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The following theorem is proved: Consider the high-energy neutrino reaction »+a — I+8, with a a
nucleon or nucleus, / a lepton (¢ or u) and B a system of strongly interacting particles. Suppose that the mass
of @ and the invariant mass of 8 are not equal, and that the lepton mass is neglected. Then when the lepton
emerges with its momentum parallel to that of the neutrino, the squared matrix element, averaged over
lepton spin, depends only on the dzvergences of the vector and the axial-vector currents. Tests of the conserved
vector current and the partially conserved axial-vector current hypotheses, based on the theorem, are

proposed.

I. INTRODUCTION

HERE is a characteristic property of neutrino
reactions at high energy which makes possible
new tests of the conserved vector current! (CVC) and
the partially conserved axial-vector current? (PCAC)
hypotheses. Consider the reaction y+a— I+3, where
a is a nucleon or nucleus, / is a muon or electron, and
B=PB1+--+B. is a system of strongly interacting
particles. Let the four-momenta of v, @, /, and 8 be,
respectively, ki, p1, k2, and ps, and let the leptonic
momentum transfer be k=ki—ks=po—p;. We denote
by M. the mass of @, by m; the mass of the lepton
and by W the invariant mass of the system 8. We take
the neutrino mass to be zero.

Theorem 1. Suppose that WM, and that m, is
neglected. Consider the configuration in which the final
lepton emerges with its momentum parallel to that of
the incident neutrino. (We call this the parallel con-
figuration?) Then the squared matrix element for
v+a— 14, averaged over lepton spin, depends only
on the divergences of the vector and the axial-vector
currents.

Proof : The matrix element is

M= 2"y \(1+vs)ulB] PV + Gt ). (1
Squaring and averaging over lepton spin givest

(|9m])=(B] ¥+ g4 a)B| o7+ JoA |)*Tre, (2)
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3When m;=0, both %k, and k. are null vectors. If the space
components of two null vectors are parallel in one Lorentz frame,
they are parallel in all Lorentz frames. Hence “parallel configura-
tion” is an invariant concept.

4The four-vectors have an imaginary time component: p
= (p,ps) = (ptpo). The quantity p* is defined by p¥ =p* ps*
= —p4*, where * denotes complex conjugation.

with
Tao=knkeotkickon—k1- kodrot excyskivkas.  (3)

When m; is neglected, %, and %2 are null vectors. In the
parallel configuration they are proportional. If WM,
ko is nonzero,’ and we may write

k1=k10ko_lk : k2=k20k0_1k. (4)
Thus,
Tno= 2k1oksoki2kk s . (5)

Since (8] dga/dxr| )= —1kr(B| Y| @), we find that
(|| %)= 2k10ka0ka2| (B (Y +gr4) /02| @) |2, (6)

proving the theorem.

When W=M,, ko vanishes and the proof of the
theorem breaks down. It is in fact well known that in
the “elastic’” weak reaction »-+N — [+ N, a conserved
vector current will contribute strongly in the forward
direction.® We assume henceforth that W= M,,.

II. TESTS OF CVC

Since the antisymmetric tensor term exsyski,R2s
vanishes under the hypotheses of Theorem 1, the charac-
teristic parity-violating effects in weak interactions can
arise only from vector-axial vector interference. Con-
sequently, if the vector current is conserved, and if m;
may be neglected, all parity violating effects must vanish in
the parallel configuration. This makes possible new ex-
perimental tests of the hypothesis that the vector cur-
rent in AS=0 leptonic reactions is conserved (CVC).
Whereas previous tests have dealt with (8| " |a) for
W=M, and various values of k2= (po— p1)?, the new
tests will study (8| g2V |a) for WM , and k2=0.

Let us work in the lab frame, in which a is at rest. We
assume that « is unpolarized. Then, if CVC is false, the
two simplest types of parity violating term which may
appear in the differential cross section, in the parallel
configuration, are:

5In the frame in which g is at rest, ko= (W2—M 2—£k2)/(2W).
When m;=0, k is a null vector, so if ko is nonvanishing in any
Lorentz frame it is nonvanishing in all Lorentz frames.

8§ T. D. Lee and C. N. Yang, Phys. Rev. 126, 2239 (1962).
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(A) The vector triple-product terms
9 (a;X qw), ()

where q;, q;, and q; are any three distinct momenta
chosen from among the lepton momentum k, and the
momenta qi,- - +,q, of

1! of B+ ';ﬂﬂ;

(B) The vector-pseudovector terms

ql,- .

®)

where ¢ is the spin of a baryon in 8 and q; is any mo-
mentum chosen from among ks and qy,- * -,q,.

Since, in the parallel configuration, k; and k, are
proportional, and since ki=ks+q:+ - - -+qn, the sys-
tem B must contain at least three particles if there are
to be enough linearly independent vectors to construct
a nonvanishing triple product. Consequently, the re-
action with the lowest threshold which could show a
triple product term is two-pion production:

v(k)+a(0) = I(ko)+o' (q)+7(q2)+7(qs). (7a)

If CVC is valid, the laboratory differential cross section
must contain no term ks (q2X qs). (There is only one
linearly independent triple product in two pion pro-
duction.) Note that to test CVC it is not necessary to
observe the recoil nucleus «'; it is enough to know the
initial neutrino direction and to observe the lepton and
the two pions.

Because nucleon polarizations are hard to measure,
lambda kaon production,

v(kp)+a(0) — I(ke)+o (q1)+A(q2)+K(qs), (8a)

is the reaction with the lowest threshold in which terms
of type (B) could be detected in practice. The A,
through its decay asymmetry, analyzes its own po-
larization. If CVC is valid, the terms o4 ks, o4+ q2 and
@4+ q3 must not appear, while o4 (ksX q2), o1+ (kX q3),
and o5 (q2X q3) are allowed. Similar tests of CVC may
be constructed for reactions with thresholds higher than
those of Egs. (7a) and (8a).

The proposed tests of CVC are strictly valid only
when m; is neglected. However, we will see in the next
section that the main lepton mass correction to the
matrix element does not give rise to interference be-
tween a conserved vector current and the axial vector
current. Consequently, the tests should be good in
practice even if the lepton is a muon.

q;'o,

III. TESTS OF PCAC
A. Lepton Mass Neglected

Let us now accept the truth of CVC. Then, neglecting
m;, the matrix element in the parallel configuration
depends only on (8]|3gr4/dxx| ). In an attempt to find
a general explanation for the validity of the Goldberger-
Treiman formula for pion decay, it has been postulated
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by Nambu, Gell-Mann, and others that ga4 is partially
conserved.? We denote by PCAC the hypothesis that the
covariant amplitudes contributing to (8]|9gr4/dxx|)
satisfy unsubtracted dispersion relations in the variable
k* and that these dispersion relations, for —M 2<k?
S M2 and for all values of the other invariants formed
from four-momenta in « and 8, are dominated by the
one-pion pole. (M ,=the pion mass; we are of course
considering only the case where the quantum numbers
of o and S permit a one-pion pole.) Let kos be the value
of ko in the rest frame of 8. If ko?/M.>>1, the ex-
trapolation from the physical value, 220, to the pole
at k2= —M,? will have little effect on the spinors and
kinematics, and we have the covariant relation

(B 0gn*/ 0 |a)
= —ikNB| 94| @)= (ko) T (o — B) (R*+M )™
X (2k0)1/2<7r+] (:)T)‘A/ax).l 0) . (9)

Here 7(n*4a— () is the transition amplitude for
7t4a — B, with the incident =+ of energy ko and with
the momentum of the incident #* parallel to k. The
Goldberger-Treiman relation, itself a consequence of
PCAC, may be used to express the pion-decay matrix
element in terms of g4, the beta decay axial-vector
coupling constant:

(2ko) V2wt |0 grA/ 022 | Oy= —i2'2 M ygag, M 2. (10)

Numerically, ga=~1.2X10"*Myx~2%; My is the nucleon
mass and g, is the rationalized, renormalized pion-
nucleon coupling constant (g,2/4r=14). Combining
Egs. (9) and (10) gives

kxB] g4 | )
= (kYT (o — 8)2M g ag M2 (koM7)
= (2ko)* T (1t +a— B)22M ygag:™
X[1—kR+M27]. (11)
This equation may be used to express the weak-reaction
cross section in the parallel configuration in terms of the

cross section for 4o — 8. Before carrying through
the details we will consider lepton mass corrections.

B. Lepton Mass Corrections

Up to this point we have neglected m;. Now let us
compute the principal lepton mass corrections. We will
find that the lepton mass corrections, while not con-
tributing significantly to terms of the form (vector)
- (axial vector) in the squared matrix element, make an

_—y—v—-/
Fic. 1. Diagram

xt giving rise to

//\ wlg)‘:ﬂl,a).
« } BB+ vy

g
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important contribution to terms of the form (axial
vector) - (axial vector).

Consider the diagram shown in Fig. 1. We denote by
(8] 94| &) the contribution of thisdiagram to (8| $r4|a),
and by (8| gr4!|e) everything that is left over. It is
easy to see that

Bl $A ()= (2k0)'* T (xH 40— B)22M ngag,™
X(=k)E+MA, (12)

from which it follows that

B At a)y= ko) 2T (rt+a— B)2Y2M ygag, . (13)

Although (8] 9r4|a) is a lepton mass correction, it
must be retained because m2(k*+M,2)~! is of order
unity when / is a muon. Other lepton mass corrections
involve large masses in the denominator and may
reasonably be neglected. Keeping terms of first order
in ;% in the kinematics gives’

ki=Fkwokqk+bp1, ko=lkaokoe+bp1;

14
2k'p1b=2k1'k2=——mﬂkmkzo“, k2=mlzkgkgoﬁl. ( )

If the vector current is conserved, it follows that

BIHT+ P4 B Jo7+go4 | )* Trs
= 2kxok20ko_2[<ﬂl k'gAIO‘)]z
+2b (k1o kz0)ki™ Re[{B] k- g4 |a)B] p1- g41 | )*]
+26%[ (B p1- g4 | |2
F3mkiokes ™ {(B] AT [ )(B] ST | a)*
+2 Re[{8] x4 [a)(B| r41 [a)* ]} .

We have retained m,? only in terms where there is one
factor (k24 M .2~ for each factor m?2. No vector-axial-
vector interference terms are of this form. Substituting
Egs. (11) through (14) into Eq. (15) and performing
algebraic simplification leads to the following theorem:

Theorem 2. Suppose that CVC and PCAC are true.
Consider the parallel configuration in y+a — I=+8, for
kog satisfying kog?/M.>>1. Let m? be retained only
where it occurs in the combination m2(k*+M,2)L
Then the invariant matrix element 97 for y+a — =48,
squared and averaged over lepton spin, is related to the
invariant matrix element® M (7 ++a— B) for rt+a— B,
with the =+ of energy ko and with the 7+ momentum

(15)

7 Actually, k1 = k10k0“1k+ak+b[>1, kz = kzgko_1k+ak+bp1, where
a is of first order in m;%. We have dropped the term ak in Eq. (14)
because it does not lead to important lepton mass corrections.

8 The transition amplitude 7(x*4a— B8) and the invariant
matrix element M (x*4-a — B) are related by

m; 1 1/2
T(xt+a— ) "g P 2—1;]—0) M (rt+a— 6).

The factor of proportionality is just the product of the normaliza-
tion factors for the wave functions of 7, @ and of all the particles
in 8. The .S matrix is given in terms of 7 by

Spi=8si+ (2m)48(ps—p:) T.
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parallel to k, by

AM 7P kiokao
(Jom|?) =~ g4®
g2 ke

miko 2
x[l—w] M rtta— )2 (16)
2(M,,2k20+m12k0)

In computing k1o, k20, and ko in Eq. (16), the lepton
mass should be neglected. Then Eq. (16) will be for-
mally covariant, since ratios of the time components of
parallel null vectors, such as kjo/ko and kao/ko, are
invariant quantities.

Corollary 1. Under the hypotheses of the theorem,
the energy, angle, and polarization distributions of the
particles in @, in the reaction »+a— =48, will be
identical with the distributions in the reaction 7*+a— 8
(for the same invariant mass W of 8 in the two processes).

Corollary 2. Under the hypotheses of the theorem,
the lepton differential cross section do/dQ; of v+a—
I=+8, in the laboratory frame (the rest frame of a), is
given by

do aW 1 W \? Mi\? kad®
— /.._<___> (k&_Mﬂ_?)l/Z( ) gA2
sz k02 Ma F 411'3

mikg 2
x| 1= e, an
2 (Mw2k20+ml2k0)
where (W) is the total cross section at total energy W
in the B rest frame, for 7*4a — 3. Also,

ko= (WZ__MOF.‘_MW?)/(ZW) ’
ko= (M 2+2M  E—W?)/(2W),

E is the neutrino energy in the laboratory frame, and
F=M.g./(2M 5)=1.0. The formulas for 7+a— I+
corresponding to those given above are obtained by
replacing =+ by 7.

Use of Corollary 1 to test PCAC does not require
knowledge of the neutrino energy spectrum, since for
a given W the energy, angle and polarization distribu-
tions of the particles in 8 are independent of the neu-
trino energy E. Testing PCAC by making a quantitative
comparison of do/dQ; with Eq. (17) of Corollary 2 does
require a knowledge of the neutrino spectrum. Since all
dependence on E in Eq. (17) is contained in the factors
koo 1—3mko(M 2kog+m2ko)' 2, the weighting over
the spectrum is easy to carry out once the spectrum is
known.

IV. EXTRAPOLATION IN k&2

Theorem 2 requires that ko?/M,? be much larger
than unity. This condition is necessary for it to be
legitimate to extrapolate from k2~m2kokss™ to K2
= — M~?in the kinematics of the reaction y+a — I=48.
Since kog= (W—M,)(W+M,)/(2W), the condition
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kog?/ M 2>1 will be satisfied as long as W—M ,24M ..
Thus, for most weak multiparticle production reactions,
Theorem 2 is valid as it stands.

However, in the interesting case of single-pion pro-
duction in the (3,3) resonance region, W—M ,<4M,
and Theorem 2 must be modified. This is done by re-
placing M(zt+a— 7+a’) by Me(rt+a— 7+d),
where ¢ is the invariant matrix element computed
from the covariant amplitudes for #t+a— 74ao’ by
using the correct kinematics, with k?=~m2kokec™, for
the reaction v+a—Il~+7+ao’. When o is a single
nucleon N,

M(rt+N — 7+ N')= (47rW/MN)AXfT[f1(W:;QA' ]%)
+o-go- kf2(W,4- k) Ix:, (18)

with fi and f» the usual center-of-mass pion-nucleon
scattering amplitudes,® and with ¢ and £ unit vectors,
in the center of mass, along the momenta of the final
and initial pion, respectively. Calculation of 91° shows
that!0

(N — o+ N') = (4x W/ M) x [ga(W - B)
+o- (20" ﬁg2(W’q k):]xi: (19)
where

gl(WJQ' ﬁ) zfl(Wyx) )
g2(W, ¢ k) =~[ko/ (k?— M2V ]fo(W,x),  (20)

9 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1337 (1957). In Egs. (18) through (20), isotopic
spin indices have been suppressed.

10 The calculation is done as follows: We are considering the
reaction »(k1)+N (p1) — l(k2)+N'(s)+m(g). Let us define the
variables » and »p by v=—3(p1+s)-¢/My and vp=3q¢-k/Mn.
The corrected matrix element 91t¢ is given by

Me=a(s)[A™N (v,p5) —iv-gB™ (v,v5) Ju(p2),

where A™¥ (v,v5) and B ™ (v,v;) are the covariant amplitudes for
pion-nucleon scattering. [In pion-nucleon scattering, w(q1)
+N(p1) = 7 (g)+N'(s), the variables » and v are defined by
v=—3%(pr+s)-¢/Mn and vz=%q¢-¢1/Mn.] Expressing ¢ in
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x=[ko/ (ke?— M 2)42]g- k
F[ko(M 24k2)/2W (k—M 2],

and where ko= (W?—My*+M,?)/(2W). Clearly, when
k®/M 2>1 one finds that g1,:(W,q- k)= f1,,(W,§- k), as
is expected.

If only the dominant (3,3) partial wave is retained,
the main effect of Eq. (20) is to replace o3,3(W) in
Corollary 2 by o3,5(W)ke/ (k*—M,?). If, in additino,
the lepton mass and nucleon recoil effects are neglected,
Eq. (17) reduces to the result obtained from the static
model by Bell and Berman.!* This agreement with the
static model is not surprising. The (3,3) projections of
the Born terms for weak pion production and for pion-
nucleon scattering can be shown to satisfy the PCAC
proportionality. In the static model, the entire matrix
element is determined by the (3,3) projection of the
Born term and by the experimental (3,3) resonance
parameters. Hence, in the static model, the weak pion
production and pion-nucleon scattering matrix elements
satisfy the PCAC proportionality.

Note added in proof. The considerations of this paper
also apply to the decays =+ — A+e*+ (»/7), when the
electron is relativistic and emerges parallel to the neu-
trino. For example, if CVC and PCAC are true, meas-
urement of the differential decay rate in the parallel
configuration would determine the strong ZAII coupling
constant.
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