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to this singularity manifold is then given when the
diagonal elements as', '= 0 and the -', (m —1)(ns —2)-mass
envelope is taken over the remaining nondiagonal
elements a~~') O."

The connection with the Landau singularity manifold
with physical internal masses lies then in redefining a
distorted „(t) manifold, called the „'(t) manifold,
which is now parameterized by t, (n 1—) diagonal
aqua &~0, and —,

'
(n —1) (rt —2) nondiagonal aq i &~0. For

m=4, the —,'(m —1)(N—2)-mass envelope of this 4'(t)
manifold gives the (DANAD)' manifold discussed in
paper I. Note that the right-hand side of (16) has a one-
parameter integral representation' with the explicit
denominator L 4(t)ji". It is therefore possible to con-
tinue analytically both sides to the physical masses.

To what extent it is possible to recover the analyticity
properties of the Feynman amplitude H„(s; m') itself
from those of the Hankel transform I„remains to be

'0 G. Kallen, Nuclear Phys. 25, 568 (1960).

discussed. As far as the analyticity properties in the
external momentum variables sq~ of the p-space per-
turbation functions are concerned, we could very well
consider functions which are superpositions of graphs
b„(for a given n) with arbitrary internal masses, i.e.,
integral of H over internal masses with arbitrary
weight functions. The maximal singularity manifolds in
s that are, in principle, allowed for the p-space per-
turbation functions with such superpositions will then
be the Landau singularity manifolds Z„(s; a) discussed
in I, when considered over the totality of the Riemann
surfaces. "
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I' A similar situation holds in x space: The maximal singularity
manifolds for the vacuum expectation values is given by those
from the d „+functions.

P H YS I CAL R EVI EW VOLUME 135, NUM BER 1B 13 J UL Y 1964

~ -p Interactions at 6Q4 MeV*)

C. N. Vrrrrroz, f. B. R. Rrrzv, W. J. FrcxrNoER, ) V. P. KENNEv,
~~ J. G. MowAr, Awn W. D. SHEpHARD~[

University of Eentlcky, Lexington, Eerltgcky

(Received 2 August 1963; revised manuscript received 5 March 1964)

The interactions of 604 MeV ~ mesons in a hydrogen bubble chamber have been systematically analyzed.
In 33 000 pictures a total of 8052 usable events were found, corresponding to cross sections of 18.9~1.3 mb
for o.(elastic), 4.98&0.54 mb for 0-(71- p71- ), 7.87&0.91 mb for 0-(~ rI~+), 14.0&1.0 mb for o-(neutrals), with
o. (two-pion production) (0.2 mb, for a total cross section of 45.9&1.9 mb at this energy. The angular dis-
tribution for elastic scattering was 6t ted with a fifth-order polynomial in case which gave a value oi do /do (0 )
consistent with dispersion theory. The pion-pion eRective-mass distributions for both single-pion-production
channels showed pronounced peaking at high mass values, strongly inconsistent with simple isobar-pro-
duction kinematics. Simple one-pion exchange does not appear to play a significant role.

I. INTRODUCTION
'
+ION production above the p threshold is known to

be dominated by reactions in which the pion
resonance states are excited. ' ' At lower energies it
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might be expected that most of the interaction would
proceed through isobar-production channels, ' with some
possible T=O effect due to the ABC phenomenon. '
This paper reports evidence of peaking in the effective-
mass distributions of both pion-production channels
which is inconsistent with the conventional isobar
picture, and which suggests that the reaction mechanism
is considerably more complicated than has heretofore
been expected. '

4 A. Pevsner, R. Kraemer, M. Nussbaum, C. Richardson,
P. Schlein et al. , Phys. Rev. Letters 7, 421 (1961).
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CERN (CERN Scientific Information Service, Geneva, 1962),
p. 722.
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The n, p reaction has been studied with good
statistics in a hydrogen bubble-chamber experiment at
604 MeV. Similar experiments carried out by a Carnegie
Tech-Maryland collaboration in the same beam at
558 and 650 MeV are reported elsewhere. Elastic
events have been fitted to a cosine power polynomial,
consistent with dispersion theory, and pion production
is discussed in terms of the isobar formalism, the one-
pion exchange model, "and other pertinent theory.

II. EXPERIMENTAL PROCEDURE

The Adair 14-in. bubble chamber was filled with
hydrogen at a neon vapor pressure of 51&1 cm Hg
corresponding to a hydrogen density of 0.0626&0.0001
g/cc. "The chamber was operated in a magnetic field
given by

8(kG) = 17.045+ 0.00747s' —0.00511r'+0.0000105z'r',

where r is the radial distance, in crn, from the chamber
central axis and s is the displacement, in cm, from the
chamber central plane. "The pictures were taken by 3
cameras mounted approximately at the corners of an
equilateral triangle with 37.0 cm sides, 92.6 cm from,
and parallel to, the front glass of the bubble chamber.
Two fiducial marks, 25 cm apart, on the inside of the
front window provide the reference marks for measure-
ments on the pictures.

A negative pion beam of momentum 731&23 MeV/c
was directed into the bubble chamber. The average

'G. B. Yodh, T. B. Day, G. Quareni, A. Quareni-Vignerdelli,
R. A. Burnstein ei a/. , Bull. Am. Phys. Soc. 8, 68 (1963), and tobe
published.

'OB. Ferrari and F. Selleri, Phys. Rev. Letters 7, 387 (1961);
Nuovo Cimento Suppl. 24, 453 (1962).

"K. L. Hart, Brookhaven National Laboratory, 1962 (un-
published)."J.Martin (private communication).

momentum and momentum spread of the x- mesons
were obtained from a study of the elastic events. VVire

tests of the magnet system and calculation of tra-
jectories through the collimation system also support
these values. The p and e contamination in the beam
was 16.8&0.5%:16.1%p and 0.7% e,"

There were 1841 ~ rr+e, 1316 w x-'p and 4728 elastic
events found in 33 000 pictures. The number of beam
tracks per picture varied widely, averaging about 15
tracks per picture. The pictures and chamber conditions
were sufficiently uniform that ionization could usually
be used to separate 7t+ from protons.

The film was scanned twice, two views at a time for
zero-, one-, two-, three-, or four-prong events. The
beam tracks were viewed along their path to increase
scanning efficiency for elastic events with short-range
protons. A high scanning efficiency was also achieved
for the single-pion-production events since the maxi-
mum possible secondary x kinetic energy is 460 MeV,
corresponding to a 20% reduction in radius of curva-
ture. Each event was sketched on a scanning sheet with
bubble density estimates for each track. . Double
scatterings and associated electron pairs were drawn
when observed. From the two scans, the scanning
efhciency for two-prong events was estimated to be
greater than 99% except for systematic corrections for
small-angle clast;ic scattering and events for which the
plane of the charged secondary particles was parallel
to the optic axis of the camera system.

The two-prong events were measured with an Itek
Precision Film Reader with punched card output,
and were analyzed with spatial reconstruction and

"Measurements of the beam composition were made by the
Carnegie Tech group with counters including a Cos Cerenkov
counter.
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To ensure that the events were produced by beam
tracks of the correct momentum, the following criteria
were imposed: The measured beam momentum had to
be between 575 and 887 MeV/c when the measured
track length was greater than 10 cm; the measured
beam direction had to be within 5' of the average
beam direction.

The y' limits chosen were 6.64 for inelastic events
and 13.28 for elastic events. These values correspond
to a 1% probability of a greater y' for that event type.
The angle between the beam track and the plane of the
two outgoing tracks was required to be less than 10'
for elastic events. Each event was examined along with
the computer output for the event so that classification
could be made. Of the events associated with beam
tracks and within a circular scanning region, 57% were
classified on the first measurement and eventually
94% of the measured events were classified in one of
the three categories. The remainder could not be
classified because of: a short track due to a secondary
scattering or decay, a very steep track, a picture with
poor illumination or badly regulated ionization, or,
finally, multiple pion production. Figures 2 and 3 show
the g' and the missing mass distributions for the events
thus selected.

x'
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GU'Ts kinematic analysis programs for the IBM-709
computer. '4

An analysis of the adjustments made by the fitting
program to the measured momenta for an initial group
of elastic events led to a refinement of the values
assumed for the beam momentum and the magnetic
field, to the inclusion of a correction for energy loss
along the path of the particle, and to the calculation
of momentum from range for stopping particles. The
final distributions of DK, the fractional adjustment of
the measured curvatures, shown in Fig. 1, are satis-
factorily symmetric.

The GUTs analyses were made for the following
classifications:

-+p -+p, (—p)
~-+p ~ ~-+p+~' (—op)

+p ~ ~ +-n+~+ (-+ —~) .

The program calculated the g' goodness-of-fit parame-
ter, the expected bubble density as seen on the scanning
table, and a measure of the coplanarity of the event,
for each interpretation.
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FIG. 3. The missing mass distributions for the elastic
and inelastic reactions,



~ ——p INTERACTIONS A T 604 MeV 8235

Tmx.z I. Summary of the quantities used
in the cross-section calculations. AC - l200
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III. CROSS SECTIONS

The best nine rolls of film, containing 5800 pictures,
where chosen for the cross-section determination. In
these rolls there was an average of 11 beam tracks per
picture, although some pictures had up to 34 beam
tracks. To be accepted a beam track had to enter the
thin window of the bubble chamber at an angle within
&5' of the average projected entrance angle for tracks
of correct curvature, and to have the correct projected
curvature (within 5%) as measured on the scanning
table with a template curve of radius 90 in. These nine
rolls were scanned twice and the beam tracks counted
in every picture.

A restricted fiducial region for the cross-section calcu-
lation was formed by requiring the interaction point
to have coordinates within a volume 12X10&10 cm.
About 50% of the events were in this region. The
average length of a beam track crossing this region was
found to be 12.173 cm after corrections for curvature,
skew, and dip.

After corrections for beam contamination, for loss
in path length due to interactions, and for nonbeam
tracks, the number of acceptable pion tracks was
49413&561. The density of the liquid hydrogen was
determined from a neon vapor-pressure thermometer

COSINE OF m' SCATTERING ANGLE IN CMS.

Fia. 5. Differential cross section for elastic scattering, with the
forward scattering point obtained from dispersion theory and the
optical model shown by the cross at O'. Values uncorrected for
scanning bias are shown by dotted lines.

in contact with the bubble chamber and from empirical
temperature-density relations. %hile the pictures were
being taken the neon vapor pressure was 51&1 cm of
mercury. The experimental curves give a corresponding
density of 0.0626&0.0001 g/cc. " The error was esti-
mated from the curves, using a &1-cm-Hg variation of
the vapor pressure. These values were used in all cross-
section calculations.

In three scans of the two-prong events (approximately
100% eKcient) 640 elastic events, 168 vr' production
events, 244 ~+ production events, and 7 multiple-pion-
production events were found in the scanning region.
In addition, there were 5 events which were ambiguous
and 128 events which for one reason or another were
unmeasurable, which were distributed in ratios deter-
mined from the identified events. In the scanning region,
478 zero-prong events were found in one scan with an
efFiciency of 84%, calculated from other scans of the
zero-prong events. The results are summarized in Table
I, after corrections for scanning efFiciency and for the
133 unclassified two-prong events.

A scanning bias exists against events for which the
plane of the two secondary prongs is parallel to the
camera axis. Correction factors were obtained by plot-
ting the number of events found in intervals of n, the
angle between the plane of the two prongs and the front
glass plane of the bubble chamber; the results are shown
in Fig. 4. A bias is expected against events with 0, near
90', the corresponding corrections are given in Table I.
These factors were calculated from consideration of the
variation of azimuthal angle distribution with the c.rn.
scattering angle; the corrected and uncorrected scatter-
ing-angle distributions are compared in Fig. 6. Fitting
the corrected data to a simplified optical model to
account for the loss of elastic events with very short
range protons contributed an additional correction
factor of 1.0360&0.0028.
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Fic. 6. Dalitz plots for the 7f- n~+ and ~ p7i-' reactions. The solid
outline represents the kinematic limits for pion production with
incident momentum 731&20 MeV/c. The dashed lines correspond
to pion recoil from an isobar of mass 1223&70 MeV.

IV. ELASTIC SCATTERING

The c.m. angular distribution for the 4728 elastic
events, Fig. 5, was fitted to the following polynomial by
the least-squares method:

consistent with the fifth-order polynomial. The need
for fifth-order terms suggests that F-wave interference
is already important in the vicinity of the total cross-
section peak, although the D-wave scattering amplitude
still dominates. Grard et a/. " have reported similar
results at a slightly higher energy.

V. SINGLE PION PRODUCTION

The significant kinematic features of both pion-pro-
duction channels are evident in the Dalitz plots of Fig. 6.
A uniform density of events within the kinematic
bounds is to be expected from simple phase-space
dependence, while excitation of the X*(3,3) isobar of
mass 1223 MeV should be reflected in concentrations
about the recoil pion axes, within the half-width limits
shown by the dotted lines. Neither effect seems to be
especially pronounced; instead, the predominant effect
seems to be a concentration of events about a diagonal
which intersects the pion kinetic-energy axes at 275
MeV.

This is seen more clearly in the two-pion effective-
mass distributions, Fig. 7, where a broad peaking
appears in the vicinity of 520 MeV. This rise is clearly
inconsistent with straightforward phase-space de-
pendence, or with the isobar model of Lindenbaum-
Sternheimer, and is pronounced in both pion-production
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The coe%cients are normalized to the elastic cross
section given in Table I. Due to the scanning bias
against elastic events with small scattering angles, the
events with cos8&0.9 were not used with the fit. As a
check, the fitting was repeated with a cutoff at cos9= 0.8,
with no essential change in the coeKcients, and with a
fifth-order polynomial still giving the best fit to the
data. A more detailed discussion of the elastic scattering
is given elsewhere. "

The forward-scattering point in Fig. 6, calculated
from dispersion theory and the optical model, " is

» B. R. Riley, M.S. thesis, University of Kentucky, 1963 (un-
published).

'e J. W. Cronin& Phys. Rev. 118, 824 (1960).
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Fzo. 7. Two-pion ef'fective mass distributions for the x 2i-+ and
m ~' systems. Predictions of phase-space dependence, the LS
isobar model, and the Olsson-Yodh isobar model are shown for
comparison.

"F. Grard, G. McLeod, L. Montanet, M. Cresti, R. Barloutaud
ei al , Nuovo Cimento 22., 193 (1961).
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channels. Peaking in the x x+n reaction has previously
been noted by Kirz and co-workers" at incident pion
energies of 360—780 MeV; the fact that the location of
the peak in the effective mass distribution is different
at each incident energy, lying always just below the
kinematic maximum, precludes interpretation in terms
of a dipion state with Axed excitation energy.

Momentum distributions for the pions, Figs. 8 and 9,
and nucleons, Fig. 10, are compared with the predic-
tions of phase space and the Lindenbaum-Sternheimer
(LS) isobar model. The relative mixing of the I
and J 2 decay and recoil momentum spectra in the
latter are determined by branching parameters p and a,
in the LS notation, which yield p, the phase difference
between matrix elements for producing the isobar in
the I-spin —,

' and -„' states. From counter values" of
0 (I= 2) = 21 mb and 0 (I= ~3) = 3 mb, and the ratio
It.'=0(~ vr'p)/0(n z+n)=0. 633 obtained in the present
experiment, the values p= 0.072, a= —0.123, and
P= 120.7' were determined for the momentum distribu-
tions shown. There seems to be considerable evidence of
isobar formation, although deviations from the detailed
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FIG. 8. Momentum distributions for the ~ from the 7f nx+
and m P~ reactions. Predictions of phase-space dependence and
the LS isobar model are shown in comparison.

FIG. 9. Momentum distributions for the 71-+ from the m n~+
reaction and the 7lo from the 7i- pm. reaction. Predictions of phase-
space dependence and the isobar models are shown for comparison.

LS model predictions are very evident, most notably
in the nucleon distributions.

The center-of-mass (c.m. ) scattering angles for the
m mop reaction, Fig. 11, show complete isotropy, while
there is some suggestion of forward and backward
peaking for the pions in the m. x+e production state,
Fig. 12. For the most probable isobar pairing, the m=e

in this latter reaction, the angle distribution for the
in the m, e rest frame has been calculated. A decided

forward-backward asymmetry, similar to that observed
recently at much higher incident energy, 4 BeV/c, ' is
evident for events both inside and outside the isobar
mass half-width. This further demonstrates that
mechanisms other than simple isobar production are
important in this channel.

The Lindenbaum-Sternheimer formalism assumes
complete isotropy in the production and decay of the
isobar in the overall center of mass system. Bergia,
Bonsignori, and Stanghellini" (BBS) have, however,
pointed out that incoherent summing of the contribu-
tions from the separate pion-nucleon formation pos-
sibilities is not justified except in the limit of a stable
isobar, and have demonstrated the necessity for in-
cluding isobar interference terms. Inclusion of the BBS

' Aachen-Birmingham-Bonn-Hamburg-London (I. C.)-Mun-
chen Collaboration, Nuovo Cimento (to be published).

21 S. Bergia, F. Bonsignori, and A. Stanghellini, Nuovo Cimento
16, 1073 (1.960).
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Fxc. 10. Momentum distributions for the nucleons from the
m em+ and ~ pm reactions. Predictions of phase-space dependence
and the LS isobar model are shown for comparison.

experiment, Fig. 7, but fails to predict the observed
m.+m. mass distribution, Fig. 7.

The peaking effect in effective-mass distributions
seems equally prominent for x x' and x+x systems. If
the same mechanism is responsible for the peaking in
both cases, this would present considerable difhculty
for the Yodh isobar model, which requires coherent
interference which would be constructive for x m'

production and destructive for x+x .
Yodh has suggested the possibility that the mass

effects observed are of different origin, the m+m

"peaking" appearing as a consequence of destructive
interference with a strong I=O xx scattering, which
acts to deplete the region near the lower phase-space
boundary. The I=O mw scattering length is expected to
be appreciable from a variety of considerations. The
ABC experiment' and theoretical arguments" suggest
that the I=O ~z interaction may be resonant, although
the x+~—mass distribution, Fig. 7, gives no evidence
of peaking near the dipion threshold, at the resonance
energy expected.

The possibility remains that such xw peaking tends
to be washed out through interference with the isobar
production channel. The question of whether inter-
ference effects have depleted the density of events with
low mr mass in the region of high isobar production
probability has been explored by dividing the Dalitz
plot for the e7r+m. reaction into the nine regions shown

IBI6 m' p m EVENTS

interference appears to improve the momentum dis-
tribution fit, Fig. 9. In the case of s+p scattering at the
same energy, however, the Saclay group" has shown
that the pion momenta demonstrate none of the double
peaking expected for BBS interference in the pure I=-,'
production state.

A further modification of the isobar model to include
the possibility that the isobar is formed with the Z
component of its spin aligned along the incoming beam
direction and decays with a 1+3 cos'0 distribution with
respect to the isobar direction has been proposed by
Olsson and Yodh." They assume S-wave production,
as is indicated by angular distributions measured at
550—600 MeV and at lower energies, and include the
requirements of Bose statistics. Inclusion of the P-wave
decay term effectively smooths out the sharp peaking in
the T= -', momentum and energy distributions predicted
by the BBS isobar model.

The Yodh model appears to account for many of the
characteristic kinematic features of the 7r+,p interaction,
particularly the vr—s. Q values, at energies from 558 to
1090 MeV. This model provides an excellent Gt to
the 7r m. effective-mass distribution in the present
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"R. Barloutaud, L. Cardin, A. Derem, G. Gensollen, A.
Leveque et cl., Nuovo Cimento 26, 1409 {1963).

"M. 01sson and G. Yodh, Phys. Rev. Letters 10, 353 (1963).

FIG. 11. Center-of-mass scattering angles
for the m p~ reaction.

s~ N. Wu and G. Z. Vang, Sci. Sinica (Peking) 12, 317 (1963).
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TABr.z II. Number of events per 100 MeV' in the 9 Dalitz
plot sections of Fig. 13.

Section

a
b
c
d
e
f
g
h

Number of events/100 MeV'

15.3%2.5
33.1+1.4
27.8&3.3
11.6a1.6
24.1ai.S
18.5+2.1
6.9~1.4

20.6a1.2
15.8+2.1
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in Fig. 13. The density of events per hundred MeV2 in
each of the nine regions is listed in Table II; the esti-
mated error takes into account area measurement as
well as number of events. The relative densities of low-
dipion-mass events in the energy region of highest
isobar probability, where the greatest interference is
expected, h/(e+b)=0 36&0.07, sh.owing no depletion
compared to similar ratios for smaller isobar-pro-
duction probabi1ity, g/(d+u) =0.26+0.06 and i/(f+c)
=0.34&0.05. In the perpendicular direction, the ratio
of densities outside and inside the energy region of
highest isobar-production probability is, if anything,
smaller at low-dipion-mass values than at high, with

100 200

(g+s)/h= 0 55&0. 09, .compared to (d+ f)/e= 0.63
&0.09 and (a+c)/b=0. 66+0.09. In either case, no
depletion effects in region h, where interference effects
are expected to be strongest, are observed.

As shown in Fig. 14, a rather good 6t to both a+m-
and m m-0 effective-mass distributions is obtained by
integrating the Chew-Low equation, "

d2~ f2 gs/~2 o (L~2 ~2)2
o..(cc),

dec'dh' 2s. (5'+IJ,')' . 2
gin

over 62, the four-momentum transfer term, assuming
r to be constant or slowly varying at energies well
below the p threshold. However, integrating over the
square of the dipion effective mass, ~2, under the same
assumption fails to give agreement with the nucleon
kinetic energy spectrum, Fig. 15. The nonperipheral
nature of the scattering interaction is further suggested
by the isotropy of the nucleon angle distributions" in
Figs. 11 and 12. No reasonable choice of energy or

IT KINETIC ENERGY

FIG. 13. Division of the Dalitz plot for the x ex+ reaction into
sections for interference study. Diagonals from upper left to lower
right divide 3 regions of equal dipion production area, while the
intersecting diagonals mark off regions inside and outside the
approximate isobar-production half-width.
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COSINE OF SCATTERING ANGLE IN QMP,

F&G. 12. Center-of-mass scattering angles
for the m em+ reaction.

"G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959).
~6 The prominent peaking of neutrons in the extreme backward

c.m. s. direction for the m. err+ events, Fig. 12, merits comment.
Such an eGect might be expected from spurious 6ts of elastic
events to inelastic scattering categories using incorrect values of
the beam momentum, the nonexistent "neutrals" appearing to be
produced parallel to the beam direction. This effect should show
up most strongly, however, in the ~ p~ events whose neutral-
particle angle distribution, Fig. 11, is uniformly isotropic. All of
the x+ lab momenta for the selected neutron-backward events
were below 600 MeV/c, so that ionization information was reliable
in identifying the positive particles. The y~ distributions for the
selected events and for the total sample were in good agreement,
as were the neutron c.m.s. Inomentum distributions. It appears
likely that the backward neutron peaking in the smallest interval
of c.m.s. angle is a real effect, indicating that some peripheral
pion-pion interaction occurs in the T=O state, probably in the
S wave. The neutron energy distribution in the lab system is
strongly peaked at zero for these events, with no neutrons above
80 MeV in kinetic energy. The events with this strong directional
collimation amount to some 3% of the total of the ~ em+.
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FIG. 14. Distributions of effective mass of the pion-pion system
compared with calculations from the LS isobar (a), phase-space
dependence (b), and from the Chew-Low equation assuming 0

constant, (c).

momentum dependence for o. provides a satisfactory
6t to both distributions, Figs. 14 and 15; the
6'/(6'+p')' term in the Chew-Low equation continues
to dominate the nucleon kinetic-energy spectrum. In-
cluding the I=0 5-wave cross section calculated by
Wu' and Yang'4 (the I=2 S-wave m.7r scattering is

negligibly small at these energies) only has the effect
of further enhancing the predicted low-energy peaking
of the nucleon energy distribution, near 40 MeV.

There seems to be no very simple explanation of the
peaking in the m.m- effective-mass distributions. Singulari-
ties associated with "triangular" Feynman diagrams
have been shown capable" of leaving the outgoing
pions in a state of high relative energy, but the peaking
falls off much more rapidly with energy than is the
case with the present effect, which is still very prominent
at 558 MeV.' Selleri" has pointed out that higher order

'7P. V. Landshoff and S. B. Trieman, Phys. Rev. 127, 649
{1962);R. Aaron, Phys. Rev. Letters 10, 32 (1963).' F. Selleri (private communication).

LABORATORY KINETIC ENERGY OF NUCLEON

Fra. 15. Distributions of the nucleon laboratory kinetic energy
compared with calculations from phase space (dashed curve),
and from the Chew-Low equation assuming 0- constant.

rescattering diagrams, or exchange terms in suitable
combination, might lead to effects such as those here
observed; presumably the complete explanation will in-
volve a considerable admixture of isobar production
as well.
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