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The ~~, ~co scattering amplitudes in the I=J= 1 state are parameterized in terms of 6ve parameters which
are determined so as to give the p meson position and width, the cg width, and the 8 meson position and its
~co decay width under the assumption that 8 has quantum numbers 1 . These amplitudes are then used to
discuss 7l-~,~m production processes in terms of a simple peripheral model including 2i-,co exchanges. The model
predicts a large m.+~ decay rate of 8, with a cross section comparable to the experimental m.+m resonant
cross section (the f ) observed at approximately the same position as the 8 meson. On the other hand, since
the 8 is an I=1 particle, this implies that the branching ratio of the 2~0 decay to that of the m+~ decay
should be small. This is incompatible with the experimentally observed large branching ratio. Within the
limitations of our model, it is therefore unlikely that the 8 meson is a 1 particle.

~-+p ~ x
—+~++n,

~++p —+ ~++x'+p, (2)

m++ p -+ ~++co+p, (3)

with reference to a simple peripheral model based on
~ and &o exchanges for these processes. Process (1) in-
volves only the ~+ exchange while in process (2) one
can have both m' and co exchanges. It was then shown
that it is possible to explain the nonobservance of mW'

decay of p' in terms of co exchange, which makes this
decay dificult to observe. They also proposed some
experiments to determine the isospin of f' One of thes.e
was to compare the missing mass distribution M of the
reaction

x++d ~ (p)+p+x (neutrals)

I. INTRODUCTION

'HE 8 meson, ' being a xco resonance and decaying
strongly, has isotopic spin 1. Also 8+ is found

not to decay to any considerable extent into the ~W'
state, which seems to exclude 1, 3, etc., assignment
to its quantum numbers. However, Frazer, Patil, and
Xuong' put forth a hypothesis that f' and 8 are two
decay modes of the same 1 particle, the p'. In particu-
lar, they considered the production processes

el a/. ' have observed a resonant 2s' decay mode of f'
by detecting the four product gammas in a spark
chamber. This indicates that f' is primarily an I=O
resonance, with spin 0, 2, 4, etc., and that the 8 meson
does not have a large 2x decay mode. However, this
does not exclude the possibility that 8 is still a 1
particle and that the observed f' bump in reaction (1)
is a superposition of a small 2x decay mode of 8 and
the I=0 resonance.

The purpose of the present paper is to discuss the
model of Frazer et al.' in greater detail. We will first
describe a parameterization of the mw, mm scattering
amplitudes and then apply this to the production
processes (1), (2), and (3). We will consider some of the
experimental consequences of this model and see
whether the 2m decay mode is small enough to be com-
patible with the experimental observation of f' being
primarily an I=0 particle.

~+x -+ ~+~,
or+sr ~m+co,
7c+to ~ 7f+co ~

(4)

II. me, mu SCATTERING AMPLITUDES

Consider the following reactions in which co is taken
to be a stable particle:

If f' has isospin 0, the peak in the neutral decay due
to the 2~' mode would be one half the corresponding
m+x mode, while with the p' hypothesis one would
expect a ratio &1/10 (due to B' —+co+~' and then
co —+ x-'+y electromagnetically). The experimental value
has now been found to be 0.60&0.17.' Also, Sodickson ca]cul

ImT;;=T;q Tq;, for t)fq

lr ——4m ', ts (m.+m„)'. ——

order to be able to use dispersion relations for
ating the amplitudes, we must 6rst examine the

analyticity properties of T;; and factor out the kine-
matic singularities. This can be done in several ways. One
way is to write down the simplest possible Lorentz-
invariant amplitudes for reactions (4) in the I=I=1
state and relate these to T„.by comparing the corre-

* Work supported in part by the U. S. Atomic Energy
Commission.' M. Abolins, R. L. Lander, W. A. W. Mehlhop, N.-H. Xuong,
and P. M. Yager, Phys. Rev. Letters 11, 381 (1963).

2W. R. Frazer, S. H. Patil, and N.-H. Xuong, Phys. Rev.
Letters 12, 178 (1964}.

'N. Gelfand, G. Lutjens, M. Nussbaum, J. Steinberger et
Phys. Rev. Letters 12, 567 (1964).

ul. , 4L. Sodickson, M. Wahlig, I. Mannelli, D. Frisch et aL., Phys.
Rev. Letters 12, 485 (1964).
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with the ~+~ effective-mass distribution of the reaction Let the partial wave amplitudes for these processes in

~++d~ ( )+ +m-++~-. the J=L=I=1 state be designated by T~~, T~2, and
Tss which satisfy the unitarity condition
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sponding cross sections. The Lorentz-invariant ampli-
tudes referring to I'ig. 1 are

my gn mx u my

&»(t) = (1/4) (qi —q2)'(qs —q8)'A»(t)

812(t) er'jklql q2 qs a A 12(t) i

822(t) = er'r7rlQ ql al e Qmqsna2rA22(t) r

(6)

(a)

Fxe. 2. Graphs for
m.x, 71-co channels with
(a) p meson intermedi-
ate state, (b) p meson
exchange.

j1 i% II
wl ~m mt

Q ql+q2 and a, ai, a2 are the polarization
vectors of the omega meson. It is assumed that the
A;;(t) are free from all kinematic singularities. Cross
sections for processes (4) are given in terms of 8;;(t) by'

(22r) ql0q20

, ,SP'0'(Pr P') I J3' —I', (7)
p(qi„qsp)2 m12—2/222$'/2

where 1 and 2 refer to the incoming particles, pt, p; to
total final and initial momenta. Sf denotes integration
over mornenta and sum over the polarization of the
final particles, and 8; the average over the polarization
of the initial particles. From (7) we get

r y gtt [re J~ yr J+
(b) i-t'i i ~ JI

q'

in the intermediate state such as p, and then separate
out the kinematic singularities. The expressions for
diagrams in Fig. 2(a) corresponding to a p meson inter-
mediate state are of the form

T11=ql all/t (t 2/$p ) 1

T12 qi'/'qs'/——'a12/(t mp'), —
T22 ——qsst'/2a22/ (t—I,'),

0 11——q,qr8
~
A 11 )

2/482rt,

F12——q,ques [ A 12
~

2/24~,

o22 ——q;qr't [A 22
~
'/36~,

where a;; are constants. In this consideration we have

(8) assumed p to be a stable particle. We can also calculate
the (1 ) partial-wave projection of the diagrams in Fig.
2(b) where a p is exchanged. These are found to be

where q;, g~ are the spatial part of the initial and final
momenta in the c.m. system and t= (qi+q2)'. These
expressions are compared with the cross sections in
terms of T;; which are given by Jacob and Wick' for
the helicity amplitudes and the comparison yields

A 11= 242rt'"Tii/q, ',
A12 ——127r(2'")T /q'"q '"
A 22

——122r T22/q/'t'".

It is conjectured that the amplitudes for which we
should write dispersion relations are proportional to
2;;.We therefore define

where
/p 1/2p 1/2

p 2q 8/tl/2 p2 2q stl/2

(10)

FIG. 1. Diagrams for
reactions (4).

�

~a ~m

g)/
tl' 1t'
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/
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q~ and q2 being the spatial part of the c.m. momenta in
the two-pion and pi-omega states, respectively, as the
proper amplitudes for writing dispersion relations.
Another way to see that M;; are the proper amplitudes
for writing dispersion relations is to write down the
Born terms for 7;, corresponding to an I=J= 1 particle

Tii (t) = qi'/t' 'Ail (t)

T12'(t) = qi"'qs'"A is'(t)
T22L (t) q28tl/2A 22L (t)

(12)

We do find that f„(q~2) is well-behaved at ques=0 if
M;, are chosen as in (10).

We will obtain the matrix elements M;, using the
well-known Jq/D methodi in which we set 3I=ED '
where all quantities are matrices, E containing the left-
hand singularities and D the right-hand singularities.
Therefore, on the left we have

where A;iL(t) are well behaved at the origin and are
free from kinematic singularities. Expressions (11) and
(12) suggest that we define 3f;; as in (10) for writing
dispersion relations.

There is yet another guide to the choice of proper
amplitudes for writing dispersion relations. One can
calculate the width of ~ for the decay process

10 ~ ir +'y

described by ee;;sla„'q„'a~sq~'f (q~2) The unita. rity con-
dition allows us to relate the amplitude f„(qv') and the
pion form factor to the amplitudes M„.. Now, if a
"wrong" choice is made for M;; kinematics, one gets
an absurd answer for the width. Thus if p2 qs'/t'/', —i—t
is found that

' J. Jauch and F. Rohrich, Theory of 5'hotons and E/ectrons
(Addison-Wesley Publishing Company, Reading, Massachusetts,
1959), p. 167.' M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

ImlV;;= (ImM;g, )D8,

' J. D. 3jorken, Phys. Rev. Letters 4, 473 (1960).

(13)
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and on the right The position is 6xed by requiring that

ReLdetD(ns, ')]=0ImD, ,= p,—N, „O(t t~)—.

SHARASH CHAN BRA H. PATIL

(20)

"p;(t')N, ;(t')
D,"(t)=8;—— = Ct'

t'(t'-t)
(15)

N, ;(t)=
left

(ImMg, (t'))Di, ;(t')
d']/

t' —t
(16)

where ti ——4m ' and ts (nt +——m„)'.
We now parameterize the matrix elements 3f;; by

using the one-pole approximation for N,;(t) in (16).
We set

N;;(t) = tstt, ;/(t+to), (17)

where tp, e,; are constants and n;; =e;, for M;, =M, ; to
hoM. For a better approximation one may take diferent
pole positions for different N, ;(t) elements at the ex-
pense of larger number of parameters, With the above
approximation (17) we get

Dispersion relations are now written down for X and D.
with a single subtraction in Bat (=0 and normalization
D;;(0)= S,;.

and the width by

ImgdetD(mp')g=m, I',— ReLdetD(mps) j, (21)
~~ t=mp2

where I',=width of p meson =100 MeV. Another pa-
rameter is determined so as to give the measured width
of the ~ meson. The co width enters the problem via
the ws- —+woi diagram in Fig. 1 described by Mrs(t),
which is also the amplitude describing co decay into
3x. The procedure for relating ~ width to &~2 is similar
to that discussed in Ref. 8 except for slight kinematic
modification. In the notation of this paper,

3 (m~—m~)2 (~ q
3

P 0

dt's t d(cos8)
4m2r2 Im„

&&sin'8~ f(t, cosg)~', (22)
where

f(t COSH) Mls (t) +M12 (S)

+Mrs�

(+)
with

where

D,;(t) = S,;—t,~;;Z, (t), s= 2m~' —2qtsq, a+2giqs cosg,

Q= 2m'. —
2gypg2p

—
2gyg2 coso

q

p;(t')
K (t) = — ct'.

g; t'(t' —t)(t'+tp)

However, it is observed that the integral in Es(t) is di-

vergent. But in applying the unitarity condition, we
have included only the first two terms of ImM;;(t), i.e.,
those corresponding to two-pion and pi-omega states.
For large t, the higher mass terms will become important
and the imaginary part, of M,;(t) can no longer be
approximated by the first two terms. Explicitly (5) is
expected to be a good approximation only for small
values of t. For t&43~, contributions from higher mass
states such as pp, kk will become important and should
be taken into account. So in order to be consistent with
the spirit of our approximation and avoid extraneous
contributions, one should cut off the ImT, ;(t) for large
values of t. This can be done in several ways. We have
used a sharp cutoff for the E~ integral. Ke also con-
sidered the case in which p2 is modified so as to be more
convergent, which while yielding similar results turned
out to be interesting in itself and is discussed in the
Appendix. With the sharp cutoff, we have

ps(t )E,(t) =— dt'.
g, t'(t' —t) (t'+to)

Now we have T,;(t) as a function of five parameters;
n~~, v~2, m~2, tp, and A. Two of these are determined by
requiring that the determinant of D has a zero to
represent a p meson with the correct position and width.

and M~2 denotes that the interaction pole at —tp has
been subtracted out. The remaining two parameters are
determined so as to fit the position and width of the 8
particle in the production process (3), using a s.', o~ ex-
change model which is the subject of discussion in the
following section.

In an ear/ier paper, Frazer, Patil, and Watson'
used a similar parameterization. However, they took
ps=2q~'/t't' instead of p2

——2qsst't and this did not
require a cutoff in the IC2 integral. Of the four parame-
ters, two were determined by the p-meson pole while
the remaining two were determined by fitting the
mx —+arcs cross section to the data obtained from the
reaction (3) via Chew-Low extrapolation, s assuming a
one-pion exchange model for the vcr production. Our
present model treats the kinematics properly by taking
p2= 2q2't'~' at the expense of an extra parameter in the
form of a cutoR, and also the production processes are
analyzed taking into account both vr and co exchanges
and oG-mass-shell considerations as discussed in the
next two sections. At this point we should also mention
that one can parameterize our two-channel problem
using the multichannel "eHective-range" analysis of
Ross and Shaw. "Their analysis also requires five pa-
rameters which can be discussed in connection with our
parameterization. For the purpose of this discussion,

SW. R. Frazer, S. H. Patil, and H. L. Watson, Phys. Rev.
Letters 11, 231 (1963).' G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959).

'0 M. Ross and G. Shaw, Ann. Phys. (N. Y.) D, 147 (1961).
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it is convenient to use the form of N/D analysis in
which S is diagonal for which we have

N';(t) =3';/(t+«. ),
D„(t)=C„o,;—(t m,—)K,(t), (23)

where
1 " p(t')dt'

K, (t) =—
~ „. (t'-t)(t'-m, ')(t'+t, )

A cutoff at A is introduced for Ks(t), so that we have
five parameters: to, A., and c;;=c;;.Now if the principal
part of the integral is approximated by a constant and
the t dependence of the E;; is neglected, which is per-
missible if to is large, we can write 1"=ND ' where

for several values of the incident momentum. We will

attempt to describe these processes in terms of a simple
model based on m and ~ exchanges.

Assume that the interaction in the reactions (2) and

(3) is via exchange of a mrs and an ce corresponding to
the diagrams in Fig. 3. The mw and +co vertices are
described by the elements A;; defined in (6) and (9).
Assuming point interaction, the N¹and N¹&vertices
are described by

g-(~..IY l~.,)
c-(~., lv. l~.,). (25)

The differential cross sections for the processes (2)
and (3) are

and

8,;(t)=c;; S,;R,(—t m, ') —ip;3,;0—(t «,) . —

gs~ ] -
g

s gs q.sq 8

I ~»(t) I'
dA'dt 8&m'qir, ' 4s. (3,'—m ')' 48

This form of T is identical to the one obtained by Ross
and Shaw. '0 It seems, however, that our parameteriza-
tion is perhaps more restrictive in that to and A have
to be positive and what is more, we are unable to obtain
arbitrary omega widths from our parameters while

satisfying the remaining four requirements discussed
before. Also, we are using the N/D formalism with the
intention of discussing other processes involving ~x, mm

interaction such as ro~so+y, nucleon form factors,
etc., which can be simply related to D;; elements of our
analysis. It may be possible to use the Ross-Shaw solu-
tions to define similar elements, but this seems to be
more complicated.

pe
yq

m

qa

q, /
/m

P

q&

q) /
/

Fro. 3. Graphs for production processes (1), (2), (3)
with ~, cy exchanges.

"W. Selove, V. Hagopian, H. Brody, A. Baker, and E. Leboy,
Phys. Rev. Letters 9, 272 (1962).

"V.Hagopian and W. Selove, Phys. Rev. Letters 10, 533 (1963).
"Z. Guiragossian, Phys. Rev. Letters ll, 85 (1963).
'4 L. Bondar et o«. , Phys. Letters 5, 153 (1963).
'~ ¹H.Xuong, R. L. Lander, W. A. W. Mehlhop, and P. M.

Yager, Phys. Rev. Letters 11, 228 (1963);L. Bondar et at. , Phys.
Letters 5, 209 (1963).

III. m) ca EXCHANGE MODEL

Production experiments using high-energy x+ beams
with proton targets have been performed and informa-
tion about reactions (1), (2)& and (3) is available' " 's

g
' (2p ' sin'«)' —dP) q'qq'

Ia„(t)Is, (26)
4~ (~'—m.')'

d20'~Co ~ g~~ ~2 q2,2' 3
I ~»(t) I'

dLVdt 8rr'msq ' 4s (6'—m ')' 24

g&P (2ps sill «) —6 ) qPqy+
(a' —m ')s

where m=nucleon mass, hs= (Pi—Ps)', qiz, is the mag-
.nitude of the incoming x momentum in the lab system,
and q;, qy are the magnitudes of the incoming and out-
going pion momenta, 0' is the angle between q~ and g2,
all of these being evaluated in the c.m. system of out-
going ~~ or +co. All the kinematical quantities are
evaluated with the exchanged particles o6 the mass
shell. "

For g„, we use the value quoted by Scotti and Wong"
from their SM scattering calculation, which is expected
to be reliable within a factor of 2. There is some am-

biguity in the use of this coupling constant. In our calcu-
lation we are including only the ou exchange and neglect-
ing the y exchange which, however, is known to be
weakly coupled to pions. In the Scotti-Wong calcula-
tion of SS scattering, both the ~ exchange and y
exchange are included and what is more, they find that
neglecting the p exchange increases the NNco coupling

by about 50%. However, this ambiguity is taken care
of to some extent by the introduction of a parameter in
the "co form factor" which is discussed in the next
section. For g„'/4' we use a value of 2.7 which is the
value Scotti and Wong get when both ~ and y exchanges
are included. At this point we must al.so mention that
in our calculation, the magnetic coupling of the co to
EX is neglected. One may be tempted to justify this

by pointing out the small isoscalar anomalous magnetic

~6 F. Selleri, Phys. Letters 3, 76 (j.962)."A. Scotti and D. Wong, Phys. Rev. Letters 10, 142 (1963).
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r 2- 2
Z -(P2-P) I IG. 4. The 1VE7r vertex.

I
~-'I g 1om.2,

f1(52)= 12m~2/(13m '—62) (31)

moment of the nucleon. But it is possible that this is due
to cancellation of the co and y contributions.

The formulas (24) and (25) as they stand, with point
interaction at the XN vertex and the amplitudes A;;(t)
evaluated for the exchanged particle on the mass shell,
are not valid for off-sheO calculations which are of
physical interest in the production processes. In order
to extend them to such calculations, we introduce form
factors which will be the subject of the following dis-
cussion. It is to be noted that for the process (1), there
is only the pion exchange (the exchange particle must
be charged) and its differential cross section is twice the
pion-exchange contribution to process (2).

IV. FORM FACTORS

First, consider the m exchange and a vertex at which
the pion interacts with, say, EN. This vertex will be
described by an amplitude 2 which is a function of 6'.
We write a dispersion relation in the variableefor the
diagram of Fig. 4. For the purpose of parameterizing the
form factor, assume that the effective interaction is via
a single particle state of mass m~' in the intermediate
state. Then we get

A (~2) =a (m.')f,(~'), (2g)

where

f1(52)= (m12 —m~2)/(m12 —62) .

For the vertex at which the pion interacts with xxm or
~mw, we make the assumption that the form factor is
independent of the total mass of the outcoming particles
(i.e., independent of t'~2), and that it is the same as the
one at the 1VX2r vertex. Then the pion exchange is
accompanied by an over-all form factor f1(62):

A(~') = If.(~') I'

(m12 m 2)/(22112 g2) (29)

Ke will now attempt to estimate the value of the
parameter m~'. Ke look for a correlated state that has
a small mass and the same quantum numbers as a single
pion, to be the most important intermediate state. Such
a state is xp. Ke further assume that this state interacts
as a single-particle state of mass (m +m,). Hence for

I a2I (m12,
m, = (m.+m,) (3o)

mj'=20m '

This value is of course only an order-of-magnitude
estimate, but it is encouraging that it is close to the
one in the phenomenological form factor obtained
by Ferrari and Selleri' who get the result that for

f2(62) = (m22 —m„2)/(m22 —62) (32)

where m2') m„' and hope that this is not an unreason-
able way to parameterize f2(LV). We then find that the
cose distribution observed at the p meson in reaction
(2) places a restriction 2222-'(70m '. We obtain a value
of m2'=43m ' so as to get a reasonable cose distribution.
This is discussed more fully in the following sections.

V. THE VARIATION OF PARAMETERS

Assuming that the form factors for the x,co exchanges
are known, we have altogether five parameters: A sp,

'Bye, R]2, and spy. On accouIlt of the experimental un-

certainties, the determination of the parameters is not
unambiguous so that a certain amount of variation in
the parameters is allowed. For information on the 8+
meson, we use the data given by Abolins et a/." for the
2ra& production at incident momentum of 3.5 BeV/c
with the momentum transfer restricted to

I lVI &30m '.
We erst take a certain value for the cutoff A and fix sp

and two other parameters so as to give the p-meson
position and width, and omega width of about 9 MeV.
We then vary the remaining parameter n defined to be
(n12' —22112222), and examine the production cross section
for reaction (3). Figure 5(a) shows the variation of the
cross section as a function of n, We then take a different
value of 11 and go through the same steps. In Fig. 5(b)
we have plotted the "best" 6ts to the cross section as a
function of the cutoff A. The dependence of these "best"
fits on A is not very sensitive and the experimental
data is not good enough to give us a unique value of A.

The experimental data are due to private communication
from N, Xuong.

For
I 62I) 10m ', we expect the pole to shift to h1gher

values since larger mass states become more important.
For our calculations which in some cases extend as far
as

I
lP

I
=50m ', we should, of course, allow some varia-

tion of m~' about 13 m '. Fortunately, this value of m~'

is quite acceptable in our calculations. Ke find good
fits for 11m '(mq2(15m '. The results given in this
paper are for m~' ——13m '.

A similar approach can be extended to the parame-
terization of the form factor for an omega exchange.
Hut the estimation of the parameter in this case is more
subtle. Firstly, g„, the SX~ coupling constant given by
the phenomenological calculation of Scotti and Kong, '
is expected to be good for 6' negative; i.e., it has already
taken some of the form factor effect at the SEco vertex
into account. So we need to consider the form factor
coming from 3;;elements only. However, for the omega
exchange, there are several correlated states which may
be important; e.g. kk, y, pM and possibly ~p'. So we

simply write
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Fro. 5. (a) The t(~~) plot for the reaction a +p ~ a. +au+p for h =175m ', I'„=8 MeV. ———for n= —6.95X10 ';
for a= —8.60X10 '; ——for a= —9.94X10 '. (b) The t(aa&) plot for the reaction a. +p ~ ~"+~+p: ———it

=200m ', I"„=7.4 MeV, e= —8.33&(10 '; A=175m ', I" =8.0 MeV, 0,=—8.60X10 '; ——A=160m ', F =7.9
MeV, u = —8.14X10 '. (c) The t (~~) plot for the reaction a +p -+ n. +s&+p: ———h =320ai ', I'„=12 0 MeV, n = —2 38
X10 5; — A. =175m ', F„=8 MeV, n= —8.60&(10 '; ——A=140m ', F =1.2 MeV, 0, = —9.80X10 5; ———A
=160m ', I'„=5.0 MeV, n= —6.25&(10 '.

A value around 175m ' is found to be acceptable. We
Anally vary the omega width and examine how well we
can fit the production cross section. We Gnd acceptable
fits only for widths between 2 and 12 MeV. Figure 5 (c)
shows our 6ts as a function of the omega width. The
variation of the fits as a function of the omega width is
similar to the one observed in Ref. 8.

VI. RESULTS AND DISCUSSION

Having used up all the parameters, we are now in a
position to discuss the predictions of the model with
reference to various experimental data. We will erst
6x the p-meson position at 750 MeV, p-meson width at
110 MeV and the co width at 8.0 MeV and examine the
predictions of the model in relation to experiments and
then see if the predictions and the conclusions are
changed on varying the p width and co width within
statistically allowed ranges.

Part A. The values of the parameters, giving p meson
position at 750 MeV, width of 110 MeV and ~ width of
8 MeV, are t0 ——5.5&&10'm„', 4= 1.75)&10'm,', xi~ ——3.06
)&10 2, m2~

——4.30&&10,and m~2 ——6.70)&10 '. For these
values of the parameters we have the following
predictions.

1. Process (2) at 1.6 BeV/c

The pion exchange is predominant with the omega
contribution to the production cross section being about
8% at the p-meson position. "This is consistent with
the analysis of Ferrari and Selleri" who considered the
pion exchange only and found that the prediction of the
cross section at the p position was about 10% smaller
than the experimental value. It is to be noted that the
contributions of m and co exchanges to the cross section
at the p position depend only on the co width, p-meson
position and width, and the m, co form factors and are
independent of the p' hypothesis.

'~ Saclay-Orsay-Bari-Bologna Collaboration, Nuovo Cimento
25, 365 (1962).

2. Processes (1) and (2) at 3.3 BeV/c

We use the data for the cos8 distribution of p pro-
duction at this incident momentum for ih'i (20fN„'
and 650&t'~'(850 MeV, given by Guiragossian, " to
determine approximately what amount of co contribu-
tion we need. The pion exchange gives a cos 8 distribu-
tion while the omega exchange gives a sin'8 distribution
so that the resulting distribution for m2'=42. 86m ' is
approximately 1+3.5 cos 0. The distribution with the
number of events properly normalized is shown in
Fig. 6(a) along with the experimental distribution. It
must be remembered that there is background which
allows a certain amount of variation in m2'. A variation
of ~2m ' is found to be acceptable. The ~ exchange
contribution to the production cross section at m2'
=42.86m ', near the p position, is about 30% of the
total pi and omega contributions for

i
LP

i
(20m ', but

decreases rapidly with 1 on account of the factor
i y2i

in the numerator of the second term in Kq. (24), which
is large for small t but decreases rapidly with increasing
t. The rati.o of the number of events in the p peak to
that in the p peak, which depends only on the p
position and width, co width and the pi, omega form
factors, and is independent of the p' hypothesis, is 1.5
compared to the experimental value of 1.3.

The Treiman- Yang distribution for the pion exchange
is constant while that for omega exchange is sin'y so
that for the contributions discussed above, we have
approximately 1+0.75 sin'p distribution at the p . At
this point, we should remark that the Treiman-Yang
distribution provides another test for x,co exchanges
but unfortunately published data are not available
at present for the xx production at any of the incident
momenta discussed in this paper.

The distributions at p' and p' are of course due to
the pion exchange only; i.e., cos'8 and constant Trei-
man- Yang distributions. At p' also, the omega-exchange
contribution being small, the distributions are the same
as those for p" and this is found to be the case also at
3.0, 3.7 and 4.0 BeV/c incident momenta.
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FIG. 6. Distributions in
cos8, the angle between the
incoming and outgoing
in the barycentric system of
the final pions for the reac-
tion 7r +p ~s +sr'+p. (a)
700 MeV&t'/'&850 MeV,
I~si;.&I~ni&20~ s at in-'

cident momentum 3.3 BeV/c.
The experimental histogram is
from Guiragossian (Ref. 13).
(b) 650 MeV&t'~'&850 MeV,
la21;.&fd i&XO~:+ Itnl;„'
at incident momentum 3.0
BeV/c. The histogram is ob-
tained from the coso distribu-
tion given by Hagopian and
Selove (Ref. 12).

It should once again be emphasized that in all corn-
parisons at 3.0 BeV/c, the theoretical results are
absolute predictions, not normalized to the data. The
coso distribution at p is approximately 1+3.0 cos'0 for
ILPI &50m ' while the Treiman-Yang distribution is
1+sin'it. The ratio of the number of events in the p'

peak to that in the p peak is about 1.6 compared to an
experimental ratio 1.5. As mentioned before, the differ-
ential cross sections and the various distributions at
the p position are independent of the p' hypothesis or
the quantum numbers of 8 and f', but depend upon the
approximations of our model in which only m and co

exchanges are included.

4. Processes (1) and (2) at 3.'7 and 4.0 BeV/c

The contribution to the cross section at the p meson
from omega exchange is now nearly as large as that from
pion exchange. The production cross section" at 3.7
Bev/c for process (1) is plotted in Fig. 9(b). The ratio
of the number of p' events to that of p events is about
1.3 compared to the anomalously large experimental

80
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Q I I I

-1 —.6 -.2 .2
Cose

(b)

I

.6 1

3. Processes (1) and (2) at 3.0 Beg/c

Since the total cross section for processes (1) and (2)
has been given by Selove et a/. ,

" we can make direct
comparisons of our theoretical predictions with the ex-
perirnental data; we do not need to normalize our
results and hence this should provide a more severe
test to our theory. In Fig. 7, we have plotted the number
of events predicted by our model along with the experi-
rnental values" as a function of t. We have added a
properly normalized amount of phase space to the
theoretical predictions as shown, to account for the
background. It is to be noted that no information about
the f' has been used as input in our model. Of course,
the fact that the theoretical curve in Fig. 7(a) gives a
good 6t to the fe position and width is only a restate-
ment of the fact that the mass and width of the f' and
the 8 are the same within statistics. The fact that the
height of the f' is given "correctly" by the model is,
however, quite striking. The prediction in Fig. 7(b) of
an f+ bump, considerably reduced in apparent height
compared to the f' bump, has been discussed in detail
in Ref. 2.

We have also compared the cosa distribution at the
p "for

iraqi

&10rrt ' in Fig. 6(b), but here we have not
added any phase space, since we do not know what kind
of distribution the background may have. In Fig. 8 we
have shown the 6 djstrjbutjonsz for 20yg &t&35gg~ .
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1'"ro. 7. (a) The e —m. mass plot for vr +p ~ m +s++e; (b)
7I.—x mass plot for 7I- +p —+ ~ +71- +p, both at incident momen-
tum 3.0 BeV/c. The experimental data is from Selove et at.
(Ref. 11).The theoretical curves are cut off at In'[=50m ' and
are plotted after adding a properly normalized amount of phase
space as shown.
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FIG. 8. The 6' plots for
incident momentum of 3.0
BeV/c and 20m, '&t&35~ '
(a) for reaction s +p-+
s. +s. +p, and (b) for reac-
tion m +p —+w +&++a.
The histograms are ob-
tained from the A~ distribu-
tion given by Selove et al.
(Ref. 11).

100

~ 80$
I

It
60+1

I 1
I a

I
LU 40 t
O

I

Q I

0 10 20 30 40 50
-0, IN m»

80

Incident momentum: 3.5 BeV

64m~&s& 90m~

Ii +P~m +u+P

l—
LU

o 4Q-
CL
UJ
CD

20—

Incident momentum t 3 BeY/c

20m& & t&)5m&

also found that the subtraction of "E*events" could
make about 10'P~ difference in the number of 7rcc events
whether the range is taken to be 1120—1320 MeV or
1180—1380 MeV for the "E*mass. "The results shown
are for 1120—1320-MeV range. In addition, the back-
ground for this process, i.e., process (3), is large and
cannot be separated unambiguously from the mes

resonance.
I'art B. In the above analysis we thus find that with

the input information of the p-meson position and
width, the ~ width, and the position and width of the
8 meson taken to be a 1 particle, we get out a large
x+m= decay mode of 8 which cannot be accommodated
by f' since the f' peak has been shown to be associated
with an I=O resonance. ' That the I=O resonance has
a differential cross section comparable to that of fo can
be seen from the fact that p' with isospin 1 cannot decay
into 2m' while the experiment of Gelfand et ul. ' gives

R(f' +neutr—als)/R(f' —& ~++n. ) =0.60+0.17,

this ratio being -'; if fs is an I=O particle.
We will now vary the input information and see how

the results discussed above, specifically the ~+~ pro-
duction cross section of p', vary. Variation of p-meson
width between 75—150 MeV produces only small changes

Q I I I I

0 10 20 30 40 50
IN mir

(b)

number of about 2.5 obtained from the data of Lee et al.
Figure 9(a) shows the plots of production cross sections
at an incident momentum of 4.0 BeV/c."The ratio of
the number of p' events to that of p events is about 1.1
compared to the experimental value of 1.5. This seems
to indicate that perhaps our simple peripheral model
with only ~ and co exchanges is not adequate to explain
the data at higher incident momenta. At the incident
momentum of 4.0 BeV/c, our model predicts a cose dis-
tribution of 1+cos'0 and Treiman-Yang distribution of
1+2.0 sin'p, both at the p position. 100
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S. Process (3) at 3.5 BeV/c
80— Incident momentum: 5.7 BeV/c

The contribution of tc exchange is about 20% of the
total contribution which gives a cos0 distribution of
1+3.5 sin 8, while the Treiman-Yang distribution is
1+0.2 cos'y. We have plotted' the 6' distribution in
Fig. 10, and the cose and Treiman-Yang distributions
in Fig. 11 for 64m '&s&90m ' taken as the 8 region.
The comparison with the experimental data in this case
is rather ambiguous. In order to avoid the s.++p~
/*+co events, the E* events are subtracted from the
mass distribution for s.++p, but in so doing, we are
subtracting out some events of the reaction (3). It is

2 Y. V. Lee, B. P. Roe, D. Sinclair, and J. C. Vander VeMe,
Phys. Rev. Letters 12, 342 (1964).

I—z 60—
IJJ)
UJ

~ 40—
CL
LU

z 20—

0
400 800

(b)

1200 1600

Fro. 9. (a). The s —s. mass plot at incident momentum 4.0
BeV/c. The dashed line is for the reaction vr + ~~ +s'+p
and the solid line is for the reaction 7r +p ~ s +7r +n. The plots
are for

~

6'
~

&50m '. (b) The ~—s mass plot at incident momen-
tum of 3.7 BeV/c for the reaction ~ +p-+s +s.++m with
~h'~ &50m '. The dashed line is for P =8.0 MeV, A=175m ',

o, = —8.6X10 ' and the solid line for F =5.0 MeP, A=160m& ',
o, = —6.25X10 '.
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VII. CONCLUSIONS

The apparent absence of a bump in x+z' production
reactions at the 8-meson position seems to indicate that
8 is not a 1 particle. But the question arises as to
whether this is a sufhcient reason to exclude the 1
assignment. Our analysis based on a simple peripheral
model including x,co exchanges shows that it is possible
that the apparent bump at the 8 position in sr+~' pro-
duction reactions is considerably reduced. However, it
also predicts a strong resonance in 7I-+z decay of 8', a
resonance whose cross section is comparable to that of

f . This is hard to accommodate in view of the fact that
f' is shown to be primarily an I=O resonance' of cross
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Fn. 10. The 6' plot for
the reaction m +p ~ m

+co+p at incident rnornen-
tum of 3.3 BeV/c for 64m ~

&s&90m '.

in the ~+x production rate of p'. This production rate
is also quite insensitive to the width of the 8, the height
of the width of the 8, the height of the cross section
decreasing about 10% when the width of 8 is increased

by 50%. However, we find that the production cross
section at p' is reduced by about 40% if we decrease the
omega width to 5.1 MeV in which case the omega
width is already off from the experimental width of or

by about 2 standard deviations. The x+x production
cross section at 3 BeV/c with the omega width of 5.1
MeV is plotted in Fig. 7 (a) along with the experimental
data of Selove ef a/. "A similar plot at 3.7 BeV/c along
with the data of Lee ef al."is given in Fig. 9(b).

Even with this reduction in the p' —&7r++m pro-
duction rate assuming the remaining cross section of
f' to be due to an I= 0 resonance, we have

R(f' —+ 2~')/R(f', p' ~ m-++7r )=0.2

which is about 2.5 standard deviations off from the
experimental value of 0.60&0.17.

The above results seem to indicate that within the
limitations of our parameterization of xx, vror amplitudes
and the peripheral model including only the m and ~
exchanges, the apparent agreement of the predicted p'

peak with the observed f' peak which led to the p'

hypothesis' is only accidental and irrelevant, and that
it is unlikely that the 8 is a 1—particle.
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Fro. 11. (a) Distribu-
tion in coso, the angle
between the incoming
and outgoing 7I- in the
barycentric system of
the outgoing s &o. (b)
Distribution in Trei-
man-Yang angle y for
the reaction 7I- +P ~
x +or+p at an inci-
dent momentum of 3.5
BeV/c. The plots are
for I6'~ (30nz ' and
64m.2&s &90 .'.

APPENDIX

Instead of using a sharp cutoff for the second integral
Es(f), one may modify the M;; amplitudes so as to make

Es(t) a convergent integral. For example, we define

M;; =o.,e;Mg', (33)

where ni ——1, ns A/(t+A)-—-, where A is a positive real
constant, and write dispersion relations for M;; instead.
With this convergence factor, the modified unitarity
condition is

ImM; =M;y'py'MI, (34)

Q I I

0. 30 60 90 120 150 180

TREIMAN YANG ANGLE O' IN DEGREES

(b)

section approximately equal to that of f' Thus th. e

calculations within the framework of our simple model

support the conclusion that an observed large 2x' decay
of f' is an evidence against the 1 model for the 8 meson.

There are some results of our analysis, such as the
differential cross section at the p-meson position, mo-

mentum transfer, and various angular distributions at
the p, which are independent of the quantum numbers
assigned to the 8 meson, which it seems one can explain

by the addition of the co-exchange terms to the one-pion
exchange model for incident momenta of 1.6, 3.0, and
3.3 BeV/c.
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1Vp
T=E

i
1—— Ct'

i

t'(t' —t) /

and after the cutoff is introduced, we have

(35)

(36)

where pt'= pt, ps'= psA'/(t+A)'. One can now go ahead
and calculate M~/ by using X/D method. An insight
into the signiGcance of the cutoG is obtained if one
considers a one-channel calculation. In that case, before
the cutoff is introduced,

where N=NAs/(t+A)'. Thus, introducing a cutoff is
equivalent to modifying N to make it more convergent;
also, E contains a "greater" amount of information;
i,e., we are introducing additional interaction to make
the integral convergent. In the two-channel calculation,
Mrs =Msr =Mrs'A/(/+A) and Mrs ——Mrs'A'/(t+A)'.
Again, we are introducing additional "interaction" in
the form of a first-order pole at t= —A for iV~2 and M2j.
and a second-order pole for &22.

The calculations now proceed along the same lines as
for the case of a sharp cutoff. The results from this are
similar to the ones discussed in the main body of the
paper,
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A perturbation theory is developed within the usual formalism of quantum electrodynamics which yields a
Gnite unrenormalized electron Green's function and a Qnite value for the electron's electromagnetic self-mass
in each order. This is subject only to the qualification in this paper, that the vacuum polarization is also ob-
tained without divergences. Furthermore, the bare mass of the electron must vanish; the electron mass must
be totally dynamical in origin.

I. INTRODUCTION

HE empirical success of the renormalized perturba-
tion solution of quantum electrodynamics has

produced the hope that relativistic field theory can
provide an adequate description of the physics of
elementary particles. On the other hand, the infinities
which are present in the perturbation expression for
the unrenormalized quantities have made one cautious
about taking the theory too seriously.

In this work we will show that these infinities are not
intrinsic to the theory but are due to the inadequacy
of the usual perturbation method. We will attempt to
develop an alternate perturbation approach to quantum
electrodynamics which yields Qnite results for the basic
unrenormalized Green's functions. In addition, in the
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U. S. Atomic Energy Commission under Contract AT(30-1)2098.

f Alfred P. Sloan Fellow. Permanent address: Physics Depart-
ment, University of Washington, Seattle, Washington.

weak-coupling limit, we will give explicit expressions
for these functions in the region far oB the mass shell
where ordinary perturbation theory fails.

This method will work only for a spin--,' fermion Geld

coupled with a conserved current to a neutral vector
field. Hence the results of this work will not be applicable
to a general relativistic Geld theory.

In quantum electrodynamics there are only three
divergences (the minimum) in the ordinary perturbation
treatment and they are all "weak" in the sense of being
only logarithmically dependent on cutoffs. They are
summarized by the constants brtt, Zr(=Zs), Zs. The
divergence of the self-mass bm is just the analog of
the classical electromagnetic mass divergence. The
divergence of the wave-function renormalization con-
stant Z2 represents an incompatibility of the pertur-
bation treatment of the interaction with the canonical
commutation rule for the electron field. The divergence
of the charge renormalization Z3 represents a similar


