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Torsion measurements have been made of the de Haas —van Alphen oscillations in zinc in magnetic Gelds up
to 33 kG, using time-differentiation techniques to extract the higher frequency oscillations from a much
larger background of low-frequency oscillations. In addition to the six frequencies observed by earlier in-
vestigators, seven new frequencies were observed in the frequency range 10~—10 G. Six of these can be as-
signed to orbits on the nearly-free-electron Fermi surface model, confirming the validity of the model for
some of the larger orbits on the Fermi surface. A frequency of 73.»(10' G has been assigned to the third
band lens, and is only 4'%%uo smaller than predicted by the model for H J L0001j.Three other frequencies can
be assigned to orbits on the multiply connected second-band section, two of which have alternative assign-
ments involving magnetic breakdown of the spin-orbit energy gap. Frequencies of 12)&10' and 17&(10' G
observed for H near L0001j suggest assignment to the fourth-band cigar and third-band butterilies, though
the dominance of other frequencies prevented the determination of the orientation dependence. A fre-
quency of 47X10' G observed for II in the (0001) plane has not been assigned to the model Fermi surface.

INTRODUCTION

'ANY physical properties of high-purity metals at
- ~ tempera, tures near O'K are oscillatory functions

of applied ma, gnetic 6eld II.' In pa, rticula, r, the de Ha, as-
van Alphen (dHvA) oscillations in magnetic suscepti-
bility are periodic in 1/II, the period being inversely
proportiona, l to the extremal cross-sectional area 3 of
the Fermi surface (FS) normal to the magnetic field
direction. The dHvA frequency Ii is given by the
Onsager'-Lifshitz' relation:

P= (c/25m-e)A = (1.045)&10')3

[F in gauss, A in k-space units (2vr/A)'). Thus the
mea, surement of dHvA frequencies as a function of
magnetic-Geld direction (relative to crystallographic
directions) can be of great utility in experimental de-
termination of the FS of metals. The complicated spec-
trum of dHvA frequencies observed in polyvalent
metals can often be interpreted with the aid of the
nearly free-electron (NFE) construction of Harrison. 4

However, unless the orientation dependence of fre-
quencies can be carefully determined their assignment
to the nearly-free-electron Fermi surface (NFEFS) can
be ambiguous, owing to the multiplicity of extremal
areas on the NFEFS. Also, it has recently become ap-
parent that the appropriateness of the NFEFS depends
on the magnitude of the applied magnetic field, because
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of the phenomenon of magnetic breakdown (quantum-
mechanical tunneling through small-band gaps). ' r

The NFEFS for zinc is shown in Fig. 1, in the single-
zone scheme appropria, te to spin-orbit splitting of the
degeneracy across the (0001) zone face. ' The surface
consists of hole-pockets in the first band; a, multiply
connected hole surface in the second band (often re-
ferred to as the "monster"); small "needles" along the
vertical edges, a large disk, or "lens" in the center, and
partial disks (which remap to form four-winged "butter-
Aies") in the third band; and electron segments or
"cigars" in the fourth band. Without spin-orbit cou-
pling, the double-zone scheme is more appropriate (as
illustrated in Ref. 4). In this case, the cigars and butter-
Qies remap to form partially open "clamshells. " The

"' Work supported by the Advanced Research Projects Agency,
through the Northwestern University Materials Research Center,
and by the National Science Foundation. '

[National Science Foundation Predoctoral Fellow. Present
address: Department of Physics, University of Oregon, Fugene,
Oregon.' See, for example, The I&'ermi Surface, edited by W. A. Harris
and M. B.Webb (John Wiley R Sons, New York, 1960).' I.. Onsager, Phil. Mag. 43, 1006 (1952).

I. M. I ifshitz and A. N. Kosevich, Zh. Eksperim. i Teor. F
29, 730 (1955) LEnglish transl. : Soviet Physics JFTP 2, 6
(1956)j.' W. A. Harrison, Phys. Rev. 118, 1190 (1960).
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FIG. 1. The nearly free-electron Fermi surface for zinc
(drawing taken from Ref, 8).

on ""Morrel H. Cohen a,nd I, . Falicov, Phys. Rev. I.etters 7, 231
(1961).' E. I. Blount„Phys. Rev. 126, 1936 (1962).

iz, ' A. B. Pippard, Proc. Roy. Soc. (l.ondon) A2?0, 1 (1962).
36 ' W. A. Harrison, Phys. Rev. 126, 497 (1962).

L. M. Falicov and Morrel H. . Cohen, Phys. Rev. 130, 92
(1963).
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first-band pockets remap onto the monster at the point
8, and the monster is no longer connected along the
L00011 direction in the extended zone scheme, although
monsters from three adjacent zones still come together
along the IIX line. The lens and needles are the same
in both single and double zone schemes.

Six dHvA periods were observed in zinc by Joseph
and Gordon" (JG) and correspond well to the NFEFS
extremal area of the needle and to three extremal areas
on the monster present in both zone schemes. It was
suggested that beats observed in one of the oscillations
were due to orbits on the first band pockets and the
monster junction at H, evidence for the single-zone
scheme. Magnetoresistance measurements"" indicate
open orbits along L0001] at low fields, changing to
closed orbits above'2 17.5 kG- as the spin-orbit energy
gap suffers magnetic breakdown, changing the con-
nectivity of the monster from that of a single zone to
that of the double zone However, the recent observation
of a large area dHvA oscillation assignable only to the
single zone suggests that L0001] magnetic breakdown is
not complete even at" 100 kG. Magnetic breakdown
also occurs on the needle (simila, r to that observed in
magnesium"), as observed in magnetoresistance, ""in
the anomalously large de Haas —Schubnikov conduc-
tivity oscillations, " the anomalously small dHvA oscil-

lations, "" and in the observation of an orbit corre-

sponding to the free-electron sphere. "
The present measurements were an attempt to ob-

serve in magnetic fields up to 33 kG some of the larger
orbits on the NFEFS not observed by JG in fields up to
23 kG, and to look for signs of the transition from

single- to double-zone scheme as the magnetic 6eld is

raised above the breakdown field. Preliminary measure-
ments showed traces of high frequency oscillations which

were nearly obscured by large-amplitude low-frequency
oscillations. Electronic analog differentiation was used

to suppress the relative amplitude of low-frequency
oscillations, and resulted in the observation of seven

frequencies in addition to the six observed by JG.

' A. S. Joseph and W. L. Gordon, Phys. Rev. 126, 489 (1962).
This paper gives reference to earlier dHvA measurements on zinc.

"W. A. Reed and G. F. Brennert, Phys. Rev. 130, 565 (1962).
"R.W. Stark, Phys. Rev. 135, A1698 (1964).
"M. G. Priestley and M. Mondino, Bull. Am. Phys. Soc. 9, 551

(1964).
"M. G. Priest1ey, Proc. Roy Soc. (London) A276, 258 (1963).
"R.W, Stark, Phys. Rev. Letters, 9, 482 (1962)."J. S. Dhillon and D. Shoenberg, Phil. Trans. Roy. Soc.

A248, 1 (1955)."J.R. Lawson and W. L. Gordon, in Proceedings of the Xz'nth
International Con ference on Low 1 emperatlre Physics, 1964
(Plenum Press, New York, 1965).

"R.J. Higgins, J, A. Marcus and D. H. Whitmore, Proceedings
of the 3'inth International Conference on Loco J.'emp. Physics, 196-'ft

(Plenum Press, iXew York, 1965)."A, C. Thorsen, in Proceedings of the tenth International Con-
ference on Low I'emperatzfre Physics, 1964 (Plenum Press, New
York, 1965).

EXPERIMENTAL PROCEDURE

Sample Preparation

The zone-refined zinc crystal used in this research had
a residual resistance ratio of 35 000."The crystal was
cut into roughly spherical samples weighing 100 mg
with an acid string saw using concentrated hydrochloric
acid and TeQon thread. "The crystals were then x-ray
oriented using the back reQection Laue technique and
epoxy cemented to 1 mm quartz rods, 6 cm long, which
delned the torsion axes. Samples were prepared with
torsion axes within 1' of the L0001j, L1010j, and L1120j
crystallographic directions.

Magnetic Field

An ADL 11-in. iron core electromagnet was used with
poles tapered to 3 in. and a 1 in. gap producing a
magnetic 6eld up to 33 ko. Both magnet current and
magnet angle were motor-driven, allowing continuous
recording of dHvA oscillations in 1/H at fixed angle and
oscillations at fixed 1/H as a, function of angle. Magnetic
field strength was measured with a Siemens FC-34 high-
linearity Hall probe. The Hall probe was driven bv a dc
analog divider circuit" whose output (the Hall current)
was proportional to the inverse of the magnetic field
strength. The Hall current was sampled across a 1-0
resistor and, suitably attenuated, fed to the x axis of a
Mosely Type 2-S xy recorder. The dHvA oscillations
were thus recorded directly as a function of 1/H. A
zero-suppression circuit and a variable sensitivity set-
ting made it possible to display a small interval of 1/H
across the x-axis of the recorder (typically 307 to 345
)&10 r G ' over 38 cm). The 1/H sensitivity scale was
chosen to give at least 100 to 200 oscillations across the
x axis in order to make frequency determination as
precise as possible.

Torque Measurements

Magnetic torque was measured with a feedback
torsion balance designed and built by J. H. Condon, and
described earlier. " The experimental arrangement is
shown in Fig. 2. The sample was immersed in a bath of
liquid helium. By pumping on the bath the temperature
could be lowered to 1.2'K. Most measurements were
made at this lowest temperature to enhance the ampli-
tude of the oscillations. The circuitry on the right-hand
side of Fig. 2 provides a means of separating high-fre-
quency oscillations from a background of low-frequency
oscillations much larger in amplitude. By varying the

"The zinc was zone refined by J. H. Wernick and crystals were
grown by P. R. Schmidt at the Bell Telephone Laboratories.
Samples from this same lot were used in the magnetoresistance
measurements of W. A. Reed (Ref. 11) and the magnetoacoustic
attenuation investigation of Gibbons and Falicov (Ref. 32).

"Teflon thread (Premier Thread Company, Bristol, R. I.) made
a considerable improvement in smoothness of cutting and acid
carrying ability over the usual Saran monofilament.

~ R. J. Higgins, Rev. Sci. Instr. (to be published)."J.H. Condon and J. A. Marcus, Phys. Rev. 134, A446 (1964).



HI GGI NS, MARCUS, AN D WHITMORE

CONOON TORSION BALANCE I DOUBLE DIFF. SCHEME

ERROR SiGNAL
WESTOI4

INDUCTRONIC
A MPLIF I E R

OC FIELD

200 KC F IELD

HE L IUlsl

DEWAR

35 KG -Q
MAG NE TIC FIELD

DC OUTPUT

m
m

g7

A
PC

j EMITTER
FOLLOWE R

i
I.OQ2P.f d

PK~KA I KQ
P K I L K R I C K

K. o pafd

I I

:a,
)
J.

60 CPS
TWIN T

200
KQ

hlOSELEY XY RECORDER

FIG. 2. Magnetic torque measurement. Left: the electronic
feedback torsion balance (see footnote 23). Right: time differ-
entiation technique for enhancing the amplitude of high-frequency
oscillations (the field-dependent oscillations are made time-
dependent by sweeping the 30-kG magnetic field),

magnet current linearly in time, dHvA oscilla, tions are
made time-dependent, '4 and can be selectively amplified
by standard analog computer techniques. " High-fre-
quency oscilla, tions are emphasized by differentiation,
which multiplies the amplitude of each oscillation by its
frequency. The dc amplifier-feedback circuit shown in
Fig. 2 has a transfer function:

E,„(1+8'Cs) (1+RC's)

where s=2~iF, C=2.0 p, F, 8=470 kQ, C'=0.002 pF,
and R =kQ. At typical signal frequencies, the circuit
acts very nearly as an ideal differentiator, F„„t/LI;„

RCs. Unwanted noise a,t higher frequencies is at-
tenuated, since the transfer function varies as 1/s at
high frequencies. A second stage of differentiation is
provided by a pa, ssive filter between the a,ctive differ-
entiator and the y-axis of the recorder.

A trace of fine structure in recorded dHvA oscillations
(Fig. 3, bottom; the fine structure is too small to be seen
in this reproduction) is well resolved by differentiation
and expansion of the 1/H scale (Fig. 3, middle). A trace
of additiona, l high-field fine structure (Fig. 3, middle,
left) is resolved (Fig 3, top). by a second stage of
differentiation and additional scale expansion.

EXPERIMENTAL RESULTS

The spectrum of dHvA frequencies measured in the
three symmetry planes is shown in Fig. 4, (0001),
Fig. 5, (1010), and Fig. 6, (1120), a,s a function of
magnetic field direction. There are two lower frequencies

"Since 1/FI does not vary linearly in time, the dHvA oscilla-
tions are not periodic in time. Differentiated amplitudes are
multiplied by Pd (1/H) /dl]gdI/dt], where I is the magnet current.
This term affects oscillation amplitude biit dlvA frequency is
unafTected."A. S. Jackson, zl nalog Computation (McGraw-Hill Book.
Company, Inc. , New York, 1960). Similar techniques have re-
cently been used by other investigators; for example, A. S. Joseph
s,nd A. C. Thorsen, Phys. Rev. 133, A1546 (1964).

:lIt)"'I:::::::i:::'i-:.":.'

I'::5.,
ir~

.'~. .. ,
'.;..'.".:.. .

' t:-:::,
, :, ::,.::,:::::'-::;.:;II:!,':,;:;I

..:.,:.a.
::;":::::::.';:;:;:.;;.'. ;:,::.:.:,:.:,:„::;,'.;.:(;.l;:!';,;,;:, ;;:::;;::;.:'.

~ ' I:::.: .i;::,'::':,'::::::,':.' mJ:;::'a.
::.:::,.':,':; . I'I:;:i.

' '','::;.':. : " i:i:i:i'-:.';:,:'',''P:::., :I:.'. :;:1I':,':1'

50
HIGH -""I, : II:-".: ':I'

''&
"

I/O SCALE
FIEI D ENID

PIG. 3. Torque oscillations as a function of 1/H showing the
»igh-«equency fine structure revealed by time differentiation.
Bottom: undifferentiated. Middle: singly differentiated, 1/EI scale
expanded by a factor of 25. Top: doubly differentiated, 1/FI scale
expanded by an additional factor of 2. 1/EI scales shown are in
units of 10 ' G '. One cycle of oscillation on the bottom curve
covers the full width of the middle curve and twice the width of
the upper curve.

which a,re not plotted, since these have been discussed
adequately by JG. The indexing of frequencies follows
the nota. tion of JG, who labeled their observed periods
I'& to I'6. The additional frequencies presented are
labeled F7 to F~3. Except for F7 and F8, the indexing is
in order of increasing frequency. F3 actually consists of
several beating frequencies, the lowest of which is
shown in Figs. 5 and 6. The other branches of F3 are
discussed fully by JG. Frequency Fs reaches a minimum
about. 30' from [0001].At this a,ngle, our value is 1%
lower than JG in the (1010) pla. ne and 2% higher in the
(1120) plane.

Before considering ea,ch of the high-frequency oscilla-
tions, mention should be made of the limiting precision
of frequency determina, tion due to counting errors.
Frequencies Fs, Fi&, and, in the (1120) plane, Fs, can
be most precisely determined since they are clearly
distinguishable from other oscilla, tions at a given angle.
Several hundred oscillations were counted in a given
field sweep, so that the limiting precision due to counting
errors is several parts in 10'. However, other sources of
error, such as the sensitivity of the Hall-probe voltage to
the ambient temperature, limit the reproducibility of
these frequencies to about +1/2%. A second group of
frequencies, labeled Fii, Fts, and, in the (1010) plane,
F6, are small in amplitude compared with other oscilla-
tions; there may be a counting error of 1 or 2 oscillations
in 50. The uncertainty is typically &2 to 4%. Finally,
frequencies, Fv, F8, and F» are very nearly hidden by
F3 and are resolvable only a,t a, few angles. These fre-
quencies are determined only to &10%.

Fs in the (0001) Plane

For magnetic fields in the (0001) plane near $1210]
(Fig. 4), Fs has a minimum frequency of 26.IX10' G
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&1%, corresponding to a FS area, of 0.254A '. At
L1100] F=33.tt X 10s G, corresponding to an area of
0.375 A '. Care has been ta,ken to verify the crossing of
symmetrically oriented curves at L1100], as this detail
affects our interpretation of the number and shape of
the Fermi surface pieces responsible for the oscillations.
However, because of frequency modulation effects"
near L1100]the crossing could not be verified reliably by.
reducing the beat structure of field sweep oscillations.
As an a,lternative technique, the crossing has been
verified by following frequency changes via "angular"
dHvA oscilla, tions. "That is, by keeping the magnetic
field constant in magnitude but stea, dily rotating its

"The amplitude modulated beat structure of Jig within 6' of
L1100$ was complicated by additional frequency modulation
(FM). The local frequency of Fg oscillates above and below the
average with an amplitude typically 10% and a period just equal
to that of the large amplitude low frequency oscillation I'&. Simila~
coupling effects have been reported by other investigators Le,g. :
D. Shoenberg, Phil. Trans. Roy Soc. A255, 85 (1962), and N. F,
Brandt, T. F, Dolgolenko, and N. N. Stupochenko, Zh. Eksperim.
i Teor. Fiz. 4S, 1319 (1963) LEnglish transl. : Soviet Physics-
JETP 18, 908 (1964)g with the suggestion that: the coupling may
be due to the replacement of II by 8 in the Lifshitz formula
(Ref. 3). However, the present observations can be satisfactorily
explained by a slight twisting of the crystal under the influence of
the large oscillatory torque I'&, causing apparent frequency modu-
lation as the 6eld is varied. The phase 2~I&'9/II is large, typically
6&(10'at 33 kG, so that a change of Ii9 of only 0.1'P0 due to twisting
will introduce an extra cycle of oscillation. FM occurs predomi-
nantly near L1100$, where the angular variation of Iio is most
rapid. A quantitative calculation (Ref. 28) shows that a twisting
of only 0.04' accounts for the observed FM amplitude, and that
the amplitude of I'~ is sufhcient to produce such a twist. The
alternative explanation for the coupling of Jig and I'~ through
replacement of II by 8 is inadequate, since the measured ampli-
tude of I'~ is more than two orders of magnitude too small to
account for the observed FM amplitude by this mechanism.

"The usefulness of this technique was suggested to us by J. H.
Condon.
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Fit [(0001) Plane]

For H]][1210],this frequency has a value of 48X 10o G,
corresponding to a Fermi surface cross-sectional area of
0.46 A '. The amplitude of this oscillation is so small
tha, t, even in doubly differentiated data, , it shows up a,s
a small modulation of Fo (upper two curves in Fig. 9).
F» is not simply the second harmonic of Fo. At [1210],
Fo is 10% lower than 2Fo. As H is turned away from
[1210],Fii decreases slightly whereas Fo increases.

F,, [(1010) and (1120) Planes]
20 I I I

9 10 20
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proportional to dF/dg, and pieces of the Fermi surface
with different dF/de can be clearly distinguished. The
solid curves of Fo near [1100)(Fig. 4) were obtained by
reducing angular oscillations in this manner. The FS
segment corresponding to Ii9 is hyperboloidal in shape,
as seen from Fig. 7 where Ii 9 is plotted on an expanded
scale. For a hyperboloid of revolution, the extremal-
area is that area, cut by a, plane perpendicular to II and
passing through the center of symmetry. The dnvA
frequency associated with this area varies as'-'

F/Fo [cos'ro —(cot——an'ioo) sin'ro] '", (3)

where Fo is the frequency along the [1210) axis of
revolution of the hyperboloid, p is the angle between H
and [1210],and rpo is the angle of the asymptote of the
hyperboloid, at which angle the cross-sectional area goes
to infinity. Using the ratio of frequencies Fr?tool/Fristoj,
the angle po was found to be 56'. The solid curve
marked "hyperboloid" in Fig. 7 was calculated using
this value of po. For comparison, the calculated fre-
quency appropria, te to an infinite cylinder is also plotted.
As shown in Fig. 7, the upper bra, nch of Ii 9 disappears 6
away from [1100].This disappearance occurs in less
than —,", suggesting the sudden disappearance of the
extremal orbit a,t this critical angle.

The curves of this frequency are identical in both
planes (within the scatter of experimental data), over
the range of angles in which the frequency could be re-
solved. The corresponding Fermi surface is therefore
twelvefold symmetric about [0001) for fields near the
(0001) plane, and perhaps even cylindrically symmetric.
As H approaches the (0001) pla, ne, where I:his oscillation
is least obscured by others, its frequency is 73.;&10' (~
(corresponding to a cross-sectional area of 0.70s A ') at
both the [1210)and [1100]directions. This frequency
could be followed 17' away from the basal plane in
(1120) and 43' in (1010) before becoming obscured
beca, use of the large a,mplitude of Ii 3 and Ii 6.

Fis [(0001) Plane]

Near [1100)this frequency has a value of 71X10' G,
corresponding to an area of 0.68 A '. This oscillation is
butied in Ii9 and is resolvable only after double differ-
entia, tion. One of the clearest field sweeps is shown in
Fig. 9. It was not possible to conclude whether there is
a maximum in frequency at [1100] or a crossing of
curves with the upper branch of unresolvably small
amplitude. It is clear that 8~2 is not the second harmonic
of Fo. at [1100],2Fo=66X10' 6, falling well below Fis.

F» in the (0001) plane is so close in frequency to FI..
in the (1010) and (1120) planes (for HJ [0001]) that.
they appear at first to be the same orbit. This is some-
wha, t surprising, as the very high symmetry of J'» about

Fo in the (1010) and (11ZO) Planes

As the magnetic field direction is turned out of the
(0001) plane, Fo becomes unobservable within a few
degrees. In the (1120) plane (Fig. 6), it can be followed
with some difficulty up to 5' from [1100).Owing to the
scatter in the data, it. is not possible to establish the
angula, r dependence. It was established, however, tha, t
Fo and Fo in the (1120) plane are not part of the same
curve; there is a region of 9' in which neither frequency
wa, s observed. In the (1010) plane (Fig. 5), Fo can be
followed up to 6.5' from [1210], turning upward
slightly in frequency as its amplitude decreases sharply
within 4" (shown on an expanded scale in Fig. 8).

R. J. Higgins, Ph.n. dissertation, Northwestern University,
1965 (unpublished).
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FIG. 9. Doubly differentiated dHvA oscillations, showing evi-
dence for Fij and F12 mixed with F9. The vertical bars under each
curve indicate the positions of torque oscillation maxima. F» is
seen to distort the shape of F9 oscillations, while Fig shows more
clearly pronounced peaks.

L0001) suggests that it would have a negligibly small
torque amplitude about a L0001) axis (BF/88 0).
Closer examination shows evidence that F~2 and Fia
are not the same orbit. The frequency difference of
2.5X10' G is small but more than twice the uncertainty
in frequency determination, "as shown in Fig. 4. Also,
F» was observed only in the vicinity of t 1100), while
F» had nearly equal amplitude near L1210)and L1100).
It should be pointed out that in a pulsed 6eM measure-
ment, F» would probably be unresolvably small in
amplitude compared to Fi3. This is one of the few cases
where the extra term BF/88 in the amplitude of the
torsional' oscillations aids in the observation of a nevr

frequency.

Plane
Angle from l 0001j
Frequency (10' G)
Area (A~)

(1010), (1120)
5-10'

11-12
0.11

(1120)
2'

17
0.16

(1010)
45'
46
0.44

ASSIGNMENT OF EXPERIMENTAL AREAS TO THE
NEARLY FREE ELECTRON FERMI SURFACE

F». Lens Orbit

As discussed earlier, the curves of Fis in both the
(1120) and (1010) planes are identical within experi-
rnental error. In fact, the symmetry about L0001) may
be even higher; if, as discussed earlier, F~2 is not the
same orbit as Fi~, then no trace of Fia was observed for
a (0001) torsion axis, leading to the conclusion that
there is no detectable asymmetry of F» for magnetic
fields in the (0001) plane. Such cylindrical symmetry
about $0001) suggests that Fts corresponds to the lens
orbit, and this is confirmed by a quantitative calcula-
tion. "In the NFE model, the lens is simply the volume
common to the intersection of two spheres centered at
points (0000) and (0002). The extremal area 2, (which
passes through the center of symmetry of the lens) is"

(1/cos8) (Figs. 5 and 6). Moreover, the FS sheet is con-
siderably more hyperboloidal in the (1010) plane than
in the (1120) plane: moving 35' away from 8&, the fre-
quency increases by 60% and 48'Po, respectively,
from Fp.

E7, E8, and. Egp

These oscillations were very weak compared to F3,
even with double differentiation. FY and F8 were resolved
near t 0001) at angles where beats occurred between the
components of F;.Fip was resolved near the angle where
Fs has a minimum frequency; hence 8F/88 is small.

Oscillation Fv F8 Flp

Fs [(1010) and (1120) Planesj

This oscillation corresponds to the shortest period
Fs measured by JG, but has been resolved with greater
clarity" as a result of the differentiation technique, not
used by JG. Numerical values of Fs may be summarized
as follows:

where

and

3 (8) = 2k'(8)P —2t ks' —bs')'"bs sin8,

k (8)= Lk~' —(bs cos8)s)'is

II = cos 'Pbs(sin8)/k(8)),

k J = Fermi sphere radius =0.580bg in zinc,

(5)

(6)

Plane Fmin

(1120) 21.p 50 33 14 24 76
(1010) 22.g 55 37 15 30 82

Here F is in units of 10' G; 8;„is the angle, ~5', at
which F6 is a minimum; 0 and ep are the angles furthest
and nearest, respectively, to L0001) at which Fs can be
resolved. It is clear that F6 corresponds to an orbit on a
hyperboloidal sheet of the FS since the frequency rises
from its minimum value considerably faster than

~ The possibility that the small diGerence between F» and F»
was due to long-term drift in the inverse field circuit has been
eliminated by measurement of F» in the (1010) plane both before
and after measurement of F12 in the (0001) plane. The value of Fis
was reproducibly larger than that of Fig.

"A. S. Joseph (private communication).

and the angle 8 is measured between $0001) and the
magnetic field direction. These NFE areas (converted
to frequency) are plotted as the solid curve on Figs. 5

and 6. Experimental points lie surprisingly close to the
calculated curve. Near L1100) and t 1210), the calcu-
lated frequency is 76.8)&10' 6, while the average ex-
perirnental frequency is slightly lower, at about 73.5
X10' G, and the difference between experimental and
calculated curves is less than 4%. This is closer to the
model than indicated by the acoustical measurements of

"Calculation of NFEFS extremal areas in hexagonal metals
involves the low-temperature axial ratio aq/ar. Recent dilatometric
measurements to 4.2'K LR. W. MeyerhoII and J. F. Smith, J.
Appl. Phys. 33, 219 (1962)g give a~/ai ——1.830, or, in b space
bg/bg =0473.
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Gibbons and Falicov, "who found the lens diameters to
be 1.59 A ' (parallel to [1210] and [1100]) and
0.53 A ' (parallel to [0001]),which are 13% and 10'~
smaller, respectively, than the NFE values, giving a
lens area 24% smaller than the NFE value for field
directions perpendicular to the [0001]direction.

F9.' Monster I'our-Arm Orbit

The main qualitative features of csin the (0001)plane
are minimum frequency at [12107,hyperboloidal shape,
and sudden disappearance 36' from [1210].There is an
extremal area which its these characteristics quite well
at the four-arm junction on the monster where two
horizontal and two diagonal arms join together. "' Figure
10 shows this orbit for two angles of the magnetic field
in the (0001) plane. Since the extremal area does not
pass through a symmetry point, it must be found by an
iteration process, constructing XFE sections at various
values of k, (where the s direction is always parallel to
H), graphically evaluating orbital area A, and searching
for the extremum r)A/r)k =0 F. or H. parallel to [1210],
the extremum (a minimum) lies a distance 0.43bi from
the center of the zone along the I"E line, or about three
quarters of the distance from I' to K. The area is
0.32 A ', corresponding to a frequency of 34X10' G.
For H 20' away from [1210] in the (0001) plane the
extremum lies a distance 0.44b~ from I' and has an area
of 0.38 A ', corresponding to a frequency of 40X10' G.
For H closer to [1100], the orbit becomes elongated
along the diagonal arms, and for H 26' away from
[1210],the orbit no longer closes, running instead into
the adjacent zone via the six arm junction at the point
H. The vanishing point for this orbit in the NFE model
is thus 26' as compared with an experimental value of
36'. However, the effect of the lattice potential on the

NFE model will be to shrink the six-arm junction and
the horizontal arms, and both of these modifications
tend to increase the angle at which this orbit vanishes.
In fact it is known' that the horizontal arms are about
a factor of 10 smaller in area than in the NFE model,
and, taking the shrinkage to be uniform, this modi-
fication alone raises the vanishing angle to 32', in close
agreement with the experimental observation of 36'.
Another experimental observation which is well ex-
plained by this assignment is the sudden disappearance
of Fs in the (1010)plane 6.5' from [1210].As the field is
tilted out of the (0001) plane the orbit soon becomes
open in the [0001]direction. "The observed size of the
orbit also corresponds well: the calculated frequency is
high by 29% at [1210] and by 21% 20' away from
[1210],suggesting moderate rounding of the corners of
the NFE model.

There are several alternative explanations for Iig
which should be considered. There is an orbit around the

FIG. 11. Monster
orbit associated with
F6

FIG 10. Extremal
areas on the second-
band monster assigned
to the observed fre-
quency FQ. (a) Orbit for
Ht~L1210$. (b) H about
25' from L1210$. The
area is larger than at (a).
For 6 further away
from L1210$ the orbit
becomes open in the
$0001$ direction.

"D.F. Gibbons and L. M. Falicov„Phil. Mag. 8, 1 (1963).I Real space crystallographic directions of the form (1120) are
parallel to the edges of the hexagonal face of the Brillouin zone,
and the directions (1010)are parallel to lines connecting the points
1' and M in the Brillouin zone (Fig. 1).

six-arm junction at the point II for magnetic 6elds near
[1210]. An examination of the NFE model reveals,
however, that the orbit is not planar but bent, and that
no planar orbits exist around the six-arm junction. It is
not impossible that suitable warping of the monster
could produce an orbit around the six-arm junction, but
its area would probably be not Inuch more than twice
the diagonal arm area at [1210],which, experimentally,
would be more than a factor of ten too small to account
for the frequency of Jig. The alternative possibility that
P9 is connected with orbits on the butterfly will be con-
sidered later.

~ We have been informed by M. P. Shaw (private communica-
tion) that his recent cyclotron mass measurements in zinc include
a carrier whose effective mass passes through 0.5m0 at about this
angle in the (1010) plane. If this carrier corresponds to F9, the
amplitude of the dHvA oscillation would vanish because of the
term cos(s.ra"/mo) in the Lifshitz formula (Ref. 3). A rough esti-
mate of the effective mass of F~ near L1010j calculated from the
temperature dependence of dHvA amplitude is m*= (0.5&0.1)m0,
in agreement with Shaw's measurements. However, this interpre-
tation does not fully account for the sudden disappearance of F9
(Fig. 8).
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E6.' Another Four Arm Orbit

Our interpretation of Ii& does not diQ'er from that of
JG, who assigned the period I's to an orbit on the four-
arm junction of the monster. This orbit is shown sche-
matically in Fig. 11 (with the horizontal arms suitably
shrunk. down to agree with the dHvA area for P2 ob-
tained by JG). Assignment of this orbit is based on
closeness to NFE calculations in size (the experimental
area is shrunk down by only about 20 jo from the NFE
area), hyperboloidal angular dependence, and position
of minimum frequency about 40' from [0001). This
assignment is also consistent with the observation that
the frequency falls to a slightly lower minimum and is
less hyperboloidal in the (1120) plane than in the
(1010)plane; in the NFE model, the minimum extremal
orbit occurs for a, field direction closer to the (1120)
plane than the (1010) plane. Assuming that this
identification is correct, some further information about
other dimensions (as opposed to areas) of the Fermi
surface can be gained from analysis of the critical angles
at which Ii6 disappears. As the magnetic field is turned
toward the [0001] direction, the disappearance of the
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FIG. 13. Alternative monster orbit perhaps associated with J'12,
arising from magnetic breakdown of the spin-orbit energy gap.
The drawing is a section of the NFEFS perpendicular to L1100$
and passing through the center of the zone. Solid and dotted lines
are actual spherical sections, while dashed lines are a schematic
projection of diagonal arms above and below the plane of the
section. In low-magnetic fields, electrons travel open orbits 1291. ~

and 45674 ~ ~ and cap orbits 23452 ~ and 67896. . With mag-
netic breakdown of the spin-orbit energy gap, an electron travels
the orbit 1234567891

Fn. 12. Monster
orbit perhaps associ-
ated with J"12,shaped
somewhat like a
bone. H. A. stands
for horizontal arm,
D. A. for diagonal
arm.

D.A.

H. A

p.A.

0.A.

.A.

P,A.

orbit in question depends principally on the height of
the horizontal arms. Since the frequency can be followed
to within 8' of [00017, it can be shown that the thick-
ness of the horizontal arms in the c direction is less than
0.13 A ', or less than 25%%u~ of the NFE thickness.
Similarly, the disappeara, nce of the orbit near the [1100)
direction is related to the size of the six-arm junction at
the point II. A cross section of this junction at the
(000-,') plane is roughly an equilateral triangle, and the
critical angle for the orbit is related to the length of the
side of this triangle. The observation of F6 within 14 of
[1100j requires that this length be less than 0.12 A ', or
less than about 60% of the NFE length.

E».' Monster Dog Bone Orbit or Breakdown Orbit

Under the assumption discussed earlier that F~; does
not appear in a torsion measurement about the [0001$
axis, then 8~2 must be assigned to a diA'erent piece of the
Fermi surface. The orally other piece on the XFKFS
which is large enough is the monster. There exists an
orbit on the monster of roughly the right size, which is
shaped rather like a bone, as shown in Fig. 12. The area
of this orbit has, qualitatively, the correct angular de-

pendence. As the plane of the orbit is tilted away from
[1100$, the bone gets slightly longer but much thinner
in the middle, resulting in a decrease in area, which is
corisistent with the behavior of F~~. However, this orbit
does not have an extremal area required for observation
of dHvA oscillations. Taking NFE sections progres-
sively further from the center of the zone, the orbit is
6rst pinched off in the center, then the two halves join
together and the area rises monotonically until the orbit
becomes open along the diagonal arms. For Inagnetic
fields along [1100$, the corresponding frequency ranges
from 46 to 91X10' G (observed frequency: 71X10' G).
The calcula, ted range 5' from [1100jis 35 to 69X10s G
(observed frequency: 69X10' G). This orbit becomes an
extremum if the horizontal arms are pushed in slightly
toward the center of the zone. Such warping is not
unlikely, as the horizontal arms are not well approxi-
mated by the NFEFS. However, this assignment of F~2
will be regarded as tentative.

There is an alternative assignment of F~2 which re-
quires magnetic breakdown of the spin-orbit energy gap
on the (0001) face, as shown in Fig. 13. Instead of
following the open orbit on the monster along the
[0001) direction, the electron tunnels through the
energy gap and passes over the tip of the cap, then down
between the other two monster arms. In the NFEFS,
this orbit has an area giving rise to a frequency of
67.5)&10' G, quite close to P». Stark" has suggested
that his magnetoresistance data for this field direction
indicates magnetic breakdown of the spin-orbit energy

gap for magnetic fields above 17.5 kG, so it is likely that
a significant number of electrons would follow this
breakdown orbit in the 33 kG magnetic field of the
present experiment.
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Fio. 14. Calculated NFEFS extremal areas converted to dnvA
frequency for the butterfly e and cigar o orbits (single zone
scheme) and clamshell orbits g in the (0001) plane (double zone
scheme). Solid lines are drawn in schematically. By symmetry,
each type of segment contributes two extremal areas for H in the
(1120) and (1010) planes, and three extremal areas in the (0001)
plane. There is a point of contact between butterfly and cigar along
the Al. line (Fig. 1) causing contact between extremal orbits for
8 in the (1120) plane. Though orbits slightly displaced from the
extrema are separate, this closeness of bands might lead to mag-
netic breakdown at low fields in the (1120) plane. The butterfly
also gives rise to extremal areas which do not pass through the
center of symmetry. Such noncentral extrema are required when-
ever the character of the central extremal area changes from mini-
mum to maximum as the plane of the orbit is rotated. One such
noncentral extremum occurs in the (1120) plane near the maxi-
mum in the top curves, shown schematically as a dashed curve.

Other Frequencies

F7 Fs F]p and F]g remain to be assigned to orbits on
the Fermi surface. Although F~~ is difficult to resolve
experimentally, the observed weak angular dependence
(Fig. 4) suggests a piece of the Fermi surface whose
cross sectional area is not strongly dependent on the
magnetic field direction, falling by only a,bout 5% 20'
away from an apparent maximum at L12107. In the
NFKFS the first-band caps have a weakly varying
cross section but are about 40 times too small to account
for a frequency of 47X10' G. The only other roughly
ellipsoidal segments in the model are the third-band
butterflies and the fourth-band cigars. Calculated
NFEFS extrernal cr'oss sections are shown in Fig. 14,
converted to dHvA frequency. The magnitude and
angular dependence of the butterfly frequencies in the
(0001) plane is somewhat similar to the data in that
plane, and suggests an assignment of F9 alternative to
the monster four-arm orbit suggested above. Comparing
the butterfly frequencies in the (0001) plane with the
data of Fig. 4, one might associate the highest branch
with F~~, and the middle and lowest branches with upper
and lower branches of F9. Since the butterfly frequencies
are about 30% smaller than the observed frequencies,
this assignment requires that the lattice potential in-
crease the areas, rather than shr&sk them, as is the usual
case. However, this is possible in the case of the butter-
Qies, since these surfaces have concave corners where the
wings join together, as well as convex corners at the

wing tips. To increase the area from the NFK value, the
lattice potential wouM have to round oR the concave
corners more than the convex corners. This assignment
provides a convenient explanation for P~~, but there are
two strong arguments against assigning P~ to the
butterflies. First, the butterfly orbits do not explain the
sudden disappearance of Fs in the (0001) plane 36'
from L12107. Butterfly orbits should. also be observable
as the field is turned out of the (0001) plane, and in
particular do not predict the sudden disappearance of
Fs in the (1010) plane 6.5' away from L12107. Both of
these observations suggest rather the disappearance of
a,n extremum on a hyperboloidal orbit at certain critical
angles, and favor the interpretation of Fg discussed
above.

Although the angular dependence of F7 and F8 has
not been established, it seems possible that they corre-
spond to the butterfly and cigar orbits. In the NFEFS
model, these frequencies coalesce at t 00017 to a value of
12)&10 G. The lattice potential wi]l split these areas
apart at [00017. Symmetry requires that there be a
point of contact between the butterfly and the cigar
along the Al. line of the Brillouin zone. However, only
an infinitesimal number of orbits pa, ss through the point
of contact, the majority of orbits still belonging either
to the butterfly or to the cigar. The XFE frequency of
12)&10' G compares well with the experimental values
of 12&(10' G and 17&(10' Gp which we assign tentatively
to the butterfly and to the cigar.

The frequency of Fis is just twice that of Fs (within
the limited accuracy to which Fis could be determined).
Although second harmonic oscillations are often re-
solved in high-pulsed field measurements, ""second
harmonics were not observed in any of the present data.
However, a value of very nearly 2F6 would occur be-
cause of a self-intersecting trajectory of the type dis-
cussed by Priestley (Ref. 35, Fig. 12, orbit $) involving
magnetic breakdown onto the needle segment at the
point E. The trajectory goes once around the molester
orbit of Fig. 11, crosses via the needle onto an equiva-
lent monster orbit in the next band, completing the
orbit by crossing back into the initial band via the
needle. The frequency due to such an orbit is just
2P6 —Fg. Since the frequency P& due to the needle is only
0.025&10' G at this angle, "it is negligible compared to
2F6=46X10' G. Completion of this orbit requires
breakdown at two equivalent points on the needle with-
out breakdown at the third. This is not un]ikely if the
third point is higher on the needle than the other two,
since breakdown occurs over a rather narrow region
near the center of the needle. "However, since Fqp was
only resolved over about 5', unambigous assignment of
P&p to the self-intersecting trajectory requires further
verification that Pyp=2F6 over a wider range of angles.

An alternative assignment of P&p may be found on the

"M. G. Priestly, Proc. Roy. Soc. (London) A276, 258 (1963).
"Alexander D. C. Grassie, Phil. Mag. 9, 847 (1964).
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monster in the double-zone scheme. The orbit runs along
the length of a diagonal arm, from where the arm joins
two horizontal arms up to the corner of the zone. This
orbit is closed only in the double-zone scheme; hence it
requires magnetic breakdown of the spin-orbit energy
gap. The area corresponds to a frequency of about
65&(10' G, to be compa, red with observed frequency of
46/10' G. Since the diagonal arm in the XFEFS makes
an angle of about 30' with the

t 0001]direction, an orbit
along it is most likely when H is a,bout 30' from the
L1100]direction, whereas Fio is observed with II about
45' from L1100]. However, the observation of Fio at
this angle is largely a result of F6 and F3 becoming small
in amplitude at this angle; F&p may exist over a larger
region of angles.

CONCLUSIONS

Those orbits on the NFEFS which do not depend on
whether the single- or double-zone scheme is appro-
priate are experimentally resolvable over a wide range
of angles and correspond well in size to the predictions
of the model. In this category are the needle, and the
horizontal and diagonal arms of the monster studied by
JG. Three of the results from the present investigation
are similarly unambiguous. The lens in the largest
c1osed piece of the XFEFS, and one of the pieces not
observed by JG. The frequency Fi„' is only 4% smaller
than the frequency predicted for the lens orbit when H
is perpendicular to t 0001]. The frequency F9 is 30%
smaller than predicted by the orbit on the monster
shown in Fig. 10, which is quite c]ose correspondence in
view of the fact that the orbit size is quite sensitive to
the lattice potential. The hyperboloidal angular de-
pendence of F9 is also we~1 approximated by the model,
and the 36' angular ra,nge of F9 provides correlation of
the conclusion''" that the horizontal arms of the
monster are a factor of 10 smaller in area than predicted
by the model. The frequency F6 is about 20% smaller
than predicted by the monster orbit shown in Fig. 11.
The angular range of F6 provides cross correlation of the
size of the horizontal arms, and also suggests that the
six-arm junction at II is shrunk by 40% in width from
the NFEFS.

The sudden disappearance of Fg 6.S' from t 1210] as
II is tipped out of the (0001) plane is evidence that
magnetic breakdown on the monster is far from com-
plete at 33 kG. As long as the monster is connected
along the L0001] direction, the extremal orbit to which
we have assigned F9 disappea, rs as H is tipped out of the

(0001) plane. Other orbits which could give more direct
information concerning magnetic breakdown have not
been unambiguously resolved. Frequencies F& and F8 are
appropriate in size to the butterQies and cigars, but the
experimental angular dependence has not been well
enough established to make the assignment definite. In
a,ny case these segments are insensitive to breakdown
for fields near L0001] where Fi and F8 were resolved.
Because of the multiplicity of extrernal orbits on the
monster (eight out of the thirteen frequencies discussed
here can be assigned to orbits on this segment) there is
ambiguity regarding the assignment of F&p and F». In
each case, two orbits were found to be close in area to
the observed frequency, one of which required magnetic
breakdown of the spin-orbit energy gap.

Until the orientation dependence of frequency has
been better established, the interpretation of F7, F8, F]p,
and F» is incomplete, while no interpretation has been
found for F». A system of frequency selective amplifica-
tion might be more useful than differentiation tech-
niques in the detection of these weak oscillations. It
would also be useful in searching for the butterQy,
cigar, or clamshell orbits in the (0001) plane, apparently
unobserved in this investigation (Fig. 14). Higher fields
would be useful in studying F~p, F», and F». However,
since each of these frequencies is near the second har-
monic of another frequency, they would be easily
obscured by second-harmonic oscillations in high-pulsed
field measurements. Furthermore, F» is more appro-
priately measurable by a torsion method, since it
would be obscured by F» in a pulsed field method, as
discussed above. However, it is clear that higher field
measurements are necessary to track F» above 100
X 10' G, and to reveal other higher frequencies; a casual
inspection of the ubiquitous monster reveals at least
four more extrernal orbits larger than those discussed
here.
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