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Coupled Two-Spin System

B. D. NAGEswARA RAo AND J. D. BALDEscHwIELER*

Department of Chemistry, Harvard Uwiversity, Cambridge, Massachttsetts

J. M. ANDERsoN

Department of Chemistry, Bryl Maser College, Bryn Mavor, Pertesylvalia

(Received 2 October 1964)

The density-matrix theory of double resonance is applied for a detailed analysis of the frequency-sweep
nuclear magnetic double-resonance spectra of the strongly coupled two-proton system in 2-bromo-5-chloro-
thiophene under various conditions of irradiation. These spectra show significant relaxation and coherence
e8ects. The results of the theory are very sensitive to the relaxation mechanisms assumed for the system,
indicating the possibility of deriving significant information about the relaxation of the system by this
method. Comparison of the observed and theoretical double-resonance spectra shows that the proton re-
laxation in this molecule is due, in large measure, to external interactions with a high degree of correlation
between the interactions with the two protons. An approximation proposed by Bloch for simplifying the
calculations is found to be applicable even when the irradiation frequency is close to some single-resonance
transition frequencies.

INTRODUCTION has been described in an earlier paper. ' The method con-
sists of deriving the complete spin density matrix in
the steady state, under the influence of the irradiating
and observing fields (H, and Hi) in a coordinate system
rotating at the angular frequency of Hs. It is convenient
to use a representation in which the stationary part of
the spin Hamiltonian is diagonal in the rotating frame
of reference. It was also shown that an approximation,
useful in simplifying these calculations, originally pro-
posed by Bloch' is applicable to systems with weak re-
laxation under a wide range of experimental conditions.
In the present work this method has been applied to the
analysis of frequency-sweep double-resonance spectra
of a strongly coupled two-spin (AB) system. These
spectra were obtained under several diferent conditions
of irradiation and. contain features that are not pre-
dicted by a simple calculation. The analysis was made

by assuming various relaxation mechanisms for the
system. The approximation proposed by Bloch was
shown to be applicable to this molecule. A comparison
of the results obtained for different relaxation mecha-
nisms yields considerable information on the relaxation
in the system.

THEORY

The equation of motion of the spin density matrix 0.,
for the double-resonance problem, in a coordinate sys-
tem rotating at the angular frequency —tosk, is given by'
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do™—= —iLXo~+BCr(t), o$ —F(o.—os),

where the operators in the rotating frame are recognized
by putting a tilde ( ) on top; Ks" and. fC&(t) are the
stationary and time-dependent parts of the spin Hamil-

' B. D. Nageswara Rao, Phys. Rev. 157, 467 (1965),
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'HE technique of nuclear magnetic double reso-
nance has been used effectively to simplify corn-

plex single-resonance spectra and to derive relative
signs of some of the spin-spin coupling constants. In
most of such applications only the effects of the strong
radio-frequency perturbation on the spin Hamiltonian
need be considered. These effects have been analyzed
under various conditions by transforming the spin
Harniltonian into a coordinate system rotating at the
angular frequency of the irradiating 6eld. ' The irradi-
ating field, however, may introduce significant changes
in the populations and lifetimes of the different energy
levels. Thus, depending on the relaxation of the system,
intensity and linewidth changes may occur which are not
predicted by the above calculations. ' ' The analysis of
these features requires a complete description of the
double-resonance problem including the relaxation
mechanisms in the system, and thus may provide signifi-

cant information about the latter. Density-matrix
techniques provide a convenient method of describing
relaxation effects in double-resonance spectra. "

A general method, based on the density-ma, trix
formalism given by Bloch' and using the notational
simplicity of Red6eld, ' for analyzing relaxation and
coherence effects in nuclear magnetic double resonance
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tonian, expressed. in angular frequency units, in that ticity of 3C (t) is obtained through the relations
frame of reference; and I'(a.—op) is the relaxation term.

p(~) —p(—a)*
KP and BCi(t) are given by ) (13)

BCi(t) =Di+ exp(iso't)+Dr exp( —ioi't),

SCP= 2sr(A,I,(i)+P I;,I(i) .I(j)}+(D,++Do ) (2)
With this form for R'(t) the correla, tion functions for
most of the relaxation mechanisms simplify through the
relation

with
A, = r „+co,/2sr,

ve, = (y;IIo/—27r) k=0, 1, 2,

Dp~ ——sr P rip;I~(i) k= 1, 2,

CO =CO] GD2)

(I'"'""(t)I'"'(t)&-=~- &II""(t)!'& - (14)

Equations (12), (13), and (14), together with the fact
4

(5) that the matrix elements of A«i are all real allow, Eq.
(10) to be written as

(6)
I-p- p =2r &o&IR'"I'&:&nlA'"ll3&&n'IA'"I&'&. (15)

Eq. (15) yields the equalities

where I(i) and p; are the spin and gyromagnetic ratio
including chemical shift of nucleus i; J;, is the spin-
spin coupling constant of nucleus i with nucleus j; IIO,

IIi, and IIp represent the static magnetic field Hp=IIpk
and. the two radio-frequency 6elds Hi ——IIi, coscoiti

II& sincoi—tj(k=1,2), respectively. The quantities I;,
and vo;(k=0, 1, 2) are expressed in cps. The relaxation
term I'(o.—a,) is defined by its matrix elements in a
basis n, n'. . such that%@In&=E In), through the
relations

with

&nil'(~ —«) In' &= —2 R- pp (~ «)pp, —
pp'

Raa'PP' IaPn'P' ~a'P' 2 o JrPro ~aP 2 2Irn "YP' yl (9)

and
I-p- p

= «nl~'(t) IP&&n'I~'(t) IP'&*&-2r, (1o)

where X'(t) is the relaxation IIamiltonian. The & ),
represents an ensemble average, and 7-, is the correla-
tion time. O.o is given by

ao= (1/N') —qaeo,

where Xo is the stationary part of the spin Hamiltonian
in the labora, tory frame of reference, X is the number of
its eigenvalues and q= Is/1VkT. A number of assump-
tions are made in the derivation of Eq. (1) including
especially the assumption of extreme narrowing or

I 3Cprq
I
«1. The relaxation Hamiltonian 3C'(t) may

conveniently be written as"

~apa'p' Ja'p'ap Jpap'a' ~p'a'pa

which are in turn reQected in the following relations for
the R elements:

and
Raa'pp' Rpp'aa' Ra'ap'p Rp'pa'a )

P R „~pp=0.
p

(17)

(2o)

For a system of two spins A and 8 each with spin 2, and
where J~~ is of the same order of magnitude as
Irto&»pl if ppA and&OB»l~o~ —»iil, Eq. (2o) becomes

[Ko~,x]—il'(x) = —(2xqoo)(or»)P[Ip(i) —I (i)]. (21)

Taking matrix elements of Eq. (21) in the n, n' ~ ~ ~ basis
and using Eq. (17) and the fact that x is Hermitian
yields the following set of N' simultaneous equations in
the matrix elements of y.'

(F.. F.) Re(X..)—

The deviation from o.o caused in the density matrix by
the two rf fields Hi and Ho is written explicitly through
the equation

o =ap+g+rt(t),

where x is the effect of Ho in the absence of Hi and rl(t)
is the effect of Hi on the resulting system. When
K,(t) =0, rt(t) =0 and Eq. (1) for the steady-state con-
dition, becomes

se'(t) =Q I «i(t)A«i, (12) —Q (R ..pp R. p.p) Im(x—pp )
p(pt

where F«' are random functions of lattice operators and
A«) are spin operators expressed in irreducible form.
The functions F«) are in general complex and the opera-
tors A «) are in general non-Hermitian and the Hermi-

» A. Abragam, Pei»ciples of XNclear Magletissa (Oxford
University Press, London, 1961),p. 278.

= —(2srqpp) (7r»)P [I+(i)—I (i)] . , (22)

(I'~ I:„)Im(x~. )+ P—(R, pp+R. ~ p.p)
p&p' .

&&Re(xpp )+P R«.ppxpp=0, (23)
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P xpp
——0 (25)

to obtain a nontrivial solution of g.

with o.(n' and when n=n'

2 2 &- pp Re(kp)+2& ppxpp=0
P&P' P

For a two-spin system X=4, Eqs. (22) and (23) each
represent six equations, and Eq. (24) represents four
equations. Tbe set of Eqs. (24) can be shown to be
linearly dependent by virtue of Eq. (18) and one of
these must be replaced by the relation

.= I' +e*"'+I' —e '"'. (26)

The value of Hi is usually kept small enough not to
cause saturation effects so that p may be assumed to
be zero. Further, if there are no coincident transitions
in the double-resonance spectrum, only one off-diagonal
element of g is important at one time. Under these con-
ditions a solution for Re(I' .+) and Im(I' +) can be
obtained in a closed form as

A steady-state solution for rl(t) may be obtained by
assuming that the diagonal elements of rl are constant
in time and the off-diagonal elements vary with time as

Re(Y +) =
—(~to'+En E)$D—iy (Reg+oo) j +R a an IDi+ Imxh

(&to'+E E)'+—8
—E.....t D,~.(Reg+ oo)j...—(a~'+E.—E..)LD,~. Imp j...

(Wto'+E. —E.)'+R;..'

(27)

(28)

The signal intensity S in a nuclear induction experi-
ment is given by

5'"—E v' Tr(7.(s)o). (29)
i

pared to the linewidths in the spectrum, Sloch's approxi-
mation is applicable even when irradiation is done close
to a single-resonance transition. ' The use of this ap-
proximation reduces the total number of simultaneous
equations LEqs. (22)—(25)j to E. The validity of the
approximation has to be tested for individual cases.
An alternative condition for this is found to be'

If only one off-diagonal. element of p is important at one
time, the absorption-mode signal intensity at th, e fre-
quency a» may be derived from Eq. (29) asr'

S ~ cc WQ y~Ig(i) ~ Im(F' +),
Re(x). ))Im(g). (33)

(30) for all n and n' if a calculation is attempted using Eqs.
(22) through (25).

where the two alternative signs refer to the two situa-
tions (&co'+E —E )=0. Substituting for Im(F +)
when (Moo'+E —E )=0 gives

2 v'4(i)-
Raa'aa'

&& LDi+ (Reg+oo)).. (31)

The occurrence of significant signal intensity for both
the conditions (&a&'+E —E )=0 is a result of the
coherence induced by the rf field Hi, which is implicit
in Eq. (26).

Bloch' proposed that for systems with weak relaxa-
tion the calculations may be made by assuming (g+oo)
to be diagonal in the e, n'- basis. It can be seen from
Eq. (20) that the off-diagonal elements of (g+o.o) are
very small if

(32)

for all n&o.'. (E E, ) reaches its lowes—t value, which
is of the order of the strength of irradiation, when the
irradiating frequency is equal to the corresponding
single-resonance frequency. The o6-diagonal matrix
elements of I'g) are of the order of the linewidths in
the spectrum. If the strength of irradiation is large com-

EXPERIMENTAL

The frequency-sweep double-resonance experiments
were performed using a spin decoupler" with the Varian
high-resolution NMR spectrometer operating at 60
Mc/sec. The spectrometer frequency and magnetic
field are locked to the proton resonance of tetramethyl
silane, using the low-frequency sideband obtained by
modulating the magnetic 6eld at 1000 cps with a tuning
fork oscillator. Two other modulation frequencies are
used for irradiation and detection purposes. The output
is lock-in detected at the observing frequency which is
swept by a motor-drive. The index of modulation is
kept well below saturation at the observing and locking
frequencies, while it is considerably larger at the ir-
radiating frequency. The experiment was performed on
the strongly coupled two-proton system (A 8) in
2-bromo-5-chlorothiophene:

C C

Br S Cl

"J.H. Noggle, Rev. Sci. Instr. 35, 1166 (1964).
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FIG. 1.The proton resonance spectrum of 2-bromo-5-
chlorothiophene at 60 Mc/sec.

RESULTS AND DISCUSSION

The proton resonance spectrum of 2-bromo-5-chloro-
thiophene at 60 Mc/'sec is shown in Fig. 1.The spectrum
can be analyzed in a straightforward manner" to obtain
the following values for the chemical shif t 8 and the
spin-spin coupling constant J between the two protons:
8 =9.6+0.2 and J=3.9&0.2 cps. These values agree
with those obtained by Anderson" for this molecule.
Double-resonance spectra were obtained with three dif-
ferent frequencies of irradiation. If the low-6eM half of
the spectrum is assigned to the 8 nucleus, these three
frequencies correspond to A& = —1.55, 2.35, and 3.95
cps I

see Eq. (4)j. In the first two cases the irradiating
frequency is made to coincide with the inner and outer
lines of the 8 spectrum, respectively, and in the third
case it is set on the low-6eld side of the spectrum. In each
case the strength of irradiation has been determined by
ca,lculating the double-resonance frequencies (P- P- )—
for diferent values of e2 and comparing with the ob-
served spectrum. The values of v2 thus obtained, cor-
responding to the three values of A~ given above, are
v2= 9.4, 9.6, and 9.5 cps, respectively.

The frequency-sweep double-resonance spectra of
2-bromo-5-chlorothiophene for the three cases (i)
Ag ———1.55) ts ——9.4i (ii) At =2.35, t's ——9.6; and (iii)
A~= 3.95, e~= 9.5 are shown in Figs. 2, 3, and 4, re-

spectively. All these spectra contain a beat pattern
centered at the irradiating frequency. This occurs
since the strong signal at the irradiating frequency is
passed by the loc¹in detector tuned to the observing
frequency when the two frequencies are nearly equal.
All these spectra also show some transitions below the
baseline as opposed to above the baseline for a normal
spectrum. These transitions are located symmetrically
about the irradiating frequency with respect to some of

Fxo. 2. Observed and calculated proton-proton double-resonance
spectra of 2-bromo-5-chlorothiophene with Ag= —1.55 cps and
F2=9.4 cps. The theoretical spectra, A, B, and C represent the
results for the three relaxation mechanisms RFC, RFUC, and DD,
respectively.

the transitions above the baseline. Such inverted transi-
tions obtain in the density matrix description of the
problem when the coherence in the motion of the spins
induced by the rf field is considered LEq. (31)].

Three diferent mechanisms are considered for the
relaxation of the two-proton system for the purpose of
theoretical calculation of the spectrum:

(A) Relaxation due to an isotropic random f eld with
complete correlation between the interactions with the
two protons (RFC—random field correlated):

5c'(t) = l p+(t) I I-(~)+I-(~)j
+p (t)LI.(»+1.(~»

+aP (t)LI+(~)+I+(&)j, (34)
with

!&Ip+(t) I')-=!&Ip-(t) I')..= & I
p (t) I'):, (»)

and 8+=F ~iFII.
(3) Relaxation due to an isotropic random field

without any correlation between the interactions with
the two protons (RFUC—random field uncorrelated):

"J.A. Pople, H. J. Bernstein, and W. G. Schneider, High
Resotmtsoa Nuclear Mat;aetsc Resolamce (McGraw-Hill Book 5(~(t) ip +(t)1 (g)+p s(t)1 (g)+ip —(t)1 (g)
Company, Inc. , New York, 1959),p. 119.

's W. A. Anderson, Phys. Rev. 102, 151 (1956). + P s+(t)t1-t(&)+PB'( )I.t(&)+ sPn (t)1+(fl) (36)
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with

s&IP~+(&) I'&.-=k&IP~ (~) I'&-= &IP~'(&) I'&-
=s&IPs+(&) I'&-=k&IP~ (~) I'&-=&IPs'(~) I'&- (3'I)

and

(C) Relaxation through direct dipole-dipole interac-
tion between the two protons in the system (DD):

~'(~) —P P(c)A (q)

&Pp«i(t)*Ps"'(t))„=8„8&&&IP&«'(t) I'), . (38) with

p(o)
1—3 cos'0

r3
A~'&= ( ——,'I,(A)I,(B)+-,'.-I I., (A)I (8)+I (A)I„(8)j&,

sin8 cos8e '&

A "'=n{I.(A)I+(8)+I+(A)I,(B)),

A"'= ,' I (A)I (8-),

and matrix elements are all calculated within a propor-
tionality constant. "In all the cases it was found that

P' 'i=P "', A ' =Ai"t, and n= —sygyah. (40) Re(g) ))Im(x) for all n and tt' and that (Rex+os)

Spectra were calculated using an IBM 1620 computer
for the three diferent conditions of irradiation assum-
ing the above relaxation mechanisms and following the
steps indicated in the theory section. The relaxation

FIG. 3.Observed and calculated proton-proton double-resonance
spectra of 2-bromo-5-chlorothiophene with Ag=2. 35 cps and
F2=9.6 cps. The theoretical spectra, A, 8, and C represent the
results for the three relaxation mechanisms RFC, RFUC, and DD,
respectively.

FIG. 4. Observed and calculated proton-proton double-resonance
spectra of 2-bromo-5-chlorothiophene with Ag=3.95 cps and
van=9. 5 cps. The theoretical spectra, A, 8, and C represent the
results for the three relaxation mechanisms RFC, RFUC, and DD,
respectively.

'4 This constant is determined by assuming that the linewidth
R;„ofstrsnsitiona~a is0.3cpsinthelinnt of J&&~voz —soa~
and v2 ——0. If Bloch's approximation is valid and the calculations
are done by assuming only one relaxation mechanism, the relative
intensities in the double-resonance spectrum are independent of
this proportionality factor in the calculation of R.
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is diagonal in the n, n' - representation to an excellent
approximation. Bloch's approximation is thus found to
be valid irrespective of whether irradiation is done close
to some single-resonance transitions as in cases (i) and
(ii) or away from these transitions as in case (iii).

The results of the theoretical calculation using the
three relaxation mechanisms are plotted in juxtaposi-
tion for comparison with the observed spectra and are
shown in Figs. 2, 3, and 4 for the three conditions of
irradiation. A comparison of the results for the three
mechanisms in any of the three cases clearly indicates
that the theoretical spectrum depends strongly on the
relaxation mechanism assumed for the system. In all
three cases the results obtained for mechanism (C), the
internal dipole-dipole interaction, are in clear disagree-
ment with the observed spectra. Comparison of the re-
sults for mechanisms (A) and (8), correlated and un-
correlated external relaxation, respectively, with the
observed spectra shows several features of (8) in dis-
agreement while the remaining may agree reasonably
well. The results of (A) show the best over-all agreement
with the observed spectra in all three cases and repro-
duce all the features of these spectra. On the basis of
these results it is therefore possible to rule out the choice
of mechanisms (8) and (C) as exclusive or dominating
mechanisms of relaxation for this system. Mechanism
(A) appears to be the most important. The results, how-

ever, do not permit the conclusion that (A) is the ex-
clusive relaxation mechanism of the system. Small con-
tributions of mechanisms (8) and (C) cannot be ruled
out. The dependence of the intensities of the transitions
on a combination of relaxation mechanisms is not
straightforward and a complete calculation has to be
done for each mixture of relaxation mechanisms. The
accuracy with which the intensities in the spectrum are
known in the present case is not suf6cient to justify a
detailed fitting of the observed spectrum with a com-
bination of the mechanisms. It can be concluded, how-
ever, that the system relaxes primarily through ex-
ternal interactions and that the interactions of the two
protons with the external field causing relaxation are

correlated to a high degree. This is in agreement with
the results of Noggle" obtained from transient experi-
ments on a similar molecule, 2-3-dibromothiophene, for
which a correlation factor of 0.75 is estimated for relaxa-
tion of the protons by external interactions.

SUMMARY

A density matrix description of relaxation and co-
herence eGects of nuclear magnetic double resonance' is
applied to the spectra of 2-bromo-5-chlorothiophene ob-
tained under different conditions of irradiation. The
approximation proposed earlier by Bloch' is found to be
applicable to this case even when the irradiation fre-
quency is close to single-resonance transition frequen-
cies. The results of the calculations assuming diferent
mechanisms of relaxation for the system show significant
differences and indicate the possibility of determining
the relative contributions of various mecbanisms for
any system using this method, if the intensities in the
spectra are known to a high degree of accuracy. The
proton relaxation in 2-bromo-5-chlorothiophene is found
to be largely due to external interactions. The interac-
tions of the two protons with these external fields are
highly correlated.
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