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States of Nuclear Quadrupole Vibrations and the Two-Phonon Triplets
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A complete classi6cation of the states of an e-dimensional isotropic harmonic oscillator is explicitly given
in terms of a product of phonon creation operators applied to the "vacuum. "The states are labeled by the
phonon number and a set of integers associated with rotation subgroups of U„. For the three-dimensional
case it corresponds to the Bargmann-Moshinsky solution. For 44 =5 (nuclear quadrupole vibrations), the so-
lution contains Rakavy s seniority. In this case, appropriate linear combinations of the above states are con-
structed in order to get eigenstates of de6nite angular momentum. Anharmonic terms of fourth order in the
creation and destruction operators breaking down the U5 symmetry are proposed, in order to account for the
existence of the two-phonon triplets. Results of the numerical application for a number of even-even nuclei
are given.

I. INTRODUCTION

'HE classification of the states of the e-dimensional
isotropic harmonic oscillator is possible in a

variety of ways. In the present work a complete classi-
fication is presented and explicit expressions for the
states are given in terms of a product of phonon creation
operators applied to a "vacuum. " These states are
labeled by the phonon number v and a set of nonnegative
integers k„, k ~, ~, ks, which are associated with the
i-dimensional rotation subgroups 8; of U„ in the chain

Hamiltonian including the anharmonic terms is
diagonal.

Numerical applications for a number of vibrational
even-even nuclei were made by a least-square fitting of
the three parameters bio, rs, and P. The competition of
the two anharmonic terms provides the right ordering
of the spins of the triplets. An anharmonicity parameter
) r, =Esp/E» (the ratio of the energy of the two-phonon
level Esz, to the one-phonon level E») greater than
two is obtainable, in contrast with a previous analysis
by Kerman and Shakin, ' in terms of anharmonic cubic
terms.

For m=3, we get the Bargmann-Moshinsky solution. '
The case v=5 is relevant in the study of the nuclear
quadrupole vibrations' and the states have definite
seniority (ko) first introduced by Rakavy. s In this case,
since we are interested in the spin of the levels, appro-
priate linear combinations of the above solutions are
constructed corresponding to states of given phonon
number, definite seniority, and angular momentum.
This classification corresponds to the chain

II. CLASSIFICATION OF THE STATES OF
THE N-DIMENSIONAL ISOTROPIC

HARMONIC OSCILLATOR

The Hamiltonian of the system is

5Cp ———,'(p'+X'), (ft=m=co=1)
where

p'= Z P', p = t'~—
(2 1)

Us&Rog X)&'& (Ro),

where S& l (Ro) is the Gve-dimensional irreducible
representation of the E3 group. 4

Finally, in the light of the above group-theoretical
considerations, a phenomenological attempt is made to
account for the observed quadrupole two-phonon
triplets in vibrational nuclei. Anharmonic terms,
breaking the unitary symmetry U5 of the quadrupole
oscillator, are proposed. They are of fourth order in the
creation and destruction operators and conserve the
phonon number. One is chosen to be the Casimir
invariant of the E& group, the other being the square
2' of the angular momentum, constructed from the
generators 2, of the S&'&(Ro) group. In the basis
corresponding to the second-mentioned chain, the

' V. Bargmann and M. Moshinsky, Nucl. Phys. 18, 697 (1960)~

2 A. Bohr, Kgl. Danske Videnskab. Selskab, Mat. Fys. Medd.
26, No. 14 (1952).' G. Rakavy, Nucl. Phys. 4, 289 (1957).

4M. Moshinsky Physics of %arsy Particle Systems, edi'ted -by
E. Meeron (Gordon and Breach Science Publishers, Inc. , New
York, 1964).

(v+e —I) (2.2)

By introducing phonon creation and destruction
operators

at=2 't'(x —ip)
a=2 't'(x+ip)

which satisfy

La;,hatt]=5'4, t a„a,3=I a;t,a;tj=o,
(i, j=1, 2, , st)

the Hamiltonian (2.1) becomes

&co= at a+st/2.

(2.3)

(2.4)

5 A. K. Kerman and C. M. Shakin, Phys. Letters 1, 151 (1962).
6 G. A. Baker, Jr., Phys. Rev. 103, 1119 (1956).

As is known' the problem has as symmetry group the
unitary group in n dimensions U„. This group is
responsible for the existence of the "accidental degen-
eracy" of the system, the number r(v) of degenerate
states for a given phonon number being given by
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The set of integers k„, k„ i, , kz, lml obey the
branching rules

In this section we present a complete classification of
the eigenstates of Xo, based on a previous work' on
the basis of the irreducible representations of rotation
groups in e-dimensions. As shown there, these basic
functions were taken to be polynomials in xj, x2, , x„,
labeled by a set of integers k„, k„ i, , kz, lml
associated with the chain

k„&k„,& . &k, & lml)0. (2.11)

We want to point out here that these polynomials in
x~, x2, .

, x„have the same form when expressed in
terms of creation operators u,~ applied to a "vacuum"

l
0). In fact, if we express di") and Ls in terms of crea-

tion and destruction operators, through (2.3), we get
(2.6)R„QR. rQ QRz.

These polynomials Pk„,k„,",k, , m(xi xz ' ' ',xn)
are known as hyperspherical harmonics, are obtained
a,s solutions of the eigenvalue problem

ai«)Pk„, ... ,k, , =k, (k4+q 2)Pk„—, ... k, , „,
LoPI„,".,a, , =~P/„,",A, (2.7)

(q=3, 4, , zz),

where g~«' is the Casimir invariant of the E, group,

~ '"=—x'~ '+(x ~ )'+(q —2)x.~4, (28)

Sti(4) ———at'a'+(at a)'+(q —2)at a,
I-tt= —z((zi"tzz —(zz'4zi) (q=3, 4, , zz). (2.12)

Since the commutation relations (2.4) allow us to
interpret the (z; when applied to a polynomial P(at)

l
0)

as (z, = 4)/c)a;t we see that the operators 84 (4) and lip have
the same expression in terms of x~,x2, , x„or u&, a2,~, a„~. Therefore, the same occurs with the basic
polynomials PI,„,...,„,

The eigenstates of the Hamiltonian (2.1) obey
and

I.,= —z(x,c)z
—xzc) i) .

In (2.8) the scalar products refer to the Euclidean
space of q dimensions.

Their explicit form is

&'al~k- "kzm)=~l~k. " ks»), (2.13)

Pk ~ ~ ~ kz m(xr x2) yxn) —(xl&zx2)

with

('k, k, , (x,,&,)
$(1/2) (k j kj I)] I' (k—4

——1+j/2 Zk)p, z—t'xp~ k~ &zt'—

lM=O 2 "zzt(k —k; i—2p) t

k3») +j1 "'k (a")'Pk„,... ,k, , (a') lo), (2.14)

where v=2s+k„, s=0, 1, 2, [v/2j. To get the
normalization constants S;/,„.../„ we assume that each
of the PI,„..., for i&a is normalized to one and we
obtain, using (2.9),

(R'=Q x ') (2.10)
i=1

where v is the phonon number. It is apparent that
(2.13) corresponds to the Euler homogeneity condition
and so ltk k,m) are homogeneous polynomials in
at, of degree v, applied to l0). As the Pk„,... ,, are

(2 9) homogeneous of degree k„ in the (z;t, in order to obtain
l
zk„. ksm) we multiply the Pk„... k, by an invariant

of E„, 8„&, ., Es which has to be homogeneous of
degree v —k . So we have

2"" ""-'(2k„ i+I—3)!(k„—k i)!
I'. (k„—1+n/2)I'(k„ i—1+zz/2)(k„+k.. i+zz —3)!

—1/2

(2.15)

(zz+ 2k —2)!!

(n+ k„+t —. 2)!!(t —k„)!!

—1/2

. (2.N)

The P„„,..., being normalized, it results easily that The cases m=5 and v=7 are related to the nuclear
quadrupole and octopole vibrations, respectively. In
the next section the quadrupole vibrations are discussed
in greater detail.

In particular, for zz=3, the states (2.14) coincide,
including normalization, with the Bargmann-Moshinsky
solution'

-t 1/2

P.k, -(a+)
I 0)=

—(~+k k+1)!!(~—kz)!!-

x(")-"y.. (")&lo). (2»)
' I. A. Castilho Alcaris and P. Leal Ferreira (to be published).

IIL QUADRUPOLE VIBRATIONS

The states (2.14) for this case have a definite seniority
(ks), in the sense of Ralcavy s The classification of the
states in terms of (z,k„.,k4, ks, m) is complete, i.e., any

. two degenerate states in 3CO differ at least in one of the
numbers k5, k4, k3, and m. ' However, since we are

8 Another complete classification of the quadrupole vibrations
vvas obtained by M. Moshinsky, using the techniques of the
"canonical polynomials" fM. Moshinsky, NucL Phys. 31, 384
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interested in the angular momentum of the levels,
appropriate linear combinations of the above states
will be constructed. In the present case the angular
momentum operator in spherical components is defined

4
ks L

0 0 0 [00000)

2 '"L
f
11100)+i

f
11000)j

[20000)

(2/7)1'5L [22210)+i[22110)—(3/2) 4 [22222)]

(3/16}'~'[22200) —(5/16)'a
f 22000)+i2 'a [22100)

2 '14L
f
31100)—[31000)7

. (9/70)'"L
f 33322)+i [33222)—10'"(1/15)

f
33330)

+ [33322)+i
f
33222) 10"—(7/15) [33310)

+ (14/9)'"[33110)g

(3/20) L
—2 [33333)+[33321)+i[33221)

—(5/9)'" 33311) i (4/—3)"
f 33211)

+ (7/9)'" 33111)g

44 '"L(20/3)'a[33310)+44[33210)—(28/3)'"
[33110)—6" [33322)—i6" [33222)g

32 '[ 2 [33300)—14' [33100)+3i[33200)
—i7'ts [33000)g

(3 1) 1 1 2

2 0 0

2 2 2

m 7 m 2

(g= —1,0,1)
2 2 4

3 1 2

3 3 0

where g ~ and q are the spherical components of at
and. a. Since the states

f
vk„. ksm) are given in

Cartesian components of at, we express the q ~ and g
in terms of these components by

(3.2)

ripest
——2 '"(a4t+iast),

with similar components for the rl . (For lowering and
raising spherical indices the metric tensor g = (—)"

is used. ) The expression (3.1) then becomes 3 3 6

TABLE L Eigenkets (3.5) for v from 0 to 3. Apply the lowering
weight operator 2 to get eigenkets corresponding to other
values of M.

Zt ——2 '"(iD41+D42+D15+5D52+53 D18+3 Ds~) i

+0 2D45+D12 j (3.3)

2 1
——2 "'(5D41+D54+D51+5D52+53' 'Dks+3 "Dss);

where
D&k = —5 (a&tak akta&) .—

The following properties of Z, are relevant:

[z„z,.]=+ (—)"'.„.,"z,-,
(3.4)

[Z„X,]=- [Z„u,&5&]=0.

It follows from (3.4) that we can construct simultaneous
eigenkets of Ko, d~"', Z', and Zo with eigenvalues
v+e/2, k5(k5+3), L(L+1), and M, '

respectively
These eigenfunctions will be linear combinations of

f vksk4ksm),

f
vksLPr)= g (vksk4ksmf vksru)

f
vk, k,k,m). (3.5)

k4, A;3, m

values of I., for given v and k5 can be done without the
knowledge of (3.5). In fact, we can deduce that

Zsl vksk4ksm)= 2 '45454'I vksk4 ksm)
k4'=k3

(k5—k4+1) (k4+ks+1) (k5+k4+2) (k,—k,)-"'
k4(k4+ 1)

X
f

vksk4 —1ksm)+m
f
vksk4k, m)

(k4—ks+ 1) (k5—k4) (k4+ks+2) (k5+k4+3) "'
(k4+1) (k4+2)

X
f
vksk4+1ksm). (3.6)

The eigenvalues M of Zo are obtained by diagonalization
of the matrix Al,„, which may be written as

~k k ' m'4 k '+iak- —k +1(k5 k8)'4 k '—1

—iak,—.,+s(ks, ks)4„k, pt, (3.7)

(1962)g. The classification involves the numbers v, L, 3t and two
non-negative integers L, m subjected to the following branching
rules:

v —L/2 ~& 3jt+2e~& v —L (L even),
v —L/2 —3/2 ~&3i+2N )~ v t. (Lodd)—

(private communication).' We are here dealing with the chain

U5+tf5+ 5)"&(E4)

since the .Z~ are the generators of X)&2)(E3).4 The classi6cation is
then no more complete, since a quantum number is missing.
However, for v up to 5, the seniority and the angular momentum
completely classify the states, as firstly pointed out by Rakavy. '

(k5—k4+1) (k4+ks+1) (k5+k4+2) (k,—k )- 'i'

k4(k4+1)

The eigenvalues of (3.7) may be shown to be

M=2(k5 —ks)+m, 2(ks —k,—2)+m,
—2(k;—ks)+m. (3.8)

For each value of k5 we have a set of M values from
which we infer the corresponding I values. In Table II

Since we are mainly interested in the low-lying states
(v=0, 1, 2, 3), we restricted ourselves to the calculation
of transformation brack. ets for these cases. The results
are summarized in Table I. The determination of the

&4 4 57 ~)
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TABLE II. Values of the angular momentum L for
seniority k5 from 0 to 7.

ks 0 1 2 3 4 5 6

J 0 2 2, 4 0, 3, 2, 4, 2, 4, 5, 0, 3, 4,
4, 6 5, 6, 6, 7, 8, 6', 7, 8,

8 10 9 10

2, 4, 5, 6,
7, 8', 9, 10,
11, 12, 14

we get the J values for k5 from 0 to 7. Ke see that for
each value of k5 from 0 to 5, no repeated values of J
appear. From (2.14) it follows that for a given v, ks

assumes the values v, v —2, , 0 or 2. Then for v from
0 to 5, k5 and L are sufficient ro classify the states. '

TABLE III. Comparison of theoretical and experimental levels.

Phonon
Nuclei number Spin

Energy (MeV)
Exp eri- Theoret-
mental ical

Energy ratio to
the erst 2 level

Exp eri- Theoret-
mental ical

Ni" 1 2
2 0
2 2
2 4

1.172
2.048
2.302
2.336

1.137
2.052
2.306
2.343

1.00 1.00
1.75 1.80
1.96 2.03
1.99 2.06

Pd106 0.51
1.14
1.13
1.23

0,59
1.14
1.12
1.21

1.00
2.24
2.22
2.41

1.00
1.93
1.90
2.05

IV. TWO-PHONON TRIPLETS OF
QUADRUPOLE VIBRATIONS

In this section a phenomenological attempt is made,
based on the previous group theoretical analysis, to
account for the observed two-phonon triplets (0+,2+,4+)
of quadrupole vibrational even-even nuclei. ' Assuming
that the vibration picture is essentially correct, the
existence of separated-triplets may be interpreted as a
breakdown of the U; symmetry of the Hamiltonian 3CO

by anharmonic terms. These terms were suggested by
the symmetries of the chain Us&As~I)&'&(Es) as a
linear combination of the Casimir invariant of the E5
group 0&&') and 2' whose coefficients are adjustable
parameters. These operators are of fourth order in a"
and a and conserve the phonon number.

The new Hamiltonian is then

X = Xs+aSr "&+Pa'. (4.1)
It is clear that 3C is diagonal in the ba, sis

~
vksLM)

constructed in the previous section and its eigenvalues
are

EyL(ks) =A(uLv+5/2+nks(ks+3)+PL(L+1) j. (4.2)

It is relevant to notice that the existence of only one of
the terms d~&'& or 2' in 3C does not give the correct
ordering of the triplet levels. In fact, since for v= 2 the
level 0+ has seniority zero and 2+ and 4+ have both
seniority two, the effect of 8&"' alone is to displace
equally 2+ and 4+, relatively to the level 0+. On the
other hand, the effect of 2' yields only two possible
orderings (0+, 2+, 4+) or (4+, 2+, 0+).

The competition of both terms, however, gives the
correct ordering and a reasonable spacing of the levels.

The parameters A&a, n, and P are adjusted by a least-
square fitting, using the experimental data on the
energies of one and two-phonon levels. ' The fitting
provides small absolute values for n and P. As an
example we got in the case of xiii" 0,=2.32&10 ' and
P=0.26X10 '. The results are contained in Table III
for a number of nuclei. (In the cases of cadmium
isotopes the two other states 0+ and 2+ which appear
are presumably intrinsic excitations coupled with
collective degrees of freedom. ") The energies of the
levels are reasonably closed to the experimental values
and the ordering of the levels is reproduced in all cases
considered. Besides, the anharmonicity parameter
Xr, =Esr,/Ezs also is near the observed value and may
be greater than 2. In this respect the present phenom-
enological approach turns out better than that proposed
by Kerman and Skakin, 5 based on cubic anharmonic
terms. As may be seen from their expressions for the
perturbed energy levels, ) L, ~& 2 for J= 2 and 4, a result
which is in disagreement with the experimental data for
several nuclei. Concerning the three-phonon quintets"
the present approach predicts two orderings for the levels
0+, 3+, 4+, and 6+, namely, (0+,3+,4+,6+) or (6+,4+,3+,0+)
corresponding to P greater or sma, lier than zero, respec-
tively, while the position of the level 2+ depends on the
algebraic values of o. and P. Unfortunately the experi-
mental data are too scarce for a more detailed analysis.

pdl08

2
2

. 2

Cd114

2
2
2

0.43
1.03
0.94
1.03

0.62
1.23
1.30
1.40

0.56
1.15
1.21
1.29

0.49
1.03
0.93
1.01

0.67
1.23
1.29
1.39

0.61
1.14
1.20
1.28

1.00
2.40
2.19
2.40

1.00
1.98
2.10
2.26

1.00
2.05
2.16
2.30

1.00
2.10
1.90
2.06

1.00
1.84
1.93
2.07

1.00
1.87
1.97
2.10

ACKNOWLEDGMENTS

In conclusion, one of the authors (P.L.F.) wishes to
express his thanks to Professor M. Moshinsky (Mexico)
and Professor D. R. Bes (Buenos Aires) for the discus-
sions in the early phase of this work. Thanks are also
due to Professor M. Moshinsky for valuable corre-
spondence. Two of us (J.A.C.A. and V.C.A.N. ) are
grateful to the Fundagao de Amparo I Pesquisa do
Estado de Sao Paulo, Brasil, for the grant of fellow-
ships, under which the present work was performed.

'0$. L. Cohen, in Proceedings of the Rutherford Jubilee Inter-
national Conference, Manchester, edited by J. 3. Sirks (Heywood
and Company Ltd. , London, 1961).

"J.M. Araujo in 1Vuclear Reactions, edited by P. M. Endt
and P. B. Smith (North-Holland Publishing Company, Amster-
dam, 1962), Vol. II, Chap. IV."H. W. Broek, Phys. Rev. 130, 1914 (1963).


