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The nonlinear interaction of an electromagnetic wave with a uniform, weakly ionized anisotropic plasma
layer has been investigated experimentally. The experiment was designed to comply as closely as possible
with the assumptions used in the theory of the nonlinear interaction, which is given in parts I, IT, and III of
this series of papers. Experimental results on sum and difference frequency mixing and harmonic generation
are described as a function of the ambient electron density, the electron-neutral particle collision frequency,
the external dc magnetic-field strength, thickness of the plasma layer, and the field strengths and frequencies
of the incident waves. The case of linearly polarized, small-amplitude microwave signals incident on a layer
of helium plasma is examined. Within the plasma, the signals propagate as plane waves with their directions
of propagation and polarization normal to the dc magnetic field (i.e., the extraordinary mode of propaga-
tion). A detailed comparison is made between the experimental results and the theoretical predictions.
Quantitative agreement was obtained over the electron density range permitted by the experiment. The results
show that the plasma model assumed in the theory is an accurate representation of the actual plasma, and
that the small-signal analysis accurately predicts the effects of the nonlinear terms in the Boltzmann equa-
tion on propagation phenomena. However, special care is required to insure that the plane-wave, infinite-
medium assumption employed in the theory is satisfied experimentally. The experimental results also estab-
lish the validity of using certain characteristics of the nonlinear phenomena as a tool for measuring the elec-
tron density in a plasma as proposed in IT and III. A resonance was detected in the sum frequency wave
which is not predicted by the theory. This resonance occurs for values of the dc magnetic-field strength cor-
responding to cyclotron resonance at the arithmetic mean of the two incident frequencies. The origin of this
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resonance is not understood at this time.

INTRODUCTION

NE of the consequences of the nonlinear nature of

the interaction of an electromagnetic wave with
an ionized medium is the generation, within the plasma,
of different frequencies from those incident upon the
plasma. For example, a wave of angular frequency w
impressed upon a plasma can generate waves of fre-
quency mw (m a positive integer), and if two waves
of frequencies wy and w, are simultaneously impressed
upon a plasma, waves of combination frequencies
w=mwit=nws (m and » integers) can be generated.

Most of the experimental investigations of the fre-
quency conversion properties of plasmas have been
concerned primarily with harmonic generation.! How-
ever, Dreicer? observed the generation of combination
frequencies in a simulated free-space plasma which he
attributed to the interaction between an rf electric
field and electron density gradients in the plasma.
Using wi/27=28 Mc/sec and wy/27 near 3 Ge¢/sec and
near 10 Ge/sec, he detected frequencies we+nwi, where
n ranged from 1 through 36. Most of the experiments
referred to were performed in geometries and under
conditions for which it was difficult to make a quantita-
tive comparison between the data and theory. However,
Baird and Coleman?® analyzed and observed frequency
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1 C. B. Swan, Proc. IRE 49, 1941 (1961). This paper presents a
fairly complete bibliography of work on harmonic generation in
plasmas.

2 H. Dreicer, Bull. Am. Phys. Soc. 7, 151 (1962).
3J. R. Baird and P. D. Coleman, Proc. IRE 49, 1890 (1961).

conversion in a microwave discharge between parallel
plates in a waveguide, and obtained excellent agreement
between theory and experiment. The nonlinear mecha-
nism they postulated was that of a modulation of the
electron density at the fundamental and harmonic fre-
quencies, due to a modulation of the ionization fre-
quency of the plasma, by a very intense incident electro-
magnetic wave. In their experiment a magnetic field
was sometimes used, but only as a means of con-
fining the discharge so as to improve the efficiency of
conversion.

The present work describes the results of an experi-
mental investigation of the nonlinear interaction of
small-amplitude electromagnetic waves with a magneto-
plasma layer. The theoretical portion of this work has
been described in part I, part II,5 and in the preceding
paper, part ITLS hereafter referred to as I, II, and III,
respectively.

EXPERIMENTAL APPARATUS AND TECHNIQUES

The experimental apparatus and techniques are
designed to approximate as closely as possible the
assumptions made in the theoretical analysis. A low-
pressure helium plasma wascreated in alarge rectangular
parallelepiped Pyrex container located in a uniform dc
magnetic field. Linearly polarized plane waves, at
frequencies near 9 and 18 Gc/sec were transmitted into
the plasma slab and propagated in the extraordinary
mode within the plasma. A schematic representation of

4R. F. Whitmer and E. B. Barrett, Phys. Rev. 121, 661 (1961).

5 R. F. Whitmer and E. B. Barrett, Phys. Rev. 125, 1478 (1962).

6 E. B. Barrett, R. F. Whitmer, and S. J. Tetenbaum, preceding
paper, Phys. Rev. 135, A369 (1964).
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the experimental arrangement is shown in Fig. 1. The
walls of the discharge vessel were ground to a thickness
of a half wavelength at 9.15 Gc¢/sec in order to reduce
reflections from the pyrex boundaries. A typical vessel
had an inside dimension, in the direction of propagation,
of approximately 3 free-space wavelengths at 9.15
Gc/sec, and inside transverse dimensions of approxi-
mately 4 free-space wavelengths. After heating to
400°C, the vessel was evacuated to a residual pressure
below 10~° Torr and filled with Linde spectroscopically
pure helium at a pressure in the range from 10~3 to 1
Torr. A series of calibrated vacuum gauges were used to
measure the gas pressure in this range. The plasma was
produced by placing the discharge vessel between the
plates of a capacitor which formed part of the external-
tank circuit of a 21-Mc/sec generator. An electron
density of approximately 10'?/cm? could be produced
with 500 W of cw power from this generator. Two
different electromagnets, each with a 9-in. gap spacing
were used. One magnet had 12-in.-diam pole faces and
was specially designed to provide a field uniformity of
0.59%, over the discharge volume in the range from 0
to 4000 G. The other magnet had 16-in.-diam pole faces
and produced fields from 0 to 7200 G. Its uniformity was
approximately 1.59, over the discharge volume. An
automatic magnet current controller swept the magnetic
field through the desired range.

The incident cw microwave signals were frequency
stabilized and propagated in the extraordinary mode
unless otherwise stated. Second harmonic measurements
were made for incident frequencies near 9 Ge/sec and
near 18 Ge¢/sec. The sum frequency experiments utilized
two different incident frequencies near 9 Ge/sec while
the difference frequency experiment utilized one incident
frequency near 18 Gc/sec and the other near 9 Gc sec.
When measuring the transmitted second harmonic or
transmitted sum frequency waves, standard rectangu-
lar waveguide components were usually employed.
However, single-ridged waveguide components’ were
occasionally used to allow the simultaneous trans-
mission and/or reception of both 9- and 18-Gc/sec
signals through the same plasma path. A further use of
the ridged waveguide was in propagating an 18.2-
Gc/sec interferometer signal through the plasma. This
allowed the measurement® of the average electron den-
sity in the same region of the plasma within which the
frequency conversion process was occurring. To insure
plane-wave propagation, dielectric lenses were used with
rectangular waveguide horns on both sides of the dis-
charge vessel. Each lens was followed by an aperture cut
in a microwave absorbing sheet in order to reduce
diffraction effects. Additional absorbing material was
placed around exposed metal surfaces in order to reduce
reflections from these surfaces. The aperture was
approximately 4 free-space wavelengths in diameter.

7 W. Shelton, Microwave J. 5, 101 (1962).
8 R. F. Whitmer, Phys. Rev. 104, 572 (1956).
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Fic. 1. Diagram of exprimental arrangement.

Phase and amplitude patterns of the horns in both E
and H planes were measured under conditions similar
to that of the actual experiment, but with no discharge
present. Phase variations were less than a tenth of a
wavelength over 809, of the discharge volume. The
amplitude patterns were such as to effectively illuminate
only the central region of the discharge vessel, thereby
reducing the effects of plasma nonuniformities and
scattering from the side walls of the vessel.

Sensitive superheterodyne receivers were used to
detect the generated second harmonic and combination
frequency waves. To guarantee that a particular de-
tected wave was actually being generated by the plasma,
appropriate microwave bandpass, bandstop, high-pass
and low-pass filters were incorporated into the input
and output waveguides. The receiver output was fed to
a logarithmic converter and thence to an XY recorder.
The recording gave a plot of the amplitude of the
desired generated signal as a function of the static
magnetic field.

EXPERIMENTAL RESULTS

Several tests were conducted in order to determine
whether the experiment conformed to the assumptions
of the theory. An indication of the degree to which the
plasma slab satisfied the assumption of infinite trans-
verse dimensions was obtained in two ways. First, by
measuring the fundamental, second-harmonic, and
mixed-frequency waves emerging from the plasma in
directions normal to the direction of propagation, it was
found that the power scattered in these directions was
at least 25 dB down from the corresponding powers
along the axis of propagation. Second, measurements
of the second harmonic wave generated by an incident
signal at 18.3 Gc/sec, for which the transverse dimen-
sions are 8 free-space wavelengths, gave results similar
to those for an incident signal at 9.15 Gc¢/sec. Both tests
indicate that the infinite-medium assumption was
reasonably satisfied.

The uniformity of the plasma under typical operating
conditions was investigated by means of a microwave
interferometer and also by examining the 6678 A light
output and the total light output of the helium plasma.
The microwave and optical data were consistent with
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each other. It was found that for fixed values of the
magnetic field, the electron density was uniform within
209, over an 8-cm-diam disk in any plane normal to the
direction of propagation. The electron density in the
longitudinal direction remained constant to within 209,
except in the immediate vicinity of the front and rear
walls. For a fixed region of the plasma being probed, the
electron density remained constant within 209, as the
magnetic field was varied from 1500 to 6500 G. The
effective temperature of the plasma is not accurately
known. Double-probe measurements made in a similar
discharge arrangement indicate a temperature of a few
electron volts.

The amplitudes of the generated harmonic and com-
bination frequency waves exhibited a complex resonance
behavior as a function of magnetic field as predicted by
the theory. It was found that the shape of the resonance
curves was a sensitive function of the microwave optics
used and care was required in order to satisfy the plane-
wave, infinite-medium assumption used in the theory.
Placing the transmitting and receiving apertures close
to the discharge vessel provided a means for obtaining
a reasonable approximation to this assumption.

The theoretical analysis makes use of a small-signal
approximation, as defined in II. Experimentally, one
can vary the incident power and determine at what
power levels the resonance curves begin to change shape.
For cw powers up to approximately 0.5 W into the
transmitting horns, no significant changes could be
observed in the shape of the resonance curves. Unless
otherwise indicated, incident powers were kept below
this level.

In the experimental data to be discussed below,
certain values of », the electron-neutral particle collision
frequency, and w,, the plasma frequency, are specified.
The values of » were calculated from the pressure p,

in Torr by use of the relationship® »=2.5X10%. The
values of w, can be obtained from the interferometer
measurements mentioned above. However, it was shown
in IIT that a sensitive measurement of the electron
density can be obtained by measuring the values of the
magnetic field for which the transmitted sum frequency
power exhibits geometrical resonances. This technique
was used to obtain w,. The interferometer measurements
gave values for w, approximately 109, higher than those
obtained from the sum frequency curves.

Sum Frequency Mixing

The sum frequency mixing experiment was performed
by propagating two cw signals near 9 Ge¢/sec along the
identical propagation path into the plasma and detect-
ing the transmitted and reflected sum frequency waves
at a frequency near 18 Gc/sec. Measurements were
made of the relative sum frequency power in dB, Pg,
as defined in III, as a function of applied magnetic
field for a wide variety of plasma and incident-wave
conditions.

Figure 2 shows a comparison between a recording of
the transmitted sum frequency power and the cor-
responding theoretical curve. The peaks in the experi-
mental curve, designated 1, 2, 4, 5, 6, and 7 correspond
to the geometrical resonances, and R1 and R2 to the
plasma resonances of Fig. 1 of III. The experimental
curve was normalized to the theory so that the ampli-
tudes of peak 2 were equal. The portion of the experi-
mental curve in the region near cyclotron resonance for
the sum frequency wave was corrected for the cyclotron
emission from the plasma at the sum frequency. The

9 This relationship is approximately correct for helium in the
electron energy range for which » is independent of electron energy.

In the pressure range of this experiment, a factor of 2 error in »
has little effect on the results.
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peak cyclotron emission amplitude was approximately
10 dB less than the true generated sum power, and its
contribution to the total detected power was subtracted
out.

A small peak, designated 3, is discernible between
peaks 2 and 4. This peak is not predicted by the theory.
At a pressure of about 3)X 1072 Torr, at which the data
of Fig. 2 were taken, peak 3 is quite small. As the pres-
sure is increased, however, the amplitude of peak 3 in-
creases relative to that of the other resonances. At
p=2X10"2 Torr it is much more pronounced, as can
be seen from Fig. 3. In the figure, the amplitudes of the
two curves were normalized at peak 1. The agreement
between theory and experiment is good except for the
appearance of peak 3. Recordings were also made of the
reflected Pg versus By curves and showed good agree-
ment with the corresponding theoretical reflected sum
frequency curve shown in Fig. 1 of III except for the
occurrence of peak 3.

A series of recordings was taken of the transmitted Pg
for different values of w,. The positions of the resonance
peaks, as a function of magnetic field, are plotted in
Fig. 4 and compared with theory over the electron
density range measured. Qualitative agreement between
theory and experiment was observed for values of
wp/w1 up to about 0.4. The data for the R1 peak are
very similar to that of the R2 peak shown, and were not
plotted. For w,/w1<0.05, peaks 1 and 2 coalesce as do
peaks 4 and 5. The position of peak 3 is also plotted
indicating a very small dependence on w,. For values of
wp/w1 beyond about 0.18, peaks 2 and 4 merge. As can
be seen from the figure, the positions of the peaks are
sensitive functions of w,/w; and therefore this can
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provide an accurate means for measuring the electron
density.

The experimental amplitudes of several of the reson-
ance peaks of the transmitted Pg, as functions of
electron density, are compared with theory in Fig. 5.
The data pertain to the same plasma for which the
data of Fig. 4 were taken. The theoretical curves were
normalized to provide the best fit to the experimental
data for peak 1. It should be noted that the amplitude of
peak 3 exhibits a somewhat different characteristic
from the amplitudes of the other peaks as w, is varied.

To determine quantitatively the dependence of the
sum frequency power on P; and Pj, the plasma parame-
ters, magnetic field and incident frequencies were fixed
and P; was varied from 10 mW to 4 W for two different
values of P,. The results are shown in Fig. 6. It is seen
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that for Py below about 1 W, Py is directly proportional
to Py. The two straight lines are separated by 8.1 dB
which corresponds exactly to the difference in the
values of P, and hence, implies that Pg is directly
proportional to the product of Py and P, as predicted
by the theory. For incident powers greater than 1 W, Pg
decreases. A microwave breakdown in the plasma
occurred at these powers resulting in pronounced
changes in the electron density and possibly changes in
the collision frequency. The absolute value of the experi-
mental transmitted power agreed with the theoretical
value within experimental error, and the difference in
amplitude between the experimental transmitted and
reflected Pg waves agreed very closely with theory.
Since the generation of the second harmonic is the
limiting condition of sum frequency generation as the
two incident frequencies approach one another, it is of
interest to examine the positions of the resonances of
Ps as wa/wy approaches 1.0. These positions are plotted
in Fig. 7. Except in the immediate vicinity of ws/wi=1,
the positions of peaks 1, R2 and 2 line on straight lines
of slope 1 while the positions of peaks 4, R1 and 5 lie
on straight lines of slope zero. This behavior is as
expected since the positions of the one set of peaks
depend only upon the wave of frequency ws, and the
positions of the other set of peaks depend only upon the
wave of frequency w;. As ws approaches w;, peaks 1 and
5 go over smoothly into the corresponding peaks of the
second harmonic wave, and peaks R2, 2, 4, and R1 all
merge into the major single resonance peak of the
second harmonic wave. The positions of the experimen-
tal peak 3 are also plotted. These lie on a straight line
of slope 3. One would expect this behavior if its position
depended only upon the arithmetic mean of the two
frequencies. Extending this line to ws/wi=1 yields a
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position of w./w1=1.00 for peak 3, in agreement with the
experimental curves for Ps., to be presented later. The
experimental positions of the major peaks in the
reflected Ps wave were also investigated as functions
of ws/wi. It was found that peaks occur at the same
magnetic fields as the R2 and R1 peaks of the corre-
sponding transmitted Pg curves. The experimental
amplitudes of the resonances in the transmitted Pg
Versus wy/w; curve were also examined and were in agree-
ment with the theory.

The manner in which the Pg curves vary with »
was also investigated and the results are in qualitative
agreement with the theoretical predictions of IIT. The
linewidths of all of the resonances except 3 increase
with increasing »/w; and also with increasing w,/w:.
The linewidth of peak 3 also increases with increasing
v/wy, but is essentially independent of w,/w;. It is
probable that the observed linewidths of the narrower
resonances differ somewhat from the true linewidths
because of the magnetic-field inhomogeneities.

So far, we have discussed the case where both incident
waves propagated in the extraordinary mode, with the
same direction of propagation. Experiments were per-
formed in which the directions of propagation of the
incident waves remained the same, but the polariza-
tion of one wave was varied with respect to the other.
It was found, as expected, that only the electric-field
components of the incident waves perpendicular to By
contribute appreciably to the generation of sum fre-
quency power.

Experiments were also performed in which both inci-
dent waves were propagated normal to the direction of
the magnetic field, but at right angles to each other.
Again, only the electric-field components of the incident
waves which are perpendicular to B, contribute
appreciably to the sum frequency power generation.
The amplitude of the generated sum frequency power
was reduced by more than 20 dB compared to that
generated when both incident waves propagate in the
same direction. The shape of the curve of the sum fre-

1.02— T T T T T T T T T
o o Q o o g
10|, (welurs— . 1
(we Aw))Re—"
0.98- (welw)g—" =~ =" T

-

o

©

)
T

)
-

f1=9.55 Ge |

-+ (welug)3 v/wy= 0.0001
094} wid/c=224
(we/wp)R2 wp /wy=0.08

o

o

N
T

THEORY

o PEAKS 1AND 5 |
a PEAKS R1 AND R2

VALUES OF w¢/wy AT RESONANCE
PEAKS OF TRANSMITTED Pg

EXPERIMENT { , PEAKS 2 AND 4
0.88L + PEAK 3 n
I 1 1 1 L 1 L L ) 1 1
0.90 0.92 0.94 0.96 0.98 1.00
wg/u,

F16. 7. Values of w./w; for resonance peaks of
transmitted Pg versus wa/w;.



NONLINEAR INTERACTION OF ELECTROMAGNETIC WAVE.

quency power versus B, was similar to that previously
found. The amplitudes of the peaks which occur near
plasma resonance for the incident wave which pro-
pagates in the direction of the receiving horn were en-
hanced relative to the amplitudes of the peaks which
occurred near,plasma resonance for the other incident
wave, as would be expected. In all the experiments, the
detected sum frequency wave was polarized in a direc-
tion perpendicular to Bo.

Experiments were performed to study the nonlinear
interaction between the incident microwaves and the
RF excitation producing the plasma, as suggested by
the work of Dreicer.? The experiments consisted of
searching for waves of frequency w-+mwrr. Using a
microwave signal polarized transverse to By with a
frequency w/2r=9.15 Gc/sec and wgrr/27r=21.6 Mc/
sec, transmitted waves were detected at frequencies cor-
responding to integral values of m from —16 to +21.
These combination frequencies were generated in an
air plasma in the pressure range from 10~ to 3X10~2
Torr with microwave powers below 1 W and rf powers
below 20 W. The magnetic field dependence of the
sideband waves was similar to that for the microwave-
mixing experiment and hence, their origin is believed
to be similar to the origin of combination waves whose
generation is discussed in III. This explanation is
somewhat different from Dreicer’s explanation which
is based upon electron density gradients. The sideband
power was directly proportional to the microwave power
in the range from 1 mW to 1 W. It varied in a rather
complicated way with the excitation power, but in
general increased with increasing excitation. For ex-
citation powers below 10 W, the first sidebands were
typically about 75 dB down from the incident micro-
wave power. The sideband amplitudes tended to de-
crease with increasing m. Since the effects of the rf
excitation were easily discernible, it is believed that
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they did not contribute to any of the Pg measurements.
In particular, the rf excitation appears to have no con-
nection with the appearance of peak 3.

Second-Harmonic Generation

Second-harmonic-generation experiments were per-
formed using both the 12- and 16-in. pole-face-diam
electromagnets. The former gave more precise measure-
ments because of the better uniformity. The wider
magnetic-field range of the latter was required to ob-
serve the resonance region around w,/w=2 for an
incident wave near 9 Gc/sec. Figure 8 shows a typical
plot of the transmitted second harmonic power Pj,
versus w./w in helium. The corresponding curve (from I)
exhibits two outer, relatively broad geometrical reson-
ances designated peaks 1 and 5, and one central, major
resonance peak designated R. A number of narrower
geometrical peaks appear between peaks 1 and R
and R and 5, the one closest to peak 1 being designated
peak 1’ and the one closest to peak 5 being designated 5'.
The amplitudes of the curves were normalized to provide
equal amplitudes for peak 5. The experimental curve
shows the presence of most of the major theoretical
peaks. The peak labelled 3 should not be confused with
the geometrical resonance shown on the theoretical
curve. Peak 3 is located near w,/w=1.0 and its position
is independent of w,/w. This peak corresponds to peak 3
of Pg as ws/wy approaches 1.0.

The amplitude of the experimental peak R is more
than 25 dB below the theoretically predicted peak
amplitude. The reason for this is not definitely known.
However, for the low pressures used, the theoretical
linewidth of peak R is very small since (Aw.)sag=2v
as shown in II. Since small spatial variations of the
electron density and the dc magnetic-field strength do
exist within the plasma volume, the exact resonance
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relations can only be satisfied over a small portion of
the plasma. Hence, one would expect a broadening and
a reduction in the amplitude of the resonance peak.
Calculations of these effects indicate that an amplitude
reduction of 20 dB or more is possible in our experiment.
An experiment in which the magnetic-field inhomo-
geneity was deliberately increased verified that peak R
was further broadened and reduced in amplitude as the
magnitude of the inhomogeneity was increased. The
inner geometrical peaks between 1’ and R and between
R and 5" are masked, also probably due to the non-
uniformities mentioned above.

The variation of the positions of the peaks of Ps, as a
function of the electron density was also studied. The
data are plotted in Fig. 9 and compared with theory.
The position of the major peak R is not plotted in
Fig. 9 because it was not possible to accurately deter-
mine its position. Nevertheless, the central resonance
region corresponding to peak R was found to shift to
lower magnetic fields as w, increased, in qualitative
agreement with the theory. The transmitted Ps, in
the vicinity of w./w=2 was also recorded and showed
agreement with theory. Measurements were also made
of the amplitudes of the peaks of Ps, as a function of
w,. Reasonable agreement with theory was found except
for the amplitude of the main resonance. Since the data
are similar to that presented for Pg they are not shown
here. In addition, the difference in amplitude between
the transmitted and reflected P,, waves was also in
agreement with theory.

The theory predicts that for fixed incident frequency,
magnetic field, and plasma parameters, the generated
second-harmonic power should be directly proportional
to the square of the fundamental power P,. Measure-
ments indicate that for incident powers between 1 mW
and 1 W, Py, is directly proportional to (P,)*° Above
1 W of incident power, microwave breakdown occurred
near the front face of the discharge vessel, and, as in
the case of Pg, marked deviations form square-law
behavior were observed.

TETENBAUM, WHITMER, AND BARRETT

Difference Frequency Mixing

The difference frequency experiment was performed
in the same manner as the sum frequency experiment
except that incident waves at frequencies near 8 and
18 Gce/sec were used. In order to provide magnetic fields
extending beyond cyclotron resonance for the higher
frequency incident wave, the 16-in. electromagnet was
required. Figure 10 shows a comparison between a
recording of the transmitted difference frequency power
and the corresponding theoretical curve for Pp as
defined in III. There are two resonance regions shown in
the figure, one near w,/wi;=1 and the other near
we/w1=1.16, or w,/(ws—wi;)=1. A third resonance
region occurs near w./w.=1, but is not shown. The
amplitudes of the two curves were normalized at peak
1. The shape of the experimental curve in the region
near w,/w;=1.16 was not recorded directly due to
cyclotron emission in this region as in the case of Pg.
Experiments were performed to determine the power
dependence of Pp on P; and P, and the effects on Pp
of changing the incident frequencies, the electron density
and the collision frequency. The results were all in
qualitative agreement with the theoretical predictions
of III. Since these results are very similar to those pre-
sented for Pg, they are not presented here.

Theory predicts that the amplitude of the transmitted
difference frequency wave is approximately 15 dB less
than the corresponding amplitude of the sum frequency
wave. This result was experimentally verified.

CONCLUSIONS

A detailed experiment has been performed on the
microwave frequency-conversion properties of an
anisotropic helium plasma layer. Except as indicated
below, quantitative agreement between the experimental
results and the theoretical predictions was obtained,
indicating that the assumptions made in the theory
provide an accurate model of the actual plasma. In
addition, the small-signal analysis, utilizing an iterative
procedure for solving the nonlinear Boltzmann trans-
port equation, accurately predicts the frequency-con-
version properties of the plasma, and yields the ampli-
tudes of the waves at the combination frequencies as
functions of the plasma and incident wave parameters.
The range of values of the incident power density for
which the small-signal analysis is valid was discussed
theoretically in II. The experimental results indicate
that the incident power density becomes sufficient to
cause microwave breakdown within the plasma before
this range is exceeded. Also, a method was established
for determining the electron density in a bounded
magnetoplasma by measuring the magnetic-field
strength at which a particular resonance of one of the
waves at the combination frequencies occurs.

Two discrepancies between the theory and experi-
ment were found. First, the amplitude of the major
plasma resonance peak in the second-harmonic power
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was 20 dB smaller than predicted by the theory. This is
probably attributable to the nonuniformities in the
electron density and dc magnetic-field strength in the
plasma which reduce the resonance amplitude. The
effects of these nonuniformities on the narrow plasma
resonance peaks are naturally more pronounced than
on the broad geometrical resonances. Second, an
additional resonance, not predicted by the theory, was
discovered in the combination frequency power as a
function of the dc magnetic-field strentgh. This reson-
ance occurs near values of the dc magnetic field for
which the electron cyclotron resonance frequency is
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equal to the arithmetic mean of the frequencies of the
incident waves. Unlike the other resonance peaks, the
magnetic-field value for which this resonance occurs is
independent of the electron density. The origin of this

resonance is not understood at this time.
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The relativistic equation of motion is examined for a charged particle in a constant magnetic field and a
transverse electromagnetic wave propagating along the field. A general dicussion is given of the effects at
cyclotron resonance of the magnetic field of the wave and the relativistic mass increase with energy. An exact
solution to the equation of motion is found for the case of a circularly polarized wave. The solution shows
that when the index of refraction of the medium in which the wave propagates is not unity, the energy of the
particle is a periodic function of time, the exact relationship being expressible in terms of elliptic integrals.
When the index of refraction is unity, the effect of the magnetic field of the wave just compensates for the
change in mass with energy, and the energy of the particle increases indefinitely at resonance. Several possible
applications of this solution to classical cyclotron resonance phenomena are pointed out. As a numerical ex-
ample, the case of an electron in a constant magnetic field of 1000 G initially at resonance with microwaves

whose E field is 0.1 esu is considered.

I. INTRODUCTION

HE interaction between a charged particle and an
electromagnetic wave in the presence of a
constant magnetic field underlies several phenomena
currently under investigation concerning the Van Allen
particles,! plasma in the earth’s magnetosphere,* and
the diagnostics, heating, and confinement of plasma
in the laboratory.? This interaction exhibits resonance
effects when the wave frequency is at or near the
particle’s cyclotron frequency. In this paper we study
the nature of the interaction when neither the magnetic
field of the wave nor the relativistic mass change of the

1E. N. Parker, J. Geophys. Res. 66, 2673 (1961); A. J. Dragt,
J. Geophys. Res. 66, 1641 (1961); D. G. Wentzel, J. Geophys.
Res. 66, 359 and 363 (1961).

2 R. A. Helliwell, J. Geophys. Res. 68, 5387 (1963).

38, J. Buchsbaum, E. I. Gordon, and S. C. Brown, J. Nucl.
Energy C2, 164 (1961); M. C. Baker, e al., Nucl. Fusion, 1962
Suppl., Part I, 345 (1962); H. A. H. Boot and R. B. R-Sherby-
Harvie, Nature 180, 1187 (1957); R. Z. Sagdeev, Plasma Physics
and Controlled Thermonuclear Reactions, edited by M. A. Leonto-
vitch (Pergamon Press, Inc., New York, 1957), Vol. 3, pp.
406-422; M. Ericson, C. S. Ward, S. C. Brown, and S. J. Buchs-
baum, J. Appl. Phys. 33, 2429 (1962).

particle with energy are neglected, and we place special
emphasis on the resonance effects.

The equation of motion of a particle of rest mass
m, and charge e in a constant magnetic field By is

p=e[E+ (v/c) XB+(v/c) X By . (1L.1)

Here E and B are the electric and magnetic fields of the
electromagnetic wave, p the particle’s momentum, v
its velocity, and ¢ the speed of light in vacuo. Gaussian
units are used, and the dot signifies differentiation with
respect to time. The electromagnetic wave is charac-
terized by an angular frequency w and a propagation
vector k, and in this paper we consider only the case
where By and k are parallel and k and E are perpen-
dicular, i.e., a purely transverse wave which propagates
parallel to the constant field Bo. For convenience, we
take the direction of By and k to be the z direction. If
the medium through which the wave propagates has an
index of refraction #, then

n="kc/w=B/E. (1.2)



