PHYSICAL REVIEW VOLUME 136,

DECEMBER 1964

NUMBER 6B 21

Application of the Reference-Spectrum Method to the Nuclear Surface®f

B. D. Day
University of California, Los Angeles
(Received 1 July 1964)

The reference-spectrum method for infinite nuclear matter is generalized in a simple way so as to apply to
the surface region of a large nucleus. This permits one to calculate the reaction matrix for particles interacting
in the surface region, and the total energy of the nucleus can therefore be found to first order in the Brueck-
ner-Goldstone expansion. Two equivalent formulas for the nuclear surface energy, both valid to first order in
the Brueckner-Goldstone expansion, are derived and discussed. These results are then used to calculate the
surface energy of a large nuclear slab. The single-particle wave functions are calculated in a Woods-Saxon
potential which is chosen to reproduce the empirical surface thickness; and the two-body interaction, which
acts only in .S states, is assumed to consist of an exponential attraction outside a hard core. The calculation
gives the reasonable value of 20.6 4%3 MeV for the surface term in the semiempirical mass formula. The chief
defect of this trial calculation is the lack of self-consistency in the one-particle wave functions. A self-con-
sistent calculation would give a more reliable estimate for the surface energy and would also predict the sur-
face thickness theoretically. A brief discussion is given of how the methods of this paper could be used to at-

tack the self-consistency problem.

I. INTRODUCTION

NUMBER of theoretical investigations of the

nuclear surface have been carried out in the past.
The phenomenological treatments are typified by the
“semiempirical statistical method” developed by
Wilets,! which allows one to derive relations among
various experimental quantities without becoming in-
volved in the full complexity of the many-body problem.
Similar methods have been applied by Skyrme,? by
Bodmer,® and by Hale and Present.* Swiatecki® has con-
sidered a plane nuclear surface by means of perturbation
theory, and Rotenberg® has obtained a reasonable sur-
face thickness in his Hartree-Fock treatment of a finite
nucleus. Both of these authors used nonsingular two-
body interactions, however. Blanchard and Seyler,” in
their semiclassical nuclear model, have included the
short-range repulsion, which is known to exist between
two nucleons, by means of a velocity-dependent force.
Their model of finite nuclei has reasonable surface
properties. The Green’s function approach has been
sucessfully applied by Reynolds,® using a separable
potential with a ‘“hard shell” repulsion. Brueckner,
Gammel, and Weitzner® have extended Brueckner’s

* Supported in part by the U. S. National Science Foundation,
and by the U. S. Office of Naval Research.
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nuclear matter theory' to the case of finite nuclei, and
calculations have been made on several doubly-magic
nuclei.!t These calculations are certainly the most
ambitious and realistic which have been made, but the
binding energies and nuclear radii obtained are some-
what too small, especially for the lighter nuclei. Since
the theory is specifically designed to be correct for
infinite nuclear matter, it seems likely that the surface
region is causing the trouble, and further study of the
nuclear surface appears to be worthwhile.

Brueckner’s theory is based on the Brueckner-Gold-
stone perturbation series,? and the basic quantity in
this expansion is the reaction matrix, or G matrix. The
development of the reference spectrum method by
Bethe, Brandow, and Petschek (BBP)!? has provided a
new and much simpler method of calculating the nuclear
matter G matrix than was previously available. It is
therefore worthwhile to see if this method can be applied
to the nuclear surface, and the present work makes a
start in this direction. We first generalize the reference-
spectrum method in a simple way so that it may be used
in the surface region. It is found that the G matrix may
be easily calculated, once the two-body wave function
is obtained. The wave equation for this function is
derived, and two methods for its solution are discussed.
It is also necessary to obtain, within the framework of
the Brueckner-Goldstone theory, a formula for the sur-
face energy, and two such formulas are derived. The
method is finally used for a numerical trial calculation
of the nuclear surface energy.
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2 J, Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957).
13H. A. Bethe, B. H. Brandow, and A. G. Petschek, Phys. Rev.
129, 225 (1963). This paper will hereafter be referred to as BBP.
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REFERENCE-SPECTRUM METHOD AND NUCLEAR SURFACE

II. GENERALIZATION OF THE REFERENCE
SPECTRUM METHOD

To apply the Brueckner-Goldstone theory,'? one
starts with a single-particle Hamiltonian % which has a
complete orthonormal set of eigenfunctions ¢,(r) with
eigenvalues e,, i.e. A(r)p.(r)=e.p.(r). If the nucleus
under consideration contains A particles, the unper-
turbed many-body ground state is formed by putting
particles into the 4 one-particle states of lowest energy
to form a Slater determinant. These normally occupied
states make up what is called the Fermi sea, while one-
particle states of higher energy are called intermediate
states. One must then compute matrix elements of the
two-body operator G, which is defined by

G=v—v(Q/¢e)G. (2.1)

Here, v is the two-body potential, Q is the Pauli operator
which prohibits scattering into occupied states, and e is
an operator whose coordinate space representation is

e(rl,rz)zlz(r1)+k(r2)—1{, (22)

where H is the starting energy.!* The first-order ap-
proximation to the ground-state energy is

E=3 on|T|n)+3 2 na(mn|G|mn—nm), (2.3)

where T is the kinetic energy. Of course, if this is to be
a good approximation, the ¢,’s and e,’s must be chosen
self-consistently. We assume for the moment that this
difficult task has somehow been accomplished and turn
our attention to the problem of calculating matrix
elements of G.

For the interaction of two particles in states ¢m
and ¢,, the unperturbed two-particle wave function
@, (11,12) is just the product of ¢pn(ry) and ¢.(rs), and
we define the exact two-body wave function ¥,,,(11,r2) by

G<I>,,m(r1,r2) = v\Ilmn(rl,rg) . (24:)

When 7=|r;—rs| becomes large, ¥,,, must approach
®,,n, and if v contains a hard core, ¥,, must vanish
whenever r<¢, where ¢ is the core radius. Combining
(2.1) and (2.4) leads to

Yonn=Ppnn— (1/6)Qv¥ ., (2.5)

which is a difficult equation to solve because of the
presence of the rather complicated operator Q/e.

The basic idea of the reference-spectrum method is to
approximate Q/e by a simpler operator. Then (2.5) can
be easily solved, and the small error caused by the
approximation can be calculated by a perturbation
method.'® For the problem of nuclear matter, BBP have
shown that, for the purpose of operating on states with
momenta in the “important range” between 3 and 5
inverse fermis (F—1!), % can be well approximated by

14 The proper choice of H is discussed in detail in BBP. For our
purposes, it will always be correct to set H = ey~ €n, where m and
» label the initial states of the two interacting particles.

b 16 This correction is considered in BBP but will be neglected
ere.
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the “reference Hamiltonian” %%, given by
hE=—(1/2m*)V>+A4,. (2.6)

In this equation, m* is the dimensionless effective
mass,'® which BBP estimate to be about 0.9, and Asisa
constant which seems from the work of BBP to be very
close to zero. It is not a good approximation to replace
k by k% when operating a state whose momentum is
outside the range 3 F~1 to 5 F~1, but the Fourier com-
ponents of the function Qv¥.n, to which the operator ¢!
is applied in (2.5), are small outside this momentum
range. It is thus quite accurate in (2.5) to replace e by
e®, where ¢® is defined by (2.2) with % replaced by AE.
Having set e equal to ¢ in (2.5), we may replace Q by
unity without causing serious error because 1/¢% applied
to states in the Fermi sea gives a rather small result.
These approximations are discussed quantitatively in
BBP, where it is estimated that they cause an error of
about 5%, in the potential energy per particle of nuclear
matter.
When Q/e is replaced by 1/¢E, (2.5) becomes

eBZ =1V 5

@.7)

where we have defined Zyun=®mn—¥nr. In infinite
nuclear matter the one-particle wave functions are just
plane waves, e.g., ¢n(r)=Q"12%k 1 where @ is the
normalization volume. So, by putting (2.6) into (2.2) to
find e, and changing to relative and center-of-mass
coordinates via the equations

r=r,—r,, k=%(k,—k,), (2.8)

R=3(ri+r1), K=kntk,, (2.9)
we find that (2.7) becomes

(V27 Tmn () = —m*0ua(t),  (2.10)

which is the reference wave equation of BBP and is
easily solved by standard methods. In this equation,
¥? is given by

v2=31K*+m*(24,—H), (2.11)

and the center-of-mass motion has been eliminated by
writing

\Ilmn Kl/mn(r)
B, | =01 exp(IK-R) [ pmalr) | , (2.12)
Zmn $mn(T)

where ¢ma(r)=¢** and {mn=0bmn—¥mn.

These ideas can now be applied to a nucleus with a
surface. The only difference is that the one-particle
Hamiltonian % will change as we pass through the sur-
face region, and our reference approximation %% for this
operator must vary in a corresponding way.

Let us consider a large nuclear slab of thickness L and

16 We use units in which %24 1=1, where M is the nucleon
mass. Energy is then measured in inverse square fermis, and this
can be converted into MeV by using the relation 1 F2=41.467
MeV.
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area @. We will eventually allow @ and L to become
infinite in such a way that L@™1/2 goes to zero; thus the
surface area becomes equal to 2@ in the limit. We take
the x axis normal to the surface of area @ and let the
nucleus extend from x=0 to x=—L. We essentially
have translational invariance in directions perpendicular
to the x axis, and the one-particle wave functions are
therefore of the form

¢a(x)=212N,~12@71/2 exp(ikpy - r)ua(x), (2.13)

where, for occupied states, #,(x) decays exponentially
outside the nucleus and becomes a sine wave of unit
amplitude inside. NV, is a normalization constant which
is approximately equal to L, and the subscript “.L” is
used to indicate that part of any vector which is normal
to the x axis.

Far inside the nucleus, conditions are the same as in
nuclear matter, and 4% must be given by (2.6). Far
outside, we just have empty space, and %#% must reduce
to —1V?2, the correct result for free particles. In either
of the two surface regions, near x=0 or x= — L, A¥ must
vary smoothly from its nuclear matter value to its free-
space value. The simplest operator which has this
property is

af a
——+Aw(x),
2m* dx dx

(2.14)

1
f(x)Vi—
2m*

where f(x) approaches 1 inside the nucleus and m* out-
side, and w(x) goes from a value of 1 inside to zero
outside. The term involving (df/dx), which is necessary
in order that the operator be Hermitian, is nonzero
only in the surface region.

The behavior of f(x) and w(x) must be adjusted in the
surface region to make the effect of (2.14) on the im-
portant intermediate states very nearly the same as the
effect of % on these states. Assuming that this can be
done, we use (2.14) for #® and substitute into (2.7) to
obtain the approximate equation

df(e) 0 df(x) a]
dxl ! dxl

1
I P

2m* dxy Jxg

+A 2[10("('1)'1‘740(@2):]—'[{} Zmn(rl,r2>

=0Wma(ry,12). (2.15)
By solving (2.15) one can obtain an approximation for
W..» and hence for the G matrix. The dependence of
(2.15) on R, is trivial, but the dependence on X, the
x component of R, is not. Thus, we are faced with a
differential equation in which the variables r and X are
thoroughly ‘“mixed together.” There is no standard
method for solving such an equation, and each case
must be treated individually by suitable approximation
methods.

DAY

The question of whether the self-consistent % can be
well represented by (2.14) in the surface region remains
open. To investigate this point, it is necessary to decide
upon a self-consistency condition for the one-particle
potential U, i.e., to decide which higher order diagrams
in perturbation theory are to be cancelled by proper
choice of this potential.}”+18 This will lead to a prescrip-
tion for calculating U in terms of matrix elements of G.
Hence U can be estimated, and one can see if f(x) and
w(x) can be chosen in such a way that (2.14) is a good
approximation to 4=7-U. The methods of this paper
could be used for this purpose, but this has not yet
been done.

Setting the Pauli operator Q equal to unity should be
an even better approximation in the surface region than
in nuclear matter. When the particle density becomes
low, Q prohibits fewer and fewer intermediate states and
has a correspondingly smaller effect on the correct wave
function ¥,,.

In order to calculate the wave functions of occupied
states, we can try to represent /4 by an expression of the
same form as (2.14) but with different values of m* and
A2 and different functions f and w. The effective mass
should probably be about 0.6,1° and 4, must be negative
and of the order of 100 MeV in magnitude. These
changes are necessary because we want to approximate
the effect of the self-consistent % on normally occupied
states, while our previous discussion was concerned with
highly excited intermediate states with momenta be-
tween 3 F-! and 5 F~L. To see whether or not the effect
of % on occupied states can be approximated in this way
one must carry out an investigation similar to that out-
lined above for intermediate states.

III. TRIAL CALCULATION
A. Simplifying Assumptions

We have carried out a trial calculation along the lines
suggested above. For simplicity, the following rather
drastic assumptions were made.

First, the one-particle potential U(x) for occupied
states was taken to be a local Woods-Saxon well, defined
by saying that

U(x)=—Uo(1+e*s)1, when x>—21iL (3.1)

and that U(x) is symmetric about the point x=—21L.
The constant U, is determined by requiring that
the energy per particle of nuclear matter, given by
0.3kp2—3%Uy, be —15 MeV. Taking kr=1.5 F~! then
leads to a value for U, of 2.07 F—2. The length a was set
equal to 0.8 F, and the calculated particle density was
then found to have a reasonable ‘“90-10 distance” of

17 The self-consistency condition for nuclear matter is discussed
by BBP and by R. Rajaraman, Phys. Rev. 129, 265 (1963).

18 A very careful and detailed investigation of this question for
finite nuclei has been made by B. H. Brandow in his Ph.D. thesis,
Cornell University, 1964 (unpublished). See also Brandow’s note
in Phys. Letters 4, 8 (1963).
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2.48 F. This potential is unrealistic because it has no
velocity dependence, and a better calculation could be
made by using a one-particle Hamiltonian of the form
given by expression (2.14). The reference Hamiltonian
for intermediate states is chosen to be simply

hr=—(2m*)71Vv?, (3.2)

with m*=0.9. This is obtained from (2.14) by setting
A5 equal to zero (in accord with BBP) and f(x) equal to
unity. This choice gives the correct result inside the
nucleus but fails to reduce to the free-particle Hamil-
tonian outside. We can hope the resulting error will not
be too serious since the two values of % differ by
only 10%,.

The two-body potential is assumed to be that con-
sidered previously by Moszkowski and Scott!® and con-
sists of an exponential attraction outside an infinitely
repulsive core. The potential acts only in S states, for
which it is given by

1)(7): + ©, r<c,
= —yo exp(—u(r—c)), r>c, (3.3)

where 90=06.2737 F2=260 MeV, x=2.08306 F-, and
¢c=04F.

On the basis of these assumptions, we have calculated
the one-particle wave functions and the diagonal
G-matrix elements which appear in the first-order ex-
pression for the ground state energy. By comparing the
energy of our nuclear slab, which has a surface, to that
of infinite nuclear matter, we have obtained an estimate
for the nuclear surface energy. Our next task is to derive
the formulas which are needed to carry out these
calculations.

B. One-Particle Wave Functions

The one-particle wave functions have the form of
expression (2.13), and by requiring that this be an
eigenfunction of —3V2—U,(1+¢*/9)71, we find that the
Schrodinger equation for #,(x) is, for > —3L,

2un

+ [kna?—2U(14-€72/2) un(x)=0. (3.4)

dx?

We need only consider the region x>—3L in detail
because, once the wave functions in this region are
known, those in the region x<—3%L can be found from
symmetry considerations. The energy eigenvalue is
given by

en=1k,2—U,, (3.5)

where k, is the vector whose x component is k., and
whose perpendicular component is k,:. The wave func-
tion #,(x) is normalized such that

u,(x)~—sin(Bas+a), (3.6)

8 S, A. Moszkowski and B. L. Scott, Ann. Phys. (N. Y.) 11,
65 (1960).
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when x is in the interior of the nucleus, where o is a
phase factor which depends on k... This phase factor is
determined by integrating Eq. (3.4) from far outside
the nucleus, where the exponentially decreasing solu-
tion must be taken, in towards the interior, and com-
paring the resulting function with the asymptotic
form (3.6).

If one starts far to the right of the nucleus and inte-
grates towards the interior in this way, the resulting
wave function must join smoothly, at x= —%L, with the
function obtained by starting far to the left of x=—L
and integrating inwards. This condition determines the
allowed values of k., and one easily finds that these
allowed values are determined by the equation

Lk L—alk)=tnr; n=1,2,3,---. (3.7)

C. Calculation of the G Matrix

Since GPmn=1v¥mn, the matrix element (mn|G|mn) is
just the integral of ®,,,*v¥ .. In the case of nuclear
matter, we introduce partial waves by writing

YT wru(r)
Gmn(T) | = g:w (A QLD T2  ¢ra(r) | Viu(?,8)
g‘mn(r) ‘ L{LM(") (38)

where Yy (7,£) is a spherical harmonic of r taken in a
system whose polar axis is in the x direction. Taking the
polar axis in the « direction, rather than in the direction
of the relative momentum vector, will later prove con-
venient when the presence of the nuclear surface is taken
into account. Since ¢n.(r)=exp(ik-1), we find that

(L—|M)!

1/2
m] Prulk-2)rjrlkr), (3.9)

¢LM<r>=[

where k, has been taken to point in the direction whose
azimuthal angle ¢ is zero.

In terms of partial waves, we easily find for the
nuclear matter G matrix,

(mn|Glmn)y=Q1 3 4r(2L+1)
X/ dru(r)v(r)uLu(r)dr. (3.10)

This result cannot be used in its present form for a
potential with a hard core, but BBP have shown how to
derive a useful expression for the radial integral. We
shall later have to evaluate a radial integral which differs
from (3.10) in that %z a(r) corresponds to ko, v2, while
¢ru(r) is the free wave function for a different pair of
parameters, say k&, w?. Rajaraman,'” using the methods
of BBP, has shown that this more general radial integral
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is given by

2 k2

” Y
/ dru(kyr)v(r)uru(koyy,r)dr=
0

m*

where Hyy is defined by

H py(kyr) = braa(lyc) s, (iyr) /1P (ive)

° 1
/ ¢LM(k,r)¢LM(ko,7,r)dr+——*¢LM(k0,c)I:
0 m

D. DAY

dpru(k,r) dHLM(k,r)]
dr dr r=c

+/°° [oprm(l,r)—H pa(kyr) Joura(koyy,r)dr, (3.11)

(3.12)

By setting =k, in (3.11), one obtains the BBP formula for the radial integral of (3.10).
For the problem of the nuclear slab, we have seen that the dependence of the two-particle wave functions on R,
is trivial, while their dependence on X and r is not. This fact motivates us to write

‘I'mn(h,l'z)
cI)mn(tl;rE) =
Zmn(11,12)

@leﬂan/Z

Since ®., is the product of two functions of the form (2.13), we have

¢mn(r,X) =Mm(X+%x)un(X—%x) exp(ik,‘- l‘]_) ,

‘l/mn(r:X)

[exp(iK.*R1)] | pma(r,X) (3.13)
Ema(1,X)

(3.14)

where x is the x-component of r. The partial wave amplitudes now depend on X as well as on 7, and we write

‘/’mn(r':X)

bmn(0,X) | =2 M An QLD Tt 1 oru(r.X) | Viiu(?8),

LM

Smn(1,X)

where the factor ¥ is inserted in order to make the
radial functions real. By using (3.14) and (3.15), and
taking k; to point in the direction whose azimuth angle
is zero, we obtain the formula

(L= Mg o
dru(r,X)= [m] /_%T Un(X+w)tn(X —w)

X T u(lo(r?—4w?) 2P Ly (2w/r)dw, (3.16)

where Jy is a Bessel function, and Py is an associated

Legendre polynomial.
The G matrix is easily found to be

(mn[GImn)=(4/@N,nNn)/gmn(X)dX, 3.17)

where

gun(X)= / Sonn* (X)W rin (1, X ) dr= LEM 4r(2L+1)
X/ ¢LM(7,X)7)(7’)MLM(1’,X)J7’. (318)

In order to use (3.18) for a potential with a hard core,
we must derive a formula analogous to Rajaraman’s
result for nuclear matter which is given by (3.11). This

urm(7,X)
(3.15)
Su(r,X)

can be accomplished by manipulating the equations
satisfied by ¢ru(r,X) and #uru(r,X), and we therefore
turn to a derivation of these equations.

The reference equation for the nuclear slab is easily
written down by starting from the formula e2Z,,, =0,
and using Egs. (2.2) and (3.2) to find the explicit form
of e®. After eliminating the dependence on R, and intro-
ducing partial waves, one finds

9  L(L+1) 1 92
["“— —yo*+- ]ﬁ'LM(",X)
Ir? 72 4 9X?
=—m*vuru(r,X), (3.19)
where
voi=—m*H+K,%/4. (3.20)

Since ¢,(r) satisfies a simple one-body Schrédinger
equation, and ®,,,(r1,r2) is just the product of ¢.(ry)
and ¢,(r2), it is easy to find the differential equation
obeyed by ®,,,. Then, after eliminating R, and going to
partial waves, one finds without difficulty that ¢z (7,X)
satisfies

62

{E_L(LH)

or? 72

1
+%<km12+kna:2)+; ]qSLM(T’,X)

0X2

=Iru(r,X), (3.21)
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where

ILM(r,X)=2U0/

—ir

ir
Un(X+w) (X —w)F(w,X)

X T u(lr(r2—4w2)V2)Pry(Qw/r)dw, (3.22)
and
F(w,X)=(1+exp[(X+w)/a])™
+(A+exp[(X—w)/a])t. (3.23)

We can now obtain a useful expression for the radial
integral of (3.18). By multiplying (3.19) by ¢ru(r,X)
and (3.21) by {rm(r,X), subtracting, and integrating
from r=0 to r=c¢t, we find a usable formula for the
integral over the region of the hard core, and the final
result is

/ SLu(r,X)vuru(r,X)dr
0

2"'_l kmz2+kna:2 e -
='YO 2( )/ (¢LM)2d7'
0

¥
+M*‘l‘/ Srul Ludr+m* pru(c)ura’ (c+)
0

+/ bLmvULMdr, (324)
o+

where the prime on #; indicates differentiation with
respect to 7. In deriving this equation, we have made use
of the relation #ry=¢ry—{rzy and the fact that
¢ru={ry whenever »<c¢ and ¢ryy— 0 asr — 0.

The above formulas allow us to calculate the G matrix,
either in infinite nuclear matter or in the nuclear slab,
once the reference equation for #z has been solved in
the region »>¢. We consider .S waves only and find from
(2.10) that, in the case of nuclear matter, {o(7) satisfies

d*,
———%0=—m*v(po—¢0),
dr?

(3.25)
and this equation can easily be solved numerically.
The reference equation in the surface region is given
by (3.19) and can only be solved approximately because
it contains derivatives with respect to both » and X.
For values of X such that [#.(X)%.(X)| is reasonably
large, we can derive a useful approximation procedure
by defining
X(rnx) = fo(ryX)/um”n .

(The argument of %, or u, is understood to be X unless
otherwise indicated.) The idea is that most of the X
dependence of {o(r,X) will be contained in the factor
%ntn S0 that x will depend weakly on X. Putting (3.26)

(3.26)

B 1599

into (3.19) gives, for S waves,

[:—;—‘YZ(X)]x(f,X) - —M*v[uj;”—x]

1 ax d 1 9%
— — ——(Umttn)— ——, (3.27)
2Unthy 0X dX 49X?
where we have defined
d2
YAX) =76~ ——(Umt) . (3.28)
4ttmtt, X2

In first approximation, the last two terms on the right-
hand side of (3.27) are neglected. The resulting equation
contains X only as a parameter and can be easily solved.
In fact, it is of the same form as the nuclear-matter
reference equation. By using the first approximation to
estimate the neglected terms, one can obtain a second
approximation, and this procedure can be continued
indefinitely. It is found that the lowest order of this
“x approximation” gives sufficient accuracy in our case.

When X is near a zero of #,, or #,, the x approxima-
tion can no longer be used. Of course, this situation
occurs in the outer part of the surface, where all single-
particle wave functions decay to zero, but this very fact
causes gmn(X) to be small in this region, and high ac-
curacy is therefore not required. As we move through
the surface towards the interior of the nucleus, however,
we eventually reach the first node of ., or #, (see Fig. 2),
and gmn(X) is not necessarily small here. The first node
always occurs at a point which is sufficiently far inside
the nucleus to allow #,, and #. to be approximated by
sine waves, and this fact permits us to solve (3.19) by
a different approximation method.

Let us suppose, then, that for values of |x| less than
the range of the nuclear force, we can write

Un(X+35) =~ A sin pu(X+32)+wn], (3.29)

where A, pm, wm are constants, with a similar expres-
sion for #,(X—3%x«). Then it is easy to show that the
S-wave component of ¢.,(t,X) is

¢0(T,X) =~ —‘%‘A mA n COS[P1X+ 51](sink1r/k1)

+34mAn cos[ PoX+ 08, (sinkor/ks), (3.30)

where
P1=pumtpa, Py=pm—pu, (3.31)
01=wntw, 1} 02=Wm—wWn ; (3.32)

k=Rl +1(pm—pa)?, ka’=k2+5(pmtpa)?. (3.33)
If we now write
g'o(f,X) = "'%AmAn COS[P;[X"’- 51]§'0(1)(1’)
+’2]‘A mA n COS[P2X+ 52]{0(2) (1‘) ’ (334)

and substitute (3.30) and (3.34) into the reference wave
equation, we find that this equation splits into two
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nuclear-matter equations, one for £, and one for {,®.
Solving the reference equation in the surface region thus
reduces to solving two nuclear-matter equations, adding
the solutions, and weighting these solutions according
to (3.34).

Thus we are able to calculate diagonal matrix ele-
ments of G, and exchange matrix elements are easily
included by inserting in expression (3.18) a factor 3/4
for even values of L, and a factor 5/4 for odd L.

D. Surface Energy Formula

The nuclear slab can be specified by any three of the
variables @, L, A, kr, where the Fermi momentum kp is
the momentum of the highest occupied single-particle
state and 4 is the total number of nucleons. The details
of the surface region, e.g. the behavior of the particle
density and single-particle potential are, in principle, to
be found from the self-consistency requirements. Note
that the Fermi momentum kr, which determines the
interior particle density, is explicitly put into the calcu-
lation at the beginning. One should carry out a self-
consistent calculation for each value of kp; then the
true nuclear ground state corresponds to the value of
kr which minimizes the total energy (for a fixed value
of A). This is analogous to the procedure which one
follows when calculating the properties of infinite
nuclear matter.

Choosing 4, @, and kr as independent variables, we
can write for the total energy E of the nuclear slab,

where terms of order @/2L and smaller, which are
irrelevant for this discussion, have been omitted. We see
that g(kr) is the energy per particle of nuclear matter
with Fermi momentum kg, and S(kr) is, by definition,
the corresponding surface energy and is given by

S(kr)=(E—Ag(kr))/2G.

Thus, S(kr) is found by calculating the total energy E,
subtracting the energy the same number of particles
would have if they were all located in infinite nuclear
matter, and dividing the result by the total surface area.

The ground state value of kr is the one which mini-
mizes expression (3.35) for fixed @, 4. It is clearly equal,
except for terms which vanish in the limit of a large
system, to the equilibrium value for infinite nuclear
matter, which we take to be 1.5 F1,

We want to write (3.36) in a more explicit form which
is useful for calculations, but in order to do this we must
first derive some preliminary results. We will need a
summation formula, an identity involving the normali-
zation of the wave functions, and an asymptotic formula
for gma(X) which is valid when the point X is in the
interior of the nucleus.

We will calculate all quantities to first order in the
Brueckner-Goldstone expansion, and this will involve

(3.36)
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summations over the occupied states ¢,, which we may
label by the vector kn= (k,.,k.). We must, of course,
approximate all such sums by integrals, and the ap-
proximation must be sufficiently accurate to cause the
resulting error in the surface energy S to vanish as @
and L tend to infinity.

For summing over k;, we will use the usual replacement

Q
> —4—— | dk,, (3.37)
Ky (2m)?

where the factor 4 takes account of spin-isospin de-
generacy. When a function of order unity?® is summed
over k, in this way, in order to evaluate E or 4, the
leading term is proportional to @, and the error is of
order @!2. To evaluate expression (3.36), we must
divide by 2@ and perform the sum over allowed values of
ks, i.e., we must sum a term of order unity, with an error
of order @~'/2, over k,. The sum of the error term over
k. gives a result of order L&'/, which vanishes in the
limit @, L ; hence, the replacement (3.37) is suffi-
ciently accurate. Summing the accurate term of order
unity over k. gives a leading term of order L, a “first-
order” term of order unity, and additional terms pro-
portional to L1 and smaller. We must find a formula
for summing over k., which gives both the leading term
and the term of order unity correctly.

The sum over &, of any function f(k,) can be con-
sidered as the sum over the integer » which labels
allowed values of %, according to (3.7). If fis a smooth
function, it is then easy to show that the approximation

nF nF+}
> f(n)—»f f(n)dn (3.38)

n=1

is in error by a quantity of order L=(df/dks)ay. So, if f
and df/dk, are both of order unity, the replacement
(3.38) is sufficiently accurate for our purposes. Changing
variables from # to k., via (3.7), and noting that
np=kpL/m—20(kr)/m, we easily deduce the formula

£ k)= (/0 / f)ika—(2)m) / " e (k)i
3SR~ FO)T,

which is accurate except for terms which vanish as
L — and is therefore acceptable for our computations.

In the interior of the nucleus, the one-particle wave
functions are essentially sine waves, and this fact allows
us to calculate the asymptotic form of g,.(X), which
we call Zn.(X), in terms of nuclear matter matrix ele-
ments. Neglecting exponentially small terms, we see

(3.39)

* We use the phrase “of order unity” to describe any quantity
which remains finite as 4,L,@ tend to infinity.
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from (3.6) and (3.14) that, when X is in the interior,

Smn(1,X)=exp(ik,- ;) sin[kn(X+3x)+an
Xsin[kno(X —3x)+an |-

Clearly, ¢mn(r,X) can be written as a sum of nuclear
matter wave functions (i.e., plane waves) and writing
¢ma in such a way induces a similar breakup of ¥, (r,X)
and {ma(r,X) into nuclear matter functions (see the
discussion of the sine wave approximation near the end
of Sec. C).

The matrix element (3.18) for g..(X) then becomes
the following sum of nuclear matter matrix elements:

Zmn(X)= %{gu+g22+gu co8[ 2(kmatEns) X+ 2(am+an)]
+g22 COS[Z(kmz— kn,)X"*— 2(am-—an)]
—(g12+g21) cos[2kn X+ 20, ]

— (f12+@21) coS[2kmeX+20m ]} .

Here, we have made the definitions

1 =
(glsa)= Z 47T(2L+1)< )/ 4)[“11 (‘S’WLM('”dr,
Zps/ LM (=1D)E/ [,
(3.42)

(3.40)

(3.41)

where ¢ryr® and %1 ® are nuclear matter wave func-
tions calculated for relative momentum % and total
momentum K given by

k = [k12+%(kmz:i:knz) 2]1/2
K=K+ (kmezkns)?]2.

(3.43)
(3.44)

(In these equations, the upper sign corresponds to super-
script 1 and the lower sign to superscript 2.) In deriving
a formula for the surface energy, we will also make use
of the indefinite integral of g,.(X), which we call
Zmn!(X) and which is given by

Znn"(X)=3{(gutg22)X
+%g11 Sin[:z(kmz+knz)X+z(am+an):|/(kmx+knx)
+%922 Sin[z(kmx_knx)X-'_ z(am_an)]/(kﬂw_knx)
_%(g12+g21) Sin[anzX+ 2an]/kn:v

—(g10+g21) SIN[2meX +20m ] Fma} . (3.45)
Next we define the quantity 6N (k,) by
Nu=L+38N(knz), (3.46)

and we derive the interesting and useful identity,

0N (kz)=—2(da/dks). (3.47)

This identity can be made plausible on physical grounds
by noting that the spacing Ak, between allowed values
of %, is given by

Ak.=n/[L—2(da/dk.)], (3.48)

according to (3.7). But this is the spacing appropriate
to a box of side L—2(da/dk,), and since particles of
momentum k&, can be thought of as moving in a box
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whose “effective size” is L+ 0N (k,), it is quite natular
to make the identification (3.47).

To demonstrate the truth of (3.47) mathematically,
write the Schrodinger equation (3.4) for each of two
wave functions #;(x) and wus(x), corresponding to
momenta ki, and k.., respectively. Multiply the equa-
tion for #, by #; and vice versa, subtract, and integrate
from —1L to «. After dividing the result by (kss—%1z)
and taking the limit ks, — k1., one obtains

o L sin(kn.L—2a) 1 da
/ | #n(%) | = —————————— ——.
1L 4

(3.49)
At 2 dFns

For allowed values of k., the sine vanishes, and |#,(x) |2
is symmetric about —%L. Thus, we can write

© L da
2/ |#a(x) | 2de=3(L+ 6N)=E——, (3.50)
_17,

dk.

from which (3.47) follows immediately.

We are now ready to derive a formula for the surface
energy, and we consider first the kinetic energy con-
tribution, which is denoted by S(K.E.). Since the kinetic
energy per particle of infinite nuclear matter is 32#2/10,
we see from (3.36) that

1 1 3
S(K.E)=—73 (n|T|n)—— —kp* 1. (3.51)
2@ » 2@ 10 n

Let us consider first the evaluation of (1/2@)>, 1,
which we may obviously write in the form

! = ! Z‘/ 2q3 3.52)
— 1"2& - [pn(r) | 2d%r . 3.

2@ »

Now, one can evaluate this expression by either of two
distinct methods: One can first carry out the space inte-
gration for each # and then sum over %, or one can first
sum over # for each point r and then integrate the
result over all space. The first of these methods will be
called the “summation method,” and the second, which
in this example amounts to integrating the particle
density over all space, will be called the ‘‘density
method.”

Applying the summation method, we easily find, with
the help of (3.39),

1 Lk 1

2@ =

3 w?

kr kr?
X / (kp*— k2o (B)dk,—— , (3.53)
0 4

where o/ (k) means da/dk,, and we have dropped, as we
always will, terms which vanish in the limit @ — o,
L—ow,
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If we now try to apply the density method, we find
ourselves in difficulty at once. The trouble is that, far
inside the nucleus, the percentage change in ¢,(r) be-
tween successive allowed values of %, is large, and
formula (3.39) is therefore not reliable for the calcula-
tion of the particle density p(x), which is defined by

p(x)=2|$n(r)]?. (3.54)

Nevertheless, we proceed to derive an approximate
formula for p(x). We perform the summation by using
only the leading term of (3.39), and we replace NV, by L
in expression (2.13) for ¢,(r), thereby obtaining

2 [kF
pla)=— / (kr—ko2) | u(koyx) | 2dk..  (3.55)
™ Jo

One might expect to find an error of order ! in the
last expression; hence, integrating it over the entire
nucleus in order to evaluate (1/2@)>_ . 1 would give the
wrong answer.

The fact is, though, that using (3.55) to calculate
(1/2@)>". 1 leads to the correct expression given in
(3.53). This can be shown by combining equations
(3.52), (3.54), and (3.55), and by using (3.49) for the
integral with respect to x of |#(k.,x)|2, to find

1 kr
—Z 1=— (kF2_k:c2)
2@ » m™Jo
L sin(k.L—2c)
[__——*———%a’(kx)]dk,. (3.56)
4 4k,

Since a(k;) — 0 as k, — 0, we have, for large L,

sin(k,L—2a) w

~—b(ka) , (3.57)
4k, 4

and putting this into (3.56) leads to an expression which
agrees perfectly with the correct result (3.53).2! So we
have demonstrated that the density method can be
used to calculate (1/2®)>, 1, with p(x) given by the
very simple formula (3.55).

Next we evaluate the quantity (1/2@)>.(n|T|n),
which can be written in the form

1
— % [ou(-iv0y
2@ »

1
=££/GMhmwwwwm%w%<ﬁ&

where we have made use of the Schrédinger equation

2 We must remember that only half of the s-function peak con-
tributes to the integral (3.56) because this integral runs only over
positive values of &,.
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satisfied by ¢,(r). A straightforward application of the
summation method yields

1
E%(ﬂlﬂn)

Lk F5 1 kr
= —_—— (kl,,4—~kz4)a'(k;)dkz
10x2 4n%J,

ket 2Uo b
O —— (kFQ_kz2)

16w =% Jy

X / i [0 eyx) | 214 e~*/*)1dxdk,. (3.59)
—1L

The computation of this quantity by means of the
density method requires the evaluation of the kinetic
energy density 7(x), which is given by

7(x) =2 | ¢a(r) | 2[3kn2— Uo(1+e~=/%)"1]. (3.60)

Treating this formula in the same way as we treated
(3.54), we obtain the approximate result

1 er
1(x)=5——2/ (krt—kY) | u(kayx) | 2k,
° — Uspl@)(1+e==/#)1

That this approximation is sufficiently accurate for the
evaluation of (1/2@)X_.(n|T|n) is shown directly.
Substituting (3.61) into the equation

(3.61)

0

r(x)dx, (3.62)

1
——Z@MMF/
2@ »

—iL

and carrying out the x integration before the k integra-
tion by means of (3.49), one easily obtains an expression
which agrees with the correct result given in (3.59).
Hence (1/2@)%..(n|T|n) may be correctly evaluated
by the density method, with formula (3.61) used for 7(x).

We can use our results to write two different but
equivalent formulas for S(K.E.). The summation
method gives, when (3.51), (3.53), and (3.59) are com-
bined, the expression

1 ke
™ 0

krt 2U, tr

80 w2 Jy

“IL.,

where we have integrated by parts and used the
boundary condition a(k.) — O as k,— 0. The density

(kFZ"" k12)

| #(kayx) | 2(14€/8)"1dx | Ak, (3.63)
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method, on the other hand, is easily seen to give
S(K.E.)=/ [r(x)— Sokrio(x) Jdx, (3.64)
—iL

where p(x) and 7(x) are given by (3.55) and (3.61),
respectively.

Formula (3.63) is clearly suitable for numerical com-
putation because the space integral in the last term
receives appreciable contributions only from the surface
region and can therefore be calculated numerically. But
is the same thing true for the integral appearing in
(3.64)? The answer is yes, and we show this by evaluat-
ing the contribution to the integral from values of X
lying between —3L and — X, where — X is a point in
the interior of the nucleus but far to the right of —3L
(i.e. X1 is much larger than both %27~! and the surface
thickness, but X ;<2 L). Using (3.55) and (3.61), we find

/ L) — ok st i

1L
: kp

1
=— (kp*—ks?) (ko2 — 2k p?)dE

211‘2 0

—X1
X/ | w6(losy) | 2dx,  (3.65)

—iL

where we have dropped a term involving (14-¢7*/9)71,
a quantity which is only appreciable in the surface
region. Now, using the fact that #(ks,x)~ —sin(k.x+a)
for x<—X;, we find by a calculation similar to the
derivation of (3.49), that

/_ 1] (k)| 2dx

—~iL

L—2X, sin(k.L— Za)isin(ZkzXl— 2a)

f . (3.66)
4 4k, 4k,

But since L and 2X; are both much larger than %77,
each sine function in (3.66) equals (w/4)4(k.), and one
cancels the other. The only surviving term in (3.66) is
(L—2X,)/4, and when this is substituted into (3.65),
one easily finds that the right-hand side of (3.65)
vanishes. Hence the contribution to the integral in
(3.64) from any interval in x which is entirely outside
the surface region is negligibly small. Thus, (3.64) is not
only a correct formula but is also a useful one, because
the integral can be evaluated accurately from a knowl-
edge of the integrand for values of x in the surface
region alone.

We now consider the potential energy contribution to
the surface energy, which is denoted by S(P.E.) and is
given to first order in the Brueckner-Goldstone expan-
sion by

1 1 _
S(P.E)=—% 2 (mn|Glmn)y——V 2, 1. (3.67)
2@ mn 2@ n
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In this expression, ¥y represents the potential energy
per particle of infinite nuclear matter and is given by
either of the two equivalent expressions,

V= (3/167x%) @lemd’kngry

whole sphere

= (372/kp?)(8x0)!
X/ dakmdakn(gu—l—gzg) . (368)
half sphere

In the integral labeled ‘“whole sphere,” the variables
are allowed to range over the entire Fermi sea, while
“half sphere” means that both &, and k., are restricted
to positive values.

Using (3.17), we can write the first term of (3.67) in
the form

1
—3 > (mn|G|mn)
2@ mn ) .
=&;Z(1/Nmzvn) / gnn(X)dX . (3.69)
4 mn —iL

To evaluate this by the summation method, we must
calculate the integral for each pair of indices (m,7) and
then sum over » and #. In the density method, we re-
place N,, wherever it occurs, by L, and we use only the
first term of (3.39) to sum over (,n) inside the integral;
then we integrate the resulting function of X between
—3L and . We will first evaluate (3.69) rigorously,
using the summation method, and then show that the
same answer is obtained by the density method.

To apply the summation method, it is useful to write
(3.69) in the form

1
—3% 2 (mn|G|mn)
2@ mn

2 1 Xo
{ (gmﬂ(X)_—gmn(X))dX

S @SN, ;.
+ gm<x>dx+sz<xo>—zmm—%m}, (3.70)

Xo

where X, is an arbitrary point which we choose to lie
in the surface region. For every term in the curly
brackets except the last, we may replace N, by L and
use only the leading term of (3.39) for the summation,
but the term involving g,..'(—%L) requires more de-
tailed examination. We find with the aid of (3.7) and
(3.45) that

Znn? (—3L)=—(L/16)(g11+g20)
+%6(kmz;knz)g22|:_%L‘j{"a/(kmz)], (371)

where 8(kmz,knz) 1s the Kronecker delta, and this result
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and dropping terms which vanish in the limit of a large
system, we finally obtain

may be substituted into (3.70) and the summation per-
formed by means of (3.39). After using (3.47) and (3.68),

3

1 2 Xo » ' Lkp
—% 2 (mn|G|mn)y=— / Pkndik, {/ (gmn—8mn)d X+ Zmn@X~+Zmal (Xo) } + Vi
QR mn 8 J hait sphere —iL X9 3m?
1 1
— Pln@kni (g1t goo)+— AB3lnd®knies. (3.72)
875 J haif sphere, 8w h}::lf s_p’?ere,
To evaluate (3.69) by the density method, we write
2 1 ® * 2
> / Ean(X)AX —> f xS [ kg )
@2 mn NmN'n, —3L —iL 7"6 half sphere
Xo 2 ® 2
= / dX— / Bl (gmn—Fmn)+ dX— / Blndkngmn
~iL 8 half sphere Xy 78 half sphere
2
+— Clem@®ken[Fma? (X0)—Emn! (—3L)].  (3.73)

w8 half sphere

In this last expression &n; and %, are to be treated as continuous variables, and, since L is arbitrarily large, the
sine functions in Eq. (3.45) for gmn(—3L) may be replaced by the appropriate Dirac delta functions. We
substitute the resulting formula for gma(—%L) into (3.73) and make use of the fact that when k£,.=0, we have
gie=gan=gu=ge; and that if k,.=0, it is true that §ia=ga=gi1=gs. There results a formula for
(1/2@)% 3" wn(mn|G|mn) which agrees perfectly with the correct expression (3.72). We therefore find that the
density method is accurate, i.e., that the arrow in formula (3.73) may be replaced by an equality sign.

We can now collect our results and write two equivalent formulas for S(P.E.). Combining Egs. (3.67), (3.72),

and (3.53), we find

2 X
half sphere

b 3L

1

8’ hag sphere,

nz =

The density method gives the much simpler formula
SE.E) =Ty [ VOO =o(X) /X, (379
—1iL

where 7 and p(X) are given by Egs. (3.68) and (3.55),
respectively, and W(X) is defined by

2

W(X)= / lemd@®Fngmn(X) . (3.76)
half sphere

72V npo

Formula (3.74), though somewhat unwieldy, is clearly
usable for computation because the space integrals
receive appreciable contributions only from the surface
region and hence can be correctly evaluated by numeri-
cal methods. The space integral in (3.75) also has this
desirable property, as may be shown by a method

2 _
dskmdzkm(g11+gzz)+—2VN/
T

1
gmndX"}‘gmnl(XO)} +_— / dskmdzkm_gn
7" J half sphere,

ne =Kmz

kr kr®_
kra(kz)dkx+4_'VN- (3.74)
m

0

similar to that previously used in the discussion of ex-
pression (3.64) for S(K.E.). Thus only the surface region
contributes appreciably to the space integral in (3.75),
and this formula is therefore useful for numerical
computation.

The two formulas we have derived for the surface
energy correspond to two complementary ways of look-
ing at the physical origin of the surface energy. Consider
the surface kinetic energy for example. Expression (3.63)
for S(K.E.) was derived by a discrete summation over
allowed states, while (3.64) is an energy density formula.
The last term of (3.63) accounts for the loss of kinetic
energy experienced by a particle which enters the sur-
face region, where the one-particle potential becomes less
attractive. The second term results from the fact that for
a nucleus of finite size, the spectrum of allowed values
of &, does not extend all the way to zero as it does in
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the case of infinite nuclear matter. The first termin
(3.63) appears because the spacing between allowed
values of %, is not uniform, as it is for infinite nuclear
matter, but decreases as k, increases [this is because
particles of higher momentum move in a larger region of
configuration space; see the discussion of (3.47)7].

Formula (3.64) for S(K.E.) gives rise to a completely
different point of view and shows that we may, if we so
desire, regard the surface energy as being localized in the
surface region. This formula involves a comparison of
the actual kinetic energy density r(x) with the kinetic
energy density which would prevail if 7(x) were propor-
tional to p(x). The two formulas for S(P.E.), although
more complicated than those for S(K.E.), may be dis-
cussed and compared in the same way.

E. Numerical Results

In this section we give numerical results obtained by
evaluating the various quantities occurring in the

-4 -3 -2 | o |
X(FERMIS)

-6 -5

Fic. 1. Behavior of the particle density (solid curve) and kinetic
energy density (dashed curve) in the surface region. Both quan-
tities have been normalized by dividing by their asymptotic
interior values, which are po=2kz3/ (37?) and 7o="Fks%/ (5x%).

formulas for the surface energy. The calculations were
performed on the Burroughs 220 and Control Data 1604
computers at the Cornell University Computing Center.

Equation (3.4) was solved numerically in order to
obtain the wave functions #(x) and phase angles a(%.)
and then expressions (3.55) and (3.60) for p(x) and (x)
were evaluated. The resulting behavior of p(x) and 7(x)
in the surface region is shown in Fig. 1, and three of the
one-particle wave functions are plotted in Fig. 2.

The particle density has a “90-10 distance” of 2.48F
and falls to half its interior value at x=—1.22F. The
kinetic energy density, of course, falls off more rapidly
than the particle density (in the Thomas-Fermi ap-
proximation, for example, we have 7« p5/%). From the
plot of the wave functions in Fig. 2, we see that particles
with a high value of %, penetrate the surface region
extremely well, while particles of low momentum hardly
“see” the surface at all.
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Fic. 2. Behavior of the one-particle wave function #(x) in the
surface region for three values of k..

The phase angle « is plotted as a function of £, in
Fig. 3. It is clear from the figure that 6N = —2da/dk. is
an increasing function of k., as we must expect.

By using the results just described, we evaluated the
two equivalent expressions (3.63) and (3.64) for S(K.E.),
obtaining a result of —2.48 MeV F~2? in each case. The
values of the individual terms of (3.63) are shown in
Table I, and we see that the loss of kinetic energy by a
particle in the surface region is the dominant effect.

In order to evaluate the last four terms of Eq. (3.74)
for S(P.E.), we must calculate diagonal nuclear matter
matrix elements such as g;; and gss. Such matrix ele-
ments depend only on the relative momentum % and
total momentum K, and are easily obtained by numeri-
cally solving Eq. (3.25) and putting the result into
(3.11). The dependence of the diagonal matrix element
g(k,K) on K is found to be very slight and almost
quadratic. Its behavior as a function of &, for K=0, is
shown in Fig. 4 and is similar to that obtained by
Moszkowski and Scott!® for the same two-body inter-
action but a different energy spectrum. The numerical
results for the last four terms of (3.74) are given in
Table I. The value obtained for Vy was —35.61 MeV,
which gives a binding energy for infinite nuclear matter
of 7.6 MeV particle.
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Fic. 3. The phase angle « as a function of k.. In the interior of
the nucleus, the one-particle wave function #(x) has the form
—sin(kx+a).
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In the first term of (3.74), the quantities g,..(X) and
Zma!(X) involve both diagonal and off-diagonal nuclear
matter matrix elements, but these are easily obtained
by solving (3.25) and using (3.11). The only part of the
calculation which was at all time consuming for the
Control Data 1604 computer was the evaluation of
gmn(X). This required the computer first to calculate the
functions ¢ru(7,X) and Iy (r,X) from formulas (3.16)
and (3.22). Then Eq. (3.19) was solved for #r(r,X)
by one of the approximation methods previously dis-
cussed, and this result was used along with (3.24) and
(3.18) to obtain gma(X).

For a given pair (m,n) of interacting particles, gn(X)
was computed from X=—5.20 F up to X=+1.0 F in
steps of 0.16 F, and this required 1.5 minutes of com-
puter time. The x approximation was used for X larger
than —2.20 F, and the sine wave method was used for
more negative values of X. It was estimated that the
uncertainties in the surface energy caused by the use of

TasBLE I. Values of the terms in the surface energy formula.

Terms in S(K.E.) Value in MeV F~2
krt/80m +0.835
kr
(1/7» / (Bkr*— k) kocr (k) dks +1.003
0
kp
b (2 U 0/ 7"2) / (kFZ_kzz)dkx
0
X/ |2tz () |2(1He72/2) " 1dx —4.320
1L
Total=S(K.E.)= —2.482
Terms in S(P.E.)
kr
@/ Vx / koa(bs)dbs —4.353
0
keVy —6.377
(1/8x5) Alem@ken1fae —4.323
half sphere,
nz =kmz
- (1/8#5)/- Blm@hns (811 g22) +13.676
half sphere,
(2/x) f Akemd®kn
half sphere
Xo
X {/‘ (gmn—gmn)dX
~iL
Xo

Total=S(P.E.)= -+3.909
S=SK.E)+SPE)= 143
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the x approximation and the sine wave approximation
were 0.011 MeV F~2 and 0.014 MeV F—2 respectively.
So neither of these approximations affects the final
result by more than 19.

Some of the results for gn.(X) and g..(X) are plotted
in Fig. 5. The main feature is the large enhancement of
the interaction of two particles in the surface region. As
kns decreases from 1.375 F~1, with &, fixed at 1.375 =,
the peak in gn.(X) becomes smaller because particles
of low &, do not penetrate the surface region very effec-
tively. The very high final maximum in g, occurs
because the wave functions #, and #, are especially
large and because the momentum of each particle is
reduced in the surface region. For kmns=Fkn,=1.375 F~1,
for example, #,(x) attains' the value 1.11 at its last
maximum in the surface region and since gm. is roughly
proportional to |#m, |2 this effect could increase gma by
a factor of (1.11)#=1.52. The reduction of momentum
of each particle in the surface causes the relative mo-
mentum of two interacting particles to be smaller; so
this effect also enhances the interaction in the surface
region.

After the X integration involved in the first term of
(3.74) had been carried out, the result was integrated
over momentum space, and the final result is given in
Table I. Adding up all the contributions gives a value of
3.91 MeV F-2 for S(P.E.) and a value of 1.43 MeV F—2
for the total surface energy .S.

The largest computational uncertainty in this result
arises from the coarseness of the mesh used in the
k-space integration in the first term of (3.74). All other
meshes were refined until the associated errors were neg-
ligible, but this procedure was not feasible for the first -
term of (3.74) because calculating theintegrand atasingle
mesh point consumed 1.5 min on the computer. Since g,»
depends on the four variables kms, £ns, #1, K1, and since
the dependence on K is quadratic and very weak, three
of the six integrations involved in the phase-space
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F16. 4. The nuclear matter G-matrix element g1 as a function
of the relative momentum k. The total momentum X of the inter-
acting pair of particles is taken to be zero. To change the units of
g1 from fermis to MeV F3, one must multiply by 41.467.
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F16. 5. The behavior of the effective two-body interaction gm,(X) in the surface region, for kms=1.375 F7 and three different values
of kuz. The solid line represents ~gm,(X), and the dashed line is a plot of —Zm.(X), the function to which — gmn (X) reduces in the
interior of the nucleus. Note the different scales used on the vertical axes of the three graphs.

integral could be done analytically. The final three-
dimensional integral with respect t0 Ems, kns, k1, Was
carried out by means of Simpson’s rule, using a mesh
with 88 points. The uncertainty produced in the surface
energy by the use of this rather coarse mesh was esti-
mated to be 0.07 MeV F-2. The computational un-
certainty from all sources in the final result of 1.43 MeV
F-2 should be less than 0.10 MeV F—2,

It is also of interest to calculate S(P.E.) by means of
Eq. (3.75), but we are not able to evaluate this expres-
sion very accurately. The trouble is that g..(X) varies
rapidly with %&.., and k,, when X is fairly large, and the
k-space integral for W(X) cannot be calculated ac-
curately with the coarse mesh described above. We can
estimate the range of X for which this mesh will give
W(X) correctly by noting that g..(X) contains terms
which vary like sin2k,,.X. If the spacing in Zms OF kus is
Ak, then Simpson’s rule should at best be accurate up to
| X | max, where 2Ak| X | max=m/2. Since Ak is about 0.25
on the average, we find | X | max=m. Thus, we may hope
that numerical integration will give reasonable values
of W(X) for X>—3, but for X<—3, the values of
W(X) obtained in this way are probably useless.

The obvious solution to this difficulty is to use a finer
mesh in the % space integration for W(X). However,
calculating the necessary values of g..(X) would require
many hours of additional computer time and was not
felt to be worthwhile. Instead, we have used our 88-point
mesh to calculate W(X) for X> —3, and we have cut off
the integral in (3.75) at this point. The result obtained
for S(P.E.) in this way is 3.40 MeV F—2 which is 0.51
MeV F2 below the correct value of 3.91 MeV F~2. The
functions W (X) and p(X)/po are plotted in Fig. 6, and
it appears that there will be an appreciable contribution
to the integral from the region X< —3.0 which will
presumably account for the above discrepancy.

IV. CONCLUSION

We have seen that the reference spectrum for infinite
nuclear matter can be generalized so as to apply to the

surface of a large nuclear slab. When a simple reference
spectrum approximation is used for the one-particle
Hamiltonian of intermediate states, the G matrix in the
surface region can be calculated to high accuracy by using
the x approximation and the sine wave approximation.

By using the “summation method” and the “density
method,” we have derived two distinct formulas for the
surface energy which are valid to first order in the
Brueckner-Goldstone expansion. These formulas are
mathematically equivalent but are very different in
appearance and represent two complementary ways of
understanding the physical origin of the surface energy.
In a given situation, one formula or the other may be
more useful. For example, we were easily able to see
from the energy density formula (3.64) that S(K.E.)
must always be negative, but this fact is not obvious
from expression (3.63) for S(K.E.), which is derived by
the summation method. On the other hand, the summa-
tion method provides the more useful formula [Eq.
(3.74)] for the numerical calculation of S(P.E.), at
least in the case considered here. Although expression
(3.74) is very unwieldy and consists of a large number of
terms, most of which are considerably larger in magni-
tude than S(P.E.) itself, almost all of these terms in-
volve only nuclear matter matrix elements and the

Fic. 6. The behavior of
the functions W(X) and
0(X)/po which appear in
Eq. (3.75) for the surface
potential energy.
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phase angle a(k,), and they can therefore be computed
with great accuracy.

Our trial calculation gives a value for the surface
energy of 1.43 MeV F—2, and this corresponds to a term
20.642%3 MeV in the semiempirical mass formula for the
total energy of a nucleus containing 4 nucleons. The
semiempirical formulas of Green?? and Cameron? give
values of 17.97 MeV and 25.84 MeV, respectively, for
this coefficient, and our result therefore seems to be
reasonable.

The surface energy would be considerably larger if it
were not for the large enhancement of the interaction
between a pair of particles in the surface region, which
is shown in Fig. 5. For instance, if W(X) were propor-
tional to [p(X)/po]?, as is physically reasonable for
a short-range two-body interaction, we would find
S(P.E.)=4.59 MeV F2, and the total surface energy
would be 509, larger than it actually is.

The trial calculation gives a value of 7.6 MeV for the
binding energy per particle of infinite nuclear matter,
but the correct value is about 15 MeV. In order to
correct this discrepancy, we might arbitrarily increase
the strength of the two-body potential until ¥y goes
from —35.6 to —43.0 MeV, an increase in magnitude
of 219,. Expression (3.75) would then increase by
roughly the same percentage, and S(P.E.) would be
increased from 3.91 to about 4.7 MeV F—2, The calcu-
lated value for S would then increase from 1.43 to about
2.2 MeV F2, and this latter value corresponds to a
coefficient in the semiempirical mass formula of 31.6
MeV, which is too large.

The most important shortcoming of the trial calcula-

2 A. E. S. Green, Phys. Rev. 95, 1006 (1954).
2 A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957).
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tion presented here is the lack of self-consistency in the
one-particle potential and wave functions. In addition
to improving the calculation of the surface energy, a
self-consistent determination of the wave functions of
occupied states would lead to a theoretical prediction
for the behavior of the particle density in the surface
region. We have indicated how the methods of this
paper could be used to investigate the self-consistency
problem.

We have also used an oversimplified two-body inter-
action in our calculation. A realistic nucleon-nucleon
potential has interaction in all partial waves, as well as
tensor and spin-orbit forces. It may well be that the
relative importance in the surface region of various
partial waves, or of central, tensor, and spin-orbit forces,
differs from that in infinite nuclear matter, and this
could have an effect on the surface energy.

We have therefore made a beginning towards a de-
tailed theory of the nuclear surface, but there remain a
great many problems which require careful considera-
tion. It is hoped that some of the results of this paper
will be useful in this work.
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