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FIG. 2. Ratio of attenuations in superconducting and normal states
as a function of temperature for diferent frequencies.

Figure 1 is a plot of r as a function of the frequency
for fixed temperatures. Note the large discontinuities
that occur when the frequency corresponds to the gap,
A&o= 26(T); when Ace.)2A it is possible to create a pair
of excitations. At T=O'K, there is no absorption for
Ace(26. In Fig. 2, plots are given of the absorption
ratio as a function of temperature for fixed frequencies.
The discontinuities are again evident. It is not possible
to compare fully these results with experiment since as
yet there are not available experimental data in the
frequency range Ace) 2A, except for temperatures very
near T,. It is hoped that recent advances in technology
for generating ultrasonic waves at microwave fre-
quencies will make such measurements possible.
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1. r as a Function of c and c

Making use of the numerical values of the integrals
I1 and I~, we find r as a function of a for given c; the
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He Ar Kr and Xe are obtained from a comparison ofMomentum-transfer cross sections for electrons in He, r,
f15.

'
ththeoretical and experimental values of the drift velocities an

'
i s and of the ratio of the diffusion coefI5.cient to t e

e cients are obtaine y cal-mobilit coeKcient for electrons in these gases. The theoretical transport coefficients are obtaine y ca-
c '

f i ns for ener ies below excitation using an assumedculating accurate electron-energy distribution functions o g
ener -de endent momentum-transfer cross section. The resulting theoretical values are compare wit e

d d' nt made in the assumed cross sections until good agreement is ob-available experimental data and au~ustmen s ma e in
f 5X10 't '

d The 6nal momentum cross section for hehum is 5.0& . X5 0 0.1X10 '6 cm' for an electron energy oaine .
m

' . '
b inedfor Ar Kr an Xe e-b ined X deV and rises to . . cmd

'
6.6+0.3X10 " m' for energies near 1 eV. The cross sections obtained, , X

ues of 1.5 10 "cm'10 " 2.6X10 " and 10 "cm', respectively, at 0.01 eVto minimum values o
fo X Th tofthat 0.3 eVfor Ar, 5X10 ' cm'at 0.65 eVfor Kr, and 1.2X10 cm at 0.6eV or . g

very-low-energy results with the eGective-range theory of electron scattering is good.

I. INTRODUCTION

~ 'HE total scattering cross sections for electrons In
the rare gases have been studied extensively at

energies above about one electron volt using electron-
beam techniques. ' However, these methods are diKcu t1

to apply at lower energies. In this low-energy range one
generally obtains the elastic-scattering cross sections,

*This work was supported in part by the Advanced Research
Projects Agency through the Once of U. S. Naval Researc .' These experiments have been reviewed by R. B. Brode, Rev.
Mod. Phys. 5, 257 (1933).

actually the cross sections for momentum transfer, from
analyses of electron-transport coeKcient data. ' Until
recently, such analyses avoided the complexities of
solving the Boltzmann transport equation for each gas

~ For reviews of the earlier analyses see R. H. Healey and J. W.
Reed, The Behavior of Slow Electrons in Gases (Amalgamated
Wireless Ltd. , Sydney, Australia, 1941); H. S. W. Massey and
E. H. S. Burhop, Electronic and Ionic Impact Phenomena (Claren-
don Press, Oxford, 1952); L. B. Loeb, Basic Processes zn Gaseous
Electronics (University of California Press, Berkeley, California,
1955); and L. G. H. Huxley and R. W. Crumpton, in .A tomic and'
3EIoleclla Processes, edited by D. R. Bates (Academic Press Inc. ,
New York, 1962), Chap. 10.
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by assuming that the cross sections were independent
of electron energy and that the distribution of electron
energies was either Maxwellian or Druyvesteyn. ' Un-
fortunately, none of these assumptions is generally cor-
rect. Simplifications are possible for the cases of very
low electric fields where the electrons are in thermal
equilibrium with the gas and of very high-frequency
electric fields at low gas densities, ' 4 for which the elec-
tron-energy distribution function is Maxwellian. Anal-
yses based on the Maxwellian energy distribution and
on an assumed power-law dependence of the cross sec-
tion have been applied to a number of gases4 ~ over
the energy range from 0.003 to 0.06 eV and to helium
and neon' for energies from 0.01 to 2 eV. In another
recent analysis' for relatively high-electron energies,
the cross section was assumed to vary as a power of
the electron energy and the transport coefficients were
calculated using the electron-energy distribution ob-
tained by analytical solution of the Boltzmann trans-
port equation appropriate to the assumed cross section.
In the present paper we extend these results by allowing
the energy dependence of the momentum-transfer cross
section to be arbitrary and by covering the energy range
from 0.003 eV to energies such that excitation becomes
important.

The procedure used in this paper for the determina-
tion of momentum-transfer cross sections from trans-
port coefficients is a simpliication of that reported
previously"" for H2, D2, and N2. Although the tech-
niques used in this paper were largely developed in Ref.
11, the notation which we will use is that of Ref. 12,
which will be referred to as I. According to this proce-
dure, one makes an assumption as to the energy-depend-
ent momentum-transfer cross section based on the best
available data and then uses this to calculate the elec-
tron-energy distribution and the desired transport co-
eKcients. Up to this point our calculations for the rare
gases are an extension of those of Allen" and of Bar-

'H. Margenau, Phys. Rev. 69, 508 (1946). See also W. P.
Allis, Haadbaeh der Physsh, edited by S. Fliigge (Springer-Verlag,
Berlin, 1956), Vol. 21.

A. V. Phelps, 0.T. Fundingsland, and S. C. Brown, Phys. Rev.
84, 559 (1951).

s J. L. Pack and A. V. Phelps, Phys. Rev. 121, 798 (1961).
' J. L. Pack, R. E. Voshall, and A. V. Phelps, Phys. Rev. 127,

2084 (1962).
7 C. L. Chen, Phys. Rev. 131, 2550 (1963).
8 L. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954). ~

A. L. Gilardini and S. C. Brown, Phys. Rev. 105, 25 and 31
(1957).
"J.C. Bowe, Phys. Rev. 117, 1411 and 1416 (1960).The analy-

sis used by Bowe was 6rst applied to H2 by G. Beke6 and S. C.
Brown, Phys. Rev. 112, 159 (1958) and has been applied to other
molecular gases by I. P. Shkarofsky, T. W. Johnston, and M. P.
Bachynski, Planetary Space Sci. 6, 24 (1961). The apparently
low drift-velocity values obtained by Bowe for the rare gases are
consistent with the low values he obtained in N2. See the results
of Lowke discussed in Ref. 33.

"L. S. Frost and A. V. Phelps, Phys. Rev. 127, 1621 (1962).
"A. G. Engelhardt and A. V. Phelps, Phys. Rev. 131, 2115

(1963). Note that the notation used in the present paper is the
same as that of this reference.

"H. W. Allen, Phys. Rev. 52, 707 (1937).

biere'4 to lower electron energies. The calculated trans-
port coefhcients are then compared with the measured
drift velocities"'P and characteristic energies'2 and any
diGerences are used to adjust the assumed cross section.
The 6nal cross section obtained by repeated application
of this procedure is not unique in that rapid changes
in the true momentum-transfer cross section with en-
ergy will be averaged out because of the relatively large
fractional energy spread present in the equilibrium
electron-energy distribution.

Some new aspects of the theory basic to our present
analysis are discussed in Sec. II and the results of the
analyses for various gases are given in Sec. III.

Il. THEORY

In this section we will derive relations between the
desired momentum-transfer cross section and the ex-
perimentally measurable quantities which will allow us
to make estimates of sensitivity of our analysis. It
should be kept in mind that the actual calculations do
not depend upon these relations but are carried out
numerically using cross sections which have an arbi-
trary dependence on electron energy.

Since inelastic collisions are neglected in the present
analysis, the electron energy distribution f(e) can be
found by integrating the Soltzmann equation, e.g. , Eq.
(2) of I, to give

ME'6( hT~-i-
f(.)=~-p —

i +
~

&e . (1)
s (6rrsÃsQ„'(e)e e l

' D. Barbiere, Phys. Rev. 84, 653 (1951).

Here e=rrsv'/2 is the energy of electrons of mass m
and speed t, E is the electric Geld, X is the gas density,
Q (e) is the momentum-transfer cross section for elec-
trons of energy e, e is the charge of the electron, 3I is
the atomic mass, k is Boltzmann's constant, and T is
the gas temperature. The constant A is chosen such
that Js"e'"f(e)de= 1.Jf we define Q (es) as the momen-
tum-transfer cross section at some reference energy 6p,

then Eq. (1) shows that f(e) for a given gas is a function
only of ELSQ (es)j ' and T. Similarly, Eqs. (1), (6),
and (7) of I show that for this f(e) and for very low
frequencies and zero magnetic 6eld the electron drift
velocity ze and characteristic energy e~ are functions
only of EfcVQ (es)1 ' and T. This argument allows us
to estimate the uncertainties in the final cross section
due to uncertainties in the measured values of z or e~.
Thus, if experiment at a 6xed temperature shows that
ie or err is proportional to (E/X)", then Q (es) is pro-
portional to the nth root of the measured quantity. This
means that the greatest accuracy in the determina-
tion of the cross section occurs when n is large, e.g. ,
in the thermal region where n=1 for drift-velocity
measurements. '

%e can obtain more specific relations between the
measured quantities and the cross section by assuming
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and consider its dependence on ere, Eqs. (1) and (2) and
Eqs. (1), (6), and (7) of I can be solved to show that

v /iVo- ere' Qm(eo).

This relation is also valid at very low E/1V, where
err~AT/e U.sing these relations for small errors, the
fractional error in Q (es) is proportional to the frac-
tional errors in the drift velocity and E/1V, and to j/2
times the fractional error in e~.
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FrG. 1. Drift velocity and characteristic energy values for elec-
trons in helium as a function of L'/lV at 77 and 300'K. The points
show the results of various measurements. The smooth curves
marked A, B, and C show the values calculated using the corre-
sponding cross sections shown in Fig. 2. Xo calculations are shown
for E/E)SX10 "V-cm' since the effects of inelastic collisions
are neglected in this paper.

that the frequency of momentum-transfer collisions,
v(e) = vQ (e), is given by

(v)e= pv( e/pe)~i (2)

"R. W. Warren and J. H. Parker, Jr., Phys. Rev. 128, 2661
(1962). See also R. W. Crompton and R. L. Jory, Australian J.
Phys. 15, 451 (1963) for a discussion of errors in this type of
experiment."L. S. Frost and A. V. Phelps, Bull. Am. Phys, Soc. 5, 371
(1960l,

where vs= (2 e/sm)'"Q (es) Wh.en this energy de-
pendence is substituted into Eq. (1) and Eqs. (1),
(6), and (7) of I, we find that for j)—1 and large
values of E/1V, tv ~

t E/1VQ (es)]'~&'+" and that e~
~LE/1VQ (ep)]'I"+&'&. This result suggests that when

the power law approximation to the energy-dependent
collision frequency is valid, e.g. , for mean electron
energies sufficiently removed from a sharp minimum or
maximum in the cross section and for e~))kT, the cross
section can be determined with greater accuracy by
using e~ data rather than drift-velocity da, ta. Unfor-
tunately, the recent work of Warren and Pa,rker" shows

that the determination of e~ may be subject to sys-
tematic errors, the origin of which is poorly understood.
Although they apparently were able to eliminate the
errors in their measurements, we are unable to estimate
the errors in earlier experiments. As will be evident later
in this paper, the heavier rare gases are good examples
of gases in which the effective j value is so la, rge at
electron energies above the Ramsauer minimum that
the accuracy of the cross-section determination from
pure gas data"" is low.

Finally, we note that in principle one can combine
transport coefficients in such a way as to obtain a
linear relation between the cross section and a suitable
combination of measured transport coefficients. Thus,

III. DETERMINATION OF CROSS SECTION

A. Helium

Figure 1 shows the values of electron drift velocity
and e~» for electrons in helium as a function of E/1V for
gas temperatures of 77 and 300'K. The points show the

experimental values of the drift velocity measured by
Nielsen "Pack and Phelps, ' "Bowe" and Errett" and
the values of ~& obtained by Townsend and Bailey"
and by Warren and Parker. "The smooth curves show
the results of substituting various assumed cross sec-
tions into the theoretical expressions given in Sec. I and
in I. The smooth curves marked A, B, and C of Fig. 1

are calculated using the corresponding momentum
transfer cross-section curves shown in Fig. 2. The cross-
section curve marked A is chosen to fit the experi-
mental drift-velocity data of Nielsen" and of Pack and
Phelps' "and that marked B fits the drift-velocity data
of Errett" and of Bowe."Curve B is not adjusted to
fit Bowe's data for E/1V (10 "U-cm' because of the
rapid variation of Q (e) with energy which would be
required. The cross-section curve marked C in Fig. 2

is constructed so as to oscillate about curve A with

approximately the amplitude and frequency found using
electron-beam techniques by Ramsauer and Kollath22

and by Normand. " Note that the drift velocity or

"Other combinations of transport coefficients have been used
in connection with analyses which assume that the distribution
function is either Maxwellian or Druyvesteyn. See, for example,
Ref. 2. As indicated in Ref. 11, our choice has the advantage of
simplicity, of being independent of assumptions as to the energy
distribution, and of separating the effects of elastic and inelastic
collisions when both are present.

' R. A. Nielsen, Phys. Rev. 50, 950 (1936)."A. V. Phelps, J. L. Pack, and L. S. Frost, Phys. Rev. 117, 470
(1960). The IJN values given in this reference for E/N(10 "
V-cm~ are about 10'%%uo too small because of an overestimate of the
end eGect correction. The Q (e) values are correspondingly too
large for energies below about 0.2 eV. See Ref. 5."D. Errett, Ph.D. thesis, Purdue University, 1951 (un-
published)."J.S. Townsend and V. A. Bailey, Phil. Mag. 46, 675 (1923)
and 44, 1033 (1922).

~'C. Ramsauer and R. Kollath, Ann. Physik 3, 536 (1929).
Electron beam measurements of Q& have been reported recently
by D. E. Golden and H. W. Bandel, Paper G-2, 17th Gaseous
Electronics Conference, Atlantic City, 1964 (unpublished). Their
results show no structure and agree well in magnitude with our
values.

23 C. E. gormand, Phys. Rev. 35, 1217 (1930),
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characteristic energy data shown in Fig. 1 for cross-
section C are indistinguishable from those obtained
using cross-section A. This illustrates the lack of sensi-
tivity of the transport coe%cient analyses to rapid
variations in cross section with energy.

The cross-section curves of Fig. 2 for energies below
0.2 eV show that there is rather good agreement among
determinations of Q (e) from most drift velocity"' and
microwave conductivity data. ' "'4 Since the Q (e)
curve obtained from the present analysis is required to
fit the measured drift velocities in the nonthermal as
well as the thermal region, the Q (e) values differ
somewhat from the results of Pack and Phelps' al-
though the thermal data is the same. This change
illustrates the importance of basing an analysis of this
type on data obtained over the widest possible range
of 6~.

Figures 1 and 2 show that the comparison of cal-
culated and experimental drift velocities for electron
energies greater than about 0.2 eV yields cross-section
curves which differ by as much as 20%. This is the
result of uncertainties as to which electron drift-velocity
data is correct.""We note that for 6~~2 eV the frac-
tional difference in the drift velocities predicted using
curves A and B is about half the fractional difference in
the assumed cross sections for e 3 eV. This is expected
since' ' sic (2/3)e and since to~ (E/1V)'" and, accord-
ing to Sec. II, ttto-L1/Q (es)J~'. In the present case,
the use of the effective morhentum-transfer collision
frequency defined by Eq. (6) is not much help because
the basic difFiculty is the differences in the experimental
da, ta. We therefore compare the theoretical curves and
experimental points for err versus E/X in Fig. 1. Here

'4 An exception to the generally good agreement in this energy
range is the curve of Q (e) derived from microwave conductivity
measurements by J. . M. Anderson and L. Goldstein, Phys. Rev.
102, 933 (1936). However, more recent experiments using the
same basic technique lead to cross sections in good agreement with
the values shown in Fig. 2. See C. L. Chen, C. C. Leiby, and L.
Goldstein, Phys. Rev. 121, 1391 (1961) and Ref. 7. Other results
which are in essential agreement with those shown are by J. L.
Hirschfield and S. C. Brown, J. Appl. Phys. 29, 1749 (1958).

"The question of errors in time of Qight measurements of drift
velocities has recently been considered by J. J. Lowke, Australian
J. Phys. 15, 39 (1962) and by M. Bohning, thesis, University of
Heidelberg, 1962, (unpublished). Although Lowke shows that in
an extreme case a single reading using the apparatus of Refs. 5, 6,
and 19 may yield an apparent drift velocity which is high by as
much as 30% he agrees that diRerential measurements such as
those of these references should be subject to much smaller errors.
Unfortunately, the theory for finite pulse widths and partially
absorbing control grids is not available. Bohning claims that the
drift velocities shown' in Fig. 3 for Ar at E/1V(10 "cm ' are too
high by at least a factor of 2. We do not understand the source of
the discrepancy between his results and those of Ref. 5. We
believe that the consistency between drift velocity and character-
istic energy measurements and calculations in pure argon and in
argon-molecular gas mixtures (Ref. 35) rules out the possibility
of such a large error in the data of Ref. 5.

"Some support for curve B of Fig. 2 arises from measurements
of the angle through which electrons are deflected at high magnetic
fields. See M. J. Bernstein, Phys. Rev. 127, 335 (1962). However,
since the relation between the measured quantities and Q (e)
at high magnetic fields is the same as at high angular frequencies, "
one would expect the derived cross sections to agree with that of
Gould and Brown (Ref. 8) rather than to diti'er by about 60%.
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FIG. 2. Momentum-transfer scattering cross sections for elec-
trons in helium. The solid curves show the three cross sections
labeled A, B, and C used to calculate the drift velocity and char-
acteristic energy curves of Fig. 1. The broken curves and points
show the results obtained previously by the following authors:
curve (1) Phelps, Fundingsland, and Brown; (2) Barbiere; (3)
Gould and Brown; (4) Pack and Phelps; (5) Bowe; (6) Chen,
Leiby, and Goldstein; (7) Hirsch6eld and Brown; and (8)
McClure.

we see that the agreement between experiment and
theory for E/1V) 5&&10 "V-cms is significantly better
for curve A than for curve B. We therefore propose
that curve A is the correct momentum-transfer cross
section.

The cross sections for energies above 0.2 eV which
we have found to fit the measured drift. velocities are
compared in Fig. 2 with those derived by Barbiere"
from the electron-beam experiments of Ramsauer and
Kollath, "by Gould and Brown' from measured micro-
wave-transport coefficients, by Bowe" from drift-veloc-
ity data, and by McClure" from a diffusion experi-
ment. We note that Barbiere's analysis of electron-beam
results is in somewhat better agreement with curve B
than with curve A. However, as pointed out by Bowe,"
the interpretation of the electron-beam data by Bar-
biere gives considerably smaller values of Q (c) than
does the analysis of Westin. ' We have no explanation
for the discrepancy between our results and those of
Gould and Brown for energies above 0.1 eV. The dis-
agreement with Howe has been discussed above. The
analysis presented here is not expected to yield signifi-
cant data regarding Q (e) for electron energies above
5 to 10 eV, since the largest value of e~ for which in-
elastic collisions can be neglected is 2.5 eV.

Recent theoretical calculations of electron collision
cross sections in helium have been discussed by Moisei-
witsch" and by Hashino and Matsuda. "Much of the
recent work has been directed toward the calculation
of elastic-scattering cross section at zero electron en-

'~ B.T. McClure, Bull. Am. Phys. Soc. 9, 90 (1964).
"See Ref. 9 for a discussion of this work.
~B. L. Moiseiwitsch, Atomic and Molecllur Processes, edited

by D. R. Bates (Academic Press Inc. , New York, 1962), Chap. 9.IT. Hashino and H. Matsuda, Progr. Theoret. Phys. (Kyoto)
29, 370 (1963).
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ergy. While no experiments have been proposed to
allow measurements of the cross section at zero energy,
the analysis presented above is expected to yield useful
data for electron energies down to about 0.003 eV. In
addition, one can use the theoretical procedure devel-

oped by O' Malley" to extrapolate the experimental data
to zero energy. The low-energy portions of curves A
and 8 of I'ig. 2 are chosen to have the slope calculated

by O' Malley from measured polarizabilities. " We be-
lieve that the eGect of overlapping polarization inter-
actions proposed by KiveP' and refined by O'Malley"
is less than the scatter of the low E/E data for He
discussed in this paper. " The scattering length ob-

s' T. F. O' Malley, Phys. Rev. 130, 1020 (1963).
ss B. Kivel, Phys. Rev. 116, 1484 (1959).
~ According to O' Malley (Ref. 31 and private communication)

the fractional correction, F, in Q at zero energy is approximately
(n/A as) (4s-Ar/3)'~3 where n is the polarizability, A is the scattering
length, ap is the Bohr radius, E is the gas density and 4'-A' =Q (0).
The e6ect should disappear for energies above about e=i3.6
XI +o(4sAr/3)'~'j' or about 0.01 eV for a density of 4X10"
atoms/t'cc. At the highest density used in the measurements in He
at 77'K (c=0.01 eV) of Ref. 5, A'~4X10" cm, so that for
A =1.2up and a=1.36up, 8~4)&10 . The largest error in the
experiments reported in Refs. 5 and 6 would occur in Ar at the
highest density used (2.7X10"at 77'K), for which E 0.15. The
data of Refs. 5 and 6 show no evidence for a density dependence of
the drift velocity at low temperatures and low E/E to within the
scatter of the data of about &5%, although in the case of Ar
there is little very low-energy data and the scatter is larger. It is
possible that the decrease in drift velocity with increasing N2

tained" from this data is 1.18ao, which is essentially
the same as the value given by O'Malley. Most of the
theoretical calculations"" give cross sections at zero
energy which are about 50% larger than the value
derived from this analysis. )Pote added iri proof. Good
agreement with the low-energy portion of our results
has been obtained from theory by R. W. LaHahn and

J. Calloway, Phys. Rev. 135, A1539 (1964).]
B. Neon

The results of our attempts to analyze the drift-veloc-
ity measurements in Ne are not given in this paper be-
cause we find an apparent 30% discrepancy in the cross
sections needed to fit the 27 and 300'K data of Pack and
Phelps' at low E/X, i.e., E/1V=3X10 "V-cm'. As
indicated by these authors measurements with a pres-
surized apparatus would be necessary in order to obtain
more reliable data in the near thermal region. The high
gas densities which could be obtained with such an
apparatus are necessary because of the very low momen-
turn-transfer cross section for low-energy electrons in
neon. A comparison of our results with recent experi-
ments has been made by Chen. '4

density found in the precision measurements of Lowke and present
in the limited data of Ref. 5 is evidence for this effect. See J. J.
Lowke, Australian I. Phys. 16, 115 (1963).

"C.L. Chen, Phys. Rev. 135, A627 (1964).
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Fn. 4. Momentum-transfer, Q, and total, Qg, cross sections for
electrons in argon. The solid curve gives our 6nal momentum-
transfer cross section which was used to calculate the drift
velocity and characteristic energy values shown by the solid curve
of Fig. 3.

3~A. G. Engelhardt and A. V. Phelps, Phys. Rev. 1BB, A375
(1964).

3' C. Ramsauer and R. Kollath, Ann. Physik 12, 529 (1932).
37Part of the discrepancy between our results and those of

O' Malley may be due to differences in the reading of the graphs
given by Ramsauer and Kollath in Ref. 22.

G. Argon

The results of our analysis in argon are shown by the
solid curves of tie and sic as a function E/1V at 77 and
300'K in Fig. 3 and the solid curve for Q (s) in Fig.
4. Because of the pronounced Ramsauer minimum in

Q (e) at e near 0.3 eV, the determination of the Q (e)
curve has been very difficult. For example, it was
found that the comparison of computed and experi-
mental drift velocities, used in a previous analysis" of
Ar, is a signiicantly less accurate method for deter-
mining the rising portion of the Q (e) for e &0.7 eV
than is the comparison of computed and experimental
values of e~. Furthermore, it was found that because
of the importance of the Ramsauer minimum and the
large effective value of the exponent in the power-law
approximation to the collision frequency, both m and
sir were very insensitive to the choice of Q (e) for
e)0.7 eV. Accordingly, our final Q„(e) curve for s)0.7
eV is that obtained by Engelhardt and Phelps" from
drift-velocity measurements by Errett" in a mixture of
10'P~ Hs and 90% Ar.

For electron energies above about 1 eV our final Q (e)
curve is about 10% below the curve obtained by Bar-
biere'4 from an analysis of electron-beam experiments. "

Our Q (e) curve is from 20 to 40'P~ below that ob-
tained by Bowe' because of small diGerences between
his drift-velocity data and that of Pack and Phelps. '
The Q (e) curve given by O'Malleysi was obtained by
6tting the effective range theory to the total cross-
section measurements of Ramsauer and Kollath" over
the energy range common to the theory and experiment.
In view of the rather large differences between our result
and that of O'Malley'~ for electron energies above 0.07
eV, we have shown by the dashed curve of Fig. 3 the
drift velocity and sir values calculated for 77'K using
O'Malley's Q (e) curve for a&0.5 and Barbiere's Q„(e)
for e&1.5 eV with a smoothed interpolation between
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these curves. We conclude that our Q (e) curve gives
a signi6cantly better fit to the available experimental
data" for E/X&5X.10 "V-cm'. The agreement with
O'Malley at very low energies means that we agree
with his derived scattering length, and it suggests
that his theory is accurate only for a&0.07 eV
in Ar. %'e note that as predicted by O'Malley" there
is a tendency for the region of the minimum in the
Q (e) curve to occur at lower energies than that of the
minimum of the curve of total cross section, Qi(e).

In view of the rather unusual behavior of the electron-
energy distribution functions found in Ar due to the
rapidly varying Q (e), we have shown typical distri-
bution functions in Fig. 5. At low E/E(&6&&10
V-cm') there is a tendency for electrons to be found
at thermal energies and at the energy of the Ramsauer
minimum ( 0.3 eV). At the higher E/S the distribu-
tion functions are characterized by a very rapid decrease
with increasing electron energy as a result of the rapidly
rising Q (e) curve. As indicated by the arrows in Fig.
5 the relatively narrow electron-energy distribution
functions lead to values of e~ which are much larger
than the mean electron energy e. This is to be compared
to sir= 2e/3 for a Maxwellian electron-energy distribu-
tion such as is predicted' s and found for very low E/X.

A second result of the rapid variation in Q (e) with
energy is the large departures of the "magnetic deQec-

"One surprising result obtained using O'Malley's Q (a) curve
is the good fit to Townsend and Bailey's ez data" and to the drift
velocity data for 3X10 "(E/N&3 X10 "V-cm'. However, there
seems little likelihood that both the m and e~ data for 2)&10~'
&E/N(10 "V-cm' could be in error by the amount required.
It should be pointed out that the difI'erence between our Q (e)
curve and that of Barbiere for energies between 1 and 10 eV is
much too small to account for the change in e~ calculated for the
two cross sections. The apparent improvement is due to the
differences in the assumed cross sections in the vicinity of the
Ramsauer minimum. We note that for 3X10~'(E/N(7X10 "
the only e& data available is for 87 K. Calculations for this tem-
perature show that the 87'K values of e~ are about 10% higher
than the 77'K values for E/N between 3 and 5X10~a V-cm'.

l I l

2 3 4
E:lectron Energy (eV)

Fin. 5. Electron energy distribution function, e'~' f(e), for elec-
trons in Ar at 77 and 300'K and various E/N. The distributions
are essentially independent of temperature for E/N)5X10»
V-cm'. The arrows indicate the values of the mean electron
energy ~ and the characteristic energy ez. The distribution func-
tion f(s) is defined such that the integral of e'~' f(s) ds over all
energies is unity.
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FIG. 6. Magnetic deflection factor m~/m for electrons in argon.
The smooth curves are calculated and the points are obtained
from experimental measurements of the deflection of a swarm of
electrons in a magnetic field. Inelastic collisions between electrons
and argon atoms are important for E/N &3X10 ' V-cm'.

"A. G. Kngelhardt, A. V. Phelps, and C. G. Risk, Phys. Rev.
135, A1566 (1964)."This statement is a qualitative generalization which is
consistent with various cases discussed in Refs. 11, 12, and 39.

4'We have used the calculated values of m from Ref. 35 to
calculate the war/w values shown.

~ J; M. Anderson, Bull. Am. Phys. Soc. 8, 423 (1963).

tion coefficient, "wsr/w, from unity. """The results of
our calculations are compared with the available experi-
mental data in Fig. 6. The departure of this coe%cient
from unity is a measure of the range of values of the
collision frequencies covered by the electron-energy
distribution. ' The data of Fig. 6 show that (a) at 77'K
the collision frequency is effectively constant for ther-
mal electrons and then the range of collision frequencies
increases as the electric field causes some electrons to
drop into the Ramsauer minimum, (b) at 300'K the
range of collision frequencies covered by thermal elec-
trons is rather high and decreases as most of the elec-
trons drop into the Ramsauer minimum, and (c) at
E/X greater than 3&(10 " inelastic collisions produce
increased numbers of low-energy electrons which appear
in the Ramsauer minimum and the calculated value of
war/w is as large as 3.7. The only experimental measure-
ments of m~ in Ar are those of Townsend and Baijey."
While their results" show the same general trend as our
calculated values of wsr/w, the departure from unity is

smaller and the onset of the peak is less abrupt. The
experimental measurements by Anderson4' of the Hall
voltage developed in an argon positive column can in

principle yield values of w~/w. Unfortunately, his ex-

perimental data show too much variation with dis-

charge conditions to be useful for this purpose.
Finally, it should be pointed out that in contrast to

the situation for the dc electric 6elds considered above,
the mobility integrals" appropriate at high magnetic
fields or high ac electric fieMs show that the higher
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FzG. 7. Momentum-transfer and total cross sections for electrons
in krypton. The solid curve shows the cross section which was used
to calculate the drift velocities for Kr shown in Fig. 8. The broken
curves show the results obtained by the various authors discussed
in the text.

4'L. Tonks, Phys. Rev. Sl, 744 (1937). The errors resulting in
the case of constant Q are considered by L. Tonks and W. P.
Allis, Phys. Rev. 52, 710 (1937).

44 H. Hurwitz, R. W. Kilb, and G. W. Sutton, J. Appl. Phys. 32,
205 (1961).

"As was pointed out in Ref. 6 the results of the microwave
measurements of Ref. 4 are in good agreement with the results of
the analysis of drift velocity data given in Figs. 7 and 9 of the
present paper.

values of Q (e) are more important than the lower
values. This means that measurements at high magnetic
fields or high frequencies in pure Ar should yield more
accurate values of Q (e) for e)0.7 eV than the meas-
urements discussed above, Calculations made for high
magnetic 6elds using the cross section of Fig. 4 show
that the departures of the relative values of the mobility
tensor components from the values expected for the
case of constant collision frequency are about a factor
of 2 for electrons with a temperature of 2000'K. These
departures from the relations given by Tonks4' for a
constant collision frequency gas are often ignored in
the theory of devices such as magnetohydrodynamic
generators. 44

D. Krypton

The Q„(e) values for krypton obtained from our
analysis of electron drift-velocity data are shown in Fig.
7 along with other determinations of the momentum
transfer and total scattering cross sections. At electron
energies below about 0.1 eV our Q (e) curve is about
20% below that derived by O' Malley" from the data
of Ramsauer and Kollath" and about 40% below that of
Chen. ' lf the scattering )ength parameter of O'Malley's
cross-section relation were reduced by about 10% from
his value, the calculated Q (e) would be in good agree-
ment with our result for energies below about 0.1 eV.
The correction due to high gas densities" is expected to
be less than 10%. We have no explanation for the dis-
crepancy with Chen. 4' As pointed out in connection
with the analysis of Ar drift-velocity data, the accuracy
of Q (e) determinations for e significantly above the
Ramsauer minimum (e) 2 eV) is relatively low because
of the rapid variation of Q (e) with energy. A lack of
validity in the power-law approximation to Q (e) in
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Fzo. 9. Momentum-transfer and total cross sections for elec-
trons in xenon. The solid curve shows the values of the cross sec-
tion used to calculate the drift velocities for Xe in Fig. 8. The
broken curves show the results obtained by the various authors
discussed in the text.

this case may be the source of the large (2 to 4) ratio
of the Q (e) values found by IIowe" to our values for
only a 10 to 20% difference in drift velocities. We note
that our Q curve is well below the measured" Q&

values. ' The drift velocities calculated using the cross
section given by the solid line of Fig. 7 are compared
with the experimental values of Pack, Voshall, and
Phelps' in Fig. 8. This plot shows that it has been
possible to obtain very good agreement with this experi-
mental data. However, the disagreement between var-
ious investigators at energies below the Ramsauer mini-
mum shows the need for further experimental studies.

E. Xenon

The momentum-transfer cross sections obtained from
our analysis of the drift velocity for Xe is shown in

Fig. 9.The agreement with O' Malley is good for c&G.15
eV. However, the use of O'Malley's cross section for
energies up to G.3 eV together with essentially our re-
sult for higher energies, results in a calculated drift
velocity which rises much too rapidly with E/E for
E/E) 1.5)&10 '9U-cm'. Our Q (e) curve is about 20%
below that of Chen' and about a factor of 2 below that
of IIowe. '0 The differences between our derived Q (e)
curve and the measured Qg(e) curve" are considerably
smaller than in the case of Kr. The drift velocities
calculated using the cross section shown by the solid
curve of Fig. 9 are compared with the experimental
data of Pack, Voshall, and Phelps in Fig. 8. The agree-
ment is within about 10%.

4' It should be kept in mind that the total scattering cross sec-
tion Q~ weights all scattering angles equally whereas the mo-
mentum-transfer cross section, Q, weights the scattering by
{1—cos8), where 8 is the scattering angle.

IV. SUMMARY

The results presented in the preceding section4' show
that it is possible to derive a set of momentum-transfer
cross sections for electrons in the rare gases which yield
e)ectron drift velocities and characteristic energies in
agreement with experimental data. In generaL the sen-
sitivity of the technique is good (better than &10%)
except for electron energies well above that of any deep
minimum in the cross section and below that of the
maximum cross section. Because of the wide spread of
electron energies present in the experiments, this tech-
nique is not capable of resolving rapid variations in
cross section such as that found for helium in some
electron-beam experiments. Our derived cross sections
are generally in good agreement with those derived by
O'Malley from electron-beam experiments using an
effective-range theory. There is some indication that in
Ar, Kr, and Xe the range of energies over which the
effective-range theory is valid is somewhat smaller than
indicated by O' Malley. The results presented in this
paper are generally believed to be accurate to &10%
except possibly in the case of krypton at energies below
the Ramsauer minimum.
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