PHYSICAL REVIEW VOLUME

136,

NUMBER 6A 14 DECEMBER 1964
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The phenomenological equations of a superconductor in the presence of temperature gradients are dis-
cussed. From these, an expression for the thermal conductivity as a correlation function of the Kubo type

is given.

I. INTRODUCTION

ECENTLY there has been a considerable amount

of theoretical work done on the thermal con-
ductivity of superconductors,! based on the modern
theory of superconductivity. While for some substances
(Sn, In, for example) quite good agreement is obtained
with experiment, for others (Hg,Pb) the agreement is
rather poor. We shall not discuss in this paper the
origin of such difficulties, which could lie in the in-
sufficiency of the model or the technique used for the
computation. Rather, we shall be concerned with the
more general question of how to obtain a rigorous
expression for the thermal conductivity of a super-
conductor, once the model is given. The kind of ex-
pression we have in mind is the correlation function
type (such as the Kubo formula for the electrical con-
ductivity), which enables one to calculate the desired
coefficient rigorously in principle, though it may be
very difficult in practice. Such a formula can then be
used as a starting point for a discussion of a specific
model.

Now the difficulty in obtaining such an expression
for a superconductor is essentially the following. In
ordinary metals the thermal conductivity is expressed
in terms of the phenomenological coefficients relating
the current flow and energy flow to the driving forces,
i.e., the electric field, density and temperature gradients.
These equations may be written (taking an isotropic
substance for simplicity) in the form?
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where j, j¥ are the electric current and energy current
densities, respectively, E the electric field, e the elec-
tronic charge, u the chemical potential and T the
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temperature. The coefficients L; are the phenomeno-
logical transport coefficients. The thermal conduc-
tivity « is defined as the ratio of the energy current
density to the negative temperature gradient, under
the condition that no electric current flows. Using (1.1)
and (1.2) this definition gives at once

k= (1/T)(Ls— LyLs/L,). (1.3)

This definition cannot directly be taken over for a
superconductor, since for a superconductor one knows
that the electrical conductivity (and therefore Z.,)
becomes infinite. Indeed, one would expect all the L,
to become infinite, since an accelerating superfluid,
although not expected to carry entropy, would be
expected to carry charge and energy. Therefore, the
expression (1.3) no longer makes sense for a super-
conductor. Nonetheless, it is known experimentally that
a superconductor does have a finite thermal conductiv-
ity, and the question arises as to what takes the place of
(1.3). For this purpose the phenomenological equations
(1.1) and (1.2) for a normal conductor must be replaced
by some others. The program of this paper is to suggest
certain phenomenological equations, based partly on
the idea of the two-fluid model and partly on experi-
ment. In terms of the coefficients which enter into these
equations we obtain an expression for the thermal
conductivity. Finally, we show how to express this in
terms of a correlation function expression of the Kubo

type.
II. THE PHENOMENOLOGICAL EQUATIONS

In formulating the phenomenological equations neces-
sary for describing thermal effects in superconductors,
we shall assume that the basic concepts of the two-fluid
pictures are valid.? That is, we shall assume that the
macroscopic state of the superconductor may be de-
scribed by giving charge densities for super and normal
fluids (ps and p,) and local velocities (v, and v,) for
them. Then the total charge density and current
density are
(2.1)

(2.2)

It is assumed that the ratio of the normal and super-
fluid densities is given by the equilibrium function of

p=putps,
izpnvn_l'Psstjn—I_in .

8 F. London, Superfluids (John Wiley & Sons Inc., New York,
1954), Vol. 2.
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the local temperature, i.e., equilibrium between normal
and superfluid sets in much more rapidly than any
process we consider. The fundamental assumption of
the two-fluid theory is that the normal component
behaves very much like electrons in a normal metal,
while the super-fluid part is freely accelerated by any
forces acting on it. We shall make this statement more
precise below.

Let us first consider how the presence of an homo-
geneous electric field affects the superfluid. Clearly,

av,/ot=(e/m)E,
835/ 3t = (ep,"/m)E,

where we are working in the linear approximation, p,
being the equilibrium charge density of superfluid, »
the mass of the electron. This is the usual acceleration
equation in the London theory. If, however, the system
is not homogeneous, i.e., if the temperature or density
vary from point to point, another term must be added
to the right-hand side of (2.3). We assert that (2.3)
becomes

(2.3)

djs/ t=(eps"/m)(E— (1/€)V ). (2.4)

The extra Vu term is well-known in the theory of
superfluid He, having first been introduced by Landau?
and justified under rather general conditions by
Khalatnikov.5 Roughly speaking, (2.4) asserts that
the electrochemical potential u4-e¢ (¢ being the elec-
trostatic potential) which is constant in equilibrium
acts as the potential energy function for the super-
fluid. While it is possible to obtain (2.4) from a simpli-
fied model,® I do not know of any general proof. I
shall simply assume (2.4), later on giving what I
believe to be a very strong experimental indication of
its validity.

We next consider the equations for the normal fluid.
The most direct way of obtaining them is to consider
the entropy production in the usual manner of the
theory of irreversible processes.” That is, we assume
that the total entropy .S of the system may be written
in the form

S= / drs(uyn), (2.5)

where #; and » are the internal energy and number
density of the system at the point r, respectively, s is
the entropy per unit volume (the same function of #;
and # as in equilibrium), and the integration extends
over the entire system. Differentiating (2.5) with re-

4L. Landau, Zh. Eksperim. i Teor. Fiz. 5, 71 (1941).

5 I. M. Khalatnikov, Fortschr. Physik 5, 287 (1957).
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formulation of the BCS theory. I am grateful to Dr. P. Anderson
of the Bell Telephone Laboratories for pointing this out to me.

7 For example, S. R. de Groot and P. Mazur, Non-Equilibrium
Thermo-dynamics (North-Holland Publishing Company, Amster-
dam, 1962).
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spect to time we obtain

aS ds\ du; [9s\ In
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= [ dri— ———} , (2.6)
T ot T ot
using standard thermodynamic identities. By means

of conservation of particle number and energy we may
write

In/d+(1/e)v-3=0, 2.7
ou/ot+V-jE=E.j. (2.8)

In (2.8), u is the total energy of the system per unit
volume and ¥ is the energy-current density. Equation
(2.8) simply expresses the fact that the rate at which
energy increases in a fixed volume is equal to the rate
at which electrical work is done on the particles in the
volume, minus the rate at which energy flows across
the surface. The internal energy is the energy minus
the kinetic energies of the normal and superfluid.

m( ps m{pn
e eh
2\ e 2\e

Therefore,
ou;

ot at e ot e at

(2.9)

(2.10)

neglecting terms of higher than second order in the
velocity or currents. The last term of (2.10) may be
neglected in comparison with the second, since the
normal current is negligibly accelerated by quasistatic
driving forces, while the supercurrent is freely ac-
celerated. Thus,

()

at  at e

=0u/dl—3,-(E— (1/e)Wu)
=E:j—j.-(E—1/e)vpw)—v-j2, (2.11)

using (2.8). Substituting (2.11) and (2.7) in (2.6) we
obtain

as wl
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It is clear from (2.12) that we may regard
J.=(1/T)G"— (u/e)i)

as the entropy current density, and that the irreversible
production of entropy per unit volume (¢) is given by

o e L o

Xr=—(U/T)VT.

(2.13)

where
(2.15)

We notice that in (2.14) the supercurrents do not
contribute to the entropy production. This is a con-
sequence of the assumption (2.4). Just as in the case
of the He 11, this conforms to our notion that the
superfluid flow is a reversible phenomenon producing
no entropy.

Since we would expect the normal current and
entropy flow to be of the same form as in a normal
conductor, (2.14) suggests that we write (continuing
to assume for simplicity an isotropic system)

Jn=Ki(B—(1/e)Vi)+K:Xr,
17— (u/€)i=Ky(E— (1/e)Vu)+KXr,

as the remaining phenomenological equations of the
system. The K; are new phenomenological coefficients,
taking the place of the old L; for a normal metal.
Finiteness of the K; insures that the entropy production
is finite, and positive definiteness of the matrix of the
coefficients K; insures that it is positive. Further, from
the Onsager relationships we must have

K,=K;

(2.16)

(2.17)

in the absence of a magnetic field.®
If the system is in a stationary state then by (2.4)
we must have

E=(1/e)Vu. (2.18)

From (2.16) we obtain
In=K:Xr, (2.19)
17— (u/e)i=KXr. (2.20)

The amount of superfluid flow j, must be determined
by the boundary conditions. For example, in the
thermal conductivity problem, the ends of the sample
are insulated so that j=0. Therefore j, is given by
(2.19) and j, by

Js=—Ja. (2.21)

8In these equations, of course, all quantities must vary with
space and time more slowly than any characteristic length or
time in the system. Therefore, if magnetic fields are present the
penetration depth must be much greater than the coherence
length, or we must deal with samples much thinner than the
penetration depth. To find the distribution of currents and mag-
netic fields, one actually must supplement our equations with
Maxwell’s equations and the second London equation. We shall
mainly be interested in thermal flow problems where the total
electric current is zero and therefore no magnetic field is generated.

Under these conditions we therefore have
1P=KXr=1/T)Ks(—VT) (2.22)

and the thermal conductivity of a superconductor is
given by
k=1/T)K,. (2.23)

This replaces (1.3) appropriate to a normal conductor.
In a certain sense (2.23) may be obtained from (1.3).
If we consider not stationary phenomena but fields and
temperature gradients varying as e, then (2.4)

becomes
iwjs= (eps"/m)(E— (1/€)V ). (2.24)
Using (2.24) and (2.16), one may easily verify that

(o))

w/eps’ u
+[—( >+K2+—K I]XT,
(4

e .

miw
] w/eps 7 T (u
,E=[—( ,)+K3+-K1][E__v(_)]
e\miw e e T

I \? u\?/eps®
+|:K4+—(K2+Ka)+<—) K1+(—)< - )]XT.
e e e/ \miw

These equations take the place of (1.1) and (1.2)
when the system goes superconducting. We may think
of the usually regular coefficients L; as all acquiring an
extra term proportional to 1/w, i.e., as becoming infinite
in the same way as the frequency goes to zero. If we
apply (1.3) to these new coefficients and then let 1/w
go to zero, we find just (2.23).

There are some other interesting consequences of our
phenomenological equations. From (2.18) it follows that
there is no thermoelectric effect in superconductors. In
a normal metal we have, under the condition of no

current flow
1 Li(u/e)—L
E=-Vut— Xy
(4 L]_

(2.25)

(2.26)

If we make a loop out of normal and superconducting
materials, and integrate E around this loop we get,
using (2.26) and (2.18),

e.m.f.=fE-dl=fd|.V(%)

L e)—L
+f AX 1(u/e)—Lg
i ol Ly
Ly(u/e)—L
= dXp— 2.27)
i o Ly

That is, only the normal metal contributes to the
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thermal e.m.f. This result has been known for a very
long time, and has been established with great ac-
curacy.? It is perhaps the most convincing experimental
proof of the validity of (2.4).

Another interesting conclusion from (2.18) is the
following. Since charge neutrality is very accurately
maintained in a metal because of the large electrostatic
forces, a temperature gradient will produce a negligible
density gradient. Therefore, (2.18) becomes

e(o1— @2) = u(T1,10) — u(Ta,m0) (2.28)
where ¢1 and ¢, are the potentials at the ends of a
piece of superconductor and 7 and 7' the correspond-
ing temperatures. Thus a temperature difference will
engender a potential difference across the metal. This
is the analog for superconductors of the fountain effect
in He 1. If we estimate ¢;— ¢s by assuming the tem-
perature dependence of p is roughly like that of a
normal conductor (which it must be at temperatures
not far from the transition temperature) and take a
temperature difference of a few degrees at a tempera-
ture of a few degrees, we obtain

e(o1— ¢2)/u~10"7—1075.

Since w is of the order of volts this means a potential
difference of a tenth to a hundreth of a microvolt.
Though small, this should be measureable if not masked
by other effects. Such a measurement would provide
us with a direct measurement of the thermodynamic
functions of the electrons in the superconducting state.
It should be mentioned that an effect of the same
order of magnitude exists for normal metals but it
involves the transport coefficients L; and L, as well
as the equilibrium thermodynamic functions.

(2.29)

III. FORMAL EXPRESSION FOR THE
THERMAL CONDUCTIVITY

In order to obtain a formal expression for the thermal
conductivity we must see how K, is expressed as a
correlation function. To do this we may proceed as we
did? in obtaining the thermal transport coefficients of
normal metals or simple fluids. In I we introduced an
extra field ¢ which coupled with the energy density.
In the phenomenological equations, extra driving terms
proportional to V¢ were added in such a way as to
insure that in equilibrium no currents flow. We have,
using I (A30) and (A31), that in equilibrium

Tov (“/T) =¢E )
Tov(1/T)=Vy.

(3.1)
(3.2)

9 See, for example, D. Shoenberg, Superag;ductz’m’ty (Cambridge

University Press, Cambridge, 1962), f 86 fi.
107, M. Luttinger, Phys. Rev. 135, A1505 (1964). We shall

refer to this paper as I.
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These are equivalent to
E—(1/e)Vu— (uo/e)vy=0,
XTf vy=0.

Clearly the phenomenological equations in the pres-
ence of Y become

s eps 1 Mo
R PR
a m e e

(3.3)
(3.4)

(3.5)

. 1 Mo

,n=KI(E——W——w)Jer(XT—vw, (3.6)
e e

- 2 1 Mo
] _;]=K3 E“;VM*:V\!/>+K4(XT-—A¢), 3.7

since this insures that the driving forces for the currents
vanish in equilibrium.

Just as in I, we consider these equations in the
“rapid” limit, i.e., q (the propagation vector of the
disturbance) goes to zero before s (the rate at which
the fields are turned on). Using (3.5), (3.6), (3.7) in
conjunction with the equation of continuity for charge
and energy densities, we see that, as before, in this
limit Vu and VT vanish. Therefore for the qth Fourier
component and (say) the x spatial component we have

. Mo . . Ko
(]xE_;]x) = _’qul:Kﬁoq_[" <K4+~K3>¢q]V (38)
q e

On the other hand, we have from I (2.22),
Jee= *iqz[Lxxa) €0q+z'xx(2)§bq]Vx
jqa:Ez - 'iq::[[lzz(s) <pq+zxx(4)¢q]V )

where the L’s are given by I (2.23) in terms of correla-
tion functions. Combining (3.9) and (3.10), and com-
paring with (3.8) we obtain

K3=sz<3)* (ﬂo/e)Lm:(l) ’
K4+ (#O/e)K3=z:c:c(4)_ (uo/e)ix;@) ’

(3.9)
(3.10)

or
Ko=Lua® — (uo/€) (Loe®+Loo®)+ (uo/e) Loa® . (3.11)

Finally, using I (2.23) the thermal conductivity
becomes!!

1 1 0
k=—K;=—Iim
TV s—0

p "
0 4 0 € o/ o

1 Just as in I, if one takes explicit account of the long-range
Coulomb forces, one must proceed to the ¢=0 limit with a little
caution, though no real difficulty is encountered.

dte=t
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The expression (3.12) gives the exact answer for the
thermal conductivity of a superconductor, but it has
been used already' as an extremely accurate approxi-
mate expression. The somewhat crude justification for
this is that if one takes (1.3) for a normal metal it is
easy to see that it only differs from (3.12) by an
amount of relative order of magnitude (k7/u)?, which
is completely negligible at the temperatures of im-
portance for superconductivity. Since (3.12) makes

PHYSICAL REVIEW

VOLUME 136,

sense in the superconductor (i.e., remains finite) and
is extremely accurate for the normal metal, it was
natural to assume it valid to a high degree of approxi-
mation for a superconductor.
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Free-Energy Difference Between Normal and Superconducting States
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The Eliashberg expression for the free-energy difference between superconducting and normal states for an
electron-phonon interaction model is evaluated so as to estimate the errors involved in expressions based on
the weak-coupling limit. It is shown that the major correction comes from the difference in self-energy terms
21, and 2y, and is relatively of order [(A/wo) In(A/wo) 2, where w, is an average phonon energy. The cor-
rection may be appreciable for strong-coupling superconductors such as lead.

NE of the present authors! with Cooper and
Schrieffer derived an expression for the free-
energy difference between normal and superconducting
states, Q,—,, based on a model subject to the follow-
ing approximations:

(1) The Fermi surface is isotropic.

(2) The gap parameter A is independent of energy
over the important range of integration, a few times A.

(3) The self-energy Z; is the same in normal and su-
perconducting states, and is also independent of energy
over the relevant range. One may then include 2 in the
renormalized quasiparticle energies.

With these assumptions, Q,—, may be expressed
as a function of A and 7'. The specific interactions which
give rise to superconductivity enter only through A.
Thus one may use the expression to derive an empirical
A(T) from experimental measurements of the free
energy difference, as obtained for example from the
critical field.?

The latter two assumptions are presumably valid in
the weak-coupling limit, A<w,, where wq is an average
phonon energy. The purpose of the present paper is to
derive more general formulas for the free-energy differ-
ence between normal and superconducting states and
thus to estimate the errors involved in the Bardeen-
Cooper-Schrieffer (BCS) expression. The calculations

*On leave from the University of Illinois, Urbana, Illinois,
February-June, 1964.

17, Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).

2D, K. Finnemore, D. E. Mapother, and R. W. Shaw, Phys.
Rev. 118, 127 (1960).

are based on a theory of Eliashberg® which includes
electron-phonon interactions in a general way but omits
effects of Coulomb interactions, except as they may be
included in the renormalization of the quasiparticle
energies. The major corrections arise from differences in
21 between normal and superconducting states arising
from the phonon interaction.

The general expression derived by Eliashberg* for the
free energy per unit volume of the superconducting
state is

Q=—(2/ Vﬁ)§ (2 In(—e(P)

+21(P)G(P)—2o(P)F(—P)]
+(1/2VB)% [In(— D~ (g)+7(¢9)D(g) ]

+(1/V8) T ap [GPIDP—P)G(P)

—F(P)D(P—P)F(—P)], (1)
where
P=(p5), q=(am),

§i= QA D)mi/B, »n=2lri/B;
G(P)=(—=§1—ep+21(—P))/ o(P); 2
F(P)=—Zy—P)/¢(P); 3
o(P)=[{1— e +Z1(P)]

X[t ep—21(—P)]— [2o(P) |2
DY(q)=Dg Y g)—7(9), Do(Q)=2w,"/(0"=»?. (4)

3 G. M. Eliashberg, Zh. Eksperim. i Teor. Fiz. 38, 966 (1960)
[English transl.: Soviet Phys.—JETP 11, 696 (1960)].

4 G. M. Eliashberg, Zh. Eksperim. i Teor. Fiz. 43, 1005 (1962)
[English transl. : Soviet Phys.—JETP 16, 780 (1963)].



