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The dissipative part of the high-frequency wave-number-dependent conductivity tensor of a hot, dilute
electron gas near equilibrium is calculated exactly to terms proportional to the plasma parameter 2p3/% (the
inverse of the number of particles in a Debye sphere), in the limit of classical statistics. The calculation
includes high-frequency collective dynamic screening effects consistently to this order. These collective
effects have an important effect on the frequency dependence of the conductivity for frequencies greater

than about twice the electron-plasma frequency.

I. INTRODUCTION

THIS paper is concerned with the calculation of the
dissipative part of the high-frequency wave-
number-dependent collisional conductivity of a hot,
dilute electron gas (in a uniform positive background)
near equilibrium.

The problem has attracted considerable theoretical
interest. Several calculations have been presented!—5 of
the collisional damping rate of plasma waves, which is
proportional to the dissipative part of the conductivity
near the plasma frequency. However, no two of them
agree because they make different approximations in
treating the collective behavior of the electron gas. The
present calculation includes the collective effects
consistently so that in the limit of high temperatures
(FT>rydberg) the result is exact to first order in the
weak coupling parameter kp®/n.

Our calculation shows that the detailed frequency
dependence of the conductivity is effected by high-
frequency collective effects. At twice the plasma
frequency there is very slight inflection in the conduc-
tivity curve which can be interpreted as resulting from
the excitation of two plasmons. Because there is no
actual resonance near w™~2w,, it is shown from this
calculation that frequency shifts in incoherent scattering
of radiation from a uniform plasma at the second har-
monic of the plasma frequency will not be observable.

The electron-electron collisional conductivity which
is proportional to %% for small wave numbers % is
generally not of much practical interest for real plasmas
since the contribution from electron-ion collisions is
independent of % in this limit and also has a % term of

1Y. H. Ichikawa, Progr. Theoret. Phys. (Koyto) 24, 1083
1960).

( 2 C. R. Willis, Phys. Fluids 5, 219 (1962).

3C.S. Wu and E. M. Klevans, in Proceedings of the Sixth
International Conferences on Ionization Phenomena in Gases,
Paris, 1963 (to be published).

4D. F. Du Bois, V. Gilinsky, and M. G. Kivelson; RAND Corp.
Report RM-3224-AEC, August 1962 (unpublished).

8D. Gorman and D. Montgomery, Phys. Rev. 131, 7 (1963).
These authors apparently have not yet presented the numerical
solution of the complicated equations which they derive here, so
it is difficult to make a comparison with their work.

comparable magnitude to the electron-electron contri-
bution. However, the frequency dependence of the
electron-electron contribution is different than the ion-
electron contribution in the frequency region near 2w,

The high-frequency collective effect arises from the
perturbation of the screening electrons by the high-
frequency incident radiation. The same type of collec-
tive effect was first pointed out by Dawson and
Oberman® in the calculation of the electron-ion colli-
sional conductivity where it produced a weak resonance
and inflection at w=w,. This collective effect is not
found in the low-frequency kinetic equations of the
Balescu type.”?

The method to be used is formally similar to that of a
previous calculation’ of the electron-ion collisional
conductivity. The wvarious possible processes are
represented by Feynman diagrams. In Ref. 9 we
presented a convenient set of rules for translating the
diagrams into integrals. For convenience these rules are
listed in the Appendix in a form suitable for this
problem. As we have tried to emphasize before, this
method has the advantage of relating directly to
quantities of physical interest and deals with the
microscopic processes in a very intuitive and explicit
way.

The calculation in Sec. III includes exactly the
electron-electron collisional effects in a classical plasma'®
to lowest order in the plasma parameter A=*%p3/%n (kp
the Debye wave number, kp®=4mwe?n/kT, n the number
density). It is assumed that the temperature is high
enough so that collisions can be treated in Born approxi-
mation [ie., e/A(kRT/m)Y<<1] which introduces a

6 J. Dawson and C. Oberman, Phys. Fluids 5, 517 (1962).

7 R. Balescu, Phys. Fluids 3, 52 (1961); see also N. Rostoker
and M. N. Rosenbluth, ¢bid. 3, 1 (1960); A. Lennard, Ann. Phys.
(N. Y.) 10, 390 (1960).

8H. W. Wyld, Jr. and D. Pines, Phys. Rev. 127, 1851 (1962).

9D. F. Du Bois, V. Gilinsky, and M. G. Kivelson, Phys. Rev.
129, 2376 (1963).

10 The term “classical” means here that the gas obeys Boltz-
mann statistics [i.e., #%/(mkT)¥?&xn'] and that quantum-
mechanical interference effects can be neglected [i.e., the thermal
deBroglie wavelength is much less than the Debye length,
#(dmein/m)2<kT].
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natural short-range cutoff at the thermal deBroglie
wavelength. At lower temperatures the usual classical
approximation will be made of using the distance of
closest approach €%/kT as the short range cutoff. We will
consider incident only frequencies much higher than the
collision frequencies (of order A\w,) and wave numbers
small compared to the Debye wave number. An
important feature of the calculation is the demonstra-
tion of the necessity of including the perturbation of the
screening electrons to obtain a consistent result at
high frequencies which has the correct proportionality
to &* (for small k) which is demanded by conservation
of total current.

In Sec. IV we discuss the frequency dependence of
our results. At w=w, we compare our results with the
recent work of Wu and Klevans.?

We find weak inflection in the conductivity curves at
2w, due to double plasmon production. There is no
sharp resonance at this frequency due to the dispersion
and damping of the plasmons. We conclude this section
by commenting on the application of these results to
the line shape of incoherently scattered radiation from a
plasma!! near frequencies displaced by #2w, from the
incident frequencies.

II. GENERAL BACKGROUND

The starting point for our computation of the local
conductivity'? is the general expression, obtained from
Egs. (3.5) and (4.12) of Ref. 9 and Appendix A of
Ref. 4, which relates the conductivity of matrix
elements of the Heisenberg current operator J;(z).

4 Tmo 5 (kyw) = (1/20) 2" paln| J:(0) |m)

X(m|J;(0) [m)(1—e~#m) (2m)?

XB3(tk—Pn+P,) 218 (ho— En+E,).  (2.1)
The dentisy matrix is
Pr= eﬂne—ﬁ(En—l-an) ,
e“ﬂﬂz Z e‘ﬂ(En~#Nﬁ) R (22)

where p is the chemical potential and, of course, P,, E,,
and N, are the momentum, energy, and number of
particles in the state #. '

Equation (1) is similar to the golden rule of time-
dependent perturbation theory, and it is shown in Ref. 9
how the result can be calculated in terms of a diagram-
matic expansion in a coupling parameter. The prime on
the summation indicates that in perturbation theory
only proper diagrams are to be considered in calculating
the Jocal conductivity. (This is the point discussed in

1 D. F. DuBois and V. Gilinsky, Phys. Rev. 133, A1308 and
A1317 (1964).

12 Qur definition of the conductivity is such that j;(k,w) = —ioi;
X (k,w)E;j(kyw) so real and imaginary parts are interchanged from
the usual definition. We shall compute only the imaginary part
of the conductivity. The real part corresponds to the polarizability

and is found from the imaginary part via a familiar dispersion
relation.
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Appendix A of Ref. 4) We can then give a simple
prescription for directly calculating Imo;(%,w).

Units

We shall use the same units as in Ref. 9, 37=kT is the
natural unit of energy, w,= (4dwe®n/m)'? is the natural
unit of frequency [and so % will be measured in units of
(Bwp)™t], pr= (m/B)"21is the natural unit of momentum,
and kp= (4we*nB)"? is the natural unit of wave number,
and the coupling constant which arises naturally is
A=Ek 1)3/ n.

These units are especially convenient for doing
classical problems since it is easy to see the order of
diagrams, both in N and #%. In the Jimit of very high
temperatures we are still left with a term proportional
to In(#).

It follows from the considerations in Refs. 4 and 9
and Langer’s proofs’®* on the analytic properties of
expressions of the form of Eq. (2.1) in quantum statis-
tical mechanics that 4w Imo;; can be computed in
perturbation theory in terms of unperturbed quantum
statistical states « and S.

These states are understood relative to the state of
complete thermal equilibrium which is to be considered
as sort of a vacuum state. They are described in terms
of the number of particles of given momenta (upward
lines) representing an excess of one particle in each
momentum state relative to the equilibrium population
and the number of /oles (downward lines) representing
a depletion of one particle in the given state relative to
equilibrium. The formula for Ime;; is similar in form
to Eq. (2.1):

4 Imos;(kw) = (1/20) 2 wal {(e,B; kw)J *(@,8; kw)
af

X (1—e~#ha) (2nr)25* (7 — P+ P.)
X 28 (ho—Eg+Es), (2.3)

where P, (E,) is the sum of particle momenta (energies)
minus hole momenta (energies) in the unperturbed
state a. wq is the statistical weighting factor for the
initial state o described below in rule 7. The current
amplitudes J; are computed in perturbation theory
according to the set of rules given in the Appendix.
The final state can consist of a single pair which
corresponds to collisionless Landau damping and its
virtual corrections.® A final state of two pairs can be
obtained if collisions between particles are taken into
account. The basic collision process taking into account
screening in the random-phase approximation is shown
in Fig. 1(a). The initial photon must be connected to
this final state in all equivalent ways. We must attach
the photon in turn to eack particle line including the
lines in the polarization loops. This is shown for a
prototype diagram in Fig. 1(b) where the %’s represent
the possible places for attaching a photon line. For each
particular photoninsertion, additional polarization parts
can be inserted to fully screen the Coulomb lines. The

13 J. S. Langer, Phys. Rev. 127, 5 (1962).
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F16. 1. (a) Basic diagrams for the dynamically screened colli-
sions. (b) Typical diagram showing possible locations, indicated
by X’s for attachment of an external photon line.

result is the complete set of diagrams in Fig. 2. Note
again that in any diagram a closed loop can be inserted
along with an additional interaction line without chang-
ing the order in \. This is because each closed loop will
have at least one factor of 1/\ arising from the e* of
Egs. (A2) and (A10) which cancels the additional
factor of X from the extra interaction line. This principle
operates in forming the screened interaction propagator
and in the diagrams with the internal loops of Fig. 2.

It is easy to see that all other diagrams leading to the
same final state must be higher powers in \ since one
must add more interaction lines than closed loops. We
can neglect such contributions to obtain the leading
term in A.

Before turning to the calculation let us make a few
comments concerning these diagrams. The resonance
atw= 2w, comes, of course, from the plasmon resonances
in the two screened interaction propagators in Figs. 2(e)
and 2(f). Since this resonant effect is of greatest
interest, it would be tempting to consider these two
diagrams as dominant and neglect the other four.
However, we shall see that even near w= 2w, there is an
important cancellation between diagrams (e), (f) and
diagrams (a), (b), (c), (d) which must be taken into
account to get the proper %* proportionality of the
conductivity for small .

It follows from the symmetries of the system that
the tensor conductivity can be decomposed into longi-
tudinal and transverse parts

ij(kyw) = (kiki/k*)o (k)

+[8i— (kiki/F?) Jor (kyw). (2.4)
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F1G. 2. Diagrams of order A contributing to
collisional conductivity.

The functions o and o7 can be projected out of o,;
by using unit polarization vectors @ where 8@ =%
for the longitudinal case and ¢ are perpendicular to
k and to each other in the transverse case. The well-
known sum over transverse polarizations takes the
form

2 &t =0— (kik;/k?). (2.:5)
a=1,2
Using these definitions we can write
oL (k:w) =é, (O)éi<0)aii(k;w) = }}1]%1'0'11' (kaw) ) (26)
or(kw)=5% . %% ;(kw). (2.7)
a=1,2

In the following section we will apply these rules to
the calculation of the collisional conductivity of
electron gas from the diagrams of Fig. 2. In Sec. IV we
will discuss these results and their application to a
realistic two-component plasma.

III. CALCULATION

From the rules of the previous section and Fig. 2, the
following expression for the dissipative part of the
conductivity due to electron-electron collisions (m=1)
can immediately be set down:

s, Tmors (o) 1/ “n / da’”/ /d% 12Nttt (1 — 1) | 5]
:8; Tmos;(k,w)=— . T e iP2—ipt (] — o) | J . 8
’ T a ) ey ) @any ) iy ) eny

X (2n7) 383 (hk+ p1+ p2—

—p9)2md (ot &+ E—E—&), (3.1)

where £1=£(py1), etc. The analytically continued (see rule 8) current amplitudes are given by

N (pt k) 8

A2 (py—

J-e=iA\V t(ps—po, E4— 52)[

ink)-¢ jl

fo— E(prtiK)+ & Tt E(pe— 1K) — £
N2 (py-t-17k) -8

FiAV F(Ds— Dy, E3— 51)[

— N2V (ps— P2, E4—

fo— E(pat i)+ &2
£)V.(pa— D1, E—

N2 (py—37k)-é :l
o+ £(pa—Tik) — &4
£1)8- T(ps— Py, E3— &1 Pa— D2, Ea—

52; k;w) ’ (3'2)
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where T is the amplitude arising from the triangular closed loops in Fig. 2. Defining the momentum and energy-
transfer variables
hqu=ps—p1, fw==E&—Li=hqpt (77/2)q2,

liQe=pa—p2, Fus=E—Ex=Tiqe pat (H%/2)q2?, 3.3)

8- TH(quym1;5 qoytte; byw) =1INV28- - (quyaa1 5 Bywo) iM% w7t (qa, 100 ; Byw) (3.4)

we have

where the two functions = on the right-hand side arise from the two directions of the closed loop in Figs. 2 (e) and
(f), respectively. These functions are the analytic continuations of

1

2 3.5
>io (to— £()) (totko— E(t4-7K)) (fo+gr0— E(t4-72q1)) G:3)

e (91;910} kak =

from the discrete values ko=1m1/8, qro=1mn1/B3, where # and 5, are even integers to continuous values 7%(w-+7e)
and 7 (#1+1¢€) in the upper complex half-planes. The sum is over {o=147v/8, where v is an even integer for bosons and
odd for fermions. The sum is easily carried out by converting to a contour integral with the result

@t (t+3nk)-¢  r f()—f(t+7aq) ft-+7k)— f(t47qr) ]

3.6
(27rh)3ko—E(t+hk)+$(t)LQ1o+£(t)—E(t+ﬁql) qro— kot £(t47ik) — £(t+7qy) o

é-%'(g1,q10; k,ko) = —]

Now going back to Eq. (3.1) the momentum conserving § function can be trivially integrated out by making the
substitutions

a=q+3k, @=—q+3k. (3.7)
The definitions of Eq. (3.3) for #, and #» can be introduced by inserting delta functions and Eq. (3.1) becomes

1 _ e—hw\ (27!')4 d3[?1 dspz 0 %
4dméi; Imaf,-(k,w)=—< / / / e—%<1’12+”2>/ dulf 190 (w— 11— 1)
4\ @2r)3J (2n)3J (27)3 e o

Xo[ur—p1- (a+3k) —32(q+3K)2J6[ust po- (¢—3k)— 372 (q—3k)*][J-2[2, (3.8)

with
(po-+37k)-¢ (pot-1q) -2
w—k-py—L1hk? w—-k'pg—ﬁk-q

—i(J- &)= —N2V F(hq-+37k, fiur)— l: ]—Hﬁ”Vﬁ(—hq—i—%hk, hus) (1/%)

same term with
XI: :|-—>\5/ 2V (hq+-3ik, ) Vi (—ha+37K, )
q— —¢q P2~ P
X [é 1(q+%ky Ui kyw)—*—é' T (_ q+%k7 Uz k;w)] . (39)

It is convenient next to take the limit 7z — 0; Rembering that in this limit V -+ (g, /i) =V, (g,u)

k tke)—(@q (k-g—k*)(p29)
—iJe-e=1 imJ-=N3"2V F(q+ 3k, u) V., (q—3k, Mg){ V3—1<q——, ug)l:z — : }
70 2 w—k-pg (w—k-p2)2

k sk-o)+(2-q) (k-q+k?)
+Vs“1(q+—, Ml)': + (I)ré)}
2 w—k-p; (0—k-py)?

#—0

k k
—)\1/2hm[e »c+<q+ uuk,w)—kéw*(——q—l—;,ug;k,w)]}. (3.10)
From Eq. (3.6) after analytic continuation
k 1 a3t (t+37k)-¢
é‘e+(q+—,u1;k,w)=——-/

2 n2J (2nh)d w—k- (t+37k)

I: F(O)— f(t+nq+37k) [ f(t+7k)— f(t-+7q+37k)

i~ (q+3k) - (t+37q+17k)  ue—k- (t-+37k)+ (q+3Kk) - (t+37q+17k)

], (3.11)
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where the energy conservation condition w=%;-+#, has been used, and where w, #,, %5 are understood to have small
positive imaginary parts.

This equation can be made more symmetrical looking by making the substitutions t— t—3#%(q+3k) in the
first term in square brackets and t+7#k — t—1%(q—3k) in the second term. The result can be written in the form

1<q+2k Ml’ 7“’)"6 e(qﬂ’tl; 7w ﬁ)—i—é 0( q7u27 ’w h)’ (3'12)
e [t—3n(q—1ik)] .[f(t— 1i(q+3K)— f(t+%ﬁ(q+%k))]
(2nh)? w—k- (t— 3 (q—3K)) —(q+3k)-t '

where

(3.13)

1
£-0(qu1; kw; h)—————/

From Eq. (3.12) it follows that
limé-[=(a+3k, w15 ko) to(—atak; us; ko) ] , (3.14)
=limé-[0(q,u1; k,w; 71)+0(— q,u2; kyw; —4)+0(—q,us; kyw; 7)+0(q,u1; kyw; —4)].  (3.15)
#—0

Since the leading term in &-0, as #—> 0, goes as #7%, this term cancels out in the limit and the remaining term is
independent of 7

Jme-[z(at3k, u; ko) Fo(—atHik, u; ko))
/ @ 1o (q—3k) (@ 0k (q-3K)7 t(¢+ik)
@iyl okt | -kt Ju—t (a+ik)

FO)+(4— —q, m— us). (3.16)
The case k<1 (i.e., k<Kkp) is of greatest interest so the next step is to expand in powers of k. The right-hand side
of Eq. (3.16) becomes

[ #Ew @) @l @diea
(21rh)3|.. 12 20 w? w? _|u1—-t .q

aét (-Qr1 tk 1 t-qk-t/(t) q— —q

+f E 0+ L+
(27Th)3 w I_2 u1—t-q 2 (ul——t-q)2

) . (3.17)

UL —> U

Using the Eq. (2.7) we see that

limQg* (fig,ur) Q+(“) x/ L I / 2 _ta (3.18)
im J) = -)= = e 3.18
o M "\¢ )3 u—t-q (2m)¥2 u—t-q

) A &t (t-q)?
__<')+ —_— l
o (@) 2q2/ @iyl (u—t-q) (u—t-q)z:lf(t)' (3.19)

and

We can write Eq. (3.17) in the form

s e oo (oo Cho )

+—(E¥q—)[£q—on+<%>—~“Qo (q>]+2(6 Q)—[ulQo <u )+%2Qo (q):l+0(k2) (3.20)

To complete the expansion of (J-&) to linear terms in %, the first two terms in brackets in Eq. (3.10) must be
expanded. Carrying this out and using Eq. (3.20) the complete result is

@9 (k-

—i(é-J°)=—)\3’2Vs+(q,u1)Vs+(q,u2){[Qo ( ) Qo ( )

Lo (oo (q)]ﬂq%%*(?)][i@*ﬁ“"“fff'"”+(k',pf,fé'“)J

+|:q2+QO+(%):”:§;(é-k)—(k.q)(é.p‘z)—-—(k~p2)2(é.q):|+[:terms‘ in Eq. (3.20)]} . @.2)

w? w
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Notice that the terms of zero order in % cancel, as they should, making the amplitude proportional to % and the
conductivity proportional to 2. This cancellation depends critically on the closed loop terms in Eq. (3.2). A
consistent theory with dynamic screening cannot be made without these terms, except if w=0, in which case
1=, so that the term of order 1 vanishes identically without cancellation.In a two-component plasma, the terms
corresponding to the 2-independent terms in Eq. (3.21) and (3.20) are responsible for the leading contribution to
the conductivity.

Using Egs. (3.20) and (3.21), the term proportional to % in the current amplitude can be written

8 Jo= (NI2/) V- (g, V.t (g03) (- kP — 4+ ag -kt (1/0) (6- gk itk qé- p) [V (g0) T
— (1/w) (¢- qk-pat-k-q2- po) [Vt (qus) 1422 aq-k/¢H)[ (ur/w)[V i+ (gu1) I
+ (u2/)[V i (qua) T Iy = N ) Vit (qun) Vot (qu)e- M. (3.22)
d3q d*p: d3pe
(23 (271')3/ (23
X8 (uztq- p2—37g") e H PPV (qu1) |2| Vi (goua) | 2] 8- M| 2. (3.23)

k 0 0
47re,~e,- Imo'ij(k,w) =E(21r)4/ / dulf d’u25 (wwul—ug)é (Mr— q- pl—%ﬁqz)

Longitudinal Conductivity
To obtain the longitudinal conductivity from Eqgs. (3.22) and (3.23), let é=£. In the following, let

- [V (gum) T =[@+Qc  (uo/9) 1= D (1), [ViH(gu)I'=[@+Qu* (2/q) 1= D (u2) . (3.24)
en

B-M=k{@+ (k-0))[ — 4¢2+ (2u1/w) D (1) + (2u45/0) D (142) ] i . . .
+(2/w) (k- @) (k- p1) D (u1) — (2/) (k- @) (k- p2)D (w)} . (3.25)

Since the final result cannot depend on the direction of %, the average over the directions of £ can be taken after
squaring (k-M). The following identities are useful for this:

1/d91?e E-b)=1a-b 3.26
Z; x(k-a)(k-b)=3a-b, (3.26a)

1 . . . 1
— /dﬂk(k-a)2(k~b)(k‘c)=——[a2(b-c)+2(a-b)(a-c)]. (3.26b)
4w 15
On squaring and averaging over % an expression of the following form arises
1 .

where the coefficients 4, B, C, and D are functions of ¢?, #i, #s, D(1#;) and D(u,). At this point the p; and p.
integrals can be done using the following formulas:

hq2 hq2
/‘d3p1/d3p25(u1_— pi q_7)6<u2+ P2 q__z_)e—(ll12+1722)[1 ; P1° Pe; p12]
U1U2 u12

(2" 1w 224 p— (w12 us?) /242
=gl (attut)ized 1, — il b (3.28)
q = ¢ 9

It is consistent with the assumptions discussed in Sec. IT to set ¢**=1 (i.e., if in ordinary units Bhw<<1). However,
since the integration is over arbitrarily large values of g, we cannot, in general, consider #2g%<<1.
Collecting results, Eq: (3.23) becomes

1 k2
47 Imo,(kw)= 20#2)\—4 / dqqte e / duy / A149d (w— sy — tg) e WD NRE|V (q.001) 2| V. (q,u,) | 2
w

X [2362g*+8] D () | 248 D(us) | 2], (3.29)

1
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Changing integration variables to
u1=u+%w y U= ——u—l—%w ,
the delta function is trivially removed and using the definitions of Eq. (3.24) the result is obtained:

2

1
47 Imo 1, (k,w) =E——;}\—; dgqe i / due—*1a g &

T™ W
23
X[Vt Bt ) 2V B V.G ek ) 41740 o) |- 630

It is obvious that the last two terms in brackets make equal contributions. Letting z=u/g the result can be written
in terms of two integrals J(w) and I (w):

2 k2723
i ImaL(k,w)=——-—)\——<—J (w)—I-I(w)) , (3.31)

157% wi\16

where
J(w):wzf dqqse—w2/4qze—h2q2/4f dz ¢ , (3.32)
0 o | @Otz (0/29)]1%] @+ Ot [z— (w/29)]|?

) © 6—22

I(w)= / dqgPeetide P et / dz . (3.33)
0 |+ Qe+ (w/29)]|*

Note that in the expression for J(w) we can set =0 but that I (w) diverges logarithmically in this case. This
behavior at large ¢ will be discussed more fully below.
Transverse Conductivity

To obtain the transverse conductivity take 8= e®2 and average over polarizations in Egs. (3.25) and (3.22) using

3 X (¢*-a)(é=-b)=3[a-b—(a-kk-b/%)], (3.34)

a=1,2
and k-20:2 =0, Omitting the superscript on é®:» Eq. (3.22) gives
8- M=k{—4(¢- ) (q-F)— (1/) (¢- ak- pr+E- q¢- p) D () )
+(1/w) (@ qf- prt+-k- 8- p1) D (u2)+ (26 aq- &/ @)[ (1/0) D (1) 4 (ua/0)D () ]} . (3.35)

On squaring this and summing over polarizations according to Eq. (3.34) a sum of terms of the form (&- q)*(k- py)®
X (k- p2)° where a+b-+c=2 or 4 is obtained. The average over the directions of % is then performed using Eqs.
(3.26), resulting after some algebra in the expression

1 o _ _
- / 02, Y |6x-M|[*=A+B(pr p)+Cpi+Dpa?, (3.36)

a=1,2

which is the same form as Eq. (3.27). Again using Eq. (3.28) to perform the p; and p, integrations the result
emerges:

k2

120 K dggPe et / du / Ausd (w0 —ur—ug)e™ DI |V i (g,u) | 2| V+(g,u0) |2
e W
X[16w?q*+6| D (u1) |*+6| D (u2)|*], (3.37)

which can again be expressed in terms of the integrals I (») and J(w):

47 Imor (k,w) =

k2

1
4 ImaT(k,w) ='i-6w—;k;(§-] (w)+1(w)) . (3.38)
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IV. DISCUSSION OF RESULTS AND APPLICATION TO
INCOHERENT SCATTERING

The frequency dependence of our results, Egs. (3.31)
and (3.35), is considerably different than that of
previous workers.”~® To make contact with the results
of classical calculations, wemust discuss the treatment of
the large-g (or short-range) cutoffs in our results.
Strictly speaking, our results are valid only if 2T
>rydberg which is the condition for validity of the
Born collision approximation in which case the thermal
de Broglie wavelength %(2m/B)"/2 is greater than the
classical distance of closest approach ¢?8. Thus the
exponential, exp[— (#2/4)¢*], in the integrand of Eq.
(3.33) enforces a cutoff at approximately the thermal
deBroglie wave number. For lower temperatures,
kT<rydberg, one expects the cutoff at the distance of
closest approach and this is usually accomplished by
dropping the exponential and cutting the ¢ integral
off at gmax=3/€*8= (12/\)kp.

Again we note that J(w) is sufficiently convergent at
g— o that the cutoff introduces higher order terms in
% or N which must be dropped for consistency in our
calculation. However, the cutoff must be kept in 7(w)
since it introduces a logarithmic dependence on 7 or
\ in the two cases. It is probably possible in the electron
gas model to treat the large-¢ cutoff exactly at lower

8 T | — T T T T T T
7+ -
6 _
S ]
4 - ]
J
3+ -]
I
.
ﬁ'10
2= —
[N ol -
o [ 1 I L | 1 |
o] 1 2 3 4 5 6 7 8 9 10 1

F16. 3. Numerical evaluation of the integrals 7 and J
for the value 2=0.1.
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temperatures by summing ladder diagrams of electron-
electron collisions, but we shall not attempt this here.

The values of I(w) and J(w) for w>>1 (ie., w>>w,)
are easy to obtain for, in this case, the screening becomes
ineffective.

dg
I(w)= / —e Pl 4g—e 4 / dze=?" (4.1)
q

and in the limit of small % this becomes
I(w)=7"2In(4e ¢/hw),

where C=0.58.
B To evaluate J(w) we change variables and rewrite
the integral in the form

J(w)= / dune " f dz
0 —w0
e

€

X
[1+4 (0?/)Q (z—5u) | 2| 1+ (u/0?) Q (s-+5u) |2
(4.2)

(4.1a)

and in the limit w — «, we have
J(w)=2(m)"2.

In the low-frequency region (w<1) the screening
complicates the integrals. If we replace the dynamic
screening function Q(y) by a static screening constant
K? (where K?=1), then near w=0 we have

—y2
I(w)z/d 3e“h242/4/d S — 4.3)
99 ey (
e
](w)zcﬁ/dqq’*/d —— (4.4)
y(q2+K2)4
We now obtain
(7I') 1/2 0 e
I (w)=~ (/ dy—— 1) , (4.4a)
2 b X
where b=37#2K?, and in the limit of Z— 0 we get
I(w)=%(m)"2(—In(e®3#2K%)—1) (4.4b)
= (m)2(In(0.67%) —%) (4.4¢)
since K=1. The other integral yields, near w=0,
J ()= (7112/6) («?/K2). (4.4d)

Note that J(w) vanishes like «? in this limit.

In Fig. 3 the results of numerical integration for J (w)
and I (w) are plotted for the values 7= 10". The results
obtained using the classical high wave number cutoff
do not differ significantly from these for typical values
of A because of the weak logarithmic dependence of
I(w) on the cutoff. For w<1 we notice that the contribu-
tion of J(w) is negligible compared to I (w) but at w~2
the two terms are comparable and for w>>1 J(w)
dominates. It is not difficult to show that the Balescu
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type”8 of kinetic equation yields a result which is
equivalent to replacing the combinations I (w)+ (23/16)
XJ(w) and I(w)+2J(w) in Egs. (3.31) and (3.38) by
simply 7(0). For w>1 we see this is a poor approxima-
tion. The integral J(w) which contains the primary
effect of the perturbation of the screening electrons by
the incident field is the dominant contribution for
w>2.

It is probably meaningful to associate the enhance-
ment of the curve in Fig. 3 due to J(w) with the produc-
tion of two plasmons in the final state as suggested by
Figs. 2(c) and 2(d). It is clear from Eq. (3.32) that only
J(w) contains a contribution from the collective res-
onance associated with the dynamically screened
interaction in botk of the outgoing lines. This enhance-
ment, however, cannot be described as a resonance.
From Fig. 3 we see that it is very broad. This is due to
the dispersion and Landau damping of the plasmons
which contribute for larger values of ¢ in the integrand
of (3.32). Notice that small values of g, for which the
plasmon resonance is sharp, are suppressed by the
factor of ¢ in the integrand. Because of the 1/w* factor
of Egs. (3.31) and (3.38) the complete conductivity be
a smoothly decreasing curve even for w=> 2w, and the
enhancement discussed above will be hardly discernable.

We can use our result to compare the damping of
plasma oscillations due to electron-electron collisions
with the work of other authors. We will make an explicit
comparison to the recent work of Wu and Klevans® who
make comparisons with Refs. 1 and 2. The damping
rate defined by Wu and Klevans is

¥/wp= 21 Imo(kw,)

in our notation (and therefore differs by a factor of 2
from the conventions in Ref. 9). Using Eq. (3.31) we
have the result (in plasma units)

v 1 23
—rl [1(1)+1—6-J(1)J

wp T
! ( k >2kD3[2 957 (4.6)
C5ee\kp) '

The Wu and Klevans result including only electron-
electron correlations [ the last terms on the right in their
Egs. (50b) and (50c)] is

/ ! <k)2kD3[1 (o 107" +1n1870) | @7)
= — ) —| In{ 0.707— . (4.
LS ITA k ) ! ]

D

In their expression we have used the quantum cutoff
kr="Fp/Bhw, (instead of their k1) to make contact with
our results. For the value kr/kp=1/(Bhw,)=10 for
which our result was obtained the factor in square
brackets in Eq. (4.7) is 9.49. Our result which should
be exact in the limit as kp?/%— 0 for k<kp and for
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kT>rydberg for which the Born approximation is
valid is more than a factor of three smaller than this.
This may be accounted for by their approximate
treatment of the short-range cutoff. In the case T
Krydberg for which the classical cutoff applies, neither
method handles the cutoff exactly and we can only say
that the results consistent to within the uncertainties in
the cutoff procedure. It is interesting to note that a very
simple calculation of this conductivity neglecting collec-
tive screening effects entirely yields the factors [3.13]
for kr/kp=10 which is surprisingly close to the exact
result in Eq. (4.6). [This approximation corresponds to
using the high w approximation Eq. (4.1a) for I(w)
and neglecting J (w) entirely!]

The electron gas result which we are considering is
actually applicable near 2w, to a two-component plasma
in the limit of infinite ion mass. The contributions to
the conductivity due to electron-ion and ion-ion
collisions are smooth near w= 2w,. This follows since the
primary change in the formulas in these cases is to
replace the exponential exp[ — (#2+u5%)/2¢*] in Eq.
(3.29) to exp[— (Mu?+Maus?)/2¢*], where M, and
M, are the masses in units of m.* Thus, near the
resonance where #; and %, are near unity (ie., w,),
these contributions are exp[ — (M 1+ M2—2)/¢*] smaller
than the contribution from electron-electron collisions.
However, e—i, e—e, and i—1¢ collisions contribute to
the smooth background of thermal noise at w= 2w, and
of these the e—1 contribution, which is finite at 2 — 0,
is the major contribution. It is also straightforward to
show that the effect of ion screening in electron-electron
collisions is negligible in the limit m/M — 0.

We can apply this result to the observation of the
frequency shifts at the second harmonic of w, in the
incoherent scattering of radiation from plasmas. It
follows from the results of Ref. 11 that the spectral
distribution of the scattered light is essentially propor-
tional to Imoy(k,w). Near 2w, the only contribution
from two plasmon excitation is the weak inflection of
the e—e contribution which is superimposed on the
smooth background of noise contributed by the e—z
contribution which is larger by a factor of order %2
The inflection would be at most a one-percent effect
(say for £>1071) and is most likely unobservable.

For a plasma in which appreciable density gradients
exist over distances short compared to a Debye length
the production of the second harmonic will be much
stronger as can be seen from the work of Boyd,* for
example. However, for the incoherent scattering of
radiation from the ionosphere where such strong density
gradients do not exist our calculation shows that a fre-
quency shift at about %2w, is probably unobservable.

14 The calculation in the arbitrary mass case follows essentially
exactly that in Sec. III. The %% correction due to electron-ion
collisions has recently been computed by H. L. Berk, Phys. Fluids
7, 257 (1964). This calculation coupled with our result gives the
complete collisional conductivity to order &2

16T, J. M. Boyd, Phys. Fluids 7, 59 (1964).
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APPENDIX: RULES FOR EVALUATING DIAGRAMS

(0) Draw all topologically distinct open diagrams for
the current amplitudes J;(a,8; kw) leading from the
initial state of one quantum (kw) to a given excited
final state of the system (examples are shown in Figs. 1
and 2). The current amplitude has a contribution from
each diagram obtained by multiplying together the
following factors:

(1) To each internal particle line carrying momentum
. p and energy po there corresponds a factor of

iG(p,po)=1/ (po—&p)

where £,= (p?/2m)—pu, where m is the particle’s mass
in units of the electron mass and u is the chemical

potential for this type of particle. In natural units u
is defined by

(A1)

er= (B3/N) (2w /m)32. (A2)

(2) To each Coulomb interaction line carrying
momentum 7q and energy 7%go there corresponds a
factor of the dynamically screened Coulomb propagator

—iV,(hg,hgo) =————,
¢*+Q(hg,7q90)

(A3)

where Q(fig,igo) is the screening function (i.e., the
proper polarization part). To lowest order in X (i.e., the
RPA) ( is given by

G(ﬁq,h%)
. / &p [~ W/ D@~ fp+(/2)0)
(2h)? fw—n(p-q/m)
where m is the mass of the screening particles in

electron units. In the classical (% — 0) limit this can
be written

, (A4)

l}_{%@o (Q) QO)

1 » ¥
=Qo(mqo/q)= PR /_ ] dy

y—m(qo/q)

—y2
e v?2

(A5)
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so in this limit

Hm ¥, (g, figo) = V(g,q0) = ————.
=0 ¢*+Qo(mqo/q)

(3) At each Coulomb vertex there is a factor
1z(\)12 (A6)

where z is the charge (in electron units) of the particle
line.

(4) To each single photon-particle vertex there
corresponds a factor

—i(\)z¢- (1/2m) (p+p') (A7)

where ¢ is the (transverse) photon polarization and
p and p’ are the incoming and outgoing particle
momenta.
(5) There is a factor of (—1) for each closed loop.
(6) Energy and momentum are conserved at each
vertex and internal momentum and energy variables
are summed over according to

. a*p L g
zgf(zm)s» R rae

where the energy variables take on the discrete values
po, go=1mwv, where v runs over odd integers for fermions
and even integers for bosons (including the screened
interaction).

(7) Add all current amplitudes with the same initial
and final states to insert into Eq. (2.3). Diagrams which
differ only the exchange of identical fermions in the
final state differ by a factor of (—1). The sum and
average over initial and final states is accomplished by
inserting weight factors [1—f(p)] for particles and
f(p) for holes where

F(p)=[ePlr=1]".
In the limit of classical statistics

f(p) = g—tp= gug—(p22m)
= (53/\) 2rr/m)32e= P’ 12m<L1  (A10)

all final particle and hole states are summed using the
familiar (2#%)~%/"d*p. Since this counts the same final
state more than once when identical particles are
involved the result must be divided by (#!), where # is
the number of particles of a given type in the final
state. [Thus, in Eq. (3.1) below there occurs a factor
of £.]

(8) The amplitudes must be analytically continued
to continuous values of the external energy variables
by setting go=u-7¢ and ky=w-7¢, where eis a positive
infinitesimal.

(A8)

(A9)



