
ARONSON, McLI N DEN, AND GI ELISSE

anharmonic effects" these ratios should be of the same
order as the ratios of their respective characteristic
frequencies po~ (f/rrt)'" which, as Table lI shows, is
indeed the case. Figure 1 illustrates the similarities
involved in these ratios.

An explanation of the observed splitting as due to
an isotope effect could possibly be justified for german-
ium on the basis of its stable isotope abundance. This
explanation, however, clearly must fail for silicon and
diamond because' suitable stable isotopes are not present
in sufficient abundance for these elements.

We have observed an appreciable shift of all bands to
higher frequencies with accompanying decrease in the

'e J. N. Plendl& Phys. Rev. 123, 1172 (1961l.

extinction coefFicient on going to low temperatures, as is
common for covalent materials.

It is interesting to note that the extrapolation of the
absorption versus temperature curves to T=O'K show
positive intercepts, which is in accord with the approach
of Lax and Burstein. '
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In the classical strong-6eld region the magnetoresistance of semiconductors is expected to saturate. If one
investigates the dependence of the saturation magnetoresistance upon impurity concentration, i.e., upon the
strength of ionized-impurity scattering, quantitative conclusions may be drawn concerning the anisotropy of
the relaxation time for such scattering. The strong-field longitudinal magnetoresistance and carrier mobility
of phosphorus-doped silicon have been studied in dc magnetic fields to 90 kG at 78'K. Measurements were
made on a series of [111]-oriented samples covering the doping range 2&&10"—6&&10"phosphorus atoms
/cm'. A quantitative analysis has been made involving Maxwellian averages over carrier energy and relaxa-
tion times that combine the impurity, intravalley, and intervalley scattering mechanisms. The strength of the
impurity scattering in each sample was taken to be tie/ts where pr, is the known lattice scattering mobility and
ti is the conductivity mobility determined from the measured value of 2F„/p, the ratio of the strong field Hall
coefficient to the resistivity. The data agree very well with the theory of Samoilovich, Korenblit, and
Dakhovskii (SKDl. In the more heavily doped samples, above 10"phosphorus atoms/cm', the effects of
neutral impurity scattering are observed.

I. INTRODUCTION

~ 'HE electrical properties of a semiconductor are
governed by the electronic energy band structure

and by the various processes which scatter the electrons.
In the semiconductors which have been most extensively
studied, such as silicon and germanium, a detailed
picture of the energy bands has been obtained and the
major scattering mechanisms have been de6ned. How-
ever, our knowledge regarding the scattering strengths

*Most of this work was done at the Raytheon Research Division,
Waltham, Massachusetts.

t Supported by the U. S. Air Force Ofhce of Scientific Research.

and anisotropies is more limited. This is partially due
to the fact that galvanomagnetic effects such as
magnetoresistance, while sensitive to the type of
scattering, involve complicated averages over relaxation
times of the carrier when measured in normal laboratory
magnetic fields. The magnetoresistance has therefore
been used primarily to identify the directions of energy
extrema in k space and to And ratios of the components
of the effective mass tensor. The situation is very much
altered in the classical strong-field limit.

One of the distinctive features of the galvanomagnetic
properties of semiconductors in the classical strong-field
region is saturation of the magnetoresistance and Hall
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coefficient. This eRect has been observed at strong
magnetic 6elds exceeding 50 kG in germanium' ' and
in silicon. However, the results were interpreted in a
qualitative fashion in terms of the conduction band-
energy spheroid anisotropy parameter. Such an
approach is rigorously correct only if a single type of
scattering mechanism is important. In general it is
necessary to use the more complete expressions of
Herring and Vogt' involving Maxwellian averages over
the carrier energy and relaxation times which combine
the impurity, intravalley, and intervalley scattering
mechanisms. In this way, the strong-field data can be
analyzed in a manner such as to yield definite infor-
mation concerning the scattering strengths and
anisotropies.

Earlier experimental studies of scattering eRects in
e-type silicon' involved Hall and magnetoresistance
measurements in relatively weak magnetic fields below
25 kG. As a consequence, these investigations were
restricted to relatively pure samples and were somewhat
hampered by lack of true saturation. While quantitative
conclusions were derived by Long and Myers' concern-
ing the lattice scattering strengths and anisotropies,
very little could be said about the impurity scattering
component both with regard to its magnitude and varia-
tion with impurity content. The purpose of this paper is
to present the results of a quantitative analysis of the
dependence upon the strength of the impurity scattering
of the strong-field longitudinal magnetoresistance in
e-type silicon at 78'K.

The advantages of investigating galvanomagnetic
phenomena in m-type silicon at classical saturation stem
from two considerations. First, the Herring and Vogt
formulas become simplified in the limit of infinite fields.
Second, by using the saturation value of the Hall
coefficient one ascertains the actual conductivity
mobility, free of the uncertainties encountered at weak
fields which arise from the variation of the Hall coeffi-
cient factor with field. Thus, in the present work, an
experimenia1ly determined measure of the strength of
impurity scattering is used in the form pr/p, where pi,
is the lattice scattering mobility and p is the conduc-
tivity mobility determined from the ratio of the Hall co-
eKcient at infinite field to the resistivity, R„/p. Our main
objective is to compare with theoretical predictions' ' '
the experimental dependence of p(H)/p(0)xiii rr „

' H. P. Forth and R. W. Wanieir, Phys. Rev. 104, 343 (1956).' W. F. Love and W. F. Wei, Phys. Rev. 123, 67 (1961).' I.J. Neuringer, H. Roth, and W. D. Straub, Bull. Am. Phys.
Soc. 7, 330 (1962).

4L. J. Neuringer and W. J. Little, Proceedings of the Inter-
national Conference on the Physics of Sensicondlctors, Exeter, 1962
(The Institute of Physics and the Physical Society, London,
1962), p. 614.' C. Herring and E.Vogt, Phys. Rev. 101,944 (1956).

6 D. Long and J. Myers, Phys. Rev. 120, 39 (1960).
7 D. Long, Phys. Rev. 120, 2024 (1960).
'A. G. Samoilovich, I. Ya. Korenblit, and I. V. Dakhovskii,

Dokl. Akad. Nauk SSSR 139, 355 (1961) LEnglish transl. : Soviet
Phys. —Doklady 6, 606 (1962)g; referred to as SKD in the text' F. S. Ham, Phys. Rev. 100, 1251 (1955).

upon iiz, /p as the impurity concentration is varied. The
available theories'' use the Born approximation to
calculate the ionized-impurity scattering relaxatioe
times, 7-~ and r«, for conduction perpendicular and
parallel to a constant-energy spheroid axes in terms of
the spheroid mass anisotropy.

It should be recognized that in this work only the
longitudinal magnetoresistance is considered, because it
is generally far less sensitive than the transverse
magnetoresistance to surface damage, sample inhomo-
geneities, and other extraneous influences. ""

II. EXPERIMENTAL RESULTS

The experimental work was performed at the MIT
National Magnet Laboratory using a 2-in. air core
Bitter solenoid which generates 90 kG at a magnetizing
current of 10 kA.

All the samples were taken from Goat-zone crystals.
After orientation and cutting, the samples were ground,
lapped, and then etched in CP4 solution. Gold wires
of 3-mil diam were alloyed into the specimen in a
manner to ensure minimum contact area at the
resistivity and Hall, probes in order to avoid electrode
eRects.

Various experimental techniques were employed to
check the reproducibility and reliability of the data.
We have taken the precaution of studying only samples
having a large length to transverse dimension ratio in
order to minimize size eRects. ' Some of the purer
samples were checked for homogeneity by measuring
the magnetoresistance and Hall coefficient at different
positions along the sample. Furthermore, the important
question as to the inAuence of the type of surface
treatment was answered by performing several experi-
ments with sandblasted specimens. No difference in
the values of the saturation magnetoresistance were
found between etched and sandblasted surfaces.

The effective mass parameters of silicon and the
orientation of the sample with respect to the energy
ellipsoids of the conduction band are shown in Fig. 1.

The experimental saturation data at 78'K of the
eight samples studied are exhibited in Fig. 2. The range
of phosphorus impurity concentration varies from
approximately 2X10" atoms per cm' for sample SP6S
to 6&10"atoms per cm' for sample D8-3. A summary
of the electrical characteristics of the samples is pre-
sented in Table I. An important feature of this work. is
the measurement above 50 kG of the saturation Hall
coefficient, R„, of the samples in Fig. 2. This allows a
direct experimental evaluation of the conductivity
mobility as determined by the mixed lattice and im-
purity scattering. These parameters are also entered in
Table I. The donor and acceptor impurity concentra-
tions, ED and S~, in each sample are given in the last
two columns of Table I. These values were determined

"C. Herring, T. H. Geballe, and J. E. Kunzler, Bell System
Tech. J. 38, 65'7 (1959)."C.Herring, J. Appl. Phys. 31, 1939 (1960).
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conductivity mobility to check the consistency of the
rnagnetoresistance analysis, particularly with respect
to the magnitude of the impurity scattering.
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FIG. 1.Orientation of the samples with respect to the conduction-
band ellipsoids. The ellipsoid mass parameter values for n-type
silicon are indicated.

from a conventional analysis of the dependence of the
Hall coeKcient on temperature in the impurity ioniza-
tion range. The conductivity mobility is plotted as a
function of the ionized-impurity concentration Ez at
78'K in Fig. 4.

III. ANALYSIS

The analysis which follows will proceed in two parts.
First, the saturation magnetoresistance will be analyzed
in terms of the over-all relaxation time anisotropy, to
which it is highly sensitive. From this analysis informa-
tion about the ionized-impurity scattering anisotropy
will be obtained. Then we shall use the measured
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A. Magnetoresistance

Our purpose here is to confront the theory with the
dependence of p (H)//p (0) at saturation upon the
strength of impurity scattering. As an index of the
amount of impurity scattering we use the experiment-
ally measured value of pr/p, the ratio of lattice scatter-
ing mobility~ to the conductivity mobility, governed by
mixed lattice and impurity scattering. This comparison
is noteworthy in that no adjustable parameters are
involved. The lattice scattering strengths and anisot-
ropies are those deduced previously by Long, ' ' and the
impurity scattering anisotropy is taken from the
theories of SKD' and of Ham. '

The Herring and Vogt formalism describes transport
effects in a many-valley semiconductor like e-type
silicon and takes scattering anisotropy into account.
The scattering is described by a diagonal relaxation-time
tensor with components, r;;, one for each principal
direction of a constant-energy ellipsoid. Anisotropy in
the scattering is represented by differences in the values
of the r;;. For e-type silicon they reduce to two inde-
pendent components r& and r», since the constant-
energy surfaces are ellipsoids of revolution or spheroids.
The subscript II (J ) indicates the direction parallel
(perpendicular) to the spheroid axis. The Herring-Vogt
approach is justified if all the scattering mechanisms
either conserve carrier energy or randomize carrier
velocities, and this is the case for the lattice and
impurity scattering mechanisms in the samples studied.
Furthermore, this theory gives very accurate results if
the over-all r anisotropy for any mixtures of scattering
mechanisms under consideration is not too extreme;
thus, the over-all r should not vary over the constant-
energy surface by Inore than about a factor of 2. This
condition was easily satisfied in all the experimental
cases considered here.

According to the Herring-Vogt model the saturation
value of the longitudinal magnetoresistance of e-type
silicon in a L111$ direction is given by
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FIG. 2. Longitudinal magnetoresistance at 78'K as a function
of magnetic iield"'along the I 111]direction for several impurity
concentrations.

where (p(H)/p(O)))ttt, rr~„ is the ratio of the sample
resistivities in infinite and zero magnetic 6elds, and the

( ) brackets represent Maxwellian averages over the
carrier energy e. Equation (1) assumes absence of
energy-level quantization eGects. The condition is
presumably satisfied in our experiments inasmuch as
the quantity —,'Ao)/kT is equal to 0.28 for all conduction



S A T U R A T I 0 N M A G iN E T 0 R E S I S T A N C E A N D I M P II R I T V S C A T T E R I N G A791

TABLE I. Summary of sample properties.

Sample'

D8-3
D9-3
D3-3b
D4-3
D5-3
D6-3b
5M-BR
SP6S

300'K

Resistivity
(Ohm-cm)

0.134
0.215
0.476
1.06
5.14

14.9
57.9

Weak-fieldb
Hall coefh-

cient R0,
(cm' jC)

1.15X 10'
2.27 X10'
5.88X10'
1.36X10'
7.33X10'
2.17X 104
9.65X 104

Resistivity
(Ohm-cm)

0.167
0.160
0.196
0.269
0.666
1.37
4.66

21.8

78'K
Weak-Geld' Strong-field
Hall coef5- Hall coefh-

cient R0, cient R,
(cm'/C) (cm'/C)

5.51X10' 5.76X10'
7.85 X10' 8.34X10'
1.55 X10' 1.69X 10'
2.59X10' 2.85X 10'
8.50X10' 1.00X104
2.14X10' 2.55X 104
8.51X104 9.52 X 104
4.61X105 4.91X10'

Conductivity
mobility
z =~-/z

(cm'/V-sec)

3.45 X10'
5.21X10'
8 62X10'
1.06X 104
1.50X 104
1.86X104
2.05 X 104
2.25 X 104

ED
(cm ')

~6.5 X10"
3X 1016

1.3X10"
6.1X10"
1.2 X10"

9X 1014

1.3X10'4
2.1X10"

(cm ')

(1Q14(1Q14

8.7X10»
1.7 X10"
1.1X10'4
3.7x10"
1.7X10"
0.8X10»

Impurity concentrations

' Bar-shaped samples, except for 5M-BR which was Type A bridge-shaped as in Ref. 4.
b Measured at 1.0 kG for all samples, except DS-3 and D9-3 which were measured at 2.52 kG. The Hall coefficient of samples D3-3b to SP6S was also

measured at 0.5 kG and agreed with the 1.0 kG data to within 2%.
e Measured at 0.5 and 1.0 kG for all samples; both sets of data agreed to within 3%,

g -2(er, ) (er„)
p=

3(e) m,
(2)

where q is the electronic change.
In deriving the r& & and r& values needed for computing

the Maxwellian averages appearing in Eqs. (1) and (2)
we follow the prescription'

1 1) 1) 1)
r,&zv

band ellipsoids at 90 kG and 78'K, and inasmuch as
good saturation is observed.

The carrier mobility p is given by

constants are further reduced to a single one because
one knows the ratios of the coupling constants of the
characteristic phonons responsible for intervalley lattice
scattering to the coupling constant for acoustic scatter-
ing for conduction perpendicular to an energy spheroid
axis. In terms of this single coupling constant, the
acoustic and intervalley lattice scattering contributions
are written as

1) ( e )' T)
r,i ~ &ATsi Ts)

(3b)

where subscripts A, IV, and I refer to acoustic mode
intravalley lattice scattering, intervalley lattice scatter-
ing, and ionized-impurity scattering, respectively. The
number of independent variables implicit in the
Eqs. (3a) and (3b) is reduced by use of the information
available as to the scattering anisotropies and relative
strengths of the three mechanisms of importance at
78'K. The lattice scattering relaxation times of Eq. (3b)
are fixed relative to Eq. (3a) by the conditions' z

rl l ri l

rz)A rz zv
(4)

The Maxwellian averages will be calculated for
two values of the impurity scattering anisotropy,
(r~~/rz)z=3 and (r~~/rz)z=4, which tend to bracket
the predictions of the theories of SKD and Ham. Even
with the use of Eq. (4) there still appear three coupling
constants in the lattice scattering portion of Eq. (3a),
arising from intravalley acoustic scattering and from
intervalley scattering by two phonons of characteristic
temperatures 190 and 630'K. These three coupling

(( /6630k)+ 1)'" ((e/630k) —1)'" or 0-
X

exp (630/T) —1

t 190 'i'
+0 13zz'»I

((e/190$)+])z/s ((e/190$) —j)zls or 0-
X (6)

exp(190/T) —1 1—exp( —630/T)

where zvA& is the coupling constant for acoustic scatter-
ing, and To is a reference temperature. In the foregoing
manner Eqs. (3a) and (3b) have been reduced so as to
possess only two independent parameters, the coupling
constant for acoustic scattering mA& and a coupling
constant for ionized-impurity scattering. These expres-
sions are known to give a good description of the
galvanomagnetic effects in e-type silicon. '

The two solid curves plotted in Fig. 3 were con-
structed by calculating the three Maxwellian averages
for a number of strengths of impurity scattering relative
to the lattice scattering. The necessary integrals were
evaluated numerically using Simpson's rule. For the rz jz
and r[ &)z contributions, it was assumed that the ionized-
impurity scattering relaxation times depend on carrier
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Fzo. 3. Saturation longitudinal magnetoresistance for the [111]
direction versus strength of impurity scattering, as represented
hy pz/p The solid curves were calculated using the procedure
described in Sec. III.1. The value of lattice scattering mobility
at 78'K used throughout is indicated.

' D. Long, Phys. Rev. 129, 2464 (f963).' F. J. Blatt, Solid Stake I'hysics, edited by F. Seitz and D.
Turnbull (Academic Press Inc. , New York, 1957), Vol. 4, pp.
199-366.

energy as 7-& o~ e'I", thereby neglecting the weak depend-
ence on carrier energy of the logarithmic term appearing
in the usual expressions for v-r.""The upper solid curve
is constructed under the assumption that (rn/rz)z=3,
and the lower curve is for (r„/r, )z 4. The abs——cissa
values in Fig. 3 were determined by taking the ratios
of the mobility of Eq. (2) for pure lattice scattering ~~
to the mobilities p determined from the same equation
for the various strengths of impurity scattering. Note
that it was never necessary to be concerned about
normalizing the Maxwellian averages to any particular
value, because they always appear in ratios in the
expressions for the ordinate and abscissa of Fig. 3.

According to the analysis of SKD the value of
(r~~/rz)z for I-type silicon should decrease very slowly
as a function of increasing impurity concentration from
a maximum value of 3.56 in the limit of pure material.
The two solid curves in Fig. 3 tend to bracket the
expected theoretical behavior. The open triangle in
Fig. 3 represents the result of an additional calculation
for sample D3-3b in which was included the logarithmic
function of carrier energy in the expressions for r,$&

and r~~7z and the particular value of (r„/r~)z predicted
by SKD's results. It is seen that the triangle lies between
the two solid curves, so that there is very little error
involved in neglecting the logarithmic terms. It is
important to realize that the slow decrease of the
(r„/r, )z ratio with increasing impurity concentration
predicted by SKD is directly related to the logarithmic
term. This term represents the effects of the shielding
of the impurity charge center by the carriers. And the
decrease of the effective shielding radius with increasing

carrier density tends to diminish the scattering
anisotropy.

The calculated results presented as the solid curves
and the triangle in Fig. 3 are entirely independent of the
experimental data. The data points, which represent
the saturation magnetoresistance values of Fig. 2 and
the conductivity mobilities listed in Table I, are in good
agreement with the calculated results. The points for
samples D9-3 and D8-3, however, exhibit an appreciable
deviation. It is believed that in these samples, which
are uncompensated, the deviation arises from a large
contribution of neutral impurity scattering. Accordingly,
the data points for the most impure samples have been
corrected by subtracting the neutral impurity scattering
contribution as follows. Neutral impurity scattering is
isotropic, and its relaxation time r~ is independent of
energy and temperature. The Erginsoy formula

1/r~ (20k's/mz——*q'ms*)X„ (7)

was used to calculate r~ for each sample. In Eq. (7) ~ is
the dielectric constant, m~* is an effective mass deduced
from the known ground-state energy of the hydrogen-
like donor impurities ( 0.044 eV), ms* ——(mzms')'t',
and E„=((kg&—X.)—e) is the density of neutral
impurities. The necessary correction was determined by
using Eqs. (1) and (2) to calculate (p(H)/p(O)) jzzz, a
and p, with and without the neutral impurity scattering
contribution. This was done by adding 1/r~ to (e)/(erz)
and to (e)/(er~t), which is a good approximation because
r~ is independent of energy. The differences in the
resulting values indicated the necessary corrections to
the ordinate and abscissa for samples D4-3, D3-3b,
D9-3 and DS-3. The adjusted values are indicated by
the crosses in Fig. 3 and agree with the theoretical
curves.

A similar analysis was applied to the saturation
magnetoresistance data for L110]-oriented samples
reported by Neuringer and Little, ' using the appropriate
analog' of Eq. (1). In these samples the variation
of the saturation longitudinal magnetoresistance with
impurity concentration is much smaller than for the
[111$-oriented samples and therefore is not as sensitive
a test of the theory. Nevertheless, the model discussed
in this section gave a satisfactory description of the
L110j data, thereby demonstrating the general validity
and consistency of the analysis.

B. Conductivity Mobility

In this section the conductivity mobility is treated
by means of an approximate formula which takes the
mass anisotropy into account correctly but which
averages out the relaxation-time anisotropy. This type
of treatment is felt to be satisfactory, because (1) the
mobility itself is an inherently isotropic quantity, (2)
it is much less sensitive to mass and scattering anisot-
ropies than the magnetoresistance, and (3) the anisot-

' C. Erginsoy, Phys. Rev. 79) 2013 (1950).
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Fzo. 4. Conductivity mobility p=R„/p as a function of the
concentration of ionized impurities at 78'K in the n-type silicon
samples. The points represent data, and the solid curve is the
result of a calculation described in Sec. III. B.

7.5y 10»T3~~

pi= cm'/V-sec,
1Vz (1nb —1.20)

(8)

where Xi is the concentration of ionized impurities
and b is a shielding factor.

The solid curve of Fig. 4 represents a calculation of
the conductivity mobility as a function of Ei. In

ropy of the over-all relaxation time in our experiments
was always much less than of the effective mass. Thus,
the isotropic approximation should be valid and
obviates the very laborious procedure of taking the
scattering anisotropy into account to calculate the
mobility. It should be noted that the small amount of
intervalley lattice scattering present in the samples
at 78'K is neglected in the mobility analysis. All the
lattice scattering is simply assumed to have the char-
acter of ordinary acoustic intravalley scattering. This
approximation is also adequate for the mobility analysis.

The dependence of the observed conductivity
mobility upon the concentration of ionized impurities
is displayed in Fig. 4 by the open circles. The solid curve
represents the calculated mobility for the samples
according to their ionized-impurity concentrations at
78'K. For concentrations less than 10" cm ' the SKD
formula for the ionized-impurity scattering mobility
can be written as"

obtaining this curve pi was calculated by means of
Eq. (8), and then a mobility p' due to combined lattice
and ionized-impurity scattering was obtained by using
the relationship"

zz'=zzz, (1+y'f Ciy cosx+Six sing —-z'zr sing)), (9)

where y'= 6(zzz/zzz). Finally, neutral impurity scattering
pzv was calculated from Eq. (7) and the mobility used
in comparison with data is zz

'= (p') '+ (zzzv) '. It can
be seen in Fig. 4 that the calculated curve agrees very
well with the data points where agreement can be
expected, namely at concentrations less than 10"cm '.

IV. CONCLUSIONS

It has been shown that accurate and reliable magneto-
resistance data in the classical saturation regime may
be obtained using strong dc magnetic fields and suitable
precautions in sample preparation. Excellent agreement
is attained between experiment and theoretical predic-
tions as is evident in Figs. 3 and 4 for all the samples
except the two most heavily doped ones. This indicates
that the classical strong-field theory of Herring and
Vogt and the use of the Born approximation lead to an
entirely adequate description of the ionized-impurity
scattering and its anisotropy in m-type silicon at 78'K
for concentrations as high as 10" cm '. Furthermore,
the agreement in the case of the two least pure samples
is satisfactory, indicating that the theory is still reason-
ably good up to 6&&10" cm '. No conclusive evidence
of the very slight decrease of (r, /rz)z with increasing
impurity concentration predicted by the theory can be
extracted from Fig. 3 because that trend is masked by
even the very small scatter in the data.
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