THREE-PARTICLE STATES. I.

by (2.44). This shows that our S matrix (3.4) is identical
with Faddeev’s [defined by the conjugate of the second
unnumbered equation after (9.81) of Ref. 4, and Eqs.
(5.3), (5.44), and remark before Eq. (9.11) of the same
paper].

Finally, we consider the S matrices for bound-state
scattering and rearrangement collisions. The equation
we need here is

W ap(5) = (3as— DT a(5)Go(s) Ts(s)+ T a(5)Go(s) VGio(s)
XTp(s) ]+ To()Go()Uagt(5)Go(5)Ts(s), (A11)
which is obtained by iterating (AS5). Applying the

argument that led to (A10) we find the residue at the
double pole on the energy shell

$=0?—FEan=0g?— Eam (A12)
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to be

(601/?—' 1)‘/’an(15a)

x[gﬁm<pﬂ'>+ f dpﬁ"Va(pﬂ',pa"wam(pﬁ")]

+/d3?a/dspﬂ’\l/an(pa)

XU o (Day Aoy D', 46" 9o’ — Ean)¥m*(pg") . (A13)
The first term cancels by (2.44). This shows that our S
matrices (3.3) are identical with Faddeev’s [defined by
the third unnumbered equation after (9.81), and (5.3)
of Ref. 47].
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Gauge invariance and the vector nature of the photon are exploited in order to factor expressions for cross
sections of photon-induced reactions into a purely kinematical part and a purely dynamical part. Detailed
studies of two- and three-body final states are considered and it is shown how this separation into kinematical
and dynamical aspects provides a useful and general procedure by which to compare experiment and theory.

I. INTRODUCTION

HE fact that the photon is a zero-mass vector

particle coupled to a conserved current allows for
a separation, in expressions for the cross section for
photon-induced reactions, between purely dynamical
aspects and kinematical features such as gauge in-
variance and the vector nature of the photon. We show
explicitly how this separation can be accomplished for
an arbitrary photon-induced reaction where the photon
can either be real as in photoproduction or virtual as in
electroproduction (or mu-production). Detailed dis-
cussions of two-body and three-body final states are
given. In these experimentally more accessible cases we
show that a great deal can be learned about photo-
production by just analyzing the data in terms of the
above-mentioned separation into kinematical and dy-
namical aspects. This is similar to the separation into
the electric and magnetic form factors in the case of
electron-nucleon scattering, but applied to cross sec-
tions rather than matrix elements.

In order to experimentally carry out the separation
of photon-induced reactions into its kinematical and
dynamical aspects it is necessary to perform either
“coincidence” electroproduction experiments (simul-

* Supported by the U. S. Atomic Energy Commission.

taneous observation of the scattered electron and pro-
duced strong particles) or experiments using polarized
photons. In the work presented here we are primarily
interested in comparing photoproduction and electro-
production and thus consider principally electroproduc-
tion in the region of small photon mass.

In dealing with photoproduction and electroproduc-
tion at high energies (energies greater than approxi-
mately .1 BeV) the question arises as to what is a
convenient and useful procedure for analyzing the data.
For energies greater than 1 BeV, the dispersion theo-
retic treatment of Chew, Low, Goldberger, and Nambu!
is not expected to hold and furthermore one would
expect many multipoles to be contributing to photo-
production processes so that a multipole analysis of the
data appears quite complicated and lengthy.

On the other hand, theoretical studies of photo-
production at high energies are often made in terms of
simple models, e.g., one pion exchange. It therefore
appears useful to have a completely general description
of photoproduction which at the same time can be
easily accommodated to testing ideas and models
concerned with these processes. The separation into
kinematical and dynamical aspects affords just such a

1 G. Chew, M. Goldberger, F. Low, and Y. Nambu, Phys. Rev.
106, 1345 (1957).
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q :
F1e. 1. Diagram showing photo-
production of a two-body final state
by a photon of momentum g.
; 2

simple and direct means for comparing theory and
experiment.

Because the photon is a vector particle with polariza-
tion vector e,, the differential cross section for photo-
production can be expressed in the form?

eue,* Ty (1a)
and for electroproduction, in the form
EZkkalv_kanV_QMklv_l_ (Qz/z)g#v:lTw(l/‘f)
=LWTW/‘I4: (1b)

where L,,, the tensor multiplying 7', in the electro-
production case, is the usual average over initial and
final lepton spins of the vector interaction of photons
with leptons and where £; and ¢ are the four-momenta
of the initial electron and photon, respectively.

The tensor 7', which contains all the nuclear dy-
namics is defined in terms of the electromagnetic current
operator J,(0) as

Tyr={f1Tu(O)4)(f]7,(0) [5)*. (2a)

Since the electromagnetic current is conserved we have
that
T =¢,T4=0,

where g, is the four-momentum of the photon. Further-
more, it follows from its definition that

Tup=T,.*. (2b)
"

In the case of photoproduction with unpolarized
photons or with linearly polarized photons, as well as
in electroproduction, the tensor multiplying T, is real
and symmetric in the indices u and ». Thus in these
cases only the real and symmetric part of 7', will
contribute.

For the case of circularly polarized photons T,
need not be real but because of (2b) the imaginary
parts must be antisymmetric in the indices x and ».
It will be shown below that to have a nonzero anti-
symmetric part there must be at least two independent
vectors in the final state so that these antisymmetric
parts arise in three-body reactions when only momenta
are measured or in two-body reactions when momenta
as well as at least one polarization are measured.

II. TWO-BODY FINAL STATES

Photoproduction and electroproduction are shown in
Figs. 1 and 2 where ¢ and p; are the momenta of the
photon and initial nucleon, respectively, p2 and ps are

2 We use a metric such that a-b=a¢bp—a*b so that 2=—1.
Cross sections are defined with =c=1; a=~1/137. €uyqy is the
completely antisymmetric tensor of the fourth rank with egpss = +-1.
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the momenta of the produced particles, respectively (say
nucleon and pion) and where k; and k. are the momenta
of the initial and final electrons, respectively.

Consider the case when neither initial nor final
nucleon spins are measured; then 7, depends on the
various momenta. Making use of the requirement of
gauge invariance, 7', can be cast into the form

qu9»
T“,.:Al(é‘o,to,q?)l:gw‘_ - ]

q2
+A Z(SO,tO, q2) [éyadeaplaP?revﬂ)\pqﬁPl)\Pij

(p1° 9)g. (pr Qg
+A3(50,t07q2)|:P1u"‘ e j”:]jly— bra :l
¢ ¢

(P2 )gu (b2 D>
A& So,l0, 2 2u— 2v
+4.( tq)[p p ][P p ]
+i45(s0,t0, ) { L1~ (p1° O/ AL~ (P2 0o/ ]
—[pou— (b2 9/ A o1— (b1 g/ T} . (3)

‘The five real functions or form factors® 4;...5 are func-

tions of the energy so= (p1-+¢)? the momentum transfer
o= (p1— p2)? and the photon mass ¢2

In (3) we have performed the separation into the
dynamical aspects of the problem which are incor-
porated in the form factors and the kinematical aspects
which are explicitly displayed by the functions which
multiply the form factors.

In order that there be no singularity* as ¢*— 0 the
form factors 43, A4, and 45 must be proportional to ¢
in the limit as ¢>— 0, i.e.,

limAs,4,5= ¢*a3,4,5 4)
920
and also
lim4.={(p1- @)%} as+{(p2* )} as. (5)
g2—0

Fic. 2. Diagram showing electro-
production with two strongly inter-
acting particles in the final state of
momenta ps and ps. The initial and
final electron momenta are %; and ks,
p  respectively.

2

Phe]

3 For purposes of calculational convenience the coefficient of 42
has been defined in (3) in terms of the four dimensional anti-
symmetric tensor e rather than the more obvious form

(L1~ (1 )/ PN b2— (D2 )0/ 4*]

+0p2— (b2 D/ P b1v— (b1 D9/ a1}
The above form is equal to a linear combination of the coefficients
of Ay, As, A3, and A,

4 There can be no singularity in ¢ as ¢® — 0 since from (2a)
T, is defined in terms of the physical matrix elements of the
current. Arguments similar to this in connection with total cross
sections have been made by S. D. Drell and J. D. Walecka, Ann.
Phys. (N.Y.) (to be published).
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A4, cannot be singular as ¢?— 0 since the coefficient
of A, in (3) is nonzero in this limit. Thus only 4; and
A, contribute to photoproduction (since ¢?=0 for real
photons) and will be the leading terms in electro-
production for small ¢

Because 4 and A5 depend on both s, and o, averag-
ing over initial photon polarizations in photoproduction
yields only one linear combination of these form factors.
Another equation is needed to solve separately for
both 4; and A and this can be provided by electro-
production. The form factors 4; and A4, will appear
differently in photoproduction and electroproduction
because of the factor k1.1, in the lepton term multiply-
ing T,,. This factor ki.k1, provides the virtual photon
with a linear polarization whose effects are measurable
if the final electron is measured in ‘“‘coincidence’ with
one of the final strongly interacting particles.

More explicitly we have for photoproduction with
unpolarized photons in the so center of mass

(o). er(-47)

[(so— M — M2y —AM M2
X
[so—M+*]

, (6)

where in 7', only the form factors 4; and 4 are non-
zero and are evaluated at ¢>=0.

Similarly the differential cross section for electro-
production in the limit as ¢* — 0 can be determined in
terms of 4; and 4. and takes the form

Ba ( 1 >2( 4) ( a/ o ) d
=\ N Pp2
diodsadg \167) © \bterks) "

X I:(so__M12_ q2)2_4M12q2]—1/2

X [(92/2)gw+2k1/4k1v:'Tw ’ (7)

where wy, and kj, are the initial electron energy and
momentum, respectively. To first order in ¢? and neglect-
ing the lepton mass the two terms g,,7, and k1.°1,7 4y
can be easily evaluated.

In the s, center-of-mass sytem we have directly
from (3) that

ZuTuy=241— A 250’ ps* Sin20p2r17 (8)
2(s—M2) (s—s0)
klpklvTMVZMQZAl
(so—M%)?

+500?ps? sin%,, k2 sin®y 4 cos?o,, A2,  (9)

where 6,,, is the angle between the photon momentum
and the outgoing nucleon; 6y, , is the angle between the
photon momentum and incident electron in the s
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Fic. 3. Kinematics for the two-body final state in the so
center-of-mass system (q-+p1=0). The angle ¢, is measured
with respect to the plane containing the vectors q and k;. The unit
vector { is taken as the polar axis.

center-of-mass system; ki, ps, and q are the initial elec-
tron, final nucleon, and photon momenta in the so
center-of-mass respectively,’ and where the lepton mass
has been neglected. The angle ¢,, is the azimuth angle
of the final nucleon with respect to the plane containing
k; and q (or k; and k;) in the sy center-of-mass system.
The above angles are shown in Fig. 3.

The fact that 6;,, vanishes in the limit ¢2— 0 means
that the term %42 sin®y,, will be of order ¢? in this limit.
In fact to order ¢* and neglecting the lepton mass we
have that

k1 2(so—s)(s— M
k2 Sin20qu=q2~(g4—k1) :LL_), (10)
g (so— M%)
where g4 is fourth component of g, in the so center-of-
mass system and s= (p1+k1)%.

A simple proportionality between photoproduction
with unpolarized photons and electroproduction is ob-
tained by averaging over the azimuthal angle ¢,, in
(9).6 This means no “coincidence” between scattered
electron and produced strong particle. By averaging
over ¢,, we have from (8) and (9) that

[¢*/ 28T urt2k1,k1, 1T s

2(s—s0) (s— M%)
(so—M%)?

- 2/2[1+ ]ng,w (11)

and that electroproduction in the limit ¢>— 0 and
neglecting lepton mass is related to photoproduction

8 The quantities |ki|, |p, cosfp,,| and |q| can be expressed

invariantly as
2| k| = (g*+s— M%) /5ot
—2|pz|cosbp,e= (/| al)
| (so—=M1®) (s0— M) — @ (so+M2— M) — M3 (so+M12)
T 280! ql ’

where
4@?=[(so—M2—g»)?—4M2¢*]/s0 and s=(p1-+Fk1)*

¢ That no new information is obtained in comparing electro-
production at ¢?~0 with photoproduction for two-body final
states was first stated by R. H. Dalitz and D. R. Yennie, Phys.
Rev. 105, 1598 (1957). See also the subsequent work of L. N.
Hand, Phys. Rev. 129, 1834 (1963); and M. Gourdin, Nuovo
Cimento 21, 1094 (1961).
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with unpolarized photons by the equation

(E) L)

2] (s— M2\ | ¢

d*o
dqzngdIfo

XI:I ; 2(s—M?) (S-So):HdO’(So,lo) (12

T
(so—M2)? dlto }*rpl—»pzzzs

Separation between the two form factors 4; and 4.
can be accomplished by not averaging over the axi-
muthal angle ¢,,. This requires a ‘“‘coincidence” experi-
ment between the scattered electron and strongly
produced particle. This “coincidence” defines a plane
in which the virtual photon is linearly polarized. Thus a
comparison of the azimuthally averaged cross section
with the ‘“coincidence” cross section allows for the
separate determination of both 4 and A..

Note that since ¢?, %, and so are all independent
variables, one can check that ¢ was indeed small
enough to be in the ¢?— 0 limit by keeping so and %
fixed, then varying ¢? in the vicinity of ¢*>~0 and check-
ing that one has the same 4, A second and perhaps
simpler way for checking that one is in the ¢?~0 limit
is to note that (9) has no linear term in cose¢,, We
show below that the terms linear in cos¢,, are propor-
tional to (¢°)"/? and thus the absence of such a term
guarantees that one is indeed in the limit of small ¢2

As a simple example of a model we note that in the
¢>— 0 limit the one-pion-exchange approximation for
the reaction vp — =+ would predict 4;=0 and 42540.7
This same prediction also prevails if all particles but
the photon are treated as spin-zero particles. For the
reaction vp — 7% with one vector meson exchange both
A; and A, are nonzero and in general independent,
while

A= A:0[ (P2 @P— ¢ T

and 43;=0. However, if the vector meson is coupled to
nucleons with only charge coupling nonzero, then A,
and A, are related by the equation

A1= (pr—po)[@*p2— (P2 9 ]42,

where p, and p3 are the final pion and nucleon mo-
menta, respectively.

Another application of this method arises when the
final pop; state is in resonance. In such cases the
explicit ¢y dependence of 4, and A, can be given since

7 Since photoproduction in the one-pion-exchange (OPE) ap-
proximation is not gauge invariant, we define the gauge invariant
OPE model by adding to the simple OPE term the minimum
factor which makes it gauge invariant. The gauge invariant OPE
matrix element in the ¢ — O limit is then of the form

2p2u—Qu 2p1utgu ] o

I: prrg—@ ~ Cpregte [Tkt
where p. is the final pion momentum, and where f(so,f,¢? is an
arbitrary function which is nonsingular as

[2(p2-)—¢*]1—0 and [2(p1-Q)+¢]1—0,
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this dependence is completely determined by the spin
of the resonance. This follows immediately from the
fact that the most general couplings between photon,
nucleon, and a spin J baryon resonance are functions
only of the masses of these particles, respectively. For
example, for Sy/2 and Py, resonances only 4 is nonzero
(in the ¢ — 0 limit) while for a Pjs or D3, resonance
both 4; and A4, are nonzero. Thus analyzing the second
pion-nucleon resonance N*(1512) in terms of the form
factors A; and A, could shed light on whether this
resonance is either Pys or Dje. In particular, if the
resonance is pure Pye (or Sys) the differential cross
section is given by Egs. (6) and (7) with 4,=0 and
with 4; having no ¢, dependence and evaluated at
So=M*2, where M* is the nucleon resonance mass.

For pure Dy (or Py) the form factor A; factors
into a function of s, and a function of cosf,,,.® Parity
conservation and the fact that the resonance has spin
3/2 means that the cosf,,, dependence must be of the
form a5 cos?,,,. Thus for pure Dys (or Py2) we have
A1 (so,t0)=a(s0)+b(s0) cos?p,, while A. reduces to a
function of sq alone. Interfering Py/s and Dj,, resonances
give rise to both 4; and 4, and furthermore allow a
linear term in cosf,,, for A, i.e., in this case A4; is of
the form a(ag)+b(so) CO8%pyq+c(s0) COSOpyq and A, is
again a function of sy only. If the production, in terms
of multipoles, is pure M;(3/2) then A4; and A4, are
simply related in order that (8) take the form
[243 sin?0 4 -

Also, since the ¢y dependence for the production of a
baryon resonance is explicit, both form factors 4, and
A2 can be determined from either unpolarized photo-
production or non-“coincidence” electroproduction
alone by a study of the final 7V angular distribution.

The next order term, of order (¢%)!'2, can be deter-
mined in a straightforward manner similar to (8) and
(9). To this order, there will be contributions from
A1, 43, no contribution from A4, while the contribution
of A4 can be related to A3 and 4, by using (5). Thus
keeping terms to order (¢%)"/? we add to (9) the expres-
sion linear in cos ¢y,

(P2 Sinoz’w) (ks Sinoqu) (COS 90?2)
(2s—s0— M 2) (so— M 1) |_A 4¢?4, :I
(So+to—M12—M22) |_ ? (SO—M12)2 '

8 The most general gauge invariant coupling I', between a spin
1/2 particle of mass M, and four-momentum p;, and a particle
of spin 3/2, mass M3, and four-momentum p; and a photon (real
or virtual) of four-momentum g is of the form

T=F1(q%) qate(p2) v u— qu (M2 — M) /¢*Juu (p1)
+Fo (LM~ M 1) (p2)u(p1) — gatia(pa)vur(p1) ]
F3(g?)qatla(p2)L(p1+p2) u— (M1+M2) v, Ju(py),

where uq(p2) is the free spin 3/2 particle wave function and #«(p1)
the free spin 1/2 particle wave function. The form factors Fy o3
are arbitrary functions of ¢2 The matrix element for 3/2% is ob-
tained by replacing 7. by #«ys and Ms by —M,. See M. Gour-
((lin ax;d Ph. Salin, Nuovo Cimento 27, 193 (1963); and 27, 309
1963)" ' '
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This expression is of order (¢°)'/2 since k; sinfy,, is of
order (¢%)'2 and the term in brackets is of order ¢
Measurement of this term leads to the determination
of A3 which cannot be measured with real photons and
which could be interesting in its own right.

We conclude this section by remarking that in terms
of the more conventional language the form factors 4
and 4, can be thought of as arising from transverse
photons, while 44 may be thought of as the result of
interference between transverse and longitudinal pho-
tons and A3 pure longitudinal photons.

III. THREE-BODY FINAL STATES

In this section we consider processes where there are
three strongly interacting bodies in the final state
which we label according to momenta as g+ p;— po
=+ ps+ 4. Special cases of interest might be where there
are two final pions in resonance or one final pion and
nucleon in resonance accompanied by a second pion.

The most general form for 7T, for the case of three
final bodies of four-momenta ps, ps, p4 has nine terms
and can be cast into the form

Tyy=+ Bi€uapr€rporfapsspangoPsoedr
+ Ba€uapr€sporfaP 180G sP1oPor
+ Bi€uapr€rporQaP 260G oD 20P3r
By pu— (1 99/ I o1— (1 90,/ ¢%]
+ B[ pou— (P2 994/ P 2~ (P2 90/ ¢%]
+ Bs[psu— (3 994/ @I b3v— (3 905/ ¢*]
FiBA[pr— (b1 0/ PN b2v— (P2 90,/ ¢%]
—[pou— (b2 D9/ P 1»— (B1- 990/ ¢*1}
FiBs{[pru— (p1° 99/ P b5— (B3 90,/ ¢*]
—[psu— (3 g/ P b1~ (b1 D/ 1}
+iBo{[p2u— (P2 99/ A b3~ (B3 90/ ¢*]

—[psu— (03 Qqu/ ¢ 2o~ (P2~ Dgu/¢*1},  (13)

where ¢ and p; are the photon and initial nucleon,
respectively. [Note added in proof. Equation (13) as
given in an unpublished version of this work (see SLAC
Pub. 27 Stanford Linear Accelerator Center, 1964) was
given incorrectly. The author is indebted to Dr. J. K.
Randolph for calling this point to his attention.] The
form factors B; will in general depend on five variables,
two energies and an angle in the final three-body center
of mass, the initial energy and the photon mass. It is
convenient to take as these five variables the covariant
quantities

x=(pstpa—p1)?; y=(ps—q)?;
2= (patps)*; so=(p1+9)?; ¢.

Just as in the two-body case the requirement that
T, be nonsingular as ¢>— 0 assures that By are of
order ¢* as ¢2— 0 and thus only By, 3 contribute to
real photoproduction with unpolarized or linearly po-
larized photons, and will be the leading terms in the
limit of small ¢* for electroproduction. Again the
apparent singularity in By 5,6 will cancel out because
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of the relation
5210[(?1’ Q¥ 1B+ (p2-9)*/¢*1Bs
+[(ps-9)*/¢*1Bs=0 (14)

and By 55— 0 as ¢ — 0 which is the analog of (5).

Because the ¢~ terms cancel automatically in the
antisymmetric terms, By s, are not required to be pro-
portional to ¢* as ¢2— 0. However, to cancel the ¢~2
singularity there are two relations among By ge and
thus there is only one independent antisymmetric form
in the ¢2— 0 limit. Such imaginary antisymmetric
terms can arise from the interference between resonance
and background or between two different resonances
and require circularly polarized photons in order to be
detected.?

We next show, as in Sec. I, that if the final electron
is undetected then electroproduction in the limit ¢ — 0
is proportional to photoproduction with unpolarized
photons. This is true regardless of the number of final
bodies and the proof given below is valid for arbitrary
final states.

From (13) we see that the proof of this statement
requires evaluating the expression k2sin%;,, in an
arbitrary coordinate system (not necessarily the c.m.
system as in Sec. II) when the final electron is unde-
tected. Let p, be the four-momentum in whose rest
system k.?sin’f;,, is to be evaluated. Then using
2k1+g= ¢% we have to first order in ¢2

2( s° kl)
k12 sin20k1q= %;“—;[(Pg N q) - (PS . kl)]..

(15)
s® q)

The quantity (p,-k1) can be expressed in the over-all
center-of-mass system of the final strong particles (so
c.m. system) as

ps-ki=Fki[E;—~ | ps| (cOS0%,4 COSOpyq
—+sinby, 4 inf,, 4 COS@4,) ]

Since only first order in ¢? is desired, sinf;,, is negligible
in the above expression and cosf,,, can be taken to be
unity. Using these facts in (15) gives immediately that

ki sin®fy,g= ¢ (k1/q4%) (qs— k1) , (10)

where %, and ¢4 are expressed in the over-all center of
mass. This result is the same as (10) and hence we have
(11) independent of the number of final particles.

9 These terms could also be detected in electroproduction if
either initial or final electron polarization is measured. The con-
tribution of these terms to the cross section is, however, propor-
tional to the lepton mass and would be very difficult to detect
when the initial energy of the leptons is high enough to have a
three-body production.

10 The result is the same even if nucleon polarizations are in-
cluded as measureables. For example, in Sec. IT if the initial proton
is polarized one adds additional terms to (3) of the form

€uaprevpardap18Pang P10 W+,

where W, is the four-vector which reduces to the target polariza-
tion in its rest system. Applying the same procedure as in going
from (15) to (10’) yields the stated result.
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The differential cross section for photoproduction of
three final bodies of four-momenta p,, ps, and ps can
be expressed in terms of invariants as

iad (1)3| T | 40— M 2T
=( ) |gw Tl 4Ls0— M 2T
dxdydz \16r Surl ’ '

X[soty—MP—M&T?, (16)
where T, is given by (13). Similarly the differential
cross section for electroproduction of the same process
is given by

dba ( 1 )3(2(1\ L“,T,‘,dgamdqoml 0

drdydzdsodg \67) \ 13/ (s— M 2giso| pi]| Q|

where ¢,, is the azimuthal angle of ps with respect to
the plane containing q and k; in the so rest system;
@5, 1s the azimuthal angle of p, with respect to the
plane containing ¢ and k; in the z rest system; |p:|
and |Q| are the magnitudes of the initial nucleon and
initial photon three-momenta in the so and z rest sys-
tems, respectively. These may be expressed covari-
antly as

dsop2=[(so— M2 —¢*)*—4M "],
42Q%=[ (so+g*+y—M?— M £)*—4zg*].
The differential dgs’ is readily expressed in terms of the

differential d¢,,, where ¢,, is the azimuthal angle of ps
in the 59 system as

f;nuf'rplpq;-kluph-]( 2 )1/2 l Q I . (18)

(dﬂopz,) = (dﬂpm)[ -
e;wu"rps;zq:lklvPZT I pll

So

In the limit as ¢?— 0 it is possible, just as in the
case of a two-body final state, to separate the three
form factors By...3, by the azimuthal dependences of the
differential cross section. For each x, 9, 2, and so the
distribution in ¢,, gives one equation of the form
a+b cos’p,, and the distribution in ¢,, gives another
equation of the form c¢+d cos?¢,,. The coefficients
a, b, c,d are then linearly related to the Bj...s, thus
overdetermining these three form factors. Again as in
Sec. IT lack of a linear cose,,, », dependence is evidence
that the region is indeed in the neighborhood of ¢®=~0.

As an example of a special three-body fin I state
consider the state wwN where the two pions are in
resonance. Similarly to the resonance case considered
in Sec. IT there will be a reduction in the number of
variables that the various form factors B; depend on.
Instead of the general case of five variables the form
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factors will depend only on three variables s,, ¢% and y,
where for convenience p, is taken to be the recoil
nucleon momentum. The dependence on « is no longer
arbitrary but depends on the spin of the == resonance
(x is linearly related to the cosine of the angle of the
decay pion).

In general there is no reduction in the number of
form factors if the spin of the == resonance is one or
greater. For the special case of a spin-zero resonance
only By is nonvanishing in the limit as ¢2— 0 (in this
case ps is taken as the recoil nucleon momentum). Also
if the two-pion resonance is produced predominantly by
one-pion exchange there will be a reduction in the num-
ber of form factors. For example, if the == resonance is
the p meson then in the one-pion-exchange approxima-
tion only Bj; is nonvanishing in the ¢?— 0 limit.

IV. THE GENERAL CASE

The separation of the cross section into the kine-
matical functions and form factors for the case of an
arbitrary number of final particles can be easily ac-
complished following the case of the three-body final
state. We observe, that in order to span the Minkowski
space four linearly independent four-vectors are re-
quired one of which is space like. For three or more
bodies in the final state we may take as these vectors
the momenta g, p1, pe, ps. From these vectors we can
construct the most general covariant tensor 7', which
satisfies gauge invariance. But this tensor is precisely
given already by (13). Thus because 7, is a second rank
tensor in the four-dimensional Minkowski space the
most general decomposition into the kinematical and
dynamical aspects is given by (13) regardless of the
number of final bodies, momenta, and polarizations in-
cluded. The only difference for more than three bodies
is that the form factors B; will depend on more scalar
variables, including polarizations, the exact number de-
pending on the number of variables which are measured
in the reaction. Since (13) is the most general expression
for the tensor T, the argument used in Sec. IIT relating
electroproduction at small ¢? to photoproduction is valid
for the general case and we see that these two processes
are proportional at small ¢? when the final electron angle
is not observed. The factor of proportionately is given
by (11) and is independent of the final variables of the
photoproduced particles and depends only on the energy
loss of the scattered electron.
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