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Evaluation of High-Fre(iiiency Ultrasonic Attenuation in Superconductors
in the Bardeen-Cooper-Schrieffer Theory of Superconductivity*
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Calculations are given of the ratio of, the attenuations of longitudinal sound waves in the superconducting
and normal states according to the BCS theory of superconductivity for an isotropic model at arbitrary fre-
quencies and temperatures. It is predicted that there is a discontinuity in attenuation at a frequency cor-
responding to the energy gap.

I. INTRODUCTION effects of anisotropy may give a smooth transition
rather than an abrupt discontinuity.

The expression to be evaluated as given in Ref. 1 for
case l (destructive interference):

EASURKMENT of ultrasonic attenuation has be-
come an important method for getting informa-

tion about the energy gap in superconductors. For a
simple isotropic model andi'to:«d, (T), Bardeen, Cooper,
and Schrieffer' derived the following expression for the
ratio r of attenuations of longitudinal sound waves in
superconducting and normal states:
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where P= 1/ktsT and 26(T) is the temperature-
dependent energy gap. This expression has been much
used in the interpretation of experimental data. With
the possibility of making measurements in the micro-
wave region, it becomes desirable to extend the calcu-
lations to cover the range Acr A. Even at ordinary
ultrasonic frequencies of 10' cps, A~ may be of the
order of 4 close to T, where 6 becomes small. Calcula-
tions in this temperature range by Privorotskii' are in
good agreement with experiment. ' He also gave expres-
sions valid for other limiting cases. We give here more
complete calculations which apply over a considerable
range of temperature and frequency. The main restric-
tions are the use of the isotropic model and a meari free
path large compared with the wavelength.

When Aco &26, it is possible to create a pair of quasi-
particles, and this adds to the attenuation. As we shall
see, the theory predicts that with increasing frequency,
the attenuation should be discontinuous at Aco=26,
with a large jump in attenuation, even at finite tem-
peratures. A discontinuity should also appear for fixed
frequency as the temperature is varied when Aa& = 2d (T).
If such a discontinuity could be observed, it would gi
a precise measure of the gap. In actual materia

Integration is over positive and negative values of E.
It is here assumed that the integration is symmetric
in the normal quasiparticle energies e and e' so
that a term proportional to ee' in the coherence
factors cancels out. This requires the additional condi-
tion that 6 and kT be much smaller than Aqv~, where q
is the magnitude of the wave vector of the sound wave
and vp is the Fermi velocity. This condition is normally
satisfied, since i'tqv» ——IIt&u(ee/c), and e» is large compared
with the sound velocity c. It is further required that
ql))i, where / is the mean free path.

Equation (1) may be written in the following form,

(f(E) f(E+J't~))—

[E(E+h )—a2]dE
X

{(E2 +2)[(E+$~)2 +2]}1/2

(1—2f(E+ Italo))
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ve [E(E+ho)) 62]dE—
ls, x . . ., (3)

{(E'—62) [(E+Iiot)'—6']}'t'
I

where the first line corresponds to E and A"' having the
same sign in (1) and the second to E and E' having
opposite signs. Some changes in the variables of inte-
gration have been made to reduce the integral to this
form. The second integral, corresponding to creation of
a pair of quasiparticles, appears only when Ace&2~.
The form of the integral is such as to give a finite
contribution even when Aor is only infinitesimally
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where E'=E+Aco, f(E)=1/(1+exp(pE)), and p(E) is
the relative density of states:

(1)



A 1536 V. M. BOB ET I C

greater than 2~, and this leads to the discontinuity in where
the attenuation.

%e introduce the reduced variables:
x2+x—c2

4'(x) =
{(x+c)L(x+1)'—c']}'"

x=E/A(d, a=A(d/kT, c= A/Ace.

Equation (2) then becomes

(4) It is convenient now to introduce the new variable:
x—c=u'. The expression (9) then becomes

where
r(a, c)= 2I1(a,c)+I2(a,c),

Ii(a,c)=
en*+1 ea(*+"+1

(x'+x—c')dx
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For a large a and c&0.25 this series converges rapidly
and numerical evaluation for given a and c is convenient.

3. a —&0, c —+ ~ (aa -+0, T&0)

Since I2(a,c) vanishes for c& 2, we may distinguish the
region for which c&2 from that for which c(-,'. This
corresponds to the separation of frequencies which are
less than the energy gap from those which are greater.

r = 2I1(a,c)+I2(a,c), for 0&c & 2 or A&o) 26

r =2I1(a,c), for c& 2 or A&a& 2A. (7)

II. EVALUATION OF THE INTEGRAL I1(a,c)

The integral Ii(a,c) has a singular point at x= c. The
difhculties in the evaluation of this integral come from
this singularity as well as from the form of the inte-
grand. We give the cases where simple and useful
analytic expressions can be derived. For other cases we

give a suitable expression for numerical integration.

1. c=0, a&O

For c=0 the second factor in the integrand becomes
1 and the first factor can be analytically integrated.
The result is

This is the case which we have mentioned in the
introduction that was evaluated with the result:

r= 2y(A).

4. Othex Cases

For other cases we can evaluate Ij by numerical
integration. In order to eliminate the singular point we
introduce the following substitution: x= u'+c and find

00 1
I,(a,c) =2

1+ca(ap+c) I+en(nHc+1)

Lu'(u2+ 2c)+u'+c]du
X (11)

L'(u'+1) (u'+2c) (u'+2c/1)]'"

When u'/c is somewhat larger than 1, the second factor
of the integrand is approximately equal to N. So, from
a certain point uo, the integral may be analytically
performed in the following form:

Ii= (1/a) 1nL2e /(1+e )].
2. a —+ ~, c&0.25

1+ea

(upa+�c�)
Ii= 1+—ln

I+en(npa+ a+1)
tt0

(12)

IIL EVALUATION OF INTEGRAL I2(a,c)

The integral I2(a,c) has to be considered only for
c(—', . Its integrand contains two singular points:
x= —c and x= —1+c. We again list the cases where
analytical integration can be performed and the
appropriate expression for numerical integration in
other cases.

( 1)n (1 e
—(n+1) a) e

—(n+1) asIi(a,c)=
c — 0

1
X —f(c)+P'(c) (x c)—

(x—c)'"
1

+—0"(c) (x-c)'+

I. Sma11 a&0, Arbitrary t:

Since the integral I2 has finite limits, it is useful to
expand the 6rst factor of the integrand in power series

dx, (9)

For large a, the 6rst factor in the integrand rapidly
decreases when x increases and the expansion in power
series of the exponential functions is useful. Performing
this expansion we 6nd
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'
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x= (1/t)+c (14a)

'
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into t 4Q(t), where Q(t) is a t ir e
with the null points

n= —1/2c, P =—n =—,= —1 y = —1/(1+2c) .

Introducing ethe new substitution

one finds
t=n+(P —n) sin'C, (14b)
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FIG. 2. Ratio of attenuations in superconducting and normal states
as a function of temperature for diferent frequencies.

Figure 1 is a plot of r as a function of the frequency
for fixed temperatures. Note the large discontinuities
that occur when the frequency corresponds to the gap,
A&o= 26(T); when Ace.)2A it is possible to create a pair
of excitations. At T=O'K, there is no absorption for
Ace(26. In Fig. 2, plots are given of the absorption
ratio as a function of temperature for fixed frequencies.
The discontinuities are again evident. It is not possible
to compare fully these results with experiment since as
yet there are not available experimental data in the
frequency range Ace) 2A, except for temperatures very
near T,. It is hoped that recent advances in technology
for generating ultrasonic waves at microwave fre-
quencies will make such measurements possible.
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He Ar Kr and Xe are obtained from a comparison ofMomentum-transfer cross sections for electrons in He, r,
f15.

'
ththeoretical and experimental values of the drift velocities an

'
i s and of the ratio of the diffusion coefI5.cient to t e

e cients are obtaine y cal-mobilit coeKcient for electrons in these gases. The theoretical transport coefficients are obtaine y ca-
c '

f i ns for ener ies below excitation using an assumedculating accurate electron-energy distribution functions o g
ener -de endent momentum-transfer cross section. The resulting theoretical values are compare wit e

d d' nt made in the assumed cross sections until good agreement is ob-available experimental data and au~ustmen s ma e in
f 5X10 't '

d The 6nal momentum cross section for hehum is 5.0& . X5 0 0.1X10 '6 cm' for an electron energy oaine .
m

' . '
b inedfor Ar Kr an Xe e-b ined X deV and rises to . . cmd

'
6.6+0.3X10 " m' for energies near 1 eV. The cross sections obtained, , X

ues of 1.5 10 "cm'10 " 2.6X10 " and 10 "cm', respectively, at 0.01 eVto minimum values o
fo X Th tofthat 0.3 eVfor Ar, 5X10 ' cm'at 0.65 eVfor Kr, and 1.2X10 cm at 0.6eV or . g

very-low-energy results with the eGective-range theory of electron scattering is good.

I. INTRODUCTION

~ 'HE total scattering cross sections for electrons In
the rare gases have been studied extensively at

energies above about one electron volt using electron-
beam techniques. ' However, these methods are diKcu t1

to apply at lower energies. In this low-energy range one
generally obtains the elastic-scattering cross sections,

*This work was supported in part by the Advanced Research
Projects Agency through the Once of U. S. Naval Researc .' These experiments have been reviewed by R. B. Brode, Rev.
Mod. Phys. 5, 257 (1933).

actually the cross sections for momentum transfer, from
analyses of electron-transport coeKcient data. ' Until
recently, such analyses avoided the complexities of
solving the Boltzmann transport equation for each gas

~ For reviews of the earlier analyses see R. H. Healey and J. W.
Reed, The Behavior of Slow Electrons in Gases (Amalgamated
Wireless Ltd. , Sydney, Australia, 1941); H. S. W. Massey and
E. H. S. Burhop, Electronic and Ionic Impact Phenomena (Claren-
don Press, Oxford, 1952); L. B. Loeb, Basic Processes zn Gaseous
Electronics (University of California Press, Berkeley, California,
1955); and L. G. H. Huxley and R. W. Crumpton, in .A tomic and'
3EIoleclla Processes, edited by D. R. Bates (Academic Press Inc. ,
New York, 1962), Chap. 10.


