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Ground State of Ce""'

In 58Ce8~'~ the three neutrons outside the major
closed shell of 82 neutrons, are expected to be in the fr~s
orbital. These can couple to a resultant spin of either ~7

or —
„

the parity being negative. This is supported by
the direct measurement of the spins of the neighboring
nuclei with X=83 to 87.

The logf1 values of P transitions from Ce'43 to most
of the levels of Pr'" indicate that they are of the first
forbidden type (AJ=O, &1, yes). This shows that these
levels have even parity. The absence of the first-
forbidden P transition to the ground state of Pr'4' cannot
be explained. It can only be mentioned that similar

cases are present in the p decay of Nd"" and Nd'4' where
the ground-state p transition from —', to s+ is absent or
highly retarded. ""
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The erst-forbidden P decay from the ground states of odd-odd nuclei to the quadrupole vibrational states of
even-even nuclei is studied. It is found that the collective motions introduce particle-hole correlations and
thereby lead to cancellations, which is the dominant feature of these processes. The region of proton number
between 50 and 60 is treated in detail.

I. INTRODUCTION

A LTHOUGH P decay has long played an important
part in the study of nuclear structure, and the

classification into allowed and forbidden transitions was

correlated with nuclear shell model soon after it was

proposed, ' it has been only recently that experimental
techniques have been adequate to determine the
nuclear matrix elements of the operators leading to
forbidden transitions. There is still uncertainty in

some of the experimental results, but systematics are
gradually being collected which are hard to understand
in either the shell model or the collective model.

The first-forbidden P decays involve six matrix
elements, all with parity change. There are two matrix
elements (in the standard notation' fys and frr r/i)
for which the spins of the initial and final states must
be the same (DJ=0), three 6J= 1 matrix elements

(J'ir, J 4r&&r, and Jn), and J''iB,, for which the spin
change can be as large as two. The single-particle
estimates for the relativistic matrix elements fy, and

J n are roughly 0.1, while for the other matrix elements

they are roughly the nuclear radius E.
~ Supported in part by the National Science Foundation and

by the U. S. Army Research Oflice (Durham).
'M. Mayer and J. Jensen, Elementary Theory of Euclear Shell

Structure (John Wiley Bz Sons, Inc. , New York, 1955).' H. Weideumuller, Rev. Mod. Phys. 33, 574 (1961).

The experimental values are always considerably
less than these. Typical experimental results are 1—

10%%uo

of the single-particle estimate for the fiB,; and ito%
for the other matrix elements. Moreover, there seem to
be rapid variations in the matrix elements from isotope
to isotope.

In this work we study the transitions from odd-odd
to even-even spherical nuclei, the only ones for which
there is experimental data, in terms of the shell model
with particle correlations in order to try to learn what
aspects of nuclear structure can lead to these unusual
results. These decays are especially interesting from a
nuclear structure point of view since the finaL states are
collective states. The detailed calculations are restricted
to the isotopes with proton number 50—60, a region in
which many properties of the low-lying states have
been successfully interpreted in terms of the modes of
motion derived from a system of shell-model particles
interacting with pairing and quadrupole forces. ' We
use these methods to calculate the first forbidden beta
transitions to low-lying collective states, giving numer-
ical results for the P+ and P transitions to the first
2+ states from the 2—and 3 states in the odd-odd
nuclei.

3L. S. Kisslinger and R. A. Sorensen, Rev. Mod. Phys. 35,
853 (1963).
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II. NUCLEAR STATES AND OPERATORS

A. Uncorrelated Shell Model

All of the first-forbidden P decays which have been
studied in the region of proton number between 50 and
60 are for transitions from either a 2—or a 3 ground
state of an odd-odd nucleus. As an example, the first
matrix elements measured were for the Sb"4 3 ground
state to the 2+ first excited state of Te"'. This transition
has a logft of4 10.2 compared to the more usual value of
log fi 8 for similar transitions, and the spectrum
shows a large deviation from the $ approximation, s r

which has made easier the measurement of the four
contributing matrix elements. The J'iB„/R is about
10 ' while the AJ=1 matrix elements are about 10—'
of the single-particle value. '

Let us consider first the decays from the 3 states.
From the Sb odd-mass isotopes we know that the only
important single-particle proton levels are the d5~2 and

g7~2 even-parity levels, and from studies of the other
odd-mass isotopes one expects that this will be true for
this entire region. ' The neutron must be in the h~~~2

level. If the 2+ final state is also a pure configuration,
it must be either )g7/ss(2+)) or (ds~sg7~s(2+)) (here
only the particles not coupled to zero spin are being
considered) if the transition is to be allowed.

Thus in the shell model the basic transition must be
an h~~~2 neutron to a g7/2 proton, which is forbidden for
the J'ir, J'n, and J' &&or matrix elements but for which
the fiB„matrix element is about the nuclear radius.
Since the type of configuration admixture involved in
the quasiparticles and in the phonons (see Sec. 8) does
not change the selection rule forbidding the first three
matrix elements, this just reduces to the well-known
result that those matrix elements are forbidden in the
shell model. A crude estimate of additional perturba-
tions which can give rise to these matrix elements is
given below, but this is not central to the nuclear
structure effects being considered.

On the other hand, it is not at all obvious why the
J'iB;; should be so small. Although the microscopic
structure of the states must be given as a mixture of
a number of j levels, as is discussed below, the h~~~2

neutron and g7I2 proton levels of importance are
certainty well occupied in the initial and final states,
respectively, and there is no basic selection rule to
hinder the transition. This suggests an accidental
cancellation, so that the Sb"' P decay displays both
"selection rules" and "calcellation effects" in spite of

See Nuclear Data Sheets, for references to extensive vrork on
this isotope, compiled by K. Way el al. (Printing and Publishing
OfBce, National Academy of Sciences—National Research
Council, Washington 25, D. C., 1963), NRC60-6-76.

5 E. I. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308
(1941).

6 L. Langer, N. Lazar, and D. Moffat, Phys. Rev. 91, 338 (1953).
' T. Kotani, Phys. Rev. 114, 795 (1959).

R. M. Steven, Phys. Rev. Letters 4, 290 (1960); G. Hartwig
and H. Schopper, ibid 4, 293 (1960). .

the apparent unlikelihood of a cancellation, which has
led to the conclusion by the previous authors who have
studied this problem that there must be another
selection rule in operation. ~ That a dynamic cancellation
is occurring is even more strongly suggested by the
recent experiments' in the P decay of the 2 ground
state to the 2+ Grst excited state of Te"'. In this case the
J'sB;;/R=O 1, a .change of an order of magnitude from
the quite analogous Sb"4 decay.

The decays from the 2 states should be very similar„
except that only the g7/Q protons could be coupled to
the h~~~2 neutrons to give the 2 state in the shell model,
and that all six nuclear matrix elements can contribute.
However, the fiBg is still the only nonzero matrix
element in the absence of mixing of other major shells,
and it is from the systematics of the fiB„that one can
expect to extract most information about particle
correlations.

B. Correlated States

%e take as the nuclear Hamiltonian a pairing force
between neutrons and protons separately and a quad-
rupole force of equal magnitude between all the
particles. It has been shown that a pairing plus a
quadrupole force can account for the essential system-
atic nuclear properties leading to the quadrupole
vibrations, ' "and that on the basis of this Hamiltonian
many systematic nuclear properties in this region can
be semiquantitative1y predicted, such as the positions
and transition rates of the one-phonon states. ""'

The nuclear states are obtained as in Ref. 3; we
simply sketch the procedure and give the pertinent
definitions here. All nuclear properties are described in
terms of quasiparticles and phonons, the microscopic
composition of the latter being given as correlated
quasiparticles. In terms of the quasiparticles the
Hamiltonian is written

H=Eo+Qg E, (2J+1)'~si) "o—-'XQ Q

where Eo is the ground-state energy of an even-even
isotope; Q, the quadrupole operator, is

' F. Pipkin, J. Sanderson, and W. Weyhmann, Phys. Rev. 129,
2622 (1963).' G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212
(1955).

A. Bohr, B. Mottelson, and D. Pines, Phys. Rev. 110, 936
(1958). B. R. Mottelson, Notes from Cours de L'Ecole d'Etude
Physique Theorique des Houches, p. 283, 1958 (unpublished)."S.T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat. Fys.
Medd. 31, No. 11 (1959)."L.S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd 32, No. 91 (1960).

'4T. Tamura and T. Udagawa, Progr. Theoret. Phys. (Kyoto)
25, 1051 (1961). S. Yoshida, Nucl. Phys. 38, 380 (1962). J. Bric
Jorgenson and A. Haatuft (to be published).



B 1256 L. S. KISSLI NGER AN D C. S. WU

with
, L3I+ [.~—. +~.+] L( 1) i+. 4' (3)

~, ., LM [~+~,,] L

with the phonon creation operator 8+ given as

gt Q [&i,A, t2M+f&, ( 1)MA, 2—M] (6a)

»r„(~lllv If&(v,v;. +v;. v;)

(v'o) (&4+&~' h~)—
(6c)

The 0+ ground state is the phonon vacuum

Mp ——0.

(6d)

(7)

Equations (6) and (7) are true in the quasiparticle
random-phase approximation which is described, and

being the vector coupled quasiparticle double creation
operator and scattering operator of rank. I., respectively.
Only 24 22 or P--P terms are present in (3). The quasi-
particles are particle-hole combinations, with V,2(V42)

being the probability of a shell-model j level being
occupied (unoccupied), E; the quasiparticle energies
(which are )1 MeV here), and g the force strength of
the quadrupole coupling of the quasiparticles (which is
taken the same for the 22-42, P-P, and 22-P interactions).
All of the parameters are approximately the same as
those used in Ref. 3. All of the single-particle quantum
numbers are implied by j in above equations.

The 2+ 6rst excited state of the even-even nucleus is
described as a one-phonon state

%(2+)=Bop,

for which references are given, in Ref. 3. The approx-
imate even-even ground state, in terms of quasiparticles,
ls

(V'3) fbi, ipse, i,
+2= »r 1—

' "' 4 Zi'i' 4'~'&ii'

X [Alii, 2+», i, 2+] pP+ +pP

= ~V„(1++i224C i224[Ai&42'+Ai, i4'+]p'+ )+p' ) (8)

with +po the quasiparticle vacuum, i.e.,

n+op= o.

The ground state of the odd-odd nucleus is given
approximately as

C' ppi&C' ppi'"( —1)i+i "A ' ~t%'p

+phonon component, (10)

where (Cippi') is the probability that the quasiparticle
j;with no phonons is present in the state of spin j. In
(10) the interaction between quasiparticles through the
quadrupole interactions in the Hamiltonia, n (1) is
neglected, so the C, po& needed here can be taken from
Ref. 3 (Appendix II). Note that if we include this
effect the coefficient C7~~ pp"' for the proton will be
diminished. Since we shall treat these as pure quasi-
particle states, our results are an overestimate of the
magnitude of the matrix element. Also, one should
observe that the 2 state must come from the g~~2

quasiproton, while for the 3 state there might be a
strong admixture of the d5~~ quasiproton. Since the d5~2

quasiproton does not enter into the P decay, a,s we ha, ve
seen, this would cut down the resulting nuclear matrix
element. The phonon parts enter in the second order and
are not included here.

C. Beta-Decay Operators

Any one of the operators leading to the P decay can
be expressed in terms of the quasiparticle creation and
destruction operators

(j &»lloyd, -'Ilj &"&& (j, lloyd-Lllj &"'&

O LM=P V V A &» &» Mt+( —1)'2+'4+'+MV V. (~). (u)L ~
(2L+1)'~2 (2L+1)'12

(j,& llo, -' I j, -
& (q &- llo, -L

I j,& i&

+V V ill — ni. & f&&- 'M'+ ( 1)'+'Vipv — — —~i""'9 '""", (11)
(2L,+1)"' (2L+1)'~'

where L and M are the tensor rank and s component of the operator and (—1)' is the time-reversal phase, deter-
mined by

(j'—222'lo'I j—2i2)r= (—1)'(j222lo'I j'242')r

in which the time-reversed phases of the single-particle
I j nz& state—s are used (see, e.g. , Ref. 3), and (jllO&2- II j'&

is the reduced single-particle matrix element. In the shell-model picture the first two terms are particle-hole pair
creation and destruction terms (e.g. , the first term creates a neutron hole and proton particle, respectively; the
third term is a neutron particle to proton particle operator; and the fourth, a proton hole to neutron hole operator.
The third term is the ordinary P-trarisition operator as the pairing force strength 6—& 0.
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III. NUCLEAR MATRIX ELEMENTS

Assuming that the initial state is given by the no-phonon part of (10) and the final state is the one-phonon state
given by (5), (7), and (8), the general form for a P -decay reduced matrix element follows from (11) as

('1'(2+) flO/ -'ll+~'"'") = —»-L5(»+1)j"'LE & &(—1)'"(J/i& &4.~/, /2&»(J2'"&IIO/-'lil-) rf/(li. 2J. ;j2'"'J)

+(—1)'+'2 '"&(—1)'"+'"+&"l,l &"'~. &-&(J '"&llo/-'Ilj. )rr (Ij.2j-;j '"'J)

+ ~ (J~ &"&Ui&&"&g(v'5)(—1)'"+'+'""'+'""'(J2'"'llo/ 'IIJ&'"'-)ll'(Ii 2'"'2i 3'"'j i'"'J)
j1(n)j2(p) j3(n)

)&' p" (J3(~&J2(u& J J ~
J2)&&& &„&.&„&Q.&». . . &»+ ( 1)r g ( 1)i+i&&»+&z&»+&+i+&n

j1(n)j2(p) j~(p)

&&1/ "'r &"'gh/5)(Ji'"&llo/&-'ll j2'"&)f' &"» &»~ &» .. &"&

)&' ll/(I ~ i(~&2 J''4(r&& j2(»&J)rr/ (ji(»&j4(»&j j J2)] (12)

The /ft and 2 terms in the operator (11) do not
contribute to the matrix element (12) in the approxima-
tions used here, since the various terms in the initial
and final states differ by zero, four, etc., quasiparticles
while At and 3 change the number of quasiparticles by
two. The major part of the matrix element is contained
in the first and second terms. The erst term is a con-
tribution due to a transition of the initially odd quasi-
neutron into a quasiproton, which then couples with
the initially odd quasiproton into a state of total spin 2.
The second term is due to a transition of the initially
odd quasiproton into a quasineutron, which then
couples with the initially odd quasineutron into a state
of total spin 2. As mentioned above, they correspond to
a particle-to-particle and a hole-to-hole transition
respectively. Both types of transitions become possible
between these states due to the configuration mixing
caused by the quadrupole interaction. The third and
fourth terms contain additional C~234 and Racah
coefficients and, therefore, are much smaller than the
previous two terms. They give only a small correction
to the major part contained in the previous terms
unless the terms in the major part cancel to a very
small value.

The matrix element for the transition to the ground
state is

(P,llo;~liy, ")=X„V„V„(PIIO;~lln)+co- (13).
The main effect is the smooth change in the statistical
factor as in the odd-mass nuclei, ' " and the collective
motions do not produce qualitative sects as above.
These can help~establish the magnitude of the single-
particle matrix elements which are a major uncertainty
(e.g. , from configuration admixtures from other shells' ).

It is not dieu). t to estimate the nuclear matrix
elements for transitions to the two-phonon states. The
matrix elements Q 0

~
EBBj/O//~A t,»„~&&r'0) are easily

calculated from (6a), (8), and (11) if one keeps only the

"L. Silverberg and A. Winter, Phys. Rev. Letters 3, 158
(j.963). V. G. Soloviev, Kgl. Danske Videnskab. Selskab, Mat.
Fys. Skrirter 1, No. 11 (1961).

largest terms Lnotice that in this case the particle-hole
terms, i.e., the first two terms in Eq. (11), are the only
ones which contributef. However, this description of
the two-phonon states is not as accurate as the one-

phonon state, even though it might be of use in the
region of isotopes being studied here, and we have not
done numerical calculations for these cases.

I,et us first consider as an example Sb"4. Q"e take
j~=g7~2 and j„=h»f2, since the spins of the ground
states of Sb"' and Sb"' are both —,'. If we consider only
those levels in the major shell, the (j2&»~~0~~~j„)in the
first term does not vanish only for j2'»=g7~2, and the
(jr&"&~~O~~~j~) in the second term does not vanish only
for j&'")= h»~& which is the only odd-parity level in the
major shell. It turns out that these two terms have
magnitudes of the same order but with opposite signs
and therefore there is a cancellation between these
two major terms. Numerical calculations show that the
second term cancels about 45% of the first term and
the remaining terms contribute less than 5% to the
net value of the previous terms. The final value for

~

j'8;; ~&//R is 0.34 which is still much larger than the
experimental value. If the neighboring shells are taken
into account the transition g7/2 + f7/2 may
contribute to the second term, the magnitude of which
is approximately of the order of the correction term in
the major shell. The he~f2" ~g9~2& transition is not
possible because the g9~2" level is filled. It is interesting
to notice that the amount of cancellation is very
sensitive to the U and V of the decaying neutron level

so that the inaccuracies inherent in the methods being
used could not predict the cancellation in this isolated
case more accurately.

For the other three nuclear matrix elements, which
are due to tensor operators of rank one with odd parity,
none of the levels in the major shell contribute. Approx-
imate orders of magnitudes of these matrix elements

may be obtained by taking into account the neighboring
shells which may contribute to the two major terms in

(12). The only transition which contributes to these
terms is the hole transition g7/2&'"& —+ f7/2 '"&, and this
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value of this quantity.
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Fzo. 4. Nuclear matrix elements (2/g7)(2+~~[Ir, r]'~~3 )/R
for P+ decays 3 ~ 2+.

is estimated simply by including this state in the
vibration (i.e., configuration admixture due to the
quadrupole interaction).

The numerical results are given in the table below
with their experimental values as well as the theoretical
value calculated from possible shell-model transitions.
The calculated values for fr,foz and f (zrXr) simply
show the orders of magnitudes of the largest term in

(12) and are not meant to be quantitative. The factors

elements for P and P+ transitions from the 2 and 3
states of the odd-odd isotopes in this region for which
experiments are most likely. Note that results are
given even when the transition is not energetically
possible, since it is most important to try to discover
the general trends in these phenomena for which it is
dificult to gather systematic experimental data. The
single-particle P-matrix elements are estimated using
harmonic-oscillator wave functions. From Eq. (12) it
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cjpp j are taken as unity. As has been mentioned above
this certainly overestimates the f'8,; matrix element
because of the neglect of the phonon admixtures; and
for the 3 —& 2+ transition in Sb"', for which any
d5~2 quasiparticle which is admixed will reduce the
matrix element, there will be a further overestimate.
However, the particle-hole cancellations still seem to be
the main effect. (See Table I.)

In the six figures are plotted the f'iB;; matrix

can be seen that in most cases there will be two dom-
inant terms and that they will always be of opposite
sign. Figure 1 gives the results for the P decay from
the Sb isotopes to Te isotopes. The complete cancella-
tion for the 3 transitions is predicted to occur for
larger neutron number than that for the 2 transition.
For the isotopes lighter than Sb"4 the lowest neutron
quasiparticle is no longer h»~2, so that it will be difficult
to gain further information there; however, the results
of th d yofth 2— d3 t t inSb"' ndSb"'
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for P+ decays 2 —+ 2+.
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TABLE I. Matrix element of Sb"' decay. for which we have had to use theoretical shell-model
estimates.

Matrix element Experimental'
Calculated

Shell Coll.
IV. CONCLUSIONS

~10—2

~10 4

10 4

r 10—4

1.5
0
0
0

0.34
=10 '
=10~
=10 4

& These numbers are still uncertain, owing to the difhculty in interpreting
the experimental data.

to the first 2+ state would be quite significant if they
could be obtained. Still, one can try to correlate the more
isolated experimental results for the various elements by
comparing the curves with different proton numbers.
The extraction of the experimental values of the nuclear
matrix elements is still subject to uncertainties so the
experimental data has not been given. "

An important exception are decays in which the
daughter isotope has only protons or only neutrons
outside of the closed shells (single closed-shell nuclei).
From Eq. (12) one can see that cancellation is possible
only if both the proton and neutron involved in the
single-particle P decay are important in the vibrational
state of the daughter nucleus. Therefore, there is no
cancellation in these cases. As an example, the P+ decay
of 5~Sb to 50Sn wouM proceed only by the first-order U U
term in the P+ form of Eq. (12) (note that all of the
correction terms, the terms involving the C~234's, are
zero in this case). The results in Fig. 2 show that for
»Sbi2', where both the P and the P+ decays to a vibra-
tional state are energetically allowed, the JiB,, sho'uld

be some five times larger for the Sb'"~ Sn'" than for
the Sb~ Te'" A measurement of the fiB;, in Sn'"
would thus be of great interest. Also, since there is no
cancellation and since the correction terms are zero for
decays to single-closed-shell nuclei, these decays could
serve to determine the single-particle matrix elements,

"See e.g., H. Frauenfelder and R. M. Steffen, in A/pha-, Beta-,
and Gamma-Ray Spectroscopy, edited by K. Siegbahn (Inter-
science Publishers, Inc. , New York, to be published}, 2nd ed.

From the particle-hole correlations produced by the
pairing force and expressed in terms of the quasiparticles
there are alterations in the magnitude of the p-decay
elements by the statistical factors representing the
probability of occupation of the single-particle levels. ' "
Additional and much more striking effects are seen to
arise from the additional correlations associated with
collective vibrational motion. Since the phonon modes
can be described as strong quasiparticle pair and
quasihole pair admixtures, an additional mechanism
for the P decay is found, which generally will lead to an
additional term for each shell model term that is
allowed.

For the first-forbidden P decays in the region of
proton number fifty to sixty it is found that for the
transitions from the 2 and 3 states of odd-odd nuclei
to the first excited (vibrational) states a cancellation
always occurs between the largest terms leading to the
J'iB,;, except if the decay is to a single-closed-shell
nucleus. Such cancellation effects should occur in
many other situations for forbidden P decay to collective
states, so that further measurements of the P-decay
matrix elements, will offer a quantitative test of this
important consequence of particle correlations. Because
of the approximations, the quantitative results are
necessarily poorer when cancellations are involved, so
that systematic experimental results in each region are
of great importance. Comparison with decays to single-
closed-shell nuclei shouM be useful in estimating the
magnitude of the single-particle matrix elements and
more clearly establishing the process of cancellation.
Rough estimates of the AJ= 1 matrix elements, which
are forbidden if only particles in the major shell are
treated, have been made for Sb"' by including particles
in the closed shell below mass number 50 in the vibra-
tion. The results seem reasonable.


