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Alpha-Particle Scattering by P" at 18.2 MeV*t
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The differential cross sections for the inelastic (1.265- and 2.232-MeV states) and elastic scattering of
18.2-MeV alpha particles from vacuum-evaporated phosphorous targets have been measured using silicon
surface-barrier detectors. The measurements were made at 2.5' intervals in the nominal angular range from
10 to 173'.All the angular distributions exhibit an oscillatory diffraction-like structure with rather uniformly
spaced maxima for angles less than about 90 . In each angular distribution the oscillatory behavior persists
to backward angles but becomes less distinct and regular. The elastic cross section increases rapidly at
extreme backward angles, a behavior exhibited to a lesser degree by the inelastic cross sections. Analyses
of the ground-state angular distribution were made in terms of the simple diRraction model yielding R = 6.28
F and the sharp-cutoff Akhieser-Pomeranchuk-Blair (APB) model yielding fo ——9. A graphical compilation
of experimental elastic alpha-particle angular distributions for a series of light nuclei corresponding to
incident alpha-particle energies in the range from 18.0 to 22.5 MeV is presented, and the possible existence
of a systematic difference in the backward-angle behavior of the cross sections for certain even-even and
odd-A nuclei is discussed. A Blair diffraction-model analysis of the inelastic angular distribution associated
with the 2.232-Me V state resulted in the following values for the collective-model parameters:
Cs/(Cs);«, t ——7.9 and J3&/(J3&);„«=50 assuming a pure vibrational transition; and ~P&~ =0.13 assuming a
pure intra-band rotational transition with K= ~. The inelastic angular distributions associated with the
1.265- and 2.232-MeV states were analyzed using the direct-interaction theories of Austern, Butler, and
McManus; and McCarthy and Pursey, Satisfactory fits were obtained at forward angles for both angular
distributions with j2 (QR) using R=6.52 F, and with the expressions of McCarthy and Pursey using
R=6.62 F, ) =1.0 F, and y =0.8.

I. INTRODUCTION

~

~

LTHOUGH the spins, parities, and decay pro-
perties of the low-lying levels of P" are quite well

known' '; and these levels have been analyzed with
moderate success in terms of the symmetric-core rota-
tor model, 4 the collective vibrational model, ' and re-
cently the asymmetric-core rotator model'; the study
of alpha-particle scattering provides a somewhat in-
dependent approach to the investigation of this nucleus.
Alpha-particle scattering data for P" is lacking at
present, and typifies the more general lack of such in-
formation for odd-A nuclei in this mass region.

It is the purpose of this investigation to measure the
elastic and inelastic alpha-particle scattering cross sec-
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tions for P", and to analyze them in terms of various
direct interaction and diffraction models, using when
necessary the known spin and parity assignments of the
states under consideration. Q'henever possible, the in-
formation concerning the nucleus derived from the
analysis of the alpha-particle scattering data will be
compared with the corresponding predictions of various
nuclear models.

II. EXPERIMENTAL

A description of the cyclotron experimental area;
beam focusing, steering, and analyzing system; and scat-
tering chamber has been presented elsewhere. ~ The phos-
phorous targets were bombarded with an 18.2-MeV
alpha-particle beam having an rms energy spread of
60 keV. The beam cross section perpendicular to its
direction was circular with a 5/64-in. diameter. The
energy of the scattered alpha particles was measured
using a silicon surface-barrier detector assembly and an
electronics configuration which has also been previously
described. ~ A target-counter geometry was used in
which the azimuthal acceptance angle of the detector
was 2.3', and the nominal solid angle subtended by the
detector was 0.001 sr. Experimental measurements were
made at 2.5' intervals over an angular range from 10.0
to 172.5 in the laboratory system.

The targets were prepared by thermal vacuum-
evaporation of red phosphorous powder on to thin
Zaponite-lacquer and gold-leaf backings. The three tar-
gets used in this investigation had measured thicknesses
of 2.06, 1.25, and 0.566 mg/cms. The 1.25-mg/cm' tar-
get had a gold backing (230 pg/cm'), and Zaponite-
lacquer backings ((10pg/cm') were used for the other

B.T. Lucas, S.W. Cosper, and O. E. Johnson, Phys. Rev. 133,
B963 (1964).
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two targets. The 0.566-mg/cm' target was used in a
reRection geometry at laboratory scattering angles
greater than 90', where target thickness seriously
affects the experimental resolution. The two thicker
targets were used for scattering angles less than 90',
although the gold-backed target was unsatisfactory at
extreme forward angles because of the gold's large
elastic-scattering cross section. The total oxygen and
carbon content in the phosphorous and the backings as
determined from the measured elastic alpha-particle
groups and the known cross sections' was about 4
pg/cm' for each element. The estimated probable syste-
matic error in the absolute cross sections due to un-
certainties in target thickness, beam integration, and
experimental geometry is +15/o.

III. RESULTS) ANALYSIS, AND DISCUSSION

A. E1astic Scattering

No previous measurements of the differential elastic-
scattering cross section of alpha particles from P" have
been reported. The experimental elastic alpha-particle
cross section for P" at 18.2 MeV is presented in I'ig. 1.

The broken line in Fig. 1 corresponds to the familiar
theoretical (n,n) cross section derived on the basis of
the black. -nucleus model' and is given by

o (8)=(/Rs)'P, '(x)/~ j, (1)
where k and 0 are the center-of-mass wave number and
scattering angle of the incident and scattered alpha
particle, respectively; E. is the interaction radius;
x—=2kR sin8/2; and Jt(x) is the ordinary Bessel func-
tion of first order. The interaction radius is the only ad-
justable parameter and there is no arbitrary normaliza-
tion. The broken curve corresponds to an evaluation of
Eq. (1) taking R= 6.28 F, a value resulting from a com-
promise fitting of the angular positions of the experi-
mental maxima. Although there is good agreement be-
tween theory and experiment in the angular positions
of the maxima, there are large discrepancies between
the magnitudes.

Blair" presented an interpretation of the elastic scat-
tering of low-energy alpha particles by heavy nuclei that
was based on a semiclassical model which had been pre-
viously proposed by Akhieser and Pomeranchuk" for
the description of the small-angle scattering of high-
energy charged particles. The APB model (n,n) differ-
ential cross section may be written in the form"

(8)=—', X'
I I

—ir//sin'(8/2) g

&& expI iq ln sin—'(8/2) j—g (2/+1)
l=p

Xexpi:»(~~ —np)]i:I —
I
A ~ I 3'~(cos8) I', (2)

8 J. C. Corelli, E. Bleuler, and D. J. Tendam, Phys. Rev. 116,
1184 (1959).

J. S. Blair, Phys. Rev. 108, 827~i(1957)."J. S. Blair, Phys. Rev. 95, 1218 (1954).
"A. Akhieser and I. Pomeranchuk, J. Phys. (USSR) 9, 471,

(1945)."R. M. Eisberg and C. E. Porter, Rev. Mod. Phys. 33, 190
(1961).
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Eg =18.2 MeV

FxG. 1. The Ruther-
ford, black-nucleus,
modified APB model
(see text), and experi-
mental differential
cross sections for the
elastic scattering of
18.2-MeV alpha parti-
cles from P". The
black-nucleus curve re-
sulted from a com-
promise fit of the first
three maxima with an
interaction radius of
8=6.28 F. The APB
curve was fit with a
cutoff angular momen-
tum 4=9.
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where

60 IPO
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l

ot —o-p ——P arc-tan(q//'),

180

tl = (Z.Zve'/av),

IA~I =0 for /&/p,

iA i
=1 fo /)/o,

and lp corresponds to the cutoff angular momentum. The
a, priori range of validity would be expected to include
those cases of small-angle elastic scattering for which the
alpha particle's de Broglie wavelength is much smaller
than the total projectile-target radius. This condition
is not comfortably satisfied in the present experiment
where K/R=0. 1. However, a comparison between the
experimental angular distribution and that predicted
by a semiclassical model did prove interesting.

The solid curve shown in I'"ig. 1 corresponds to an
evaluation of the "fuzzy" APB model of Wall, Rees,
and Ford" in which IA~I has the value 0 for /(/p,
~ for l=lp, and 1 for l) lp with lp=9. The criterion for
fitting the data was the reproduction of the angular
positions of the maxima. A discrepancy of about a fac-
tor of 2 in the magnitudes of the theoretical and meas-
ured cross sections exists in the angular interval from
44 to 54'„but for extreme forward angles the agree-
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tribution of a single nucleus is inconclusive due to the
sensitivity of the cross section to the optical-model
parameters, a systematic examination of a large number
of nuclei should be able to reveal the existence of this
effect. The systematic behavior proposed here on the
basis of a rather limited amount of data is generally
consistent with these predictions, although the pre-
dicted absence of this eRect for spin-~ nuclei contradicts
the observed qualitative diRerence between the P"
and S"back-angle cross sections. Since these models" "
do not treat odd-odd nuclei, the comparison of the N'4

cross section with those for the other nuclei is not
relevant in this connection. Its behavior, however,
appears similar to that of the other odd-A nuclei. It is
interesting to speculate whether the odd-A nuclei Ne",
Mg", and Si" would fit into the systematic trend in a
manner similar to that observed for Na", Al'~, and P".

Further systematic experimental investigation of
elastic alpha-particle scattering from the lighter nuclei
would be useful in gaining a better understanding of the
reaction mechanisms involved and in developing a more
complete theoretical model for the process. In this con-
nection, it is important that the measurements extend
over the full angular range, especially to the extreme
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F&G. 4. The inelastic differential cross section for 18.2-MeV
alpha-particle scattering to the 2.232-MeV, ~+ state in P3'. The
indicated errors are probable errors estimated on the basis of
counting statistics and decomposition uncertainties. The solid
curve, representing the plane-wave Born-approximation prediction
(ABM theory) with I=2 and 8=6.52 F, was normalized at the
second maximum. The dashed curve is the same as that shown in
Fig. 3 except for the normalization. The Blair-model curve
(broken line) corresponds to an evaluation of Eq. (g) using the
interaction radius determined from the elastic-scattering data,
E=6.28 F, and a compromise normalization to the 6rst and second
experimental maxima.

10

EXPERIMENTAL

j', ~R)

backward angles. In those instances where possible and
feasible, the energy dependence of the diRerential cross
section shouM also be investigated.

B. Inelastic Scattering
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FIG. 3. The inelastic differential cross section for 18.2-MeV
alpha-particle scattering to the 1.265-MeV, ~+ state in P". The
indicated errors are probable errors estimated on the basis of
counting statistics and decomposition uncertainties. The solid
curve, representing the direct-interaction plane-wave Born-ap-
proximation prediction (ABM theory) with I=2 and 2|.'=6.52 F,
was normalized at the second maximum. The dashed curve results
from an evaluation of Eq. (6) using Eq. P) with /=2, 8=6.62 F,
y=0.8, and A, =1.0 F.

The center-of-mass diRerential cross sections for the
scattering of alpha particles from the 1.265 MeV, —,'+
and 2.232 MeV, ~+ states of P" are shown in Figs. 3
and 4, respectively. " Both angular distributions ex-
hibit a distinct oscillatory structure which persists to
extreme backward angles, but is less pronounced for
angles greater than 70'. A general increase in the cross
section at backward angles is common to both angular
distributions. However, at extreme forward angles
their shapes are somewhat different. The angular dis-
tribution associated with the 1.265-MeV state appears
to peak more in the forward direction than that of the
2.232-MeV state.

The spin and parity assignments of the 1.265- and
2.232-MeV states of P" have been well established. '
Consequently, the angular-momentum transfer in in-
elastic alpha-particle scattering to these states is
uniquely determined to be l=2. The theoretical in-
elastic angular distribution according to the direct-
interaction theory of Austern, Butler, and McManus"

'7 The measured difterential cross sections reported in this paper
are available in tabulated form from the authors.' N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92,
350 (1953).
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(ASM theory) for /=2 is proportional to jss(QR), the
square of the spherical Bessel function of second order,
where Q is the magnitude of the momentum transfer,
and R is the interaction radius. The solid curves in
Figs. 3 and 4 represent the normalized theoretical
angular distributions corresponding to R=6.52 F. This
value of R was obtained through a compromise fitting
of the first three maxima of the 1.265-MeV state' s
angular distribution. The theoretical angular distribu-
tion corresponding to the 1.265- and 2.232-MeV excita-
tions of P" were normalized to the experimental
maxima at 42 and 40', respectively. The ratio of the
normalization factor of the second to that of the first
excited state is 1.83. The value of the interaction radius
obtained in the present investigation of P", R=6.52 F,
is very close to the value of R= 6.50 F obtained by
Corelli' from the inelastic scattering of 18.2-MeV alpha
particles from S".The agreement between the theoreti-
cal and experimental angular distributions appears to
be better for scattering from the first excited state than
from the second excited state. It should be pointed out
that the angular distributions are in phase as predicted

by the ABM theory.
McCarthy and Pursey" have derived expressions for

the differential cross section for the inelastic scattering
of alpha particles on the basis of a distorted-wave Born
approximation assuming empirical distorted wave func-
tions for the incident and scattered particle. In the case
of small momentum transfer the cross section can be
written

o (0) ~ expL —(r—R)'/X'j

Xjit 2 (kr+ ip) sin (9/2) fr'dr, (6)

where / is the angular-momentum transfer, k and 0 are,
respectively, the center-of-mass scattering angle and
the average magnitude of the center-of-mass wave vec-
tor of the alpha particle. The interaction radius, R, as
in the ABM" and Blair" theories, controls the positions
of the extrema in the angular distribution. The aniso-

tropy parameter p determines the spread of the alpha-
particle wave function over the nuclear surface, and
influences the peak-to-valley ratios of the angular dis-
tribution. The thickness parameter X expresses the de-

gree of radial localization of the interaction and has a
strong effect on the ratio of the forward to backward
scattering cross section. The exponential radial weight-
ing function which appears in the integrand of Eq. (6)
was arbitrarily chosen by McCarthy and Pursey for
reasons of simplicity. It was found convenient in the
present investigation to replace this one with another
choice,

1—(r R) /X for —(R—X)(r((R+X),
O for 0(r((R—X) and r) (R+X) . (7)

» g. E. MeCarthv and D L. Pursey, Phy. s, Rev 122, 578 (&96&)

The theoretical expression given in Eq. (6) wjth the
modification indicated in Eq. (7) was fit to the experi-
mental angular distribution corresponding to scatter-
ing from the 1.265-MeV state. The fit obtained for
R=6.62 F ) = 1.0 F and y =0.8 is shown in Fig. 3. The
normalization point is at 42'. Over the limited angular
interval for which the comparison was made the agree-
ment is quite good. No attempt was made to investigate
the uniqueness of this set of parameter values. These
values do, however, correspond quite closely to those
used by McCarthy and Pursey, "X=0.88 F and y =0.8,
in their analyses of the angular distributions for the in-
elastic scattering of 41-MeV alpha particles from S"
and Mg'4 ~ The theoretical angular distribution using
the same parameter values as in Fig. 3 is shown in
Fig. 4 together with the experimental angular distribu-
tion for scattering from the 2.232-MeV state. The
normalization point is at 40'

~ The agreement is less
satisfactory than for the 1.265-MeU state, particularly
at extreme forward angles.

'|At'ithin the framework of an extended di ffraction
model, Blair" has developed expressions for those
(n,n ) cross sections in which transitions occur between
collective nuclear states. In the weak-coupling approxi-
mation under the assumption of a quadrupole nuclear
deformation, the cross section for a transition between
a ground state of spin I and a final state of spin I'
for an odd-3 nucleus is given by

(2I'+1) (kR')' ates
e. (tt) = Pss(a)+3Is'(x) j (8)

(2I+1) 32s. Cs

for vibrational transitions, and by

(kR') '
0-(0) = (I,2,E,0~I',E)' P 'LJe'($)/3J '(s)] (9)

16m

for rotational transitions. The surface phonon energy is
hei, , C, is the surface potential-energy parameter, Ps
is the nuclear-deformation parameter, E is the quan-
tum number associated with the projection of the total
angular momentum onto the nuclear symmetry axis,
(I,2,E,O~ I',E) is a Clebsch-Gordan coefficient, and the
other quantities have been identified in connection with
Eq. (1). In the latter case, transitions are restricted to
the members of the rotational band with the quantum
number E which is built upon the ground state. If the
interaction radius which has been determined from the
elastic angular distribution is used in Eq. (8) or (9),
then the normalization of the theoretical expression to
the experimental datq, determines either the vibrational
or rotational parameter depending upon the assumed
character of the states.

The lower lying levels ((4 MeV) of P" have been
analyzed with some success in terms of a weak-coupling
vibrational model by Thankappan' " and Pandya. '

&0 V, K, Phanhappan, Phys. Letters 2, 122 (1.962).
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The P" nucleus is described as a spherical Si" core
(14 protons and 16 neutrons 6lling the subshells up to
1d&ts and 2s&t&, respectively), whose collective modes are
coupled to the 2s&~2 and 1d3~2 single-particle states of
the odd proton. These investigators concluded that:
the ground state is about 90% single-particle 2stts
state, that is, a 2s~~~ proton coupled to a zero-phonon
state of the Si" core; the 1.265-MeV state is an
admixture of 50/o d@s single-particle state and 40 jo
2s~~2 state coupled to a one-phonon vibrational state
of the core; and the 2.232-MeV state is 85'Po 2stts
state coupled to a one-phonon vibrational state of
the core. If these wave functions are assumed to
be correct, then the inelastic scattering to the
2.232-MeV state is to a good approximation a pure
vibrational transition. The broken curve shown in
Fig. 4 then corresponds to the cross section given by
Eq. (8). The normalization of necessity corresponded to
a compromise fitting of the first and second maxima
since the experimental and theoretical curves are slightly
out of phase. Normalization determined the quantity
Aces/Cs to be 0.0071. Taking the energy of the first ex-
cited state of Si" at 2.24 MeV to be the energy of the
quadrupole vibrational quanta, Ace~, and using the latter
result, the value of the surface potential-energy param-
eter, C2, is 315 MeV. This value may be compared
with the irrotational value for P", (Cs);„„=40.2 MeV,
calculated from a semiempirical expression" which
was developed on the basis of a liquid-drop model. The
vibrational inertial parameter, 82, may also be calcu-
lated since cos= (Cs/Bs)"'. Its value expressed in units
of the irrotational value, (Bs);„„,for P" is 50.

The 1.265-MeV state of P" is, on the other hand, an
admixture of single-particle and collective states ac-
cording to the analysis of Thankappan and Pandya. '
H it is assumed. that the low-lying levels are excited
primarily through collective modes and that single-

particle excitations are inhibited, as is currently be-
lieved to be the case, the cross section for the 1.265-MeV
state should be smaller than that for the 2.232-MeV
state. The ratio of the differential cross sections inte-
grated over the angular range investigated, o.s sss/O. l.ass,

was found to be about 2, in qualitative agreement with
the above expectation.

The level structure and level decay properties of a
number of odd-mass nuclei in the (1d,2s) shell have been
studied within the framework of the unified model of
Nilsson" with varying degrees of success. "The analysis

2'A. Bohr and B. R. Mottleson, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd. 27, No. 16 (1953), see Eqs. (II.6a),
(II.6b) in this paper."S.G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat. I'ys.
Medd. 29, No. 16 (1955).

'An extensive compilation and summary of the results of the
studies available as of September 1960has been presented by H, E.
Gove, in Proceedings of the Internationat Conference on Xuclear
Structure at Keugstort (University of Toronto Press, Toronto,
1960), p. 438ff.

of P" by Broude, Green, and Willmott4 in which the
ground and 2.232-MeV states were identified as the two
lowest members of the 0=E= 2 rotational band
(Nilsson's band 9) is of particular interest. If correct,
then the inelastic alpha-particle scattering to the 2.232-
MeV state could be interpreted. as a pure intraband
transition. Taking E= ~, it then follows that the
normalization of Eq. (9) to the experimental angular
distribution yields ~Ps~ =0.13, which agrees with the
value of Ps ———0.16 extracted. from the results of Broude
et alt. 4 after assuming the spin-orbit coupling to well-

depth ratio to have the value of 0.05 suggested by
Nilsson. Unfortunately, the justification for assuming a
pure intraband transition which would have been pro-
vided by the success of the analysis by Broude et a/. 4

is lost because an error in the original calculations has
been reported. " The agreement between the experi-
mental and revised theoretical level schemes is less

satisfactory than it had been for the original calcula-
tion. ""The 1.265-MeV state was found to be of mixed

rotational character in both the original and revised
calculation. Since the applicability of Eq. (9) is pred-

icated on a pure intraband transition, the significance
of the distortion parameter derived from the alpha-

particle scattering data is questionable. Moreover,
Harris and Seagondollar, ' on the basis of a comparison
of the empirical level scheme of P"with those predicted

by a weak-coupling vibrational model and a Nilsson

rotational model, suggest that rotational effects which

are more or less well established as dominant near
A = 25 may have given way to vibrational effects in the
vicinity of A =31.

For completeness, it should be pointed out that Chi
and Davidson' have analyzed the low-lying levels of
odd-A nuclei in the mass region from A = 17 to A =35
in terms of an asymmetric, rotating-core model. The
level schemes of these nuclei are generally quite well

represented by the model. The energies of the lowest

three excited states of P" are in very good agreement
with the experimental values, and the magnitude of the
theoretical deformation parameter is 0.205.
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