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It is shown that integral er'genvalues of Q/e can be achieved for Gell-Mann's quarks (particles belonging
to representations of SU3 with nonzero triality type) by the introduction of a new additive quantum number
for strongly interacting particles and a corresponding alteration of the Gell-Mann —Nishijima formula. A
possible framework wherein such ideas can be formulated is provided by an extension of SU3 symmetry to
SU4 or perhaps a higher unitary symmetry.

'HE purpose of this paper is to give a brief dis-
cussion of three related subjects:

(a) The existence of 'quarks' in the Ne'eman, '
Gell-Mann' theory of unitary symmetry.

(b) The concept of triality type for irreducible rep-
resentations of SU3.

(c) The existence of a higher unitary symmetry, or
even of a hierarchy of such symmetries.

To give the motivation for our work we introduce,
following Biedenharn and Fowler, ' the concept of the
triality type for SU3. We use the Young diagram nota-
tion' {l}= {t„4}for irreducible representations of SUs,
and define the triality type f& of {i}by

it then follows that quarks have nonintegral eigenvalues
of Q/e. Such a statement obtains, in fact, for any rep-
resentation of SUs which, like {1,0}and {1,1},has f/0.
Biedenharn and Fowler' sought to avoid this unattrac-
tive conclusion by replacing Eq. (4) by

Q/e= I,+,'I'+1/3.-
This does lead to integral eigenvalues of Q/e for all f
and reduces, as it should, to (4) for t=O 14owev. er, it
implies that Q/e is conserved only modulo 3, which
seems to the authors to make the definition (5)
unacceptable.

In this paper, we suggest an alternative possibility
which is not open to this latter objection. Our procedure
will be seen to correlate the existence in nature of par-
ticles belonging to representations of SU3 with t/0 with
the possible existence of unitary symmetries higher
than SU3.

We begin our discussion by reviewing the course
of events which led to the introduction of the SU3-
symmetry scheme. Early studies of low-energy nuclear
physics and pion physics served to establish isospin
conservation or SU2 invariance, and subsequent analysis
of high-energy events suggested the existence of a
hypercharge conservation law. From the recognition of
SU2U1, where U1 is the hypercharge gauge group, as
the symmetry of the strong interactions, it was not
unnatural to suggest that the strong interactions possess
at least approximate SU3 invariance. If we define the
duality d of an irreducible representation' of SU2 by

f$ —t +it ( smd ol u3o) .
We may conventionally take +1, 0, —1 as the allowed
values of t&. The importance of triality type stems from
the fact that for all {t}contained in the direct product
{m}3{m},we have

$J=f~+f~( modl u03),
so that

T,=exp(2~it, /3)

is a conserved multiplicative quantum uumber. All the
representations of SU3 so far used in the unitary sym-
rnetry theory' (the singlet {0,0},the octet {2,1},and the
decuplet {3,0}) have t=0 Recently, .however, Gell-
Mann' has discussed the possible existence in nature of
particles (quarks) belonging to the triplet representa-
tions {1,0} and {1,1}of SUs. If one retains the usual
association of isospin and hypercharge operators with
generators of SU3 and the Gell-Mann —Nishijima formula

d=2I(modulo 2), (6)

then we can have d =0 and 1, corresponding respectively
to isobosons and isofermions. Since all representations of
SU3 except the identity contain d=0 and 0= 1 repre-
sentations of SU~, it follows that, if only isobosons had
been observed in nature, the possibility of an SU3 sym-
metry scheme wouM have been excluded.

We now discuss the consequences of the possible
discovery of a new additive quantum number in the
study of events at higher energies than are at present
accessible. I.et us call it I'&') and distinguish it from the
known hypercharge by writing V = I"('). This would give

Q/e=I, + (4)
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E=exp(2rrik/4)

is a multiplicatively conserved quantum number. To
establish our claims we shall use the following theorem. '
The irreducible representation (r&r) t'& of SU4 contains
within it the representation

where
(li —lg, ls —ls) 8 I'&s&, (10)

I'&'& =lt+ls+ls —3(r&st+ms+ms)/4 (11)

of SU3U~&') once and only once for each triplet of
integers lj, t2, and )3 allowed by the inequalities

~,& t, &~,& t, &~,& t, &0. (»)
Proof of (b) is alinost immediate. From (1), (8), and (11)
and the fact that the m, and l, are positive integers it
follows that I'&'&/3 and t/3 —k/4, where t is the triality

7 P. Tarjanne and V. L. Teplitz, Phys. Rev. Letters 11, 441
(1963), have discussed the possibility that the strong interactions
possess SU4 as an approximate symmetry group. See also a pre-
print by P. Roman, Boston University (unpublished).

The generalization of triality for SU3 to SU„ is discussed in
the paper cited in footnote 4.

'This is a special case of a theorem stated and proved in the
paper cited in footnote 4.

SU38U&(3) as the underlying sylnmetry group of the
strong interactions, U~&') being the gauge group gener-
ated by I'(3). Then it would surely be tempting to postu-
late full SU4 invariance. However, all but the one di-
mensional representation of SU4 contain within them
t=~i in addition to 1=0 representations of SU3, so
that the possibility of SU4 invariance depends crucially
upon the discovery of particles of nonzero triality.
Further, if t/0 states do exist, they must have non-
integral eigenvalues of Q/e as long as definition (4) is re-
tained. Of course, if we view the SU3 symmetry scheme
suggested here as an incomplete manifestation of an
SU4-symmetry scheme, we are led naturally to the fol-
lowing generalization of the Gell-Mann —Nishijima rela-
tionship (4):

Q/e= I,+ I'i"/2+ I'&'&/3. (7)

We shall show that Eq. (7)
(a) reduces to Eq. (4) for observed particles,
(b) leads to integral eigenvalues of Q/e for states of

all representations of SU313U~(3) contained within rep-
resentations of SU4 with zero quadrality. '
I.et us refer to the irreducible representations of SU4 in
the Young diagram notation as (m)&"=(mi, nzs, ms}
and to those of SUs as {l}&'& = li, ls}.Then the quadrality
k of (r&s)&s& is defined by

k= mr+ms+ms (modulo 4), (g)

of '(li l3 ls ls) and k is the qaudrality of {'&I}&'&, differ
only by an integer. In particular, when k=0, F&'&/3

and t/3 differ only by an integer. Hence, since Eq. (5)
leads to integral Q/e eigenvalues, so also does Eq. (7).
Equation (7), however, corresponds to Q being a strictly
conserved additive quantum number.

We now turn to point (a). It is, of course, not possible
at present to make any definite statements. But, if SU4
symmetry exists, one would expect that the known SU3
multiplets correspond to the representations (0,0)0,
{2,1)0, and (3,0)30 of SUsU&'& contained within
low-dimensional k =0 representations of SU4. Surveying
the available representations of SU4 of this type and
using the above theorem to determine which representa-
tions of SU3U~&') are contained in them, it is readily
seen that suitable vacancies exist, so that (7) can be
used in the SU4 symmetry theory without being in con-
tradiction with currently accepted quantum number
assignments. More specific remarks cannot usefully be
made until particles are discovered which might occupy
the t/0 states that are necessarily found within an SU4
syrmnetry scheme.

The point of view here under study can be pursued
further. If no t/0 representations of SU3 are ever dis-
covered, then, of course, no SU4 theory is tenable. If,
however, they are found in sufhcient number and with
a V(3' quantum number, one can pass to an SU4-
symmetry theory as described here using only k =0 rep-
resentations. Then the same question arises: Do k/0
representations occur, and if they do, is their occurrence
associated with yet another conserved quantum num-
ber I'&4)? An analogous treatment of the question exists;
one envisages the SU4 theory as part of an SU5 theory
using only representations of zero quintality and rede-
f&nes Q by the inclusion of a term 1/4 I'&'& on the right
side of Eq. (7) in such a way that Q/e, for those k =0 rep-
resentations of SU4 used in the theory, is still given by
Eq. (7) [i.e., F~4&=0 for themj, and that Q/e has
integral eigenvalues for kQO."Again the same situation
arises. Of course the chain of possibilities just mentioned
awaits evidence at the level of Gell-Mann's suggestion
that t@0 states are of physical consequence.

"It has been emphasized by Dr. Okubo in a private communica-
tion that if one considers the group U3, it is possible to accom-
modate Gell-Mann's quarks without the undesirable feature of
fractional charge. This does not nullify our conclusion concerning
the necessity of nonzero triality multiplets in higher unitary
symmetry schemes. One might further expect that any group
which contains SUq as a subgroup (e.g., Us) might be able to
include quarks of integral charge. In view, however, of the
dominant role played by the special unitary groups in particle
physics and their natural suggestion of a possible hierarchy of
unitary symmetries, we have seen Gt to single out the SU„groups
in this work.


