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Frequency Pushing and Frequency Pulling in a He-Ne Gas OIitical Maser

R. A. McFARLANE

Bell Telephone Laboratories, Mgrray Hill, Kern Jersey
(Received 16 March 1964)

Measurements have been made of the variation of beat frequency between two simultaneously oscillating
axial modes of a He-Ne gas optical maser as their disposition with respect to line center was continuously
varied and as the discharge excitation level was increased above beat threshold for fixed mode positions. The
results are compared with the theory of Lamb. The present calculations ignore mode interaction eGects
which are, however, included in Lamb's theory. The eGects of frequency pushing, frequency pulling, and
"hole repulsion" are apparent in the measurements as well as an excitation-dependent linewidth.

' KASUREMENTS have been made of the beat
-. frequency between adjacent axial modes of a

He-Ne gas optical maser as the cavity resonances
were scanned across the Doppler broadened gain curve
and as the excitation level was varied. The results are
compared with the theory of W. E. Lamb, Jr.' The
present calculations ignore mode-interaction effects
which are included in Lamb's theory as mode-amplitude
information that was not available in the experiment.
Nevertheless, there is qualitative agreement when the
appropriate assumption is made for the value of the
natural linewidth. Nonlinear e8ects' at higher levels
of excitation are apparent in the measurements.

The maser employed in the experiment operated at
1.15 p, and used a plane-parallel mirror configuration
with the mirrors inside the vacuum envelope and spaced
approximately ~ m. The cavity length was varied mag-
netostrictively' and could be scanned over three adja-
cent axial modes. With naturally occurring neon, the
mixture of isotopes results in a line asymmetry''
which makes interpretation of the results difficult. For
this reason all of the work with the exception of one
preliminary experiment on scanning the cavity length

' W. E. Lamb, Jr., Phys. Rev. 134, A1429 (1964). The main
results of the paper were reported at the Third International
Conference on Quantum Electronics, Paris, February, 1963
(unpublished).' W. R. Bennett, Jr., Phys. Rev. 126, 580 (1962).

3 W. R. Bennett, Jr., and P. J. Kindlmann, Rev. Sci. Instr. 33,
601 (1962).

4R. A. McFarlane, W. R. Bennett, Jr. and W. E. Lamb, Jr.,
Appl. Phys. Letters 2, 189 (1963).

'A. Szoke and A. Javan, Phys. Rev. Letters 10, 521 (1963).

SPECTRUM
ANALYZER

BROAD-
BAND

AMPL IF IER
(50 DB)

TUNABLE
CAVITY
FILTER

FREQUENCY
COUNTER

l10 MC REF

TRANSFER
OSCILLATOR

PRINTER

30 MC
RECEIVER

OSC.
CONTROL

SIGNAL
30 MC

SYNCHRONIZER
Xo-q

CRYSTAL
DETECTOR

RF,~ COIL CURRENT ~ MOTOR
SOURCE SUPPLY DRIVE

POLAROID —~ ~ ~ ~ ~ l—
I I I I I

Ur ~V' & %J lvf

7I02

I I I I I

PHOTO-
MULTIPLIER He-Ne MAsER

FIG. 1. Block diagram of measuring equipment.

was done with enriched Ne" isotope. Gas pressures
were He 1.1 Inm and Ne" 0.11 mm.

The measurement system is shown in Fig. 1. The
maser output fell on the photocathode of a 7102 photo-
multiplier tube from which a 306-Mc/sec beat signal
was sent to the frequency measuring and recording
equipment. As the outputs of the two axial modes were
orthogonally polarized, a linear polaroid was placed
between the maser and the photomultiplier in order to
observe a beat. ' The frequency was measured with a
Hewlett-Packard Model 540 8 transfer oscillator and

Copyright 1964 by The American Physical Society.
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FIG. 2. Panoramic receiver display of 6ve beat components
at 306 Mc/sec. Total scan is approximately 20 kc/sec.

quency scan width of approximately 20 kc/sec. The
individual components are spaced about 3.3 kc/sec and
in some cases suggest an unresolved structure. Rotation
of a quarter-wave plate placed between the maser and
the linear polaroid caused elimination of some compo-
nents and enhancement of others. A note on the details
of this experiment is being prepared. The five-compo-
nent structure is interpreted as indicating simultaneous
oscillation with left-circular, linear, and right-circular
polarization at each of the two cavity resonances. A
small stray nonaxial magnetic field caused a Zeeman
splitting of the emission components'7 the splitting
being the same or nearly so at each cavity resonance.
The five-component beat structure represents all pos-
sible beats in the vicinity of c/2L between the six emis-
sion components. The addition of a mumetal shield
around the discharge tube to eliminate this field, which

Model 524 D frequency counter using a Dymec Model
5796 synchronizer. The deviation output voltage of the
synchronizer was recorded to give a continuous plot
of the beat frequency as the maser length or excita-
tion was varied and the printer provided calibration
information.

The experiments were done with sufficient excitation
to obtain oscillation on two adjacent axial modes. The
value of c/2I. , the mode separation, as determined
from the measured mirror spacing was 306.440+0.048
Mc/sec. Frequency-pulling effects reduce this difference
to the vicinity of 306.0 Mc/sec, the shift in beat fre-
quency depending upon the excitation level and the
disposition of the two cavity resonances with respect
to the line center.

First observations of the 306 Mc/sec beat on a spec-
trum analyzer showed it to have 6ve components. In
Fig. 2 these components are shown with a total fre-
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FIG. 4. Variation of beat frequency between two adjacent axial
modes as the cavity length was increased by approximately X.
The maser contained enriched Ne".

had an order of magnitude of 1 G-, resulted in a single-
component beat. The radiation was then linearly
polarized at each cavity resonance the directions of the
modes being orthogonal. '

The length of the maser containing natural neon was
scanned over several modes with the excitation level
adjusted so that one mode just fell below threshold as
the second mode crossed line center. The resulting
variation of the beat frequency is shown in Fig. 3. No
beat was present when one mode was at line center.
As will be seen this curve should be symmetric about
each of two limiting cases: one cavity mode at line
center, and two cavity modes equally spaced from line

FIG. 3. Variation of beat frequency between two adjacent axial
modes as the cavity length was increased by approximately P.
The maser contained natural neon.

6 A. Javan (private communication).
7 H. Statz, R. Paananen, and G. F. Koster, J. Appl. Phys. 33,

2319 (1962).
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center. The lack of such behavior in Fig. 3 is attributed
to a line asymmetry due to the presence of several neon
isotopes. Line-center power-dip measurements have also
demonstrated this line asymmetry. 4 5 At one portion of
the scan there occurred discontinuous jumps in fre-
quency of approximately 2 kc/sec. These exhibited a
hysteresis e6ect with cavity length changes, their posi-
tion depending upon the direction of the change. The
record in Fig. 3 was made with increasing coil current.
The discontinuities occur at currents approximately
0.1 A less as the scan is made with decreasing current.
Similar discontinuities when three axial modes were
oscillating showed abrupt changes in the polarization
of one component.

The measurements were repeated using enriched Ne"
under similar conditions of excitation (17 W rf) and the
beat-frequency variation with cavity length is shown
in Fig. 4. The small asymmetry still present may be
due to residual Ne". Repeating the measurement at
lower levels of excitation resulted in similar curves
somewhat shifted in frequency but with a beat note
present over shorter regions of the length scan.

To observe power-dependent frequency eGects the
cavity length was 6xed at several values between the
two limiting cases for cavity-mode positions and the
excitation increased. Several of the resulting curves are
shown in Fig. 5 where the output from a crystal detec-

306.04

30B.02—
(e)

V
LLI

o 306.00—

V
Z
LLI

D0
EL' 305.98—
LI

I-
Ill
lQ

(b)

305.96—

305.94
12

I

13
I I I

15 17 20
R F EXCITATION IN WATTS

I

25 30

FIG. 5. Variation of beat frequency with excitation for different
dispositions of two modes about line center. (a) —155.6 Mc/sec,
+150.8 Mc/sec, (b) —119.7 Mc/sec, +186.7 Mc/sec, (c) —95.7
Mc/sec, +210.7 Mc/sec, (d) —47.9 Mc/sec, +258.5 Mc/sec,
(e) —55.9 Mc/sec, +270.5 Mc/sec, (f) —12.0 Mc/sec, +294.4
Mc/sec.
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FIG. 6. Variation of initial slope of power dependent beat
frequency curves. Of the several measurements made the letters
dentify those traced out in Fig. 5. Excitation increment is from
threshold to 5% above threshold.

tor monitoring the rf level has been used to provide
information on the level of excitation. Position (a)
represents modes at —155.6 Mc/sec and +150.8
Mc/sec and is very close to the symmetric placement
of two modes about line center. In this condition the
beat frequency at threshold had a value smaller than
that for any other placement of modes. As the excita-
tion was raised, the beat frequency decreased indicating
that the two frequencies of oscillation were moving
toward line center. At higher levels of excitation the
beat frequency increased with the oscillation frequencies
moving away from line center toward their respective
cavity resonances.

As the maser length was changed to place one cavity
mode closer to line center, the curves (b)—(f) were
obtained. It appears that there was one mirror spacing
between (d) and (e) where the beat frequency would
have been independent of the level of excitation. There
was a continuous variation of initial slope as the modes
were scanned from the symmetric condition to the
position where one mode was very close to line center
as represented by (f): modes at —12.0 Mc/sec and
+294.4 Mc/sec. This is shown in Fig. 6 where the
slope has been specified by the change in beat frequency
corresponding to an increase in excitation from thresh-
old level for the appearance of a beat to 5% above this
threshold level. The initial slopes for those curves in
Fig. 5 are identified in Fig. 6.

Lamb' has shown that under single-mode operation
the frequency of oscillation v can be written

v =0+(r+pE',

where 0 is the resonant frequency of the optical cavity,
0. is an excitation dependent term pulling the frequency
of oscillation away from the cavity resonance toward
line center, and pE' is a term which depends upon the
power in the mode and is of such a sign as to move the
frequency of oscillation away from line center. ,
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Fro. /. The constants Ca and C2 of Eq. (2) as a function of
(0—ca)/Ku: the frequency difference between the cavity resonance
and line center/0. 6 Doppler linewidth. For C&)0 frequency
pushing away from line center toward the cavity-resonant fre-
quency occurs as excitation is increased. For C&(0 frequency
pulling toward line center occurs with increasing excitation. For
the values of g used here the pulling term dominates and the
oscillation frequency is always displaced from the cavity-resonant
frequency toward line center.

The quantities 0. and pE' can be expressed as a func-
tion of g the relative excitation above threshold when
tuned to line center and the frequency difference be-
tween the cavity resonance and line center. In the
theory are two parameters: Ku, which is 0.6 times the
Doppler width in rad/sec, and y, s, which is 2r times the
natural linewidth of the transition. For the 1.15p,
transition of neon and a Doppler linewidth of 1000
Mc/sec, Ku corresponds to a value of 600 Mc/sec. The
value of y, q corresponds to a natural linewidth of
several tens of megacycles. Values of 48 Mc/sec and
96 Mc/sec have been assumed in the present calcula-
tion. Szoke and Javan' have shown that pressure effects
require the introduction of an additional linewidth
parameter, but this elaboration has not been introduced
here into Lamb's formulation and the results must be
considered in this light.

With the linear theory of Eq. (1) and the param-
eters assumed above, it is possible to write an expres-
sion for the oscillation frequency in terms of the rela-
tive excitation.

osc. cavity = (:121+&2.
cavity

Df„„;,r is the optical cavity bandwidth and 21 is the

&1 LI1+o1+pl+1 +&12+2

&2 f12+&2+p2@2 +&21+1 ~

(4)

For the present work, however, no information was
available on the amplitudes E~ and E2 and most of our
calculations of v2 —s & consider only the first-order result
(1). In addition, the experiment involved orthogonally
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Fro. 8. Calculated variation with cavity length of beat fre-
quency between two axial modes for two values of y, 1/Ku assum-
ing no mode interaction eftects. The excitation is adjusted for
oscillation threshold at (0—~)/Ku=&0. 48. The frequency scale
assumes a cavity bandwidth of 1.77 Mc/sec.

relative excitation
2) =E/¹, (3)

where E is the average of the population inversion
density over the cavity and ¹ is the value of N for
threshold oscillation when the cavity frequency 0 is
tuned to the peak frequency ~ of the atomic resonance
curve.

The constants C~ and C2 are plotted in Fig. 7 for
Q)co. (For Q(&u the absolute direction of pushing or
pulling reverses and C~ and C~ in Fig. 7 must be multi-
plied by —1.) For a cavity resonance near line center
the value of C~ is positive indicating that frequency
pushing is dominant with increasing excitation, while
for a cavity resonance well removed from line center
frequency pulling toward line center predominates with
increasing excitation. The value of (0-o1)/Ku, where
C~=O, depends upon the assumed y ~, and this suggests
that a value of y g could be inferred from a measure-
ment of cavity resonance offset from line center when
the frequency of oscillation is observed to be independ-
ent of excitation. '

In the Appendix, an analysis similar to that of
Bennett' shows that 0. can be identified as being due to
a phase shift associated with the Gaussian gain profile
and pE' is a hole repulsion term where the presence of
a complimentary hole in the gain pro61e results in a
phase increment at the frequency of oscillation such as
to move this frequency away from line center.

When two modes are oscillating, an additional mode
interaction term is included in the frequency-determin-
ing equation. '
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Fxo. 9. Calculated variation with excitation g
of beat frequency between two axial modes for
the indicated mode positions and two values of
p, b/Ku T.he solid lines assume no mode inter-
action effects. The dashed curves include inter-
action effects for the symmetric case (I). The
frequency scale assumes a cavity bandwidth of
1.77 Mc/sec.
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polarized modes while the analysis has considered only
parallel polarizations. The effect of this on 7i2 and r2i
will be such as to reduce the mutual frequency pushing
effects. s Equation (4) can also be interpreted in terms
of phase shifts but the presence of four holes in the gain
curve is a substantial complication.

In Fig 8 is plotted the variation of beat frequency
with cavity length calculated for two values of the ratio
y, b/Ku. The approximation has been made that the
mode spacing (306.440 Mc/sec) is equal to one-half
Ku(600 Mc/sec). The frequency scan is from mode
positions —0.02 Ku, +0.48 Ku to —0.48 Ku, +0.02
Ku. The excitation g is adjusted for threshold at
~0.48 Ku from the relation'

rl =exp(Q —bo)'/(Ku)',

where it has been assumed y ~=0. Since the total beat
frequency shift away from 306.440 Mc/sec is substan-
tially larger than any variations with length and the
threshold beat frequency for symmetric placement of
modes is relatively independent of y, b/Ku, a reasonably
accurate value of cavity bandwidth can be determined.
From the measurements of this threshold beat fre-
quency the cavity bandwidth was found to be 1.77
Mc/sec and the indicated frequency scale in Fig. 8
and 9 is based on this value. It is apparent from Fig. 7
that the rapid decrease of beat frequency as one mode
approaches line center is due to the rapid decrease of
frequency pushing associated with that mode.

Figure 9 shows the computed dependence of beat
frequency on excitation for two values of the ratio
p, b/Ku with the beat frequency excitation threshold
determined from Eq. (5). The measured frequencies of
the beat at threshold are observed to show a larger
variation than is predicted by either set of curves. This
is attributed to mode interaction or hole repulsion
effects.

With the symmetric placement of two cavity reso-
nances both modes cross threshold at the same time and
Et and Es in Eq. (4) are small. The power present in
one mode has little infiuence on the oscillation fre-

8 H. Haken and H. Sauermann, Z. Physik 173, 261 (1963);
176, 47 (1963).

A/2 Z„(A/2,y. b,Ku)

Ku Z;(6/2, y.b, Ku)
(7)

where Z, and Z, are the real and imaginary parts of a
function related to the probability integral for complex
argument and which are defined by Lamb. ' The solution

quency of the other mode. Lamb' Ands in this special
case that the frequency difference

P2 Pl= Q2 Ql+o2 Pl+4crYabl(Q2 Ql)i (6)

where o. is a linear function of the excitation g and also
a function of the mode spacing 02—Qi. The dashed
curves in Fig. 9 are calculated from Eq. (6). The thresh-
old beat frequency is the same as for the independent
mode calculation. The effect of the interaction is to
cause the frequencies of oscillation to move farther
apart than is predicted by the simpler calculation as
the excitation increases. The value of y, b/Ku which
gives an initial slope equal to that measured evidently
lies between 0.04 and 0.08. The value of y, b/Ku re-
quired to fit the measurements would have been larger
had a smaller Doppler width been assumed.

While hole-repulsion effects are minimum at thresh-
old for the symmetric case, this is not true for situa-
tions where oscillation is already present at one fre-
quency as a second mode crosses threshold. In Fig. 5
the threshold beat frequency for cavity mode place-
ments other than symmetric exceeds the symmetric
threshold beat frequency by an amount larger than
predicted on the basis of no interaction of modes. This
discrepancy appears to increase as the modes are
tuned away from the symmetric condition at least
until one mode is sufhciently close to line center that
the decrease of frequency pushing of that mode due to
its own hole makes it diKcult to infer any additional
pushing due to the second mode.

An experiment to measure y, b/Ku is suggested by
Eq. (6). It consists of varying the maser mirror spacing
and consequently 02—0& until the beat frequency be-
tween two adjacent modes symmetrically placed about
line center is found to be independent of excitation.
Then, if 02—Qi ——6,
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APPENDIX

The frequency pulling and frequency pushing terms
in Eq. (1) are determined by Lamb' as

v Z„(Q—ro)
0= g (A1)

2Q Z, (0)
and

v Z, (Q—a&) y, b(Q a))—
pF.'=—g —1 (A2)

2Q Z (0) 2y. b'+ (Q—bo)'

where Z„and Z; are the real and imaginary parts of

Z(v —(o) = 2i dt exp —(t'+l s),

(A3)
P 0) Pgg

+s
Ku Ku

Fn. 10. Cavity-mode spacing for excitation-independent beat
frequency when two resonances are symmetrically placed with
respect to line center. Mode interaction effects have been included
in the calculation.

of Eq. (7) is plotted in Fig. 10 where the mode spacing
02—Q~ appropriate to a given y ~ is indicated. '

An effect appears in Fig. 5 curve (a) which is not
predicted by either Eq. (1) or (4). These two equations
show the beat frequency to be a linear function of
excitation g. At higher excitation levels, however, curve

(a) Fig. 5 changes from negative to positive slope and a
description linear in p is no longer adequate. The eRect
cannot have been directly due to a decrease of gain with
excessive rf excitation as the beat note did not disap-
pear as it crossed its threshold value for the second time.
The direction of the change in slope is consistent with
an increase of y, ~ or effective linewidth of the transition.
If collisions with atoms in other excited states were
responsible for increasing the phenomenologically intro-
duced decay rates p, or pb(p b is equal to one-half the
sum of y and yb) such a dependence of y b on excita-
tion might be expected.

The author is indebted to Professor W. E.Lamb, Jr.,
for permission to read his Inanuscript prior to its
publication and for discussion of its contents. The

9It has been pointed out by R. L. Fork that this proposed
measurement is complicated by the e6'ects of mode competition
when two modes are oscillating with parallel polarizations as in
the case of a Brewster window configuration. Since this is, in fact,
the situation assumed in the derivation of Lamb's theory, Eq. (7)
cannot accurately describe the present experiment where the
polarizations were orthogonal and no instabilities due to mode
competition were apparent.

~
—[0—co /Ku]2 (A4)

Z'(0)

' The hole width in the gain profile is twice the hole width in
the velocity profile. See W. R. Bennett, Jr., in Proceedings of the
Third International Conference on Quantum Electronics, edited by
P. Grivet and N. Bloembergen (Columbia University Press, New
York, 1964), p. 453.

2&Glnat =2 (Va+Vb) =4'Ysb

and v/Q is the bandwidth of the optical resonator.
It is instructive to consider the significance of each

of these terms by examining a model to which can be
applied a "hole-burning" type of analysis as used by
Bennett. ' The model consists of a feedback loop made
up of four elements: a medium with a frequency-
dependent gain, a transmission type resonant cavity
with a speci6ed bandwidth and maximum transmis-
sion on resonance, two frequency-dependent loss ele-
ments to represent the presence of two holes in the
gain curve. The last two elements have frequencies of
maximum loss as follows: one at the oscillation fre-
quency and the other on the opposite side of line center
and equally far away from it. OR their respective
resonances these elements approach unity gain and have
bandwidths de6ned by twice the natural linewidth of
the transition. ' The frequency of oscillation is deter-
mined by the requirement of zero net phase shift
around the feedback loop.

The gain and phase shift of a Doppler broadened
line with a line center gain of 1 neper is plotted in I'ig. 11
where effects of natural linewidth are omitted. The
gain of the medium in nepers is simply

Z;(0—bo)
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and it can be shown" that the phase shift for such a
gain profile is

8(Q—cv)
Z, (Q—(o)

i neper Zz(0) y~b=p

(AS)

Z;(Q —co)
(A6)G = —G, g

Z;(0)

where 17 is defined to be 8/Ez as before. The phase
associated with this gain is therefore

Z„(Q—(o)
(A7)8 = —G, g

Z;(0) p.b=p

For line center gains other than 1 neper the phase is
equal to the hne center gain in nepers times the phase
for 1 neper.

If G is the numerical gain of the medium and G,
is the resonant transmission gain (G,(1)of the optical
cavity and G „andG,„aretheir values in nepers, it
can be shown that
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resonant power gain G,(1 and specified Q has a phase
shift defined by

0,=arctanP —(2Q/pp) (1—QG,) (p —pp) j. (A8)

At frequencies much less than resonance 8,=-,'m and
at frequencies much greater than resonance 8,=~m.
The phase is zero at p= pp and because of the high Q
has a very steep slope at line center compared to the
other resonant elements in the loop. Frequency pulling
effects are a small fraction of the cavity bandwidth and
equating the arctangent to its argument near line center
we find

0.6 nor) /(zo)i &

&()/d p =—(2Q/pp) (1—v'G. ) . (A9)

0.4—
chalz

02-
LL.
'

LLL

V)
Cx4 -O.2—

Since G,=1, (1—gG,)=—zsG, „and
d /de= ( o/Q) (1/G-) (A10)

To offset a phase 8 due to the medium the oscillation
frequency v must move to cause the cavity to introduce
a phase —0 . That is,

-0.4—

-0.6—

pp Z, (Q—a&)

Av =~
Q Z'(0)

(A11)
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FIG. 11.Doppler broadened gain profile
and its associated phase shift.

"D.E. Thomas, Bell System Tech. J, 42, 637 (1963).
C. G. Montgomery, , R. H. Dicke, and E.M. Purcell, ErirIci ples

of Microzou7Je Circuits, MIT Radiation Laboratory Series, Vol. 8
(McGraw-Hill Book Company, Inc., ¹w York, 1948), p. 238.

where 0= p po. This agrees within a factor of 2 with
Eq. (A1) for the case of zero natural linewidth. The
functions Z, and Z; are modified from the above when

y g/0 as a result of the introduction of a complex
frequency into their arguments. Bennett's results' be-
come identical to Eq. (A11) when a factor of 2 error
in his Eq. (13) is corrected.
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The gain and associated phase profile for two holes
is shown in Fig. 12. Since the holes appear in the
velocity profile and not strictly in the gain versus
frequency curve we can consider that there is one
"oscillating" hole near the cavity resonant frequency
and a complementary "nonoscillating" hole placed the
same distance on the other side of line center. The
presence of the hole at the oscillation frequency intro-
duces no additional phase shift into the feedback loop
a,nd the phase at v=0 marked 0~ in Fig. 12 is due
entirely to the complementary hole.

Defining the hole power gain as 6~&1 and noting
the loop requirement that

we find
G +G, +Gy, =0, (A12)

I1-&G.l(~—)!v.
0I,=arctan

1+V'Gs (0—(g)'/y„'
(A14)

Z;(0—co)
GI, =G, —1 . (A13)

Z'(0) v.~o

From a lumped circuit element analysis similar to
that used above, it follows that a complementary
Lorentzian hole of width 4y, ~ introduces a phase at
0 defined by

The arctangent is, therefore, approximately equal to
its argument and

—Gs„y.s (0—to)

2 p.ss+ (0—co)'

—G, Z, (Q—co) '7o s (Q co)
'9

2 Z;(0) i... o y, ss+(0—co)'
(A15)

To offset Oq, the oscillation frequency must move an
amount such that the cavity provides an amount of
phase equal to —

gy, .
vo Z;(f2 —~)

~~a=—'g

2Q Z, (0)
—1 . (A16)

7 ( )

Y.ss+ (0—co)'

This term is similar to pE' calculated by Lamb differing
significantly only for a cavity resonance near line center
where the two holes overlap. It appears to represent a
hole repulsion effect between the "oscillating" and
"nonoscillating" hole.

For small cavity losses —G,„((1and so therefore is
—~a..

1—QGa= —sGa
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A strong exchange Geld, such as produced by ferromagnetically aligned impurities in a metal, will tend to
polarize the conduction electron spins. If the metal is a superconductor, this will happen only if the spin-
exchange 6eld is suKciently strong compared to the energy gap. When the held is strong enough to break
many electron pairs, the self-consistent gap equation is modified and a new type of depaired superconducting
ground state occurs. In the idealization of a spatially uniform exchange 6eld with no scattering, it is found
that the depaired state has a spatially dependent complex Gorkov 6eld, corresponding to a nonzero pairing
momentum in the BCS model. The presence of the "normal" electrons from the broken pairs reduces the
total current to zero, gives the depaired state some spin polarization, and results in almost normal Sommer-
feld specihc heat and single-electron tunneling characteristics. The nonzero value of the pairing momentum
also gives rise to an unusual anisotropic electrodynamic behavior of the superconductor, as well as to a de-
generate ground state and low-lying collective excitations, in accordance with Goldstone's theorem. The ef-
fects of scattering in an actual superconducting ferromagnetic alloy have not been studied and may interfere
with experimental investigation of the theoretical results found in this paper for the idealized model.

I. INTRODUCTION

HERE is experimental evidence of ferromagnetic
alignment of paramagnetic impurities when they

are in the form of a dilute solution, dissolved in certain

*Research supported in part by the U. S. Air Force 0%ce of
Scienti6c Research and by ARPA. This work forms a portion of a
thesis submitted by one of the authors (Peter Fulde) to the faculty
of the University of Maryland in partial fulfillment of the require-
ments for the Ph. D. degree.

nonmagnetic metals. A typical example is the recently
reported' ferromagnetism of 0.8% of iron dissolved in

gold, which has been found to exhibit a Curie tempera-
ture of 9'K. In some cases, when the host metal becomes
a superconductor at suSciently low temperature, there

R. J. Borg, R. Booth, and C. E. Violet, Phys. Rev. Letters11,
465 (1963).Note added irt proof. For an alternative interpretation
of this experiment, not involving ferromagnetic ordering, see
J. Crangle and W. R. Scott, Phys. Rev. Letters 12, 126 (1964).




