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The fine and hyperfine structure spectra of trivalent Cr% (I=0) and Cr5(I=$) located substitutionally for
magnesium in magnesium oxide at sites of axial symmetry, where the axial distortion is along a crystal [100]
direction, have been re-examined at 3-cm wavelength. Spectral constants for both isotopes have been meas-
ured with a precision equivalent to determining absorption-line field positions to within #=10 mOe. From
measurements taken at 77°K, it is concluded that the crystalline-field splitting energy for Cr® is (0.10
=40.01) Oe greater in magnitude than that for Cr%, which corresponds to a relative shift in this parameter of
1.1X 107 In addition, the components of the spectroscopic splitting tensor for the two isotopes are found to
be the same to within the limits of experimental error. From data taken over the range 4.2 through 350°K, it
is found that the isotopic shift decreases with temperature while the crystalline-field splitting energy in-
creases with temperature. The origin of the isotopic shift and its temperature dependence are discussed in

terms of a dynamical crystal structure.

I. INTRODUCTION

ECENTLY, an isotope effect has been reported in
the electron-spin-resonance absorption spectrum
of trivalent iron located substitutionally for calcium in
single-crystal calcite.! This effect was observed as a
slight magnetic field displacement between the fine
structure components of Fe® and the effective fine
structure components of Fe®”. It was found that this
displacement could be attributed to a slight (roughly
one part in 10%) increase in the magnitude of the spin-
Hamiltonian crystalline-field parameters of Fe®” relative
to those of Fe®.

Since trivalent iron is an S-state ion, an analysis of
the isotope effect is inhibited by the fact that there may
be more than one process contributing to removal of
spin degeneracy by a crystalline electric field.2=®
Therefore, it would seem advantageous to observe such
an effect in a non-S-state ion whose ground orbital
term under the influence of a crystalline electric field
is nondegenerate. In seeking such an effect, it seems
desirable that the crystal-ion system in question
possess a number of specific characteristics. These
are (i) that the paramagnetic ion have at least two
isotopes, each in sufficient abundance to be readily
detectable, and that the spectral components of the
two or more isotopes be completely resolved, this being
most easily achieved when one or more of the isotopes
exhibits hyperfine structure; (i) that the system have
a nonzero crystalline-field splitting energy, which is
the case for an ion with S>% located in a noncubic
crystalline electric field; and, (iii) that the crystalline-
field splitting energy be sufficiently large compared to
the widths of the resonance absorptions that its
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magnitude may be determined to within one part in 104

A system satisfying these requirements is the */
trivalent chromium ion located at sites of axial sym-
metry in magnesium oxide with the axial distortion
along a crystal [100] direction.® In this spectrum, each
fine-structure transition exhibits a quintet resonance
absorption pattern due to the two principal isotopes
Cr® (I=0) and Cr® (I=%) of natural abundances 83.8
and 9.49, respectively. The spectral components of
this quintet pattern are well resolved because the
linewidths are approximately one Oe while the Cr®
hyperfine-structure splitting is near 17 Oe. Also,
because of the narrowness and strength of the resonance
absorption lines, and since the crystalline-field splitting
energy is near 900 Oe, a difference in this parameter
between the two isotopes of the order of one part in
105 should be detectable.

The results of an investigation on this crystal-ion
system are presented here and do in fact show the
presence of an isotopic shift in the effective fine-
structure spectrum of Cr® relative to that of Cr®. This
shift is interpreted as a difference in the crystalline-field
splitting energies between the two chromium isotopes,
and is found to be of the same relative order of magni-
tude as that reported in the fine-structure spectrum of
trivalent iron located substitutionally for calcium in
single-crystal calcite.

The conventional or static theory of the origin of
crystalline fields is extended here to include the in-
fluence of the dynamical nature of the crystal-ion
system. Such a treatment is found to explain the
presence of the observed isotope shift.

II. EXPERIMENTAL PROCEDURE

Magnesium oxide single-crystal specimens used in
this investigation were found to contain of the order of
ten parts per million by weight of chromium ion
impurities, and exhibited no optical absorptions in
the visible or near infrared region. These specimens

6 J. E. Wertz and P. Auzins, Phys. Rev. 106, 484 (1957).
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were cleaved into rectangular parallelepipeds of dimen-
sions 0.3)X0.3X2.0 cm, and mounted along the axis of
a 3-cm-wavelength cylindrical cavity resonator oper-
ating in the 7E¢; mode and having a Joaded Q of
about 7500. The spectrometer used 30-Mc/sec super-
heterodyne detection and was operated at microwave
power levels of from one to ten uW so as to reduce
saturation broadening of resonance absorption lines.

In taking data, a procedure similar to that described
in the experimental section of Ref. 1 was followed.
The principal feature of this procedure is the require-
ment of a constant monitor on the signal oscillator
frequency during a run of data. For such a run, data
were accepted only when the signal oscillator frequency
remained constant to within 4=10 kc/sec, where, by a
run is meant a sequence of measurements which
determine the magnetic field strengths of the quintet
components of a Cr’** fine-structure resonance absorp-
tion. To achieve the precision necessary for this
experiment, a magnetic-field stabilization network was
used together with a phase-sensitive lock-in-type
detector to establish the magnetic-field positions of the
peaks of resonance-absorption lines. Typically, the
resonance-absorption field strength of a particular
chromium-ion-quintet component was determined to
within =£0.01 Oe.

III. RESULTS

The spin Hamiltonian used to describe the magnetic
spectrum of this crystal-ion system is

se=gH-g-S+D[S.2—3S(S+1)]+1-A-S
+,3"H-g"-I—{—eQ[]zz—%I(I—l—l)], (1)

where the terms have their conventional spectroscopic
meaning.” When the Zeeman field is directed along a
crystal [100] direction, which is defined to be the z
direction, the spin Hamiltonian conveniently reduces
into two components, one which yields diagonal matrix
elements in the electron and nuclear spin states repre-

7D. J. E. Ingram, Spectroscopy at Radio and Microwave Fre-
quencies (Butterworths Scientific Publications, London, 1955).

sentation

3¢, = guBHS,+D[S2—3S(S+1)]+Aul.S,
+gumB HI ,+eQ[12—3I(I+1)],

and a component
50,/ = (Au/)[LS_+1-S4], @)

which yields only off-diagonal matrix elements connect-
ing states |M,m) to states |M=1, m=F1), where M
and m are electron and nuclear-spin quantum numbers,
respectively.

Under the selection rules AM =1 and Am=0, the
nuclear Zeeman and quadrupole terms in Eq. (2) make
no contribution to the magnetic-field positions of the
hyperfine-structure resonance-absorption lines when
the nuclear states are pure spin functions. However,
the presence of the operator 3¢, mixes nuclear spin
functions. In the present case, the amount of such
mixing is quite small, so that the nuclear Zeeman and
quadrupole terms will have negligible influence on the
resonance-absorption line field positions. Consequently,
the zeroth-order eigenvalue expression for the Zeeman
field applied along the z axis is

ES=[gnBH+mA M +D[M*—5S(S+1)], (4)

from which the zeroth-order approximation to the
resonance-absorption line field strength positions for
the transitions M — M-+1, m — m are calculated to be

Ho(Mm)=H ) —mAn—D[2M+1], ©)

where [I(V) ZhV/gnﬂ, An‘—-‘-gu/gnﬂ and DZD/gnﬁ
An example of the quintet resonance absorption
pattern associated with each fine-structure transition is
shown in Fig. 1. Each such quintet pattern is charac-
terized by a strong central field component due princi-
pally to Cr® (I=0) and by a hyperfine-structure
quartet due solely to Cr% (I=3%). At the =0 orien-
tation, there are three such fine-structure quintet
patterns. From the field strength position Ho(M) of
each of the fine-structure lines, the spin-Hamiltonian
parameters g and D for Cr® can be obtained by using
Eq. (5) with m=0. For Cr%, however, the same equa-
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F1e. 2. Temperature dependence of the isotope shift in the
crystalline-field splitting energy of Cr® relative to Cr®.

tion yields only approximate results for Ho(M), the
mean-field position of a hyperfine quartet, since off-
diagonal matrix elements due to the perturbations of
Eq. (3) now appear in the energy matrix. As long as
the hyperfine-interaction energy is small compared to
the Zeeman interaction and crystalline-field splitting
energies, the contribution of these off-diagonal elements
to the resonance-absorption field strength positions
may be calculated using conventional perturbation
theory. The mean field position of a hyperfine quartet,
that is, the equivalent fine-structure field position for
Cr?%, is then given by

Ho(M)=3[H (M, —m)+H(M,m)]
(S—M)(S+M+1)
H+DQ2M+1)

+%%TIU+4%ﬂM]P

(S+M+2)(S—M—1)
 H+DMY3)
(S—M~+1)(S-+M)
 HiDOQM-1)

where H(M,m) is the magnetic-field position corre-
sponding to the transition M — M-+1, m— m, and
where H in the denominators is the mean of H (M ,m)
and H(M, —m). In this expression, the perturbations
are taken to second order in the parameter A4,;. Such
perturbations have, in fact, been calculated out to
fourth and sixth order in Ai, and these higher order
terms have been found to contribute cumulatively less
than one mOe to Ho(M) and consequently can be
neglected.

Using Egs. (5) and (6), the fine-structure spin
Hamiltonian parameters g and D for Cr® can be
obtained. In practice, both g, and D were obtained
from data taken on the M= — 3 and M=—%— —3
transitions. The M =—%—  transition could not be
used to determine gy; because it was obscured by other
resonance-absorption lines in the central field region.
Some typical data obtained from runs taken at 77°K

)
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TasLe I. Typical values of the fine and hyperfine structure
data obtained at 77°K. H, through H, are the Cr% hyperfine
structure field positions while H, is due to Cr®2. »=[9526.58
=+0.01] Mc/sec; all field positions are determined to =0.01 Oe.

=0 =0 0=m/2
M=%-3 M=—%— -} M=-%—>—1
(Oe) (Oe) (Oe)

H, 5172.32 1706.83 4275.80
H, 5189.96 1689.42

Hs 5207.79 1671.89

H, 5225.71 1654.19 4325.53
H, 5199.32 1680.25 4299.33

are given in Table I. Analysis of these data obtained
in the manner outlined in the foregoing section shows
that for the M=1— $ transition, Ho(M) of Cr® is
greater than Ho(M) of Cr® by approximately 0.20 Oe.
Analogous data for the low-field M=—%— —3
transition shows that Ho(#) of Cr® is less than Ho(M)
of Cr% by nearly 0.20 Oe. This indicates that D(Cr®) is
numerically greater than D(Cr®) by (0.102=0.01) Oe,
and that there is no measurable difference in the value
of gi for the two isotopes.

The temperature dependence of the isotopic shift in
the crystalline-field splitting energy between Cr® and
Cr% was measured over a range of 4.2 to 350°K and
is shown in Fig. 2. This shift is seen to increase in
magnitude with decreasing temperature, reaching a
maximum of (0.10£0.01) Oe at low temperatures.
Measurements of the isotope shift could not be made
to the desired precision above 350°K owing to the
increased uncertainty in determining resonance absorp-
tion line peak field positions as a consequence of
increasing linewidths. At liquid helium temperatures,
slight line broadening due to saturation effects also
contributed to the uncertainty in determining the
isotope shift.

To obtain the hyperfine splitting tensor component
Au, a perturbation correction similar to that carried
out for Eq. (6) was applied, giving

1
A]]z__[}‘{(M, _"m)'—H(Mym)]
2m
(S+M+2)(S—M—1)
4142

4

H+D(2M+3)
_(S=MA1)(S+M) -
H+D2M—1) |’

where the terms have the same meaning as in Eq. (6).

At 77°K, the best value of 4, was found to be
(17.734:0.02) Oe, with the positive value determined
relative to the negative value of the.crystalline-field
splitting energy. 4, showed no temperature dependence
over the range 4.2 to 350°K.

Further data concerning the isotope shift were
obtained by studying the 6=/2 spectrum. For this
study, it was found unnecessary to alter the Zeeman
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field direction relative to the specimen, since this
spectrum is provided at the same crystal-to-Zeeman-
field orientation by trivalent chromium ions having
axial distortion along either a crystal [010] or [001]
direction. In addition to obtaining perpendicular
quantities, there are a sufficient number of transitions
at this orientation to give an independent measure of
the crystalline field splitting energy and its isotopic
shift. The spin Hamiltonian at 6=7/2 and ¢=0 takes
the form

3¢.=giBHS,—1D[S 23S (S+ 1) +1D[S,2+5_2]
+ AL S ASA T S_+1.S,], (8)

which can be obtained from Egs. (2) and (3) by first
defining the Zeeman field direction to be the z axis and
then rotating the crystal coordinates through the polar
angle §=m/2. An inspection of this spin Hamiltonian
shows that it can, except for the term *D[S,2-++S_%],
be obtained from Eqs. (2) and (3) by substituting — 3D
for D and perpendicular quantities for parallel quanti-
ties. If, in addition to these substitutions, — (M +1) is
substituted for M in the eigenvalue expression, Egs.
(6) and (7) can, except for one modification, be used
to obtain the Cr® equivalent of a fine-structure field
position and its hyperfine-structure constant at 6=m/2.
This substitution of — (M 4-1) for M is due to the fact
that the crystalline-field splitting energy effectively
changes sign under this change in orientation. This
modification is a consequence of the term 1D[S,2+S_2]
in the spin Hamiltonian Eq. (8) which mixes states
| M) with states |M==2). As a result of this mixing,
the term A.1,S, of the =m/2 spin Hamiltonian does
not operate on pure electronic spin states, but upon
mixed states which are eigenvectors of the §=m/2
fine-structure spin Hamiltonian. The expectation values
of .S, evaluated in these eigenvector states (1) are
given by

W(M)|S. |y (M)

=—{M+M+2)T' 2 (M-2)T.2, 9
M G (=20, )
where

(M ]S+ K)

KA E(M)—E(K)

On using these expectation values for S,, it becomes
necessary to correct numerically the value of A,
obtained from Eq. (7) by making appropriate substi-
tutions because of this spin-state mixing. This correction
amounts to dividing the value of A: as obtained from
Eq. (7) by the expression [1+F(M-+1)—F@1)],
where

r,=1D

(10)

r2—T.2
F(M)=2————
14,2412

As a result of the sign change in the effective crystal-
line-field splitting energy on going from =0 to /2,

11)
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TaBLE II. Constants in the spin Hamiltonian at 77°K.

Quantity Value

gu 1.9785440.00005
4 1.981714-0.00005
Ay [17.7324:0.02] Oe
Ay [17.674-0.027 Oe
D% [—879.76-20.04] Oe
D%#—D= [0.10+£0.01] Oe

the perturbation correction of Eq. (7) for 4, at 6=m/2
must have its sign changed, assuming 4, and 4. to be
of the same sign, which seems reasonable for an atomic
ion. The best value obtained for 4, at T=77°K is
given by 17.67-4:0.02 Oe; see Table II. As was the case
for Ay, the parameter A4, is found to be temperature-
independent from 4.2 to 300°K. Finally, at 77°K,
Ho(M) of Cr®is found to be 0.0940.02 Oe greater than
that of Cr%® for the high-field 6==/2 transitions; see
Table I. This result is, to within first-order approxi-
mation, in agreement with the data obtained at §=0.
That is, since D goes over to —3D as =0 goes over
to m/2, the isotope shift in Ho(#) should diminish in
magnitude by 509,

IV. DISCUSSION AND CONCLUSION

To develop a satisfactory interpretation of the isotope
effect in the electron-spin-resonance absorption spec-
trum of a crystal-ion system, it would be advantageous
if there existed a well-established theory to account
for spectral parameters. In the present case, however,
there seems to be no single interaction process which
adequately accounts for 2D, the spin multiplicity
splitting of the 4, ground term of trivalent chromium
located at an axially distorted octahedral site. Consider
for example the simple crystal-field theory applied to
trivalent chromium located substitutionally for alumi-
num in «-Aly03.5° This theory considers interactions
with only those terms which issue from the *F free-ion
ground term and predicts a *4, spin multiplicity
splitting of 0.01 cm™ with the =% doublet lying lowest,
while both optical and electron-spin-resonance absorp-
tion spectra yield a splitting of 0.38 cm™! with the
+3 doublet lying lowest.51%! The inadequacy of the
crystal-field theory in dealing with this specific problem,
as well as problems related to the optical spectra, has
led to considerable work in this area. Such work has
involved application of configuration mixing and co-
valency,”? reduction of local symmetry,”® introduction

8 M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950).

9 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London)
A205, 135 (1951).

1S, Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958).

1 A. A. Manenkov and A. M. Prokhorov, Zh. Eksperim. i Teor.
I(’iz. 2)8j 762 (1955) [English transl.: Soviet Phys.—JETP 1, 611

1955)7].

2 S, Sugano and M. Peter, Phys. Rev. 122, 381 (1961).

1 J.) O. Artman and J. C. Murphy, J. Chem. Phys. 38, 1544
(1963).
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Fic. 3. Temperature dependence of the crystalline-
field splitting energy.

of anisotropic spin-orbit coupling,** as well as the
use of molecular-orbital-theory computer programs.!®
Although these theoretical treatments deal primarily
with optical properties of the crystal-ion system, they
also provide information on the splitting of the %4,
ground term. However, none of the interactions of
these theories are presently considered to be the sole
contributor to 2D. Consequently, rather than attempt-
ing to incorporate all interactions in a theory and then
deriving the isotope effect, a simpler approach will be
adopted. In this approach, an attempt is made at an
interpretation of the isotope effect which is specific
to the extent that it assumes the splitting in question
arises from some interactions which, in second order,
connect the 44, ground term with other noncubic
terms of this ion. The form for such a splitting is taken

to be
V2(p)

D=y ————— |
0 E(p)—E(0)

(12)

where V (p) is a matrix element which connects | ), an
excited noncubic term of the ion, with |0), the ground
term. This formalism, which considers a static crystal-
ion system, enjoys the advantage of being adaptable
to take account of the fact that the paramagnetic ion
along with its host is a dynamical system. Such an
adaptation is effected by first noting that each elec-
tronic level is, in fact, a manifold potential well, with
each sheet of the manifold associated with a specific
oscillational mode of the crystal-ion system. As a
consequence, each virtual transition of the second-order
perturbation expression in Eq. (12) will take place
between electron-vibration states rather than between
pure electronic states. Furthermore, there will be
associated with each mode of oscillation a given set of
such virtual transitions, and because of the differences

4 H, Kamimura, Phys. Rev. 128, 1077 (1962).

5L, L. Lohr and W. N. Lipscomb, J. Chem. Phys. 38, 1604
(1963).
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which exist in the transformation properties between
the various modes of oscillation, no transitions will
take place which connect the levels of one mode in the
ground electronic state with the levels of different
modes in an excited electronic state. With each virtual
transition, there is associated a crystalline-field-
splitting, energy-dependent magnetic resonance absorp-
tion whose relative strength will depend upon the
thermal population of the initial vibration state. At
the temperatures over the range 4.2 to 350°K, the
excited electronic states are nearly unpopulated. Thus,
a given magnetic resonance absorption line will appear
as the superposition of all such individual absorptions,
and its mean-field position will be determined by a
Boltzman averaging of the crystalline-field splitting
energy.

The procedure followed in obtaining the average of
the crystalline-field splitting energy parallels that used
by Benedek, Englman, and Armstrong in calculating
the temperature dependence of the paramagnetic
chemical shift,'® and by Englman in calculating the
temperature dependence of the transition energy of
an optical absorption.!” As a consequence, the treatment
presented here will not contain calculational details.

On taking into consideration the dynamical nature
of the crystal-ion system and upon properly augmenting
electronic wave functions with vibration wave func-
tions, the mean crystalline-field splitting energy for a
given mode of oscillation is given by

2D={3 exp[—n(hw/kt) ]} 2;.0 2| (r|my|?

V2(p)
Xexp[—wn(hw/kt)][m)p:gi], (13)

where AE(p)=E(p) —E(0), SE= (r+3)hw’— (n+3)ho,
w and o’ are the frequencies characteristic of the given
mode of oscillation in the ground and excited electronic
states, respectively, and the | #) and |r)refer to oscillator
wavefunctions of the ground and excited electronic
states, respectively. By expanding the denominator
of the right-hand side of Eq. (13) and rearranging
terms, the following expression is obtained:

V2(p)

D=5 ——( expl—n(a/ )T | 7]
ARG "

X exp[—n(fiw/k) T1—8E/AE(p)]). (14)

If Eq. (14) is to be further reduced, some specific
assumptions must be made regarding the nature of the
potential wells associated with the ground and excited
electronic levels. Following Ref. 17, three assumptions
are made: (i) that the %4, and connecting wells are
quadratic, having different characteristic frequencies,
(ii) that the excited electronic wells are horizontally

16 G. B. Benedek, R. Englman, and J. A. Armstrong, J. Chem.
Phys. 39, 3349 (1963).
17 R. Englman, Mol. Phys. 3, 23 (1960).
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displaced from the ground electronic well by an amount
2aQq, where Qo is the zero-point oscillation amplitude,
and (iii) that for each of the wells, the potential function
contains a term AQ®. In the last two cases, which are
treated simultaneously, each of the potential wells is
taken to have the same characteristic frequency and
the specific departures from the quadratic potential
problem are treated by approximation methods. The
final result for the temperature-dependent average of
the crystalline-field splitting energy is given by

A—))?
——1+ﬁw< (A=N)PQo° a2>
H?AE

A—A\)a w?—w'
wd S s
AwAE 202AE/

1 1 60 (A —\")*Q¢°
S e
2 exp(fiw/kt)—1 7%’ AE av

1 1 2
X[—+————:I , (15)
2 exp(hw/kt)—1

where 2Do=3",0 V2(p)/AE(p) and where the aver-
aging is performed with respect to the weighting
function V2(p)/AE(p) over the excited states |p) of
the ion.

From this expression and from the fact that vibra-
tional frequencies are related to the oscillator mass by
w=(K/M)"2, which gives Sw=—31w(dM/M), it can
be seen that a variation in D with respect to the effec-
tive mass of the crystal-ion oscillator does exist, and
furthermore that such a variation should be tem-
perature-dependent.

As it stands, the expression given by Eq. (15) is
overly complex in that the temperature-dependent
component of the crystalline-field splitting energy
associated with a given mode of oscillation is a function
of five parameters. The complexity of the situation is
further compounded on taking the variation in D with
respect to oscillator mass. In an effort to reduce this
complexity, it is now assumed that the anharmonicities
in the potential functions of the ground and connecting
electronic states are the same. This assumption seems
not too unreasonable and enjoys the advantage of
yielding a result which can readily be summed over all
the modes of the crystal-ion system. On setting A=\,
Eq. (15) greatly simplifies and yields the following
approximate result:

8D/ Do~ —1{(D—Dy)/Do} (6M /M) . (16)

This expression provides three predictions; (i) that the
1sotop1c shift in D should be proportional to the change
in nuclear mass; (ii) that the temperature dependence
of 8D should be similar but of opposite sign to the
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temperature dependence of D; and (iii) that a reason-
able estimate of (8D/Dg) should be obtainable from
data on the temperature dependence of D. The first
prediction is reasonably well born out by data pre-
viously obtained for the isotopic shift of Fe?* in calcite.!
In this case, it was found that the shift in the crystalline-
field parameters of Fe® with respect to Fe® is of
opposite sign and half that of the shift for Fe®. The
second prediction is seen to be qualitatively fulfilled
by comparmg the data of Fig. 2 with the data of Fig. 3,
which gwes values for D from 4.2°K through to 350°K.
Fmally, usmg Eq. (6) and the experlmental data for
D given in Fig. 3, a relative 1sotope shift in D is calcu-
lated to be of the order of 1 part in 10% which is the
shift experimentally observed.

Although the actual distribution of local modes is
not well known, the foregoing simplified equations,
taken together with the experimental data, enable a
value to be obtained for the average difference in the
vibrational frequencies of the ground and excited
orbital states. With the average ground-state vibra-
tional frequency o taken as 300 cm™!, a value of
»'=0.8w is obtained for the average excited-state
vibrational frequency. This difference in vibrational
frequencies is close to those found in aqueous transition-
metal ion complexes.1

An extension of a static theory of the 4, ground
term splitting to include dynamical properties is seen
to provide a reasonable interpretation of the observed
isotope shift and its temperature dependence in relation
to the temperature dependence of the crystalline-field
splitting energy. Two other possible sources of an
isotope effect exist. The first arises from the specific
mass dependence of the spin-orbit coupling parameter
A\.1819 Here, the mass of the nucleus is included by
considering the reduced mass of the electron. The
relative size of such an effect, which is temperature-
independent, on an isotopic shift in 2D is calculated
to be about two orders of magnitude below the observed
effect. The other possibility is that the radial potential
function of the paramagnetic ion is sensitive to the
ionic mass. This possibility cannot be readily evaluated,
but it does seem that it would be small and that its
magnitude would be insensitive to temperature.

ACKNOWLEDGMENTS

The authors wish to thank Professor C. Kikuchi and
Professor C. A. Hutchison for their interest and
encouragement in this work.

18 A. L. Schawlow, in Advances in Quantum Electronics, edited
by J R. Singer (Columbia University Press, New York, 1961),

1'-*E Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, New York, 1951).



