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distribution. The rapid rise from the minimum for
cesium suggests a rapid increase in the spectral distribu-
tion. Rubidium indicates a slower increase. Further
analysis does not seem warranted in this paper. Also no
procedure is apparent for examining the suggestion by
Jones' that the lattice may contribute a linear term to
the heat capacity and it has been assumed that the
linear heat capacity is associated with the electrons.
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The correlation function of the s components (parallel to the net magnetization) of two spins in a Heisen-
berg ferromagnet is computed by a Green function analysis. The results extend spin-wave theory to higher
temperatures, although they are not satisfactory near the Curie temperature. The Fourier transform of the
correlation function varies as 1/k for small k, with a more complicated behavior at large k.

1. INTRODUCTION

'HE spin-wave theory of the Heisenberg ferro-
magnet, valid at low temperatures, previously

has been extended to arbitrary temperature by the
method of double-time, temperature-dependent Green
functions. ' ' This theory yields both the magnetization
and the transverse correlation function (5 "5,~), where
m and 1I label lattice sites and a, P can be either x or y
(the external magnetic field being parallel to the z axis).
The longitudinal correlation function (5 *So*)—(S*)',
which is somewhat more difficult to analyze, is the
subject of this paper.

The longitudinal correlation function is of direct
physical interest in several connections as, for example,
the thermodynamic energy and specific heat, the
magnetic scattering of neutrons, and the magnetic
susceptibility.

Several studies of the correlation function have been
carried out. Van Hove, ' by analogy with the classical,
phenomenological, Ornstein-Zernicke theory of Ructua-
tions, postulated that the longitudinal correlation
function has the Yukawa form e ""/r, both above and
below the Curie temperature, and thereby analyzed
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R. A. Tahir-Kheli, Phys. Rev. 132, 589 (1963).
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Wesley Publishing Company, Inc. , Reading, Massachusetts,
1958), Sec. 116.

the critical scattering of neutrons. To discuss the same
problem, De Gennesr used a generalized (wavelength-
dependent) molecular field model, and Elliott and
Marshall' employed a Bethe-Peierls-Weiss model; these
models give the same functional dependence on distance
as postulated by van Hove. However, at low tempera-
tures the spin-wave theory yields a different form, the
Fourier transform of the correlation function varying as
1/k rather than as 1/(k'+E'). Recently, Kawaski and
Mori' have given a very thorough investigation of the
generalized susceptibility

X(k) =tt'P P ' dX(St,*S E*(i7iX))—(SE*)(5 t, ') (1)

for the special case of spin 2. Here Sl,' is the Fourier
transform of S ', SE'(iAX) is the Heisenberg operator
exp( —MC)Ss* exp(XK), and P = (ksT) '. Although x(k)
is not directly related to the correlation function for
general k, in the limit of small k the quantity y(lr)/tt'p
approaches the Fourier transform of the correlation
function. Kawasaki and Mori find the functional form
1/k(k+tci) x(k) below T, (with tet~0 as T~ T, ),
agreeing with spin-wave theory in the limit of low k,
and they find x(k) 1/(k'+E') above T,.

By a Green function approach, we find the correlation
function for arbitrary spin. In the limit of low k the

7 P. G. de Gennes, Report to the C. E. A. de Saclay No. 923
(1959) (unpublished); P. G. de Gennes and J.Villain, Phys. Chem.
Solids 13, 10 (1960).

e R. J. Elliott and W. Marshall, Rev. Mod. Phys. 30, 75 (1958).
e K. Kawasaki and H. Mori, Progr. Theoret. Phys. (Kyoto)

28i 690 (1962).
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In order to compute A( )(m —p) we introduce the
double-time, temperature-dependent, retarded and
advanced Green function:

G"(g,m, y; I—I') =«S.+(I);C"(m, i» I')&),

where

C& &(m y t')—=5 *(I') expLas '(I')]5 (I'). (&)
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The Fourier transform Gs('(g, m, P), defined by

Gg')(g m p)

G(~) (g,m, y; t t') e*~(—' "»"d(I— I'), (—6)
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obeys' the equation of motion

pE —I(H]Gs( &(g,m, y)

(5 + exp(asp')Sp &)

—= Q (5 + exp(as ')5 &e'"'(p™, (13)

=—[f&s,pG( )A. ( &(m —g) —5s, (S + exp(asp')Sp )]
2~

"
and

$(k,a) =—Q (exp(as ')5 5 +&e'~'(p —
&, (14)

+2 & ~(g —
f)&&5 *(f)5+(I)—5 '(I)5 "(I)

XC')(m, p; t')))E, (7)

G&( )(kt k2)= p G&(a)(g m y)s
—()u (s—m) —ikq (s—p) (1$)

Ql p

In terms of these quantities, the equation of motion (10)
implies

d2
S(')=(e '—1)5(5+1)+(e '+1)——(e '—1) . (8) t E—E(k +k,)]G &'&(k„k )

dG dc

The higher-order Green functions in the last term of
Eq. (7) are expressed in terms of lower-order Green
functions by the decoupling recipe'

«s. s,+;c»:(s &«5,+; c»
mgp

&S*&

(S=S,+)&(S.+; C&),p

whence

PE—pH]Ga(~) (g m p)

1=—P, )n ')A(')(m —g) —
(& (5 + exp((rs ')5 )7

2~
'

+2&5'&Q J(g—f) [Gs (~) (g m p) —Gs (~) (f,m, p) 7

(Ss)
P J(g—f) L&st-Ss+&Ga(') (f,m, p)

g2 g —(S;S+)G.'&(g, m, p)7. (10)

In order to solve Eq. (10) we define spatial Fourier
transforms of all quantities:

=—Ln('h(')(kr) —(5 + exp(asp*)sp )a,], (16)
2Ã
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where

E(k) =pEt'+2(5') J(0 k)

(5')
+ Q J(k', k' —k)P(k', 0) (17)

ES2
and

J(k,,k,)—=J(ki) —J(k,) .

The quantities (5 + exp(aS~')S~ )k and p(k, a) are
related, for permuting the factors in the trace,

(S + exp(aSg')5, )k

=(exp(aS~')5~ exp( —PK)S + exp(PBC))k

=(exp(uSy*)5, S+—(i'))k (1.9)

However, if Eq. (26) of Ref. 3 is substituted into Eq.
(4) of that reference, taking t= i7iP, we obtain from the
last form of Eq. (19)

(5 + exp(aS ')5 )k
——ee~&k&P(k, a) .

We are interested in the special case g= P:

(5 * exp(aS, *)Sy—5,+)= Q t
n&~)h&~) (k,)

Sg S~+=S(5+1)—Sp' —(S,')' (31)

by means of which we can rewrite Eq. (30) in the form

5(5+1)——— A. & & (m —y)
dG dS

=C S&')A.&') (m —p) —O~(a) Le(&,,+y'(m —p)j, (32)

O&(a)y(kg)eee&k»jy(ki+'k )eikl (p™ (30)

In the 6rst term in the summation we make the
change of variables kg' ——ki+k~, in the second term we
let ki' ——ki+ki, and in the left-hand member we use
the identity

It was further shown in Ref. 3 that

P(k,a) = O(a)4 (k)
where

0 (k) —=Ee"(")—1?',
O(a)—= n& &Q(a),

(21)

(22)

(23)

where

~=——Z ~(k)
g k

1
~(m-y) =-—Z ~(k) -"&=».

A k

(33)

(34)

Q (a)=—(e'e*) .
Finally, by inserting the de6nition (8) for $(a),24

Eq. (32) takes the formThus the equation for G)i& & (ki,kg) can be rewritt

LE—E(k,+kg) jGs&~) (k„4)

=—$~&~)g&&) (ki) —Q~ (a)y(kg) eee &k»j (25)
2'

- d' (1+e)e'+e d——5(5+1) A. & & (m —y)
da' (1+4)e'—C da

g+ y'(m —p)= Q (a) (35)
1-C (e

—-1)
The solution of this differential equation is

The discontinuity of the Green function across
the real axis (in the E plane) determines the corre-
lation function (S *exp(aS~')S~ Sg+), or its Fourier
transform: That this is, in fact, a solution can be corroborated by

first noting that the first term of Eq. (36) is a solution
of the homogeneous equation, as was demonstrated in

(27)
Ref. 3. Introducing the second term of Eq. (36) into
(35) and multiplying both sides by t (1+4)e —4] we
find a third-order differential equation for Q(a) which is
recognized as simply the derivative (d/da) of the
homogeneous equation satisfied by Q(a). We further

(28) note that the second term in Eq. (36) vanishes as
a —+0, so that h&o)(m —p) =(S*), as required by the
definition (3). This, plus the boundary conditions
imposed upon (and satisfied by) Q(a) in Ref. 3, deter-
mine Eq. (36) as the appropriate solution of the

(29) differential Eq. (35).

2"(ki,ki) = g (S ' exp(aS, ')S,—5,+)
xn, p

~
—'ki (g—~)—s k2 (g—p)X

The result follows directly from Eq. (25);

2') (ki,kg) = $6& )h&~) (ki) —O~(a)y(k, )ee &"»j

x0(ki+4)
or

(5 ' exp(aSg') 5» Sg+)= g $~&~)i~& &~) (k )
g2 ki k2

Q~ (a)y(kg) eel(km)gy(ki+k )eik& (g™)+ik&(g—9)

and, noting that O(a) =2(S'), the equation for E(k)
simpli6es to

E(k) =@A+2(5')J(0,k)

2(5~)g dQ(a)

P y(k )J(k k k) (26) X .(m —P) =(5 )Q(a)+ —(5 )Q(a)
XS2 k du
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We fmd (S„*S„')by differentiation of h. & & (m —p):

((5')')—(5')'
(5 'Sv')=lim —h. & '(m —p) =(S')'+

d8 C (1+C)

X I C»,+y2( —p) j. (37)

In Ref. 3 it was shown that

follows from noting that P(m —m)=C', so that the
fraction in Eq. (43) reduces to unity when p=m. We
also note that P,2 does reduce to ((5')')—(5')' fas
indicated in Eq. (44), following from Eq. (37) with
p=m), as it should.

The Fourier transform of the correlation function

(47)
g&2s+le—so (1+@)2s+le&s+1) a

Q(&2) = (38)
fC's+' —(1+C)' +'jf (1+C)e'—C'j is then given by

m—p

and

dn(0) (S—C) (1+C)"+'+(5+1+C)C"+'

(1+.@)2S+1 @2Sjl

4.(k) =4 .'fC'+ 2 0 (k')4 (k—k')j/C'(1+C') (48)

Combining these results with the transverse correla-
i (39) tion function, ' we 6nd the energy per ion as a function

of C:
whence

2= (K)/1V = —H(5') —J(0)(S*)'——(5*)P J(k)$(k)d20(0)
((5')') = =5(S+1)—(5')(1+2C) . (40)

dC
S(5+1)—(S')(1+2C+(S')) 1

C (1yC) /2

X P Q(k) P(k') J (k —k'), (49)

Equation (37) can then be written as

(25+.1 )2C)2s (1+@)2s

(5 .5,) (Ss)2
k, ki

3. THE CORRELATION FUNCTION

f (1+y)2S+1 C,2S+lj2

+@2( )) (41) where (S') is known in terms of C fsee Eq. (39)$ and
where, of course, the specie.c heat c, can be found by
diQerentiation of m with respect to T.

To summarize, the longitudinal correlation function

(42)

is given by

4. LOW-TEMPERATURE BEHAVIOR

The function C has been analyzed in Ref. 3 and at low
temperatures

C», ,+ y2(m —p)
4.(m —p) =6'

C (1+C)
(43) 3m.

C =f'( ')r"'+ vf (')-r"+2r'—v'arf (2-)r'~'-
where P,' is the value of f, (m —m):

y, =((S) )—(S)
(2S+1) C, + (1+C,)2s+1

=C (1+@)— (44)
f (1+@)2S+1 @2S+1)2

+(3/2S) t (-',)f(-,') '+0( ' '), (51)

where r is of the order of ST/T„being given by the
relation

r = f (42r/3)P J(0)svf—'.
~ and v are constants dered in Ref. 3, andThe quantity C is the average value of the quasiboson

occupation number &t (k):

(45)

(46)

f (m) —=P n "exp(—2-2PpH).
n j

As C«1, we can expand Eq. (44) in powers of C:

(53)

and p(m —p) is the Fourier transform of g(k):

1
4(m —p) =—Z 4(k)e "&="=4(p—m) (47)

E k

The identification of lP.' as the value of lP, (m —m)

= 1—(25+1) C 's+ (25+1)2(25+2)C,2s+1
C (1+C)

+.0 (C,2s+2)

The expansion of f, (m —P) therefore requires only the
calculation of C(m —p) in a temperature series. By
standard expansion methods as used in the theory of
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spin waves, we 6nd for the simple cubic lattice:

p(r) =Z3/2(0)r'/'+ —r"'L3Zs/2(0) —Zs/2(1)+22Zs/2(2) j
7l P 11

+ r / —Z2/2(0) ——Z2/2(1)+ —Z2/2(2)
16 2 3

where

11 1 53m
Z7/2 (3)+ Z7/2 (4) +Zp/2 (0)f — r'—

60 288 2 2S

+ (r 2/2(0)), (55)

and where
ra= Jm —p[

(a is the lattice constant).
The corresponding expressions for p(m —p) for other

cubic lattices are similar in structure and will not be
given here. In the limit of small r (i.e., ~

m —
p~ of the

order of a few lattice constants) the coeflicients Z (2;)
can be expanded in powers of v.r', giving

(2~)
Z„(*)= ~

—
I

(rr')* t (~+~) rr'j(~+*—+—1).

1 (gr)+—
)

—
~

(rrg) gf (r/2+x+2)+O(rsrs) (59)
2&f)

and correspondingly

~(m p) L1 (25+1)'C,'8+2(S+1)(2S+1) C

+0(C»+2)j Ce „y C —r2~ ~f.(-22)r»2

7~' 2-

+ r f(2) +2f m r f(2)+' . (60)

When
~

2/2 —p ~

is larger than a few lattice constants, the
coeKcient Z (2:) is best calculated by the Euler-
Machlaurin sum formula. In the limit P/2H((1 and r))1
the result is particularly simple:

4 ( d ) m+z-3/2

Z (g)~
I

(rr2) ~1/2( 1)m+x —8/2]

fi kdn)
(61)

(4m)* ~ ( r m' r)
Z-(2:)=I —I Z ~" exPI ~P~

f22 )
(56)

(57)

S. CONCLUSION

In the homogeneous decoupling approximation here
employed the longitudinal correlation function depends
on the spatial separation of the spins through a single
factor p(2/2 p). Th—is factor is the Fourier transform of
the quasi-spin-wave occupation number i exp(PE(k)—1] '. The transverse correlation function (5 'Sg )
is also simply (5')p(m —p)+-2, (5')5

The longitudinal correlation function reduces properly
to ((5')')—(5')' when m= p; its asymptotic limit for
large ~m —

p~ is exp( —2v. (m —p))/~m —p~g whereas
that of the transverse correlation function is

exp( —x (m —p))/~m —
p~ .

Near the Curie temperature the decoupling approx-
imation is inadequate, and we accordingly 6nd that the
longitudinal and transverse correlation functions do not
become isotropic at T,. Thus, from Eq. (41) we easily
find

(5 *5,*) (5 5, )
r

(5-'S.') (5")4 (m —p)'

y(m —p)
(63)

Now Q(m —p) ~ 0 as
~

m —p ~

~ ~, so that the corre-
lation function becomes increasingly anisotropic for
large distances, at T,. Presumably the analysis is a
reasonable approximation at temperatures above the
spin wave region, but it is clearly not adequate near T,.

At low temperatures the correlation function agrees
with the first order Born approximation renormalization
of spin wave theory, as given by Dyson, " for all spins
other than 5=—,'.

The transverse correlation functions (Tpp, T„„,and
T„„„) and longitudinal correlation functions (Lpp,
L „and L„„„)corresponding to the self-correlation,
nearest-neighbor spins, and next-nearest-n. ighbor spins,
are shown for several spin values in a face-centered
cubic lattice in Fig. 1—4. The magnetization as a func-
tion of temperature, predicted by the Green function
analysis of Ref. 3, is also shown in Fig. 5.

ACKNOWLEDGMENT

We gratefully express our appreciation to Dr. Earl
Callen, who computed, on the NOI 7090, the function
@(m—p) from which Figs. 1—5 are obtained.

"F.J. Dyson, Phys. Rev. 102, 1217, 1230 (1956).

where n=r'mr/f. , whence

@(m—p) r//r '+4r '$, (r))1, ppII«1) . (62)


