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fields. This, in turn, leads one to expect that the proba-
bility $(r) of counting  photons in 8V will be given by a
Poisson distribution with parameter U, which is then
to be averaged over the ensemble of U. Thus,

1)<7>=<<—Z—r exp(—0)) ).

Further details of the argument leading to (20) are
given in Refs. 10 and 11.

It will now be seen that the nth moment of 7, i.e.,
of the counts, corresponds to the K, defined quantum
mechanically by (10), whereas the #th moment of U,
ie., of the classical integrated intensity, corresponds
to the quantum correlation L, given by (11). The
moment-generating function for 7 is given by

M, (y)= ; exp(ry)p(r);

(20)
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and from (20), and with the help of the well-known
properties of the Poisson distribution, we arrive at

M (y)={(exp[U(e*—1) 1))
=My(ev—1), (21)
by definition of the moment-generating function for U.
This relation is the semiclassical equivalent of the
quantum-mechanical equation (17).

The result illustrates once again that normal-ordered
operators correspond to correlations of the complex
field in the semiclassical treatment. As the relations
(17) and (21) hold for any state of the field, we see that
the semiclassical theory may sometimes be just as
accurate as the quantized field theory, while providing
some valuable intuitive insight into the physics of the
problem.

NUMBER 4B 23 NOVEMBER 1964

Gravitational Radiation and the Motion of Two Point Masses
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The expansion of the field equations of general relativity in powers of the gravitational coupling constant
yields conservation laws of energy, momentum, and angular momentum. From these, the loss of energy and
angular momentum of a system due to the radiation of gravitational waves is found. Two techniques, radia-
tion reaction and flux across a large sphere, are used in these calculations and are shown to be in agreement
over a time average. In the nonrelativistic limit, the energy and angular momentum radiation and angular dis-
tributions are expressed in terms of time derivatives of the quadrupole tensor Q;;. These results are then ap-
plied to a bound system of two point masses moving in elliptical orbits. The secular decays of the semimajor
axis and eccentricity are found as functions of time, and are integrated to specify the decay by gravitational
radiation of such systems as functions of their initial conditions.

I. INTRODUCTION

HE existence of gravitational radiation was pre-
dicted by Einstein'? shortly after he formulated
his general theory of relativity. Systems of moving
masses should emit gravitational waves in analogy with
the emission of electromagnetic waves by a system of
moving charges. Early attempts to calculate the energy
in these waves were based on the use of a pseudostress-
energy tensor for the evaluation of the energy flux. One
disadvantage of this method is that one can always
choose a coordinate system in which the energy flux
vanishes.? This led to much scepticism about the reality
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of gravitational radiation. Another disadvantage of the
calculation is that it is valid only for systems which are
not gravitationally bound. Thus, the important case of
gravitational radiation from binary stars remained un-
solved at that time.

Later, Eddington found the radiation from a system
by calculating the radiation reaction of the system on
itself.* However, like Einstein’s method, this is not valid
for gravitationally bound systems. For situations in
which the radiation is constant, the two methods agree;
for situations in which the radiation is time-dependent,
the answers differ. One can show that over a time
average of the motion the two answers are in agreement.
Analogous results occur in the theory of electromagnetic
radiation.

For systems in which the velocities of the masses are
small compared to the velocity of light, the calculation
of Einstein has been extended to include gravitationally

¢ A. S. Eddington, Proc. Roy. Soc. (London) A102, 268 (1922).
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bound systems.® The problem concerning the choice of
the stress-energy of the gravitational field is still de-
bated. Also, the selection of certain preferred coordinate
systems and conditions is subject to much criticism.
One can find references in the current literature which
describe the radiation from the system as carrying away
energy,® bringing in energy,’ carrying no energy,” or
having an energy dependent on the coordinate system
used.” Clearly, a consistent picture of gravitational
radiation is desirable.

One approach to gravitational radiation is to consider
only exact solutions of the nonlinear field equations of
general relativity. All such solutions found so far
correspond to unphysical systems.® Therefore, one
usually employs some approximation procedure in
solving the field equations. The field equations are some-
times expanded in powers of the gravitational coupling
constant because of the weakness of the gravitational
interaction. In addition, one encounters expansions in
powers of the ratio of the velocities of the masses of the
system to the velocity of light, and also expansions in
inverse powers of distance from the system under con-
sideration. These approximation methods are not inde-
pendent. Throughout this paper we shall be concerned
only with solutions obtained using these expansions, and
not with exact solutions of the field equations. We shall,
however, keep all terms of the expansions until they are
clearly negligible in the approximation in which we will
be working.

In Sec. II, the field equations of general relativity are
expanded in powers of the gravitational coupling con-
stant, and from these, integral conservation laws of
energy, momentum, and angular momentum are ob-
tained. In Sec. III, these results are used to find the
energy loss of a system radiating gravitational waves.
Two methods, radiation reaction and energy flux across
a large sphere, are used in finding the energy radiated
by an arbitrary system. For a nonrelativistic system, the
radiation is given in terms of time derivatives of the
matter distribution of the system. In Sec. IV, the angu-
lar momentum loss of a system is found by methods
analogous to those used in the energy loss case. In the
nonrelativistic limit, the angular momentum loss can be
simplified in the same manner as the energy loss. Section
V treats the system of two point masses moving in
elliptical orbits under their mutual gravitational attrac-
tion. The previous analysis is used to show that the
system must decay as a result of gravitational radiation
and that the changes in the elements of the relative
orbit can be found during such a decay.

5 See, for example, L. Landau and E. Lifshitz, Te Classical
Theory of Fields (Addison-Wesley Publishing Company, Inc.,
Reading, Massachusetts, 1959), Chap. 11.

6 P. Havas and J. N. Goldberg, Phys. Rev. 128, 398 (1962).

7L. Infeld and J. Plebanski, Motion and Relativity (Pergamon
Press, Inc., New York, 1960), Chap. VI.

8 For an example, see J. Weber, General Relativity and Gravi-
llzgéonal Waves (Interscience Publishers, London, 1961), pp. 99-
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II. CONSERVATION LAWS

We shall assume that the field equations of Einstein

are valid®:
R,,—3%guR=—8xGT\,,. (2.1)

Letting g,,=0,,+%.,, we can expand the field equations
in powers of %,, to get

El-“‘,)\)\ —iiy)\,)\v—};/v)\,)\ﬂ"i—ﬁuvii)\o,)\az - 167|'GS‘,” )

where

(2.2)

huy="luy— 384l oe.

S,y 1s a combination of the matter tensor 7', and all of
the nonlinear terms containing the 4,,.

Swz T#v+ Z X;w(k) ) (2-3)
k=2

where X,,(® is an expression involving the product of
k ks and their derivatives. This .S}, is uniquely defined
by the field equations. The ordinary divergence of the
left side of (2.2) vanishes. Thus, we can conclude that

Sury=0, (2.4)

and hence we can write integral conservationlawsfor the
quantities /" S1dV, S'S1dV, and S ex;S1:dV :

d
— / SudV = / S1:dSy, (2.5)
dt
d
— / SudV = / S:dS;, (2.6)
dt

d

;i;eijkijS4de=eijk/ijkldSl. (27)

On the right side of Egs. (2.5) to (2.7), the volume
integrals have been converted to surface integrals.

In an approximation in which there is no matter or
radiation entering or leaving the system, the right sides
of Egs. (2.5) to (2.7) vanish, and thus the integrals on
the left-hand sides of the equations must be conserved
quantities. In the approximation in which the velocities
of the masses are small compared to the velocity of light,
it is easy to show that, regardless of coordinate condi-
tions chosen, /'S:dV reduces to the usual expression
for the energy of the system, even in the case of gravi-
tationally bound systems. Likewise, /" S1:dV reduces to
the negative of the ith component of the momentum of

9 Greek letters take values from 1 to 4; Latin letters are re-
stricted to spatial components 1 to 3. The Kronecker delta §,, is
defined by dsu=1, d11=02=3833=—1, and §,,=0 for us». The
summation convention a,b,=asbs—a;b; is employed, where a;b;
=a-b. Ordinary differentiation is denoted by a comma: 9/9x,=,a.
Throughout most of the paper we shall set ¢=1. The antisym-
metric tensor e;;; is defined so that e;z=11if 7, 7, k=1,2,3 or a
cyclic permutation thereof, —1 if 4, j, £=1, 3, 2 or a cyclic
permutation thereof, and 0 if any two indices are equal.
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the system, and /" e;;x4;:S4xdV reduces to the negative
of the 7th component of the angular momentum of the
system. Thus, defining E, P;, and L; to be the energy,

momentum, and angular momentum of the system re-
spectively, we get

dE
< / SudSe, 2.8)

dt

dP,
== —/Su'de, (2.9)

dt

dL;
P =—6¢jk/ij“dSl. (210)

¢

The choice of coordinate conditions or specific coordi-
nate systems in which calculations are carried out is a
source of some confusion in the study of gravitational
radiation. The invariance of (2.1) under arbitrary
coordinate transformations implies that one may always
choose a coordinate system in which A,,,,=0. Although
this simplifies the work greatly [e.g., Eq. (2.2) then
becomes an ordinary inhomogeneous wave equation ], it
is not an essential restriction on the calculation of the
radiation. If one assumes that the expanded field equa-
tions are valid for large distances from the system, and
that the gravitational potentials %,, are inversely pro-
portional to the distance from the system for large
distances, then the energy of the system must decrease
as a result of the radiation of gravitational waves, re-
gardless of coordinate system or conditions used.!® In
the nonrelativistic approximation, the radiation is the
same as that found in the gauge h,,,,=0. Thus, in the
rest of this paper, we shall set A,,,,=0.

III. ENERGY LOSS

Equation (2.8) gives us the energy loss from a system
once we have Sy; from the expansion of the field equa-
tions. The surface of integration will be taken to be a
large sphere enclosing the system. Since the potentials
hyy and their derivatives will be asymptotically pro-
portional to 1/7, only those terms of the gravitational
field stresses which are products of two potentials or
their derivatives will count in (2.8). The terms in the
surface integral over X 4,(® for k>3 will yield a contribu-
tion which falls off like 1/7 or faster as r —o. Thus,
(2.8) can be written

dE
—3/ X4¢(2)dSi.
dt S

The second-order gravitational stress energy can be
determined easily from the expansion of (2.1). We can
eliminate all terms which are proportional to /g, since
this has been chosen to be zero. Also, any terms pro-

(3.1)

10 p. C. Peters, Bull. Am. Phys. Soc. 8, 615 (1963).
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portional to Aag, will yield terms in (3.1) proportional
to 1/7, which can be neglected for large 7, since hag
« X 5@ < 1/72 as r — o0 . The remaining terms give

dE 1
:—“———/ [hap,iltap, it2has,ghaip
S

At 3G
— 24,6l ip,a 2045, aphapt2haphap, 1i
—2haphia,pi—2haghia,p)dS . (3.2)
In the gauge h,,,,=0, Eq. (2.2) reduces to
Pas = Jhap=—167GSap. (3.3)

This has the well-known retarded solution

Sa /’ -
Rrag(r,0) = —4G / [MJ av', (3.4)
t—|r—r’|

|r—r'|

where the brackets indicate that the quantity within is
to be evaluated at the retarded time. For 7 large com-
pared to the dimensions of the system, this becomes

B 4G
Fea(t)=—— / [Sus ) ecpeendV’. (3.5)

If we neglect the parts of /g and its derivatives which
are proportional to 1/#2 and higher, then we can write

_ 9 L2 _ '

haﬂ,z’:—‘—haﬂ= ——haﬁ,45—nihag,4. (36)
9% ; 4

Thus, in Eq. (3.2), all of the spatial derivatives which

appear can be converted to time derivatives multiplied

by appropriate direction vectors #;.

Consider the time average of Eq. (3.2). We shall
assume that, for periodic motion, the secular change in
the parameters describing the system can be neglected
over one period of the motion. This is in analogy with
the theory of electromagnetic radiation where two
methods of finding the energy loss, radiation reaction
and energy flux across a large surface, agree only over a
time average. Thus, any terms in the reduced X,;;®
which are pure time derivatives can be then converted
to secular changes, which are assumed to be negligible in
this approximation. Since the terms in the surface
integral of (3.2) can be reduced to a form where only
time derivatives are present through the use of (3.6),
taking the time average of (3.2) allows us to integrate by
parts any derivatives we may choose. For example,
letting n,= (—1, n;), we get

/dlfhu,aghaﬁ:fdtnanﬂh4i,44haﬁ=/dth4¢ha3,44%ang

:/d[hllihaﬁ,aﬂy
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which can be further reduced through the use of the
coordinate condition Z,,,=0 to 3/ dthsties aax1/7.
This term will not contribute to the surface integral in
(3.2) and can be neglected. Simplifying the remaining
terms gives

dE

—dt——f/ hap has JdSdl (3T
i 3G Chap o, 3.7)

/_ z_—— // [frap,shag,s1dSdt, (3.8)
327G sphere

since d.S;=ndS if dS is the differential surface area of a
sphere.

There are two directions which we may now take to
obtain the energy loss in terms of the matter distribu-
tion. We may convert Eq. (3.7) back to an integral over
volume in order to find the radiation reaction energy
loss, or we may evaluate the surface integral in (3.8)
explicitly to get the energy flux across a large sphere.
Taking thefirstalternative, we let /°dS;— SdV (3/dx;).
Again eliminating terms which vanish on a time average,
we get

Pt s dhas 1AVl
&t 32TG// priltab,

s s mdV L
3G // PN

1
25 /dt /thuﬂ,4Saﬁ. (3.9

The quantity 3/ dVhag,aS«s Will be called the energy
loss by gravitational radiation reaction.!

In the case of systems where the velocities of the
masses are small compared to the velocity of light, and
where retardation effects are also small, we may derive
from (3.9) the usual formula for the energy loss in
terms of time derivatives of the mass tensor Q;;, where

Q=2 mx,'wa’. (3.10)

To do this we consider Eq. (3.4), and use the expansion
of the retarded quantities in a Taylor series about the

11 An expression similar to (3.9) has been obtained by A. Peres,
Phys. Rev. 128, 2471 (1962). However, his method of finding the
energy loss from the covariant divergence of T* is not applicable
to gravitationally bound systems. In his derivation he replaces the
matter tensor 7#* by the total stress-energy tensor S#*. For
gravitationally bound systems, the gravitational field stresses X;;
are of the same order of magnitude as the matter terms T, and
both contribute to the radiation in the same order in v/c. This, of
course, implies that the covariant divergence condition is not
sufficient to determine the radiation in general. The source of
gravitational radiation is all stress energy, including that of the
binding fields. A consideration of the covariant divergence of the
matter tensor 7 or, equivalently, of the equations of motion,
does not give the contribution of the gravitational field stresses.
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present time.? Substituting this expression in (3.9)
gives

@S op
——dt~2G///dVdV’dt{ "

+?15‘Saﬂ|r_r/l2

where all terms which explicitly vanish over a time
average have been dropped, and where all of the terms
which contribute to the radiation in higher than fifth
order in v/¢ have been neglected. Consider, for example,
the first term on the right side of (3.11). There is no
contribution if either « or 8 is 4, since then we could use
the conservation law Sqs,5=0 to reduce the term to a
surface integral which would vanish in the order in
which we are finding the energy loss. Thus, making
use of the time average, we get a contribution of
—2G S 8:;dV S 8:/dV’. The integral of S;; over space
is simply related to the mass tensor Q;:

1d%Q;;
/S,,-dV=— L
2 de

(3.12)

In the terms of (3.11) where the #’s are present, the
conservation laws and integrations by parts of spatial
and time derivatives are used to transform the terms to
the form of a product of two integrals. Carrying out
these operations and expressing the result in terms of the

Qij We get

@Qs; &*Qi;
D
ag dp

which agrees, of course, with the usual treatments of
gravitational radiation.’

The energy loss may be found also from a calculation
of the energy flux through a large sphere surrounding
the system. We first convert (3.8) to an expression con-
taining only A4 in the following manner:

1 Qi dQj;
3 dB  dp

:| , (3.13)

dE 1 .
—dt=— /dt/ dS[Fhaa,ahas, 4
dl 321FG sphere
— ki ahsiat-hij s s
+E¢1~,4E44,4—%ﬁu,4ﬁu,4]-

(3.14)

12 A, S. Eddington, The Mathematical Theory of Relativity (Cam-
bridge University Press, New York, 1960), p. 253,
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All 4 components of the s may be eliminated through
the use of the coordinate condition ,,,=0, and the
conversion of spatial derivatives to time derivatives
multiplied by direction vectors. This yields

~dl———— dt/ dSTE (nanshij,)?
dt 327G sphere ’ s
—2nnihsj dhin,atRig b, 4
+1’Linjiiij,4ﬁkk,4_‘(hkk %],

Let us examine the quantity within the brackets. If we
evaluate it in a system of coordinates where #3=1,
n=n,=0, then we can write

@¢E 1
|
dtdS 327G

X/df[%(7211.4—522,4)2-}-2(512,4)2]. (3.16)

(3.15)

Therefore, the radiation of gravitational waves always
yields a decrease in energy of the system. This result is
valid for any system, relativistic or nonrelativistic. One
might object that the result depends on the particular
choice of coordinate condition A,,,,=0. However, it has
been shown!® that if the potentials decrease like 1/7 for
large 7, consistency of the field equations requires that
(3.16) be true, and therefore also requires that the
system lose energy as a result of the radiation.

If we consider a nonrelativistic system again, the
hi;,4 can be found in terms of the Q;; given before.

_ AGT d*Q;;
o
v dtz t—

From (3.15) we get the following angular distribution of

the radiation:
CE ! 1 @Qi\* &Qik
/ —dl=—— dl[~<nm, ) —2nmy
dtdQ 8T 2 ag ap
&Qi;  d&*Qi; d*Qi; &Qi;
nin;
s ag  dp de

d3 kk 1 d3 11 2
X © ——( © )} (3.18)
e 2\ dp

(3.17)

The only angular dependence in (3.18) is in the #;. The
integral over angles becomes trivial, and one again
obtains Eq. (3.13) as the total average energy loss.

IV. ANGULAR MOMENTUM LOSS

The loss of angular momentum of the system can be
found by methods analogous to those used in the energy
loss case. The details, however, are somewhat more

P. C. PETERS

complicated. Starting from (2.10), if we consider only
systems where there is no matter entering or leaving the
system, then the angular momentum loss must be given
by

dL;

_—= —e“k/ijkmdSm.

. (4.1)

The argument that X ., can be replaced by X;»® as in
the energy radiation case does not hold here. This is
because there is the extra factor of x; in the surface
integral. At first glance, it appears that the surface
integral is proportional to 7 for large 7 and thus diverges.
If one examines that part of X ;,® which can give such a
dependence, one finds that, over a time average, X yn®
is given by

1 _
/ka&)dt:——/haa,khaﬂ,mdt‘
327G

Its contribution to (4.1) over a time average will there-

fore be
1 XX
eﬁk/dt/dSm h
G 7

which vanishes, since €;;;, is antisymmetric in any two
indices. Thus we can have a contribution only from the
1/7 part of X;»® and the 1/72 part of X;»®.

Of all of the terms of X;»®, we get a nonvanishing
contribution to the angular momentum loss only from
the following term:

i _ e

dt 327G

aﬂ,4haﬂ,4,

/dt/dSme aghky allmy,B (4. 2)

We can get an estimate of the order of magnitude of this
term in the general case, and in the nonrelativistic case
an explicit expression can be obtained in terms of the
Qi;. Letting dL./dt be the angular momentum loss
which one obtains from the terms of X;,®, we have
that dL//dt~ (GMw/c*)dL;/dt, where w is a charac-
teristic frequency of the system. Therefore, providing
that %,,<1, the contribution of (4.2) will be negligible
compared with those from X;,®. For a localized non-
relativistic system some cancellation occurs; the terms
from X;»® then contribute in order (3/c)® times those
from X ;»® for a system which is gravitationally bound.
For a nongravitationally bound system, they are of
order (GM /ac?) (v/c)® smaller, where a is a characteristic
distance of the system. Thus, we are justified in dropping
the terms originating from the third-order field stresses.
Equation (4.1) can then be written over a time average

as
——dt— —e“k/dt/dSmx]ka

where the 1/7° part of X ;»® is needed.

(4.3)
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As in the energy radiation case, we can drop some
terms in X;»® immediately. For example, any term
which has a factor Zag will not contribute to the
angular momentum loss in the order in which we are
calculating. Since Aqp,\ %2, this type of term will be of
order %3, and by the same argument as used in elimi-
nating the contribution of the third-order stresses, it will
give a negligible contribution. Also, any terms in X ;,,®
which are proportional to 8z~ can be neglected, since we
. would then have the integrand in (4.3) symmetrical in
j and &, and the indicated sum would vanish. The re-
maining terms which can contribute are

ka(z) = (327TG)—1{ *—}-l,,g,kﬁaﬂ,m— Zﬁyk,ﬂh.'ymya

+Zﬁmk.ﬁﬁaa.6+ ZEk'y ,Gﬁmﬁ,v'—’ Ek-/,mﬁtm,y
- hvv,ma:S,lc_ %ha'o,mh'y'y, kT 2hkm,aﬁhaﬁ

- 2Ea€}-la[_i,mk - ﬁkﬁ}}aa,_ﬁm_ ﬁmﬂ@o’c._ﬁk
+2haﬂhka,mﬂ+2haﬂhma,kﬁ+haah66,km} . (4'4)

In each term of (4.4) we have the product of two %’s. In
order that the product be proportional to 1/73, one of the
#’s must be proportional to 1/7* and the other pro-
portional to 1/7. In order to reduce the terms in (4.4) to
only those terms which contribute to (4.3), we need one
property of the 1/#2 part of the potentials and their
derivatives. If we have only the 1/7% part of hy,»,
denoted by h,,,\®, and differentiate this again with
respect to x;, we must have that for large »

(v A®) j= =1 Fp 2a® (4.5)

where terms of order 1/72 have been dropped. This is
easily seen from an examination of the retarded solution
for A,

Let us suppose that we have a product of two 4’s, say
Fiag\ioe,s, and that we wish to consider only the 1/#°
part, which is again denoted by a superscript (3). Then,
if we differentiate this product with respect to x;, we
must have by the same reasoning that

9 i}
—[ﬁaﬂ,)\ﬁve,ﬁj(s) = —ni""[ﬁaﬂ,)\h—n.&](a) )
(‘)x,- at

where terms of order higher than 1/7* have been neg-
lected. This, together with the fact that terms with a [ ]
operating on them and terms proportional to 8., yield
no contribution to (4.3), allows us to eliminate many
terms of (4.4) when substituted into (4.3), and to
simplify the others. For example, if we consider the
second term of (4.4), we get a contribution to (4.3)
proportional to

/ dt / AS iy, Pym, 5
1 _ _ 1 o
:—5 /dl/dSmxjhvk,ashm—E/dl/dsmxjhvkhvm,66

1 a _ L
_—— /dt/dsmx]_(hyk,ph'ym_’—h’ykhvmm)'
2 ox,
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The first two terms are neglected because of the ,88. In
the last term, if the part of the expression within
the parentheses is proportional to 1/73, then 9/dx,
=—n,(3/dt), and the integral over time vanishes.
Therefore, the only part of the quantity which counts
is the part proportional to 1/72, or thus where each term
is proportional to 1/r. But then,

Evk,pﬁvm'{'ﬁvkﬁvm,p: —n,(9/0%) (ﬁkvﬁmv) ’

and the time integral eliminates it.

By similar arguments, each term of (4.4) can be
reduced or eliminated when substituted into (4.3). The
result of this procedure is that Eq. (4.3) can be written

dL; _
/*d_‘dt=""€ijk(32TG)—1/dt/dSmxj[hap.khaﬂ'm
¢

_Zﬁaﬂ,kﬁma,ﬂ_Zh—aﬂ,mEka,ﬂ]- (4’6)

This is the angular momentum analog of Eq. (3.7).

The angular momentum loss can be found by two
methods analogous to those of the energy loss calcula-
tion. We may find the radiation reaction loss by con-
verting (4.6) back to a volume integral, or we may
integrate (4.6) directly over angles in the nonrelativistic
approximation. Carrying out the former, we get, after
some simplification,

aL; _
/ y dt‘—‘—%E,‘jk-/dt/‘dej(ha,s,k—tha,,g)su,s, 4.7)
¢

which is the angular momentum analog of the radiation
reaction for the energy loss case, Eq. (3.9). Equation
(4.7) can be further simplified by an integration by
parts to give

dL;
/ y di= —%Gijk/dl/dv(xjhaﬁ,]cSaﬁ_zhakSaj). (48)
t

Using the expansion of the potentials %,, about the
present time, we obtain an expression for (4.8) which is
the analog of Eq. (3.11). By the same methods as were
used in the energy case, this can be easily reduced over
a time average to

dL,; dZQ jm d3Q m
md¢=—§ce,;jk/dl mozm
dt ar ar

(4.9)

This expression for the ith component of the angular
momentum radiated!® is the analog of the energy radia-
tion equation (3.13).

13 This result has also been obtained by T. A. Morgan and A.
Peres, Phys. Rev. 131, 494 (1963). However, their derivation again
depends on the previous paper of Peres, and is thus not valid for
gravitationally bound systems. Also, it depends on the somewhat
fortunate choice of the total angular momentum of the system,
eijr S ;T4 (—g)2dV . Equally valid with their reasoning would be
the expression e; 5/ %; Tt (—g)2dV, where T3 = groaT4?, since they
assume that %,,<1. This choice would have given a different ex-
pression for the angular momentum loss, even in the case of non-
gravitationally bound systems.
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We may also get to (4.9) by way of the calculation of
the angular momentum flux crossing a large sphere.
This allows us to get the angular momentum radiated
as a function of the angles as well as the total radiation.
For this we need A, to order 1/72. This is determined in
the following manner. By explicit differentiation of
(3.4), one obtains, to order 1/72,

_ Xk
hnv,k=_ h 1'4'—’_h;w'__ // le’/a( )dtldV/
r

4G .
-|——3xk/Su,,r-r’6( )ardv’, (4.10)
7

where §( )=06(t'—t+4|r—1’|). Let us first consider the
case where (u,»)=(4,7). Then the last two terms in
(4.10) will be much smaller than the first in the order of
the quadrupole approximation. To see this, we let
everything have a time dependence ¢~%*. Then we find
that

};'ij(r,w) [ed fSij(rl,w)e—im(r-rl)/rdVl ,

whereas the last two terms of (4.10) for (u,»)= (3,7)
have the form

/ Si5(¥ ) [ —dway Je~ e sImq V.

In the quadrupole approximation, we let wxz'<K1, so
that the exp(—iw(r-r")/7) can be set equal to one. The
latter two terms have the form of the second term in the
expansion of the exponential, and thus, in this ap-
proximation, can be neglected. Therefore, to order 1/72,
we can write

hijo=— (na/r)hij—nihija,

where %;; is then given by

_ 4G
hij= —_[/SijdV] .
r t—r

Let us now consider Zym, », setting (u,») equal to (4,m)
in (4.10). In the last two terms of (4.10), we can let
Sim=Smj.;, in which case an integration by parts allows
us to obtain

@.11)

_ A j 3
Ram, = ——h4m—%kh4m 4—'"hmk+ hri. (4.12)
7 7
Similarly,
_ ki N oms _
h44,k: ——h44——1’lkh44.4'— ms
7 7
NP _
+—‘—h4m———h4k+*hmk . (4.13)
4 7 4
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The coordinate conditions Z44,4=Fam,m and Axs,a=Fim,m
are used to eliminate the time derivative terms from
(4.12) and (4.13).

We are now in a position to solve (4.6). In the first
term of (4.6), kg, must be of order 1/72 since any term
proportional to x; will yield zero upon summation with
€ij1X ;. Then haﬂ,mz —%mhap_4. From EqS. (411)—(413),
we have that

eijkxjﬁu,k4= Zéijknjnmﬁmm ’
eijkx,-ﬁm,k: —G{jk’ﬂj;_lmk, (414—)
€kt pg, k=0,

so that for the first term of (4.6) we get

+u;‘k(321rG)“1/dt/ dS[n ot tmt ph g 1P, 4
sphere

—'Zﬂjﬂmﬁqkﬁqm,4+2%ﬂ’bqﬁqkﬁpp,4] .

The second term of (4.6) yields in an analogous manner

_Zeijk(327rG)_1/dt/ dS[nqnjnmnpﬁpkﬁqm,4
sphere L
— N P q.4] .

The third term offers somewhat more difficulty. How-
ever, straightforward analysis shows that it can be
reduced to

—Zeijkfdt/ dS[4n,~npnqnm}-me,Jqu
sphere

—nmn qhmm,4hk a 3n,n,,hpm,4hkm:] .

Therefore, the total angular momentum radiation dis-
tribution is given by

a@?L; €ijk @Qmi EQmyp
—dt= / dtl:6n My
dtd 8t ar  de

@Qmi @Qpq
ar  de
Qi *Qpyp
a¢  de

— N1

+47 1,

], (4.15)

where the solutions for %;; in terms of the Q.; have been
used. The integral over angles is trivially performed.

This yields
dL; . @Qm; BQmr
—2e;n | di ,
di a2 df

(4.16)

which, of course, agrees with Eq. (4.9).

For a rotating rigid system, say a spinning rod, there
is only one parameter w which specifies the state of the
system. We have, however, two equations, dL;/dt and
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dE/dt, to specify the secular change in w over one
period. It is easy to show that the two expressions give
the same secular change in w and are thus consistent. In
the case where the motion is not circular, the two
equations give us different information. For example, in
the case of two point masses moving in elliptical orbits,
we can predict not only the secular change in the energy
or semimajor axis, but also the secular change in the
eccentricity as well. This analysis will be carried out in
the next section.

V. SECULAR CHANGES IN THE TWO-POINT
MASS SYSTEM

The results of the previous sections can be applied to
find the secular change in the elements of the relative
orbit of two point masses resulting from gravitational
radiation. The equation of the relative orbit of the
motion' is

r=a(1—e?)/(1+e cosy).

If the plane of the motion and position of the orbit in
the plane is specified, then there are two parameters
necessary to describe the orbit: the major axis ¢ and the
eccentricity e. In the Newtonian theory, they are con-
stants of the motion. In the general theory of gravita-
tion, they will be functions of time, which will be slowly
varying in the nonrelativistic limit. These parameters
are related to the total energy E and the relative
angular momentum L through the following equations:

.2)

(5.1)

a= ~Gm1m2/2E,

L2=Gmy*ma? (mi+mg)a(1—e?). (5.3

In a previous paper,!s the energy radiated from this
system by gravitational waves was studied in detail. It
was found that the time average of the energy emission
rate is given by

< > 32 G4ml2WL22 (Wh“‘ﬂlz)/

-—62 —e4 . (5.
ad(1—e?)'? \+ - ) G4

Applying the analysis of Sec. IV, one finds that the
average angular momentum emission rate is given by

(1+3¢).

32 G7/2WL12MQ2(M1+M2)1/2
< >— -= (5.5)

a2 (1—e2)?

The equations for (da/df) and (de/dt) are derived from
(5.4) and (5.5):

64 G3m1m2 (ml—{—mg) 73 37
G- ),

503(1—82)7/2

1 For an elhptlcal orbit, @ denotes the semimajor axis, e the
eccentnclty, and ¢ the angular coordinate in the plane of the orbit.
18 P. C. Peters and J. Mathews, Phys. Rev. 131, 435 (1963).
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Fic. 1. The semimajor axis ¢ as a function of the eccentricity e
in the decay of a two-point mass system. Here, co is chosen to

Hence, during a decay of the orbit for which gravi-
tational radiation is the only energy loss mechanism, we
can obtain the differential equation relating a to e
during the decay:

< > 12a[1+(73/24)e2+(37/96)e4] 59)
19¢ (1—e)[14(121/304)2] =

< >_ _304 G3m1m2(m1—|—m2)/ (5.7)

Sat(1— )52 \

The above equations are sufficient to determine the
decay uniquely. Starting from a given orbit with
parameters ao and eo, Egs. (5.6) and (5.7) in principle
give enough information to find a(¢) and e(z). If we set
e0=0 to find the decay of the circular orbit, either (5.6)
or (5.7) gives

a(t)= (as*—4p1)"", (5.9
where
‘ 64 Gimyma(mi+ms)
- 5 fd '

Therefore, the system decays in a finite time 7', given by
T o(a0)=ad"/ (46). (5.10)

Consider the case of circularly orbiting binary stars
for which we neglect deformation, mass flow, and other
radiation processes. We may predict the lifetime of the
system for collapse as a result of the radiation of
gravitational waves. For binary star systems in which
each component has a mass equal to one solar mass, we



B 1232 P. C.
! y I T T 3
10"} -
bk :
- | -
~
[ - N
102~ =
1073 1 l 1 L
2 4 .6 8 1.0
e ——

Fi16. 2. The ratio of the lifetime of an eccentric system to that of
a circular one plotted against the initial eccentricity. This ratio is
independent of the initial value of the semimajor axis.

obtain the following lifetimes. For a separation of ~10
solar radii, the period is ~4.5 days, and the lifetime for
decay is ~3X 102 years. For two white dwarfs (radii
~10? cm) separated by 10 cm, the period is ~0.0045
days and the lifetime ~3X10? years. For the extreme
case in which the same two stars are just touching, the
lifetime becomes only 50 years.

In order to get the decay time for an e(3#0, we must
solve the pair of equations (5.6) and (5.7). First we can
find a(e) for the decay from (5.8). The integration of
this equation is tedious but straightforward. We find
a(e) to be

60612/19 121 870/2299
ale)= I:H——ez] ,
(1—e)l 304

where ¢y is determined by the initial condition a=a,
when e=e,. Figure 1 displays a(e) versus e. For small e,
this reduces to

(5.11)

ale)=cee?"?, K1,
and for e near 1, this becomes
a()=c/(1—¢), (1-e)K1,
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where c¢1=c0(425/304)870/29=1.1352¢,. Thus, for all
practical purposes, one might neglect the complicated
factor and just consider a(e) to be given by

a(e)=coe?/(1—e?). (5.12)

From (5.11) and (5.7) we can write the equation
giving the time decay of an eccentric system exactly.
Since ¢ — 0 as @ — 0, e(¥) may be considered rather than
a(?) in finding 7 (ao,e0), the decay lifetime of the system:

de 193 €19 (1— g2)32
<‘>=_”‘_ . (5.13)
dt 12 gt [1+4 (121/304) 2 Ji1s1/2200

The lifetime 7'(ao,e0) is then given by the integral
12 604
T (ao,eo) =——
19 8
/eo dee®9[ 14 (121,/304) 2 Jus1 2299
0 (1 —e2)32 :

(5.14)

For small eo, we get

12 ¢ [oo cot
T(ao,eo) o dee®9=—¢ 1819
19 8

0 4

This is approximately equal to ao?/48, agreeing with the
lifetime found for the circular case, Eq. (5.10). For ¢
near 1, the lifetime becomes

T(do,eo) = (768/425) T. (ao) (1 —eg?) 72,

The solution for arbitrary e, can be obtained by nu-
merical integration, whose results for 7'(ao,e0)/T c(a0)
are plotted against ¢ in Fig. 2. One can easily see that
for a given initial major axis, the time of collapse de-
creases rapidly as eo — 1. This should not be surprising
since, for fixed @, dE/dt is proportional to (1—e*)~"2if e
is near 1; and in general, the system spends most of the
decay time in a state for which a=a,.
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