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The connection between the limit of perfect SU; symmetry and the zero mass approximation for the
pseudoscalar meson octet is discussed. The well-known quadratic mass formula for the pseudoscalar meson
octet and the linear mass formula for the baryons are derived. A simple model of strong interaction is
presented which leads to two mass formulas for the nine spin-1 mesons:

M g+ Myt M o= 4M g

and M ,=~=M.,.

The general invariance property of this model which contains, among others, a baryon octet, a pseudoscalar

octet, and a vector nonet is examined.

I. GENERAL DISCUSSION

HE question whether the strong interactions are
approximately invariant under a SUj transfor-
mation has been discussed extensively in the recent
literature.! There exists by now a rather impressive
body of experimental evidence? supporting such an
approximate invariance. Part of this evidence is based
on the remarkably accurate ‘“mass formulas” which are
obtained® by treating, among other assumptions, the
symmetry violating interactions as small. On the other
hand, since the mass differences among, say, K, m, and
n which are members of the same multiplet are not
small compared to their actual masses, the violation of
SU; symmetry is apparently not weak. The additional
fact that these mass formulas are linear functions of
masses for the baryons, but quadratic functions for the
mesons, seems to further veil the foundation of such an
approximate symmetry. In this paper, we shall attempt
to clarify some of these questions.

The existence of an approximate symmetry under
SUs; for the strong interactions suggests that the total
Hamiltonian H contains a part, called primary inter-
action, H,, which is invariant under SU3, and represents
the main contribution to the interaction. The remaining
part, called secondary interaction, 2= H— H, is smal]

* Research supported in part by the U. S. Atomic Energy Com-
mission and the National Science Foundation.

1 On leave from the Middle East Technical University, Ankara,
Turkey.

1 J. S. Guggenheim Fellow.

! M. Gell-Mann, California Institute of Technology Report
CTSL-20, 1961 (unpubhshed) Y. Ne’eman, Nucl. Phys. 26, 222
(1961). M. Gell- Mann, Phys. Rev. 125, 1067 (1962) See references
in these papers for earlier work on SU3 Cf. also D. Speiser and
A. Tarski, J. Math. Phys. 4, 588 (1963). [An earlier reference to
this work in connection with SUs; symmetry can be found in foot-
note 14 of a paper by T. D. Lee and C. N. Yang, Phys. Rev. 122,
1954 (1961).]

2 See especially, S. L. Glashow and A. H. Rosenfeld, Phys. Rev.
Letters 10, 192 (1963). V. E. Barnes, P. L. Connolly, D. J.
Crennell ef al., bid. 12, 204 (1963).

3M. Gell- Mann Ref. 1, S. Okubo, Progr. Theoret. Phys.
(Kyoto) 27, 949 (1962), 28, 64 (1962). See also J. J. Sakurai and
S. Glashow, Nuovo Cimento 25, 337 (1962).

compared to H, and has symmetry violating properties.
The typical energy scale* (or level spacing) due to the
primary interaction Hy is ~M which is assumed to be
of the order of a few BeV. The energy shift caused by
the secondary interaction % is ~m which is of the order
of a few hundred MeV’s. The smallness of the phenome-
nological dimensionless constant

A= (m/M)<1 (1)

makes possible the use of 4 as a perturbation.

We shall further specify the primary interaction H,
by assuming that it contains eigenstates corresponding
to an octet of pseudoscalar mesons of zero mass. The
perturbation % can be written as

}l= h()+ hl 5 (2)

where we assume that %, is invariant® under SU; and
hy transforms like the isotopic spin=0 component of
the octet representation! of SU;. Both H, and % trans-
form in the usual way under the inhomogeneous Lorentz
transformation and conserve charge, parity, strangeness,
etc.

We now apply these considerations to the mass shifts
of the pseudoscalar meson octet. Let 9, w, K denote the
familiar members of this octet and E,, Ek, E, their
respective energies. By our assumption, these mesons
have zero mass in the absence of % (i.e., A=0). Therefore,
the zeroth-order values of the energies E,(p), Ex(p),
E.(p) are given by

Ep(p)=Ex'(p)=EL(p)=p, )

4Tt is difficult to give a precise definition of the typical energy
scale without a concrete picture of the dynamics. For a more
detailed discussion on the meaning of this energy scale M associ-
ated with the primary interaction, see the special model given in
Sec. II and the related example discussed in Appendix II.

5 We are reminded of the analogy with the electromagnetic in-
teraction which, while violating the isotopic spin conservation,
contains a part that is invariant under the isotopic spin rotation.
Similarly, the weak interactions, which do not conserve strange-
ness, nevertheless have a part, such as the g decay, that does con-
serve strangeness. In analogy with the relative magnitude of the
isoscalar and the isovector terms of the electromagnetic inter-
actions, we assume %o and %; to be of comparable magnitude.
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where p is the magnitude of the three-momentum of
the particles. The application of % conserves the three-
momentum p but brings an energy shift to each of these
particles.

To use perturbation theory we must choose p to be
nonzero and fixed. Mathematically, to first order in %,
as a result of its assumed transformation property, these
energies satisfy the linear relation

3E,(p)+E+(p)=4Ex(p). 4)

From Lorentz invariance, any first-order correction to
E;(p) must be of the form®

SE:(p)=Ei(p)—p=m?/(2p), (5)

where i=1%, K or w and m, is the corresponding mass of
the particle. Therefore, we obtain

Iml+m2=4mg?, (6)

which is valid also to the first order in %. Thus, we are
led to the mass-squared formula by the requirement of
Lorentz invariance and the assumption of zero mass for
the pseudoscalar mesons in the unperturbed situation.

In contrast, the linear mass formula for the baryon
octet follows if the corresponding baryon mass eigen-
value M, of the primary interaction H, is large com-
pared to the mass shifts due to the perturbation 4. In
that case the zeroth-order energy of the baryon octet
(N,A,Z,5) is given by

EN'(p)=E(p)=E*(p)=E="(p)= (*+M )2, (7)

To first order in %, the perturbed energies satisfy the
following relation:

3EA(p)+Ex(p)=2[En(p)+Ez(p)]. ©)

By using E;= (p*+ M 2)'72, the first-order correction in
E;(p) must be of the form

6E,= E;"‘ Ei(]: (P2+M02)_"1/2M05Mi ) (9)

where M ;=M +6M; and =N, A, Z, 2. Hence, Eq. (8)
can be written as

SMpy+Ms=2(My+Mz). (10)

[Note that to first order in %, (10) is identical with
SMHM2=2(M P+ My?).]

Similar considerations can be easily extended to other
multiplets. The difference between a quadratic and linear
mass formula lies solely in the different magnitude of
the masses of these multiplets in the absence of the
perturbation .

In this connection it is interesting to note that zero
mass pseudoscalar mesons appear also in certain theories
with v invariance.” In the absence of % (i.e., A=0),

6 For the physical case, in order that Egs. (4) and (5) be a good
approximation we must choose states with p>>wm;. The resulting
formula (6) is obviously independent of p. In Appendix I we give
a trivial but explicit example illustrating the use of the perturba-
tion method.

7 See, e.g., Y. Nambu, Phys. Rev. 122, 345 (1961).
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because of the zero mass character of pseudoscalar
mesons, the axial vector currents in weak decays can be
conserved.® This conservation law is broken due to the
presence of the secondary interaction 4. Since the scale
of the primary interaction M is also much larger than
the nucleon mass my, we expect the ratio of the Gamow-
Teller coupling constant G4 to the Fermi coupling con-
stant Gy to be of the form?

G4/Gv=—1+0(my/M), (11)
which makes it reasonable to assume the scale M to be
of the order' of 10 BeV. Furthermore, in the absence
of %, the well-known Goldberger-Treiman formulal!
holds.* Deviation from the Goldberger-Treiman formula
occurs only as a result of the secondary interaction and
is therefore relatively small.

II. AMODEL

It seems natural to explore the possibility that the
large energy scale M of the primary Hamiltonian H,and
its invariance character under SUj indicate the existence
of some massive triplets with very strong interactions
which can form compound systems corresponding to
the known octets and decuplets.?

In this section we give a special model of the primary
and the secondary interactions, partly to illustrate some
of the discussions given in the previous section. We
assume the existence of two massive triplets (ao,a1,a2)
and (Bo,81,82) under the SU; transformations. The
charges of (agai,as), and (B,81,82), are given, respec-
tively, by (¢, ¢+1, ¢) in units of e. The baryon
numbers of the o’s and the B’s are, respectively, # and
(n+1) where ¢ and # are any integers including zero.
One of these triplets, say, 8; consists of fermions while
the o’s represent bosons.* Under the isotopic spin
rotations, ao and B, behave like states with I=0;
(a1,a2), and (B81,82) like states with I=1. Let @, and B;
be the antiparticles of a; and 8;. The primary interaction
H can be written as

H0=Hfree+Hint, (12)
8 J. C. Taylor, Phys. Rev. 110, 1216 (1956), J. C. Polkinghorne,
Nuovo Cimento 8, 179 and 781 (1958). Y. Nambu, Ref. 7, Y.
Nambu, Phys. Rev. Letters 4, 380 (1960). F. Giirsey, Nuovo
Cimento 16, 230 (1960); Ann. Phys. (N.Y.) 12, 91 (1061). M.
Gell-Mann and M. M. Lévy, Nuovo Cimento 16, 705 (1960).

9 J. Bernstein, S. Fubini, M. Gell-Mann, and W. Thirring,
Nuovo Cimento 17, 757 (1960). F. Giirsey, Ref. 8, Y. Nambu and
G. Jona-Lasinio, Phys. Rev. 122, 345 (1961) and other previous
references by Y. Nambu.

© Dr. C. S. Wu has kindly informed us that recently C. P.
Bhalla (unpublished )has re-examined the F¢ value of neutron and
obtained (G4/Gv)=—1.1540.02. We wish to thank Dr. Wu for
this information.

11 M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178
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12 While this work was in progress, we received a reprint by
J. Schwinger in which some similar ideas are discussed. We wish
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13 An equally adequate model can be constructed if we exchange
the roles of o’s and §’s.
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where

Hiree= ; {2+ 1) 2La (k) as (k) +at (k) o' (k) ]

+ (M) 51 ()b (k) +0. (W) (R) T}, (13)

M and M’ are both of the order of a few BeV, repre-
senting the zeroth-order (i.e., #=0) masses of a; and B..
The a;(k), a’i(k), b;(k), b'*(k) are respectively the an-
nihilation operators for ;, & and g;, B: with momentum
k, and ati(k), a/1(k), bti(k), b;/T(k) are their Hermitian
conjugates:

[a:(k)]=ati(k), [o"(k)]I=a/i(k),
[6:(k)]t=0%(k) and [4"(k)]t=b/1(k),

where 1 denotes Hermitian conjugation and ¢=0, 1, 2.
In all these formulas, the spin dependence is suppressed.
The particular form of Hi, is not too relevant at
this point. We only require that there are strong at-
tractive forces between a; and &;, 8; and B;, and also
between &; and B;. The forces between all other pairs
such as (a;,e;) or (8:)0;) are assumed to be repulsive.
As a result of these strong attractive forces the zero
mass pseudoscalar meson octet of H, can be regarded
as a composite system of a; and & and is denoted by
(@a)s where the subscript 8 indicates the dimension of
the group representation. Similarly, we regard all other
known strongly interacting particles also as composite
systems of «; and 8;. We denote (88)s, (88)1, and (a8)s
to be the appropriate bound states of f;, 8; and of &;, B;
which transform like the spin-1 meson octet, the spin-1
meson, and the baryon octet,** respectively. In contrast
to the pseudoscalar meson states, the baryon octet has
a large mass M, in the absence of the secondary inter-
action. Furthermore, we assume the force between a;
and &; depends on the representation; as a consequence,
the pseudoscalar singlet (@a)y, if it exists, may have a
different energy from the pseudoscalar octet (@a)s.

Let us first consider a particularly simple example
for the secondary interaction % where the only violation
of SU; symmetry occurs through additional mass shifts
m; and m,” (which may be of the order of a few hundred
MeV) for the triplet particles a; and B, respectively.

(14)

14 The choice of the baryon decuplet is rather free at this stage.
In a model it is easy to invent selection rules such that in the ab-
sence of the secondary interaction %, the baryon decuplet is com-
pletely stable. As an example, we may arbitrarily assume the exist-
ence of an SUj; fermion singlet v with baryon number 1, but charge
—1. The compound state (a3y)10 can represent the baryon decuplet.
By adding an appropriate term to Eq. (15) for the secondary
interaction %, both the energy shifts and the transitions of the
decuplet can be regarded as caused by 4. To first order in %, we
have the well-known equal level spacing formula for the decuplet.
The width of these levels are second order in /. Therefore, the use
of perturbation theory could be easily justified. (However, if we
compare these results with their experimental values, the fact that
the width of N* the I =4 member of the baryon decuplet, is not
much smaller than the decuplet energy spacings makes it question-
able whether this particular example of the decuplet has much
value other than being a simple concrete mathematical example.
We wish to thank K. Huang and F. E. Low for pointing out the
importance of the large width to us.)

SYMMETRY B469

We are led to the following simple expression for /:

h=lhathg, (15)
where

ha:Z Zj: { (MQ—l-kz)“]/ZMmi
X[ati(k)a; (k) +a/t @a'(K)])  (16)

and /g is given by

3 () M
X0 5.k +5/ (0BT}, (17)

where the isotopic spin conservation is insured by

choosing
(18)

Since we have already assumed that the primary
SUj;invariant Hamiltonian H, contains, besides the free
term (13), also an interaction term that lifts the
degeneracy between singlet and octet states for the
pseudoscalar mesons and the baryons, it now follows
from the transformation property of (15) that the mass
formulas such as (6) and (10) hold for the pseudoscalar
meson octet (a&)s the baryon octet (8&)s, respectively.

To discuss the mass formula for the spin-1 meson
states we impose a further condition on the primary
interaction. We require that the strong attractive forces
between 8; and B; that result from H, are essentially
independent'® of 7 and 7, very much like the Wigner
forces for nucleons. Therefore, in the absence of #,
the states (88)s and (88); are degenerate. For definite-
ness, we assume the mass of these states to be fairly
large.

Most of the degeneracies among these nine states are
removed to the first order in 4. Let p, w, K* and ¢ be
the physical resonances and (8:8;) the bound-state wave
function of the system B; and ;. Using the Eqgs. (15)
and (18) we make the following identifications for the
vector meson states:

mi=ms and mi=my .

[¢)=Bd80,
[w)=2712(B:81+B:82) (19)
lp+>= -3261 )

and )
[ (K*)*)=BoB1,
where (8;8;) has the same transformation property as

the state 8,/161770). The other five states p—, p° (K*)°,
etc., can be obtained from p* and (K*)* through the use

% As a model, we may assume the existence of an additional
neutral (SUj) singlet field x. The primary forces between B; and 8;
are generated by a Lagrangian of the form x Z; b1i; plus a similar
term for the antiparticle 8;. Therefore, the primary forces between
B: and B; are independent of 7 and j. On the other hand, because
of the difference in spin and statistics the forces between, say,
@; and «; are due to a completely different origin and do depend
on the particular singlet or octet representation of (cic).
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of isotopic spin rotation and charge conjugation. In
terms of the two /=0 states w and ¢, the unitary singlet
(88)1 becomes!s

(BB)1= (3)"2(BuBo+BiB1+B2B2)= (3)1°p+ (3)1 %,  (20)
while the 7=0 member of the octet is given by
(8)'2(2BuBo—BrBr—BoBa)= (3)1 26— (§)!V%w.  (21)

From (21) and the general transformation property
of 2 [Eq. (2)], it follows (as will be proved under more
general conditions in the next section) that the masses
of these resonances satisfy?62

M 4+M)+M,=4M g, (22)

which agrees very well with the known experimental
values of these masses. [Note that similarly to the
baryon mass formula Eq. (10), to first order in % Eq.
(22) can also be written as 2M 2+ M 2+ M 2=4M k2.
If we use (15) as the explicit form of %, then these masses
can be explicitly calculated in terms of m¢" and m," of
the triplet masses. We find, by using (19),

M¢=M1+2’WLO’£,
Mw=M1+2m1’£,

M,=M+ (mi'+my)E,
and

MK*= M]_—I- (m0’+m1’)£ , (23)

where M is the zeroth-order mass of these nine states
and £ is the expectation value

(Ce (M +12)72M'b10 (K)o (k) (24)
evaluated for the state (848,) in its center-of-mass
system. The precise numerical value of £ depends on the
wave function (By0). (See Appendix II for an example
of such a calculation.) From (23) and (18) we obtain
another interesting relation:

M,=M,, (25)

which agrees reasonably well with the experimental
values.

In the above, the mass formulas (23) and (25) are
derived from the simple form (17) for /. Actually these
formulas are valid under a general class of secondary
interactions. We may consider, in addition to (17), the
hg part of the secondary interaction to contain a general
quartic dependence of the 4;(k), 4"*(k) and their Hermi-

16 The ¢ and w mesons are therefore mixtures of a unitary singlet
and the 7=0 member of an octet. The mixing angle obtained
through (20) and (21) agrees numerically with the one calculated
on semiempirical ground by J. J. Sakurai [Phys. Rev. 132, 434
(1963)]. See also M. Gell-Mann (Ref. 1); S. Okubo, Phys. Letters
5, 165 (1963).

1% Note added in proof. After this paper was submitted for publi-
cation, we received an unpublished report by G. Zweig (An SU;
model for strong interaction symmetry and its breaking) in which
a similar mass formula for the vector mesons is also discussed in
the model of a single triplet with fractional charge and baryon
number.
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tian conjugates. Let %3 be given by
hﬂ= (17)+>\1P0°+>\2(P11+P22)+>\3Q00

FN(QHQ),  (26)
where
Pi=(b1%,)b, 16"+ b1ib; (6,101 , (27)
and
Qijz €5kl ef”‘" (bm/ Tb’k) (bﬂbn) 5 (28)

in which we suppress the momentum dependence and
sum over all repeated indices. The A1, Ay, A3, A4 are
constants and e;;z, €% are the third-rank antisymmetric
tensors whose only nonvanishing components are ==1
depending on (ijk) being even or odd permutations
of (012). It can be readily verified that the mass formula
(22) holds if A4=0 and the mass formula (25) holds if,
in addition, A\s=0. Comparison with the experimental
values of these masses indicate A4=0 and A\;=20.

Physically, the mass formula (22) holds if the second-
ary forces between (8:8;) do not convert the pair (8480)
into any other pairs such as (8;81) and (8585). The mass
formula (25) holds if, in addition, the secondary forces
between (Bi81), (B:82) and (By8:) are approximately
independent of the total isotopic spin 7=0 or 1 of the
compound system.

These massive triplets a; and 3;, if they exist, can only
be strongly produced in pairs by using the octet particles
as the beam and the target. Their decays depend on the
particular form of the secondary interaction 4. If the
SU; symmetry violating part of this secondary inter-
action transforms like the isotopic singlet member of an
octet, then these two triplets would contain stable mem-
bers with respect to strong interactions. If, in addition,
the usual vector and axial vector currents of the strongly
interacting particles that occur in weak interactions also
transform like members of an octet, then the basic
triplets would contain members that are absolutely
stable.

III. FURTHER DISCUSSIONS OF THE MODEL

In this section we wish to investigate in the above
model some general conditions under which the primary
interaction H, should contain nine degenerate (G8)
states but only eight degenerate (G) states and eight
degenerate (@G) states. It is useful to introduce the
following operators:

Tii= s [ati(k)a:(k) — e/ () (k)

+o1(k)b: (k) —b./t(k)o' (k) ], (29)
Uid=T/—}84T:*, (30)
Si= n Zk [b“(k)bi(k)‘f‘bi'*(k)b'f(k)] ) (31)

and
Vi=Si—38:S:¥, (32)

where

p=3[ 1+ (—1)¥], (33)

and
Ne=2k [al(k)a:(k)—a/t(k)a"i(k)]. (34)
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All repeated indices are to be summed over. The U/
are the generators of the SUj transformation and satisfy
the commutation relation

LU4,UX]= 62U, — 64U ~. (35)

The invariance property of the primary interaction H,
is given by the commutation relation

[HoU:7]=0. (36)

For clarity, we will restrict our discussions to those
eigenstates of H, which consist of only the free single-
particle states of either a;, or 8; (or @, B;) and the
various bound states of these particles. Let the totality
of these eigenstates span a subdomain R in the entire
Hilbert space. The projection O(R) of any operator O
in R is defined by

(?|O(R) k)= (»|O|w) 37)
if both states |x) and | ») are in R; otherwise,
(#[O(R)|u)=0. (38)
Theorem 1. If
[HO, VOO(R)]= 0 ) (39)

then under the primary interaction, (88); must be de-
generate with (88)s. However, Eq. (39) does not imply
any degeneracy between (&8); and (@B)s, nor between
(@)1 and (Ga)s.

Proof : From (33), it follows that =0 or 1 depending
on N,=odd or even. Let the states |¢) and |w) be
defined by Eq. (19). We find

Volé)=%9),
Vollw)=—3%|w),
Vol p)=—%|0),

V| K*)=%|K*).

and
(40)

From the definition Eq. (37), it is clear that identical
equations are satisfied by V¢°(R). We note that the mass
splittings given by Eq. (23) are proportional to the
values of V° for these states. Since V¢ [ therefore, also
Vo®(R)] does not commute with either Uy or U9, a
necessary consequence of the commutation relations
(36) and (39) is that (B8): must be degenerate with
respect to (88)s under the primary interaction Ho.

In contrast, (@8)1, (@B)s, (@a)i, and (Ga)s are all
eigenstates of V? and V®(R) with the same eigenvalue
0. Thus, Eq. (39) does not imply any additional de-
generacy, and the only degeneracy is that required by
the SU; invariance. Under the primary interaction H,,
there are eight degenerate spin-% baryon states (a@8)s,
eight degenerate pseudoscalar meson states (@a)s but
nine degenerate spin-1 meson states (88); and (B8)s.

The introduction of the secondary interaction % splits
these degeneracies. According to Eq. (2), under the SU;
transformations generated by U7 the secondary inter-
action h=ho+h, transforms like a sum of an SU;
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invariant term % and another term %; which transforms
like isotopic spin=0 member of an octet. For the octets
(@a)s and (aB)s the mass formulas Eqgs. (6) and (10)
hold. The following theorem gives a condition under
which the mass formula Eq. (22) for the nine spin-1
meson states holds:

Theorem 2. If

I:h(R): VOO(R)]'__ 0,
then to first order in %, the mass formula
2M o+ M A M ,=4M g

(41)

holds.
Proof. By using Egs. (37), (40), and (41), it follows

that
(w|h|¢)=(w|k(R)|$)=0.

Therefore, Eq. (21) remains correct. Theorem 2 is then
established by using Eq. (21), together with the general
transformation property of % under the SU; group
generated by U/

So far, our discussions are restricted to the single-
particle states and to the bound states of H,. The exten-
sion of some of the above considerations to the multi-
particle states leads to several unusual results. Suppose
we replace the projection Vo°(R) in Eq. (39) by the
entire operator V% and assume that

[Ho,V*]=0

(42)

(43)

is valid. Now, H, commutes with U which, however,
does not commute with V% As proved in Appendix III,
Egs. (36) and (43) necessitate the invariance of the pri-
mary interaction H, under a group G=SU;3XSU;3;XSUj;
which has, among other irreducible representations, a
(BB) nonet, a (aa) octet and a (aB) octet. The group G
also contains the particular SU; group whose generators
are the nonlocal operators V7 given by Eq. (32). It is
also shown in Appendix III that several unphysical
consequences, such as violation of the asymptotic
condition and the violation of crossing symmetry occur
as a result. Therefore, Eq. (43) cannot be strictly cor-
rect. Nevertheless, it is interesting to explore other
physical consequences by assuming the approximate
validity of (43). Let v be the eigenvalue of V¢°. From
(43), we have the approximate selection rule

Av=0, (44)

The (&a)s states are eigenstates of V9 with eigenvalue
v=0. Thus, the decay of the (38) nonet is forbidden
under the primary interaction Ho. The decays of these
particles such as p— 2w, etc.,, occur through the
secondary interaction /. Next, let us consider the com-
pound state (p+p) which has v= —%. The conservation
law (44) and Eq. (40) yield the following types of ap-
proximate selection rules:

p+p -+ Irt+-mK-+nqg,
D4p B K*¥*+lr+mK+ny,

(45)
(46)
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and

pt+p+ otlotmK+ny, (47)

where Ir, mK, ny denote arbitrary numbers of «, K (or
K), and 7. On the other hand, reactions

p+p— ptHir+mK-+ny (48)
and

P+ p— wtlrt+mK-+ny

are allowed, provided other quantum numbers such as
strangeness and isotopic spin are conserved. Similarly,
we can consider the compound state (7 p) and derive
the approximate selection rule

7+p+ (B8)o+ @B)stIr-+mK+nn,

where (88)s and (a8)s represent, respectively, any
member of the vector nonet and the baryon octet. The
realistic value of such extension of the model is expected
to be limited. As mentioned earlier, there are severe
inherent difficulties of the commutation rule (43) which
must throw doubt on the approximate validity of Eq.
(44) for these collision processes. Furthermore, addi-
tional violation can occur through the secondary inter-
action ~ which can give sizeable contributions to the
rates for these reactions. It is, therefore, rather surpris-
ing to find some of the above results, Egs. (47)-(49),
concerning the annihilation process (p-+p) seem to be
approximately correct.'”

(49)

(50)

IV. CONCLUDING REMARKS

The above discussions on strong interactions several
topics have been discussed, which are related but of
rather different speculative nature. If the approximate
SU; symmetry has a fundamental basis, there should ex-
ist two entirely different classes of strong interactions:
the SU; symmetric primary interaction and the nonsym-
metric secondary interaction, the former being much
stronger than the latter. The fact that the masses of the
known pseudoscalar mesons are of the same order of
magnitude as their energy differences makes it attrac-
tive to regard all these meson masses as generated by
the same secondary interaction. The zero mass require-
ment for the pseudoscalar meson octet gives a clear
phenomenological definition of the primary interaction.

The connection between SU; symmetry and the ap-
proximate zero mass nature of pseudoscalar mesons
leads to an understanding of the mass-squared formula
for the pseudoscalar meson octet; it also ties in with
work done in the last few years by many authors who
consider the zero mass approximation independently of
SU; symmetry (e.g., conserved axial vector current,®
Goldberger-Treiman formula,® ! emission of soft pions,'?
etc.).

As already emphasized in Sec. II, the invariance

17 We wish to thank J. Steinberger for a discussion on these
aspects.
18'Y. Nambu and D. Lurié, Phys. Rev. 125, 1429 (1962).
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character of the primary interaction under the SU,
transformation and the existence of a large energy
scale ~ a few BeV’s seems to lead rather naturally to a
model containing some massive triplets with very
strong interactions. In the model, so far as the transfor-
mation properties of the known meson and baryon
states are concerned, they can be regarded as the same
as the composite systems of these triplets. While many
different models can be constructed, the fact that there
are nine vector states but only eight pseudoscalar states
makes it attractive to consider a model which has two
different triplets a; and B8;. The derivation of the mass
formula Eq. (22) for the nine vector states gives added
support to the general character of this particular model.
If the approximate degeneracy of these nine states is
regarded as nonaccidental, then the primary interaction
should be invariant under a group much larger than a
simple SUs,.
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APPENDIX I: A TRIVIAL EXAMPLE

In order to illustrate the use of perturbation formula
for particles which, in the absence of perturbation, have
zero masses, we consider a totally trivial example of an
octet of free spin-0 particles. Let ¢, (u=1, 2, -+ 8)
represent the Hermitian field operators of these particles.
The Lagrangian L, for the primary interaction is

1 1 8 (0,
Li=— [ 2 X <——)d3r (11)
2 J N=1u=1\9x)
and the perturbation Lagrangian is
1
—h=—- / > mllder, (12)
2 u

where £ is the Hamiltonian for the secondary interaction
and x are the usual space-time coordinates. It is con-
venient to expand the ¢, in terms of the annihilation
operator a,(k) and their Hermitian conjugates a,f(k):

bu()= % (29k)*"[a, (k) exp (k1)
+a,' (k) exp(—ik-n)],

19 M. Gell-Mann, Phys. Letters (to be published). In Appendix
IV, we give a list of other simple models. For a formal treatment
with two triplets, see also J. J. Sakurai, in Varenna Lecture Notes,
Proceedings of the International School of Physics, Course 26 (Aca-
demic Press Inc., New York, 1962).

(13)
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where @ is the volume of the system, 2= |k| and k is
the three-momentum conjugate to the space coordinate
r. The Hamiltonians H, and % for the primary and the
secondary interactions become

Hi=% ¥ o 0)a,(0) +a, (e, (107 (14)
and £
h=% % (80,1 (90, (K +0, 090,19

D ra®akta Me (—B)].

Let |vac)o and |u,p)o be the ground state and the one
(uth) particle state with three-momentum p for the
primary interaction. The zeroth-order energy of the
uth particle E,°(p) is given by

(15)

E,*(p)= {u,p| Ho|p,p)o— (vac| Ho|vac)o.  (I6)
By using (I4) we have
ES (p)=p=|pl|. I

The first-order energy shift produced by % is easily seen

to be
8B (p)=m2/ (2p). (I8)

Therefore, a mass formula similar to Eq. (6) results if
we identify the eight states |u,p) to be the real 8X8
representation of the SU; group and if we choose the
appropriate values m, such that % transforms according
to Eq. (2) under SU;. The exact energy E,(p) is given by

Ey(p)= (s, p| Hot1|n, p)—{vac| Hot+h|vac), (19)

where | vac) and |u,p) are, respectively, the ground state
and the one-particle state of the total Hamiltonian
(Ho+"). The familiar formula
Eu(p)=p+3ms/p)—5(ms/p*)+- - -

= (p*+m)'"?  (110)
can be obtained either by applying the usual perturba-
tion series?® to (I9) or by wusing thecanonical
transformation,

@, (k) =[coshd, (%) 1b.(k)+[sinhd, (k) Jo,t (—k),

where

(111)

tanh[20,(%)]= — Q&+m2)"'mz2,  (I12)

which changes the total Hamiltonian to its diagonal
form

(Hrth =3 £ (m2)
X L0, ()b, () + b, (00,1 ()],

M It is of interest to note that because of the totally trivial
structure of this example, the zero-mass approximation for the
mesons does not lead to any spurious infrared divergence. For a
more complicated case the apparent infrared difficulty can be
resolved by using the physical mass of the meson as an infrared
cutoff. The only change in the validity of the perturbation series
is that, instead of the condition A<<1, we have [\ In(M/m,)]<1
where m, is the mass of the mesons and M\ is given by Eq. (1).

(113)
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Identical results can be derived for particles of arbitrary
spin by regarding the mass term as the perturbation A.
If % is a linear function in the masses, then the lowest

order energy shift 6% must depend quadratically on 4.

APPENDIX II: A NONTRIVIAL BUT
UNREALISTIC EXAMPLE

In this Appendix, we shall take advantage of the
known solutions of the Bethe-Salpeter equation ob-
tained by Wick® and Cutkosky? and consider another
less trivial but still unrealistic example which, however,
will serve to illustrate further the origin of the ‘“mass
squared” formula for zero mass bound states. We con-
sider a basic massive triplet (under SU;) of spin-0
particles (49,41,45) with charge (g, ¢+1, q) where g is
any number including zero. Under the isotopic spin rota-
tion A4, behaves like 7=0 and (41,42) like I=%. There
exist very strong attractive forces between A; and the
antiparticles A; which we assume to be of the same form
as that generated through a zero mass zero spin field.
Furthermore we suppose that the Bethe-Salpeter equa-
tion is the correct equation for the compound system
Ai and /I Ge

In the absence of the secondary interaction %, the
zeroth-order masses M ? of the triplet 4; are all equal:

M1 =M20:M3 =M. (IIl)

Let ¢.7 be the wave function describing the compound
system of A; and A;. The Bethe-Salpeter equation for
¥,7 is given in this case by
f d'k
e+ p i = () [ ——e, (n)
) (p—k)?

where 7 and 7 can independently be 0, 1 or 2, p2, and
pi% are the (4-momentum)? of 4; and A, respectively,
$ 1is the relative momentum of the system. As shown by
Wick,?' this equation has zero mass bound state if the
coupling constant f is given by

f=2M2.

There are altogether 9 such zero-mass zero-spin states
corresponding to the different values of 7 and j. In the
following, we assume f is indeed given by (II3).
Similar to Eq. (15), we assume the secondary interac-
tion consists of only the mass shifts of the basic triplet:

where the inequality is used to exclude bound states
with imaginary mass which appear in this unrealistic
model. In order to ensure isotopic spin rotation invari-
ance we must have

(113)

(115)

MI=mz.
Using the explicit solutions given in Refs. 21 and 22 one
can compute the corresponding mass shifts of these

2 G. C. Wick, Phys. Rev. 96, 1124 (1954),
2 R, E. Cutkosky, Phys. Rev. 96, 1135 (1954).
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states ;7. We call these nine (zero spin) eigenstates
Iis9, 14, Iy, and Iy, where the subscripts refer to the
isotopic spin. To first order in m,, the corresponding
changes of masses of these bound states are given by

[m(Iy) P=5M[2m,],
Lm(T1y2) P=SM[motmi],

[m(Io) P=5M[2m,],
and
[n(Iy) B=5M[2m,].

The above results are obtained from the relation
f=5(M+My)*— (2/5)m?, (117)

valid near m?=0 and to first order in M1—M,. Here m
is the mass of the bound state and My, M 5 are the masses
of the bound particles. For M= M, this relation (II7)
is readily derived from Eq. (54) of Wick (Ref. 21) by
a perturbation expansion in m?, and for M,#M, by
using an appropriate transformation. (See Sec. IV of
Cutkosky’s paper, Ref. 22.) Tt is instructive to observe
that under the primary interaction (M 2= M), the octet
and the singlet part of ¢/ are degenerate. Similar to
Egs. (19)-(21), we find the two isotopic spin=0 states
are given by (7o) = (1/V2) @1 +¢+?) and (1) =y, both
of which are mixtures of the octet and the singlet rep-
resentations under SU; Because of the zero mass
nature of these states (in the absence of the secondary
interaction) these masses satisfy the quadratic mass
formulas

2Lm (1) P+DmLo) P+Lm (1) P=4[m(11)2) P

and

(116)

(118)

Lm(Lo) J=[m (1) P

APPENDIX III

In this Appendix it will be shown that if R, the re-
stricted Hilbert space defined in Sec. III, is extended to
the entire Hilbert space, then the degeneracy of the
state (BB): with states (8B)s, originally expressed by
Eq. (39), and now replaced by Eq. (43), implies in-
variance of the primary Hamiltonian H, under a group
G: SU;;X SU3X SU3

The explicit expression of the operator Vo appears in
Eq. (43) is

V=31 2k [26% () bo (k) +2b¢"t (k)2 (k) — b1 (k) by (k)
— byt (k)b (k) — b2 (k) bo (k) — by T (k)b (k) ], (ILI1)

where 5 is the projection operator given by (33). The
fact expressed by (43) that the primary interaction H,
commutes with V® and U, but V¢ does not commute
with all the Uy implies that H, is invariant under a
group G bigger than SUs; otherwise (38); would not be
degenerate with (38)s under H,.

To investigate the structure of G we first establish
the commutation relations:

LUV =08V — 6,7V i

(119)

(I112)
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which merely express the fact that V! possesses tensor
character under the group with generators U;. Thus
if U7 and V¢ are part of the generators for G, the latter
must also contain all other V7 through the repeated
operations such as [U/, V], [U*, LU,V ]], etc.

For convenience we introduce the operators

and
Bi'i=—n 3« [0/T(K)0"7(k) — 36,0,/ 1 (k)b'* (k)]  (I114)
in terms of which we can write

Vi=Bi—B/i. (I115)

Then, we find
LV, Vit]=84(Bi'+By')— 8/ (Bi/+B{")  (I116)

so that B,/ and B/, are also contained in thesetof gener-
ators for the group G. The analysis of the group struc-
ture is further facilitated by the introduction of the
operators

Ai=Ui— (Bi+BJ). (I117)

The 4 7, B, and B,'? satisfy the commutation relations

[4#,B*]=[A47,B/¥]=[B#B/*]=0, (III8)
[A4d,4F]=0,47—0814, (1119)
I:B’ii)B lk:] — BikBli_ 611'3/9 , (IIIlO)
[B{iB/¥]=08+B;/i—8,/B/* (I1111)

and
ji=B;i=B/i=0. (I1112)

Thus the 4,7, B, B/7 are generators of three in-
dependent SUj groups. Their direct product SU3;XSU;
X SUj; defines the group G. It is important to note that
if Hy commutes with U,7 and V, then it must also be
invariant under the entire group G and we have

[Ho,A/|=[HyBi|=[Ho,B/7]=0. (II113)

In addition, H, transforms like the generator for
time translations of the Lorentz group, is invariant
under the rotation group, and satisfies the commutation
relations

[:HO,C]:[H())P]:I:HO;N]:[H%Q]:O;

where C, P, N, Q are, respectively, the operators for
charge conjugation, parity, baryon number, and charge.
The operators P, N, and Q commute with the entire
group G. On the other hand, the charge-conjugation
operator obeys the following relations:

(IT114)

CN+NC=0, (I1115)
CO+Q0C=0, (I1116)
CB/Ct=—B/', (I1117)
and
CAiCt=—A4,. (I1118)
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The eigenstates of Hy can be labeled by three pairs
of numbers, each pair characterizing a definite repre-
sentation of each independent SU; group. For repre-
sentations with small dimensionality d, d is sufficient to
define the irreducible representation apart from the
conjugate representation. Hence, in this case, we may
represent the eigenstates of Ho by («,y,%) where x, 9,
z are respectively the dimensionality of the irreducible
representation under each of the SU; groups generated
by 4, B#, and B/%. Thus, the spin —1 multiplet is
represented by (1,3,3), containing 1X3X3=9 states
with N =0. The pseudoscalar meson octet is represented
by (8,1,1,) with N=0 and the baryon octet is (8,1,1)
with N=1. It should be pointed out that only the suf-
ficient condition that G contains the correct varieties of
multiplets is established.

The group G has been constructed artificially to ac-
commodate the presently known variety of multiplets.
It has many unusual features which we now proceed to
discuss.

(1) The separate invariance of Hy under B;/ and B/
is a necessary result if the primary force between B;
and B; is independent of ¢ and j. For example, in the
case of two spin-} particles, if the force between these
two particles is spin-independent, then the triplet state
is degenerate with the singlet. The force is invariant
under separate SU, transformations for these two spins.
Therefore, the relevant group is (SU2XSUs,) which has
a representation containing 4 states.

(2) The projection operator 5 has been included in
the definition of B;7 and B;7 in order to ensure the
compatibility of having nine degenerate vector mesons
with the fact that apparently only eight spin-} baryons
states [identified with (aB8)s] exist. Otherwise » should
be replaced by 1 in Egs. (IT13) and (I114).

(3) As far as the properties of the vector meson
states |®,7) are concerned ,we can take n=1 and consider
only the group G’=SU;XSUs;, generated by By and
B/i. We shall presently show that crossing symmetry
is violated in the coupling of |®7) with 8; and B;.
Consider, for example, the particular element of the
group G’ defined by

T (\)=exp[$\V"]. (II119)
The transformation laws for the states |¢), |Bu), and
[Bo) under T(\) are

T|¢)=exp(2iN)|¢), (I1120)

T|Boy=exp(iN) |Bo) (IT121)
and

T|Bo)=exp(iN) | Bo). (T1122)

It follows that the matrix element (¢ |B0,8,) is invariant
under 7" while the matrix element (8y|Bo,¢) is not.
Thus, the process

¢ — BotBo, (11123)
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which is allowed by G’, does not lead to the process
Bo— ¢+-Bo, (I11124)

which is forbidden by G, in contradiction with crossing
symmetry. Time reversal invariance is however valid
since both {¢|B80,80) and {Bo,80|¢) are invariant under
G'.

It may also be noted that because creation and an-
nihilation operators for the particle ¢ transform dif-
ferently under (III19), a local Hermitian field operator
that one might try to introduce to represent the bound
state ¢, would not have a definite transformation
property under G’. Thus the group G’ (or G) cannot be
applied to local field operators for the nonet.

(4) An extension of G to the many-particle contin-
uum states may lead to paradoxical results. For example,
the state of one baryon octet (&3)s and one antibaryon
octet (Ba)s at infinity should be represented by (8,1,1)
X (8,1,1), with a multiplicity of 64, apart from other
spin-momentum dependence. Yet, if we consider the two
baryon octets as a single system, since n=1, the system
is also represented by (,y,2) where x=1 or 8 and
y=z=23. The resulting multiplicity is no longer given
by the product (8,1,1)X (8,1,1). This example illustrates
the incompatibility of the group G with the asymptotic
condition.

The paradox may be resolved by requiring the group
G to be valid only for states which extend over a limited
region in space where interaction takes place. Then, if
we consider, for example, the collision of a baryon and
an antibaryon with the production of a pseudoscalar
meson and a vector meson we can write the sequence

(@B)s+ (Ba)s — (2,9,2) pm1 — (@)s+ (BBR)s, (II125)

where the intermediate stage refers to the interaction
region and (88), denotes the vector meson nonet. In
(IT125) we must decompose both the initial and the final
states into compound states (,y,2),-1 which are repre-
sentations of the group G. Clearly, only the compound
states with x=8, y=3, and =3 are involved in the
process. Some of the particular results for 5+ reactions
have already been discussed in Sec. IIL.

(5) Restricting ourselves to the 8 particles and their
bound state |®;) representing the nine vector mesons
we may interpret the validity of the group G’ =SU3XSUj
as the mathematical expression of the stability of these
bound states. Indeed, if we assume that 8 and 8 are
bound by a neutral field x transforming like a unitary
singlet, then the annihilation and recombination proc-
ess such as

BotBo— x — BotBo (I1126)

would contribute to the singlet state (88): and not to
the state (88)s, thus lifting the degeneracy between the
nine members of the vector meson multiplet. The Bethe-
Salpeter type approximations for the two-body ampli-
tude assume implicity that the contributions from the
process (I1126) are negligible, thus regarding the com-
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pound system (8480) as stable (independent of its mass
value). Such an approximation leads immediately to
the degeneracy of the nine mesons. The validity of the
group G’ (and G in general) thus emerges as an approxi-
mate dynamical group describing the independence of
the (8B) binding forces from the unitary spin together
with the stability of the nonet.

APPENDIX IV

In this Appendix we list the simplest models involving
one fundamental triplet. If no singlets are allowed, one
is led to Gell-Mann’s “quark” scheme!® with noninteger
charge ¢ and baryon number # (unless the definitions
of charge and baryon number are modified for each
multiplet). The requirement of integer ¢ and % leads one
to consider schemes with at least one singlet o and one
triplet 8. The triplet components (8, 81 and 3. are as-
sumed to have, respectively, the charges (¢, ¢+1, ¢)
and ¢ is called the charge of the triplet. The case in
which « and g have ¢g=0, @ being a baryon and 8 a =0
fermion triplet has already been studied by Gell-
Mann.!® This is model I’ in our table. A variation on
this model, in which the baryon number, the charge
and the strangeness are all introduced once is the
model I with 8 being a #=0 boson. Other simple schemes
in which singlets, octets, and decuplets may arise from
the direct product 3)X3X3 of the fundamental triplet
with itself are provided by models IT and III. Finally, in
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model IV, which involves one triplet and two singlets
we give an example in which two kinds of octets and
decuplets with the usual charge structure may arise,
one set from 3X3 and (3)X3)(3X3) and another set
from (3)X3X3). We now have the possibility of a selec-
tion rule that prevents a decuplet belonging to the sec-
ond set from decaying into two octets from the first set
through SUj; preserving interactions. In such a scheme
we can have stable multiplets.

The selection rule is connected with the additional
gauge transformation

B— e

that becomes possible when a fundamental singlet exists
as well as a triplet 8. As long as #-invariant representa-
tions are considered, as in I and I’, this gauge group
gives nothing new. However, when baryon multiplets
having different “u” charge exist, as in model IV, a new
selection rule arises.

Simple assumptions concerning the nature of the
binding forces are shown in the table to illustrate how
some of the representations that do not seem to occur
for mesons and baryons can be eliminated on physical
grounds. The other entries in the table are self-
explanatory.

In connection with these simple models it should also
be remarked that the most general Gell-Mann—-Okubo
mass splitting within a unitary multiplet is not obtained

(IV1)

a—a,

TABLE I. A list of other models.

Forces
(R=repulsive, Mesons Baryons
Models N Spin  Q A =attractive) (N=0) w=1) Remarks
af 1 3 0 BB(R) (o%a?)1, ICON aogﬁﬁ)g, *(8B): Representations are invariant
I (singlet) %@ (A4), BB(A) (88)s o[ (88) (8B) v, s, 10,27 under the “u” gauge. If 88(4)
B 0 0 0 a"B(4), o¥8(4) is allowed new mesons states
(triplet) arise: (88)3, (86)s, (BBB)1,3,10
a® 1 3 0 same same same Discussed by Gell-Mann (Ref. 19)
I’ (singlet)
8 0 3 0
(triplet)
at 2 0 1 BBR(R) (ata®)1, (88); at(8BB)1 Possible additional states:
II  (singlet) atat(d), atp(4) (68)s a*(888)s (@B)s: N=1, 0= (1,0,1)
B 1 3 0 B8B(4) a+(BBB)10 at(8B)s, a+(88)s: N=0,
(triplet) Q=(1, 0, —1) containing a
meson with Q=—1, V=—2
o 1 & -1 same (&)1, (88): o~ (BBB)1 Possible additional states:
III (singlet) (88)s o~ (8BB)s (@B)s: N=1,0=(-1,0, —1)
B 0 0 0 o (BBB) 10 o (BB)s, o~ (BB)3: N=1
(triplet)
o~ 1 % 0, -1 same (%1, (@@ ) o®(8B)1, o*(BB)s Example of a forbidden decay:
IV (singlets) (B8)1, (BB)s ™ (88B)1, a™(BBB)s, 10 o (BA) 10 -+ o (BB)s+ (BB)s
B8 0 0 0

(triplet)
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by simply giving the 7=0 member 3, of the triplet a
different mass than the =1 members 8; and B;. An
additional symmetry-breaking interaction Lagrangian
is also needed. Furthermore, in any model which has
only one triplet it is difficult to understand why there
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should be nine approximately degenerate spin-1 meson
multiplets while there exist only eight approximately
degenerate pseudoscalar meson states. For this reason,
it appears that the special model discussed in Sec. II
is a more realistic one.
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Explicit Construction of Asymptotic Fields*
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Examination of a separable potential model in field theory, when the interaction is attractive enough to
produce bound states, shows that the === « limits of the Heisenberg fields do not always have a particle
interpretation but are superpositions of eigenfields. In this model the commutators of the in-fields of particles
that are well enough localized to have a finite interaction energy are operators.

I. INTRODUCTION

SYMPTOTIC fields play a central role in the
axiomatic formulation of field theory given by
Lehmann, Symanzik, and Zimmermann! and in many
discussions of the analyticity of the S matrix based on
their work. The properties of asymptotic fields have
been extensively examined by Zimmermann, Haag,
Nishigima, and Ruelle.? In order to provide an illustra-
tive example that displays the Heisenberg fields for
large times, the infields and their interrelation, we ex-
amined a separable potential model in field theory.?
Within the framework of this model it is shown that:
(a) The limits implied in the formal definition of in-
fields? exist only after taking their matrix elements.
(b) When the interaction is attractive enough to pro-
duce bound states, the Heisenberg field of a particle of
momentum k has two terms which oscillate respectively
with frequencies w (k) and u,(<w), ast— 4. The first
term has the usual particle interpretation and repro-
duces the scattering states, whereas the second term
cannot be interpreted as a particle since its energy is
below the continuum. The latter term consists of an in-
finite product of fields and vanishes throughout a sub-
space that is free of heavy mesons (the target). (c) The
commutator of the in-fields of those particles which are
well enough localized to have a finite interaction energy
is an operator.

* Work supported in part by the U. S. Atomic Energy Com-
mission.
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II. SOLUTION OF THE EQUATIONS OF MOTION

The Hamiltonian for a light boson that interacts via
a separable potential with a static boson of mass M is

H=Hot+NoleG'G, ¢y

where

H0=M<p*<p+[dkw(k)a*(k)a(k),

G= / fBah)dk, @

[a(k),aﬁ (k')]: B(k—kl) )
Lo,ot1=1, w(k) = (u*+E*)">.

at(k) and ¢t are creation operators for a light boson of
momentum % energy w(k) and a static boson of mass M,
respectively. From Egs. (1) and (2)

[H,at(k) J=w(k)at(k)+Netof(R)GT. 3)

In terms of the quantities defined above, the Heisenberg
fields are

etHigh (k)e‘im: at (k,t) ,

eim‘p’re—imz ¢’r (t) ,

(4)
G(t)=/f(k)a(k,t)dk.
Since o' is a constant of the motion it follows from
Egs. (3) and (4) that
—i(d/dDat (k) =w(R)at (k)-FNet o f(GI(D). (5)

This is a linear equation in a!(%,f) that can be solved by



