resistances and capacitor-type edge
effects which cause the current to be not strictly per-
pendicular to the stress near the ends of the electrodes.

Being unable to overcome these difFiculties we
applied the stress along one of the smaller dimensions of
an elongated rectangular bar and measured the resis-
tivity with the usual four-probe arrangement. In this
case, however, part of the current is fIowing near the
upper and lower surfaces of the bar over which the

Y. Furukawa, J. Phys. Soc. Japan 15, 730 (1960).
~ P. Csavinszky, J. Phys. Soc. Japan 16, 1865 (1961)."C.S. Smith, Phys. Rev. 94, 42 (1954).



MOB I L IT Y I N DEGENERATE Sb —DOPE D Ge A 1855

stress is applied. These surface regions are constrained
by the frictional forces which add an inhomogeneous
stress 6eld to the applied stress.

Ke were not able to calculate the resulting stress
pattern and have to resort to a rule of thumb known to
mechanical engineers in the following argument illus-
trated in Fig. 9. When compressional stress is applied
to the ab surfaces which are assumed not to change
their dimensions because of frictional forces, then the
bar is deformed into the shape of a rectangular barrel.
The curvature of the sides of an uc cross section is
appreciable up to distances of about 3a from the upper
and lower ends. The curvature of the sides of a bc cross
section extends to about 3b from the lower and upper
ends. Only when c))u, b does one 6nd a center region
of homogeneous stress.

In our case the approximate dimensions were b=3c
=9u with current along b. Choosing the c or stress
direction along [100] we found (i) an appreciable
increase in resistivity when the b or current direction
was along [011jand (ii) a negligible resistivity change
when it was along [010).This anisotropy indicates that
the [100j stress axis is no longer a fourfold symmetry
axis under these conditions.

In order to explain this let us consider the extreme
case b»c))a. Since c/a))1 the largest part of the ac
cross sections will be unaffected by the presence of the
friction forces. With c/b&(1, however, the strain com-
ponent I» is nearly zero. This situation can be approxi-
mated by a superposition of a homogeneous stress
field along c and another along b. Neither of these
stress fields can remove the equivalence of the [111)
valleys and hence they cannot contribute to a sizeable

"-~a q

FIG. 9. Deformation of a rectangular bar under compression
applied over the ab surfaces in the presence of large frictional forces.
The small outward bulging of the cc surfaces is not shown in the
figure.

piezoresistance in case (ii) because the stresses are along
[100jand [010j, respectively. In case (i) a stress along
[0111 appears which causes the observed increase in
resistivity.

From this we conclude that the friction forces in-
troduce additional stresses in the material. They are on
the average larger along the long dimension b than
along the short dimension a. We verified this by study-
ing samples with different b/u ratios.

Under [111j compressional stress X we estimate
that in our geometry an average perpendicular stress
of about 0.15X will appear in the current direction.
This means that a roughly 15% higher stress than
otherwise will be required in order to reach saturation.
Although the low-stress piezoresistance measurements
are falsi6ed by the stresses originating from friction,
once saturation is reached the piezoresistance measure-
ments give the correct answer.


