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We have calculated the index of refraction of the helium isoelectronic sequence at low frequencies using the
shielding approximation. When compared with experiment for helium, the accuracy is found to be com-
parable to that typical of the shielding approximation for static properties, about 10%. In an Appendix we

extend Brillouin’s theorem to time-dependent problems.

I. INTRODUCTION

HE shielding approximation of Dalgarno and
Stewart' has been extended? to the calculation of
dynamic properties. In this paper we apply the method
to the calculation of a(w), the frequency-dependent
dipole polarizability, for the helium isoelectronic
sequence. From a(w) one can then calculate the index
of refraction, #, for values of » close to unity, by

(—1)=47N o,

where N, is given in molecules/unit volume.?

The general idea! of the method is to calculate first-
order corrections to the polarizability of two inde-
pendent electrons moving in the field of a nucleus of
charge ¢. The corrections arise from the Coulomb
repulsion between the electrons, and from the difference
between { and the actual nuclear charge Z. The numer-
ical value of ¢ is then determined so as to make these
first-order corrections vanish, thus giving a variational
flavor to what is otherwise a first-order perturbation
calculation.

The shielding approximation is an attractive one: it
is conceptually simple, the calculations can be done
analytically, it allows one to survey an entire iso-
electronic sequence, and in practice! the results have
been found to be of surprising accuracy (109, or better)
for the calculation of static one-electron properties. Our
results show that a similar accuracy may be expected in
the caleulation of dynamic properties over a ramge of
frequencies.

To reinforce these remarks, Fig. 1 contains a com-
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parison of our results for He with experiment,? and with
two other ab mitio calculations: that of Wheeler who
made a detailed analysis of the various oscillator
strengths which enter into the familiar second-order
perturbation formula for a(w), and that of Karplus and
Kolker® who carried out a rather elaborate numerical,
approximate Hartree-Fock calculation. Certainly, in
spite of its simplicity, the shielding approximation com-
pares favorably with the other more involved calcula-
tions and with experiment.

In Sec. IT we give the basic formulas (derivations
may be found in Ref. 2). In Sec. III we present our
numerical results. In an appendix we prove that if the
results of a complete Hartree-Fock calculation were
similarly expanded in Z—{ and the Coulomb repulsion,
then through first order the results would agree with
ours, i.e., the Hartree-Fock approximation is accurate
through first order.”

As will be seen our results are given as power series
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in w, arbitrarily stopping with terms of O(w*). Such a
representation, though in part dictated by mathe-
matical convenience, seems, more importantly, to be
most appropriate to the physical situation. The point
is simply that the actual ¢(w) for helium and the zero-
order hydrogenic a(w) exhibit a series of resonances,
and one would not expect our simple, first-order
perturbation procedure to work well near either set of
resonances.® Hence it seemed reasonable to confine our
attention to low frequencies.

II. BASIC FUNCTIONS

The basic equations and functions derived from them
in the calculation of the dynamic polarizability of
helium through first order are given in this section.

Ly (@)+Li(—w)
alw)=——""——"",
52
where
Ly= (@0, 12, O)+ (1,0, (V= EO)T, ®)
+2(¥O,(V-E®)8,). (1)
The functions in Eq. (1) are defined by"

(Ho— EO+0)¥, 0= — W, O,
(Ho—E®)py = — W O+n¥ O,
where
W0 = (§-3/7r)e—§‘('r1+7~2) ,

¢ ¢
Ho=—3ve—}vi————,
Y1 T2
1 =2 -2
V=t
712 71 72

E®O= (T yy®),
n= (\II(O);W\I’+(O)) )
W= — 8(r1P1(cosb1)+r2P1(cosby)),
with &, the strength of the electric field ; 715, the inter-
electronic distance; 7; and 7, the distance from the
nucleus to electrons 1 and 2, respectively ; and P;(cos6.),
the ordinary Legendre polynomial. ¥, ® and 6, were
expanded in powers of w, and then the coefficients of
each power of w were expanded in terms of radial and

Legendre functions. Thus, the coefficients of w? in
¥, ® and 6, are of the form

W, 0P =T f1(P)(r,) P1(cosy) Po(coshs)+ (1¢52) ¥ ©
0, P)=[ f5,P)(r1) Po(cos8y) P2 (coshs)
222P) (1) Po(coshy) Po(cosh)
+3 /3P (r1,72) P1(coshy) P1(cosh)
+ (12) v O
where (1<>2) means to permute the variables 1 and 2
8 One might attempt to deal with frequencies near the reso-

nances within a perturbation framework by explicitly extracting
the resonant terms and dealing with them separately.
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in the preceding terms. The radial functions are
polynomials in the variable(s) designated, the detailed
forms being available on request.®

III. RESULTS

Our result for the index of refraction is

1 bo
(n*— 1)><104:0.50064{~(9+~>
oN g

@/319 b\ w'/297541 by
+—(—+—)+-(——+_>} ,
N6 ¢/ 2\ 864 ¢
bo= (207/16)+36(¢— Z)
by= (3983/24)+ (1276/3) (s — Z)
4673097941 297541
2764800 72

The terms b, and b4 are new; all the others can be found
in the references of footnote 9.

To determine { as a function of w we follow the
procedure outlined in the introduction.'® Taken literally
this would require that

botw?(bs/§*)+w(be/$8)=0.

However, consistent with the rest of our calculation,
we have solved this equation for { only through terms
of order w* The procedure is straightforward and gives
¢ values which range from 1.641 at w=08% to {=1.629
at »=0.456." Figure 1 summarizes our numerical
results for helium. Its contents have already been
discussed in the introduction.

where

APPENDIX: AN EXTENSION OF BRILLOUIN’S
THEOREM TO TIME-DEPENDENT PROBLEM

Since, as shown in Ref. 1, one can infer the formulas
for arbitrary ¢ from those for {=Z, we may confine
ourselves to the latter case. We now recall that the
time-dependent Hartree-Fock equations can be derived
from the variational principle.?:3

19
<5‘I’HF ,<H+~ "‘)‘I’HF) =0.
i ot
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Here H is the total Hamiltonian including Coulomb
repulsions and time-dependent external field (which
we assume to be turned on adiabatically), ¥xr is the
Hartree-Fock determinant, and 6¥gur is an allowed
variation, i.e., a one-electron excitation of ¥yp.

Wyr satisfies an equation of the form

19
<[1HF+T '-)\I/HF:O, (Al)

1 0t

whence writing
H=Hyp+P,

where P explicitly involves only the Coulomb repul-
sions, and not the external field, we have

(0¥ ur, P¥Yur)=0, (A2)

We now want to show that (A2) implies that if we write
the exact wave function ¥ as

V=Vyp+A,

that then to first order in P and all orders in the external
field, A involves no one-electron excitations of ¥yy. If
we can show this, then, as in the static case, it will
immediately follow that to all orders in the external
field,

(¥,D%)= (Yur,D¥ur) (1+D(P?))

for any one-electron operator D. If we take for D the
dipole operator, then we have the result announced in
the introduction since one derives a(w) from the terms
in the expectation value of the dipole operator which
are of first order in the field.

To prove that A involves no one-electron excitations
to first order in P we first note that from

19
(4= Je=o
1 9t
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and (A1), it follows that to first order in P, A satisfies
the equation

19
(HHF-{-T —>A= — P¥yur. (A3)

7 Ot

Now let us assume we have solved (A1) self-consistently
(Hgr is in the usual way a functional of ¥xr) subject to
the initial condition that ast— — o, Vgp —¢gre *FHIE
where ¢ur is the familiar static Hartree-Fock deter-
minant. Having solved (A1) self-consistently, we have
a definite operator Hur, and we now make use of the
fact that it has a complete orthonormal set of time-
dependent solutions,

10
(HHF‘FT ;)‘I’n:(), Vo=Vgr, (A4)
1 0t

where as { — — o, ¥, — ¢, Ent, Here the ¢, are the
familiar static virtual Hartree-Fock states. Thus,
the ¥, are derived from ¥gr by 1, 2, -+ electron
excitation.

If now we write

A=3a,(t)¥,,

it follows from (A3), (A4) and the orthonormality of
the ¥, that

1da,

—_—= (\I’n,P‘I/HF) .

i di
From (A2), it then follows that da,/di=0 if ¥, is a
one-electron excitation, and since such a,’s are zero at
t=— o (the usual Brillouin’s theorem) it follows that
@,=0 for one-electron excitations, which proves the
point.

14 See, for example, P.-O. Lowdin, Phys. Rev. 97, 1490 (1953),
Sec. 3(a).



