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Expressions for thermal quantities such as the critical field, entropy, and specific heat are derived for strong
coupling superconductors without making a quasiparticle approximation for electron motions. The contri-
butions from the ion motions are also taken into account semiphenomenologically. Nambu's Green’s-function
formalism at finite temperature is used as well as a relation, derived by Chester, between the differences of the
thermal averages of the total Hamiltonian and the ion kinetic energy between the normal and the super-
conducting phases. Assuming the simple isotope effect, where the transition temperature is proportional to
the inverse square root of the ionic mass, the phase transition is shown to be of the second order. The thermal
quantities are given in terms of a single function of the temperature and its derivatives, which can be ob-
tained from the energy-gap function and the renormalization factor of the electron Green’s function. These
expressions lead to the BCS results in the appropriate limit. A new expression for the jump in specific heat is
also derived. For strong coupling superconductors it is likely to give better agreement with experiments than
the BCS expression. Present theory does not apply to superconductors with isotope effect not simple as

above. A possible reason is discussed.

I. INTRODUCTION

XPERIMENTAL results for superconductors with
strong electron-phonon coupling, such as Pb and

Hg, exhibit some deviations from the predictions of the
BCS theory.! Schrieffer, Scalapino, and Wilkins? have
shown that the experimental tunneling I-V character-
istics for such superconductors can be predicted if the
retardation of the effective electron interactions is
correctly taken into account. We expect the same effect
to be important in explaining the thermodynamic
anomalies of the strong coupling superconductors. For
instance, the ratio of the energy gap at zero temperature
24 to kT, where « is the Boltzmann constant and T is
the transition temperature, has not been satisfactorily
explained. Swihart®* showed that this ratio is always
less than the observed values, 4.1 for Pb and 4.6 for
Hg, using a variety of nonretarded interactions. The
retardation effect in interactions, especially, the accom-
panying damping of excitations is likely to explain this
discrepancy.’ Since the damping decreases the effective
pairing interaction strength, the transition temperature
as well as the energy gap at zero temperature are re-
duced. The former is reduced much more than the
latter, because the damping rate is greater at higher
temperatures. Thereby the ratio 2A./xT'. will increase.
Actually, tentative calculations® for Pb including the
effects of damping to the renormalization factor of the
Green’s function but neglecting the nonresonant proc-
esses, which do not conserve the energy at the inter-
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mediate states, resulted in even a larger ratio than the
experimentally observed value. It should be possible
to obtain the experimental ratio by a complete calcula-
tion, since the nonresonant effect, discarded in the above
calculation, had been found to decrease the ratio.5%2

The phonon-limited electronic thermal conductivity
is another problem. Tewordt? concluded that the experi-
mental temperature dependence of the ratio of the
superconducting to normal thermal conductivity for Pb
and Hg cannot be reproduced completely within the
scope of the BCS model and the Boltzmann-equation
approach. Ambegaokar and Tewordt® have derived a
new expression for the above ratio using Kubo’s formula®
for the thermal conductivity and the method of thermo-
dynamic Green’s functions, taking into account retarda-
tion effects. Although full numerical results are not
available yet, their result appears to improve agreement
with experiment than the earlier results.

The temperature dependence of the critical field of
Pb and Hg shows a deviation from the BCS theory. It
deviates in the positive direction from a parabola given
by the Gorter-Casimir two-fluid model, while the BCS
theory gives a negative deviation. This problem has
something in common with the above-mentioned dis-
crepancies. It was shown that the positive deviation can
be obtained even within the scope of the BCS model if
the experimental value is used for the ratio of the energy
gap at zero temperature to the transition temperature.?

Therefore, it is desirable to calculate the temperature
dependence of the critical field within the framework
of the retarded interaction theory.

a Note added in proof. Recently, D. J. Scalapino, J. C. Swihart,
and the present author have solved the complete energy-gap
equation at finite temperatures and obtained the value of 24,/«7,
close to the experimental one for Pb and Hg.
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Shiffman, Cochran, and Garber!! have made a precise
measurement of the temperature dependence of the
specific heat of Pb and Hg near the transition tempera-
ture. The jump in the specific heat of Pb at the phase
transition was observed to be AC=57.540.6 mJ-mole™*
deg™!. This value is larger by the factor 1.6 than the
BCS result, but is in agreement with the value obtained
by Decker, Mapother, and Shaw!? from an analysis of
the temperature dependence of the critical field. Using
the expression for AC derived by Swihart® with non-
retarded interactions, they concluded that the energy
gap function must increase with energy for small
energies.

The purpose of this paper is to derive new expressions
for the critical field, the specific heat, and its jump at
T, taking into account the retardation effects correctly.
These quantities can be expressed in terms of the elec-
tron and phonon Green’s functions in Gorkov-Nambu
formalism.1*=16 It is possible to calculate the electron
Green’s function explicitly. However, the calculations of
the phonon Green’s function have some complications.
Therefore it is desirable to derive the relations for the
above quantitiesinvolving just the electron Green’s func-
tion. This can be done if we take a semiphenomenologi-
cal approach, using a relation derived by Chester.'” It
provides a way of expressing the difference of the
thermal averages of the ionic kinetic energy in the
normal and the superconducting phases in terms of the
difference of the total energy in the two phases and the
critical field. Chester’s relation is based upon the fact
that the ratio of the critical field H. to its value at the
zero temperature H, is given by a function of reduced
temperature ¢=7/T,, where T is the temperature,
which is common to all isotopes of any one supercon-
ductor. The dependences on the isotopic mass M are
assumed to be Hoyx M~ and 7.« M~%. Assuming a
simple isotope effect, &’ =1, it turns out that the critical
field, the difference of the entropy between the two
phases, and the specific heat are all given in terms of a
single function of the temperature and its derivatives.
This function can be written in terms of the energy-gap
function and the renormalization factor of the electron
Green’s function. Our expressions reduce to the BCS
results! if the energy-gap function is real and constant.
Calculating the difference of the thermal average of the
total energy between the two phases, one finds that the
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ionic kinetic-energy difference gives rise to a contribu-
tion which is equal to the total energy difference itself
at I'~T., thereby making it not obvious that the phase
transition is not of the first order. The transition is
shown to be not of the first order, making use of the
defining equation for the renormalization factor of the
Green’s function. By means of similar discussions, the
expression for the jump in specific heat AC is expressed
in terms of the temperature derivative of the square of
the energy-gap function. When the damping is neglected
and the electron-phonon interaction is weak, our result
reduces to that given by Swihart.® In the general case,
it is expected to be larger than the BCS result and
should, therefore, be in better agreement with
experiment.

In Sec. IT, the critical field, the difference of the total

energy between the two phases, the entropy difference,

and the specific heat are given in terms of a function
I(B), with 8=1/xT, which can be obtained from the
electron Green’s function. In Sec. IIT, the function I(8)
is transformed to a simple integral containing the
energy-gap function and the renormalization factor. The
phase transition is proved to be not of the first order and
AC is rewritten in a simpler form. In Sec. IV, the ex-
pressions for the thermal quantities are shown to involve
the BCS and Swihart results as special cases. The cor-
rections to the BCS AC are examined and are likely to
give a better agreement with experiments. Finally,
validity of Chester’s relation is discussed in Sec. V.
Then a difficulty in applying the present theory to
superconductors with more general isotope effect, o/ 3,
is pointed out. A possible origin of this difficulty is
discussed.

II. THERMAL QUANTITIES AND CHESTER’S
RELATIONS

In this section, we shall first write the thermal average
of the total Hamiltonian in terms of the Green’s func-
tions. The phonon Green’s function is eliminated from
the obtained relation, making use of Chester’s relations.
It gives expressions for the free-energy difference be-
tween the two phases, the critical field, entropy differ-
ence, and the specific-heat difference.

In terms of the second quantized (bare) operators,
¢po for the electron with quasimomentum p and spin
o, ap for the phonon with quasimomentum ¢ and
polarization \, the Hamiltonian of the electron-ion
system takes the form

K=H—uN=Ky}H\4-Hy}+ E,,
Ko=2_ ¥, e,3¥p+3 2 {Tlp*Ta+0a?0a*0a} ,
» 2

Vo—K,\
Hy= % —_‘_Qq)\\I’Hq—KT"'S‘I'p >
pakN A/Q
H2= % Z V(k1,k2,k3,k4) . \I’leg‘I’k4‘I/k2TT3‘Ifk3: .
kikokgks
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IHere we have subtracted ulV, so that e, is the Bloch
energy measured relative to the chemical potential u.
N is the total number of electrons and K is the Hamil-
tonian of the system without interactions. We used
Nambu’s matrix notation,4

t * Kl
Ut=(cpt*0-pt), ¥p= ’

c_pi¥*

and 73 is the third component of the Pauli spin matrix.
The phonon field operators are given by

Op=1i(wa/2) 2 (ap*—a_q) ,

Qa= Qo) ap+a_p*),

where wg) is the bare phonon frequency. H; is the elec-
tron-phonon interaction Hamiltonian, v,_x, is the
coupling matrix element which is assumed for simplicity
to depend only on the electron-momentum transfer
¢—K and the polarization of phonon A.1® K is any
reciprocal lattice vector, and @ the normalization
volume. H, represents the Coulomb interactions among
the electrons. V(ky,ks,ks,k4) is the matrix element of the
Coulomb interaction with the Bloch functions ¥(7),

82
V(kyyka,kesles) = / lﬁkl*(f)l//kz*(i’/)l ,l¢ka(”)¢k4(”)d7d7",
r—7r

which vanishes unless k1-+%s—ks—k4 is equal to any

normal product with respect to ¥ and ¥. The term E,
involves the total numbers of the electrons with up spin
and down spin as well as pure constants. Since these
have nothing to do with the phase transition, we discard
this term hereafter. It is worth remarking here that the
kinetic energy of the ions

Ky=X(1/2M)P2,

can be rewritten as

Ky=313 IUa*a.
ar (2.1)

The operators at reciprocal temperature 7 are defined
by
W (7)=eK™¥ e K7

with the similar relations for ¥,(7), Ha(7) and Qp(7).
The equations of motion take the forms

v, Vg—K,\
= []<)\I/P]: - 6?"’3\1/17- 2 _'_‘——Qq)\TS\I’p-—(H—K
ar ' qK\ \/Q
— X V(pkrkoks): 13V V i TraWs,: , (2.2)

kikaks

18 §. M. Ziman, Electrons and Phonons (Clarendon Press, Oxford,
1960), Chap. 5.
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0p/dr=—1ill_p,

OII_ga (2.3)

Vegq—K

=t Ot 2 ARV P
pK

The thermodynamical Green’s functions are defined by

G(p,r1,72) = —TrUef QBT (W (1) ¥, (72)),
Di(g,71,72) = —Tref Q=BT (O (71)Qa"(72)),

for electrons and phonons, respectively, where Tr means
the thermodynamic trace operation and

¢ P="TrefK
B=1/kT.
The operator U is given by
U=1+4+R+R*

in terms of an operator R+ which transforms a given
state in an V-particle system into the corresponding
state in the N--2-particle system!920; thus for the
ground states

R¥|0,N)=|0,N42).
and for the one-particle states
R+|k,N)= |k, N+2),
while
R|0, N+4-2)=|0,N), etc.

The symbol T" means the ordering operator with respect
to 71 and 5. Due to the Umklapp processes, the quasi-
momentum of one-electron state is not conserved. The
electron Green’s function becomes a matrix with respect
to momentum suffices, too. Here we have defined the
diagonal components which are relevant to the following
discussions.

Because of the translational invariance and the
periodicity in 7; and 7y, the Green’s functions can be
expanded in the Fourier series?!

1 o
G(pyrure)== 2. exp[—iEn(ri—79)]G(piEs), (2.4)

B n—e

1 o
I))\(q;TI’T2) = Z eXPE"i’/n(TI— 72)]D)\((Li’}ﬂ) )

B n=uw

(2.5)

where
E.=(2n+1)7/8,
vo=2nm/B,

¥ L. P. Kadanoff and P. C. Martin, Phys. Rev. 124, 670 (1961).

% J. R. Schrieffer, Lecture at the University of Pennsylvania,
1962 (unpublished).

2 P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).
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# being any integer. The inverse relations for (2.4) and (Ko)=Tref @K,

(2.5) are :

=5 > tr{G(p,iE.) eprs) eiEn0T
pn

1 (8 (8
G(piE)=— [ f dr1d7s exp[iE. (11— 12) ]G (p,71,72), 1
Blo Jo += 5 (i —aadDalg,iv)+ e, (26)

1 8 B ot
D)(q,iun)=—/ f drid7y expliva(ri—72) ID\(¢;71,72) . where the equation of motion for Qg, (2.3), is used.
BJo Jo Here, tr is the trace operation in the sense of Nambu’s

matrix notation.

The thermal average of K, can be written in terms of Using the equation for ¥, (2.2), one can get the equa-
the Green’s functions. tion of motion for the Green’s function,
dG(p,71,72) VoK)
—_—= 5(T1—‘ 7'2) 1— éstG(P,Tl,Tz)+TI‘L’6‘G(9°_K)T{ Z Qq)\(Tl)Tg\I/p__q+K(T1)
071 aKN A/
+ 2 V(pkikaks): 75V, (1) Wi (1) 7aWho(71) 1 5 Wy (72) I )
kikok3

which is transformed to L s e
— B G(p,iEn) = —1—ep73G(p,iEn) +E / / dridry exp[iE,(r1—13)] TrUef Qo5
0o Jo

Vg—K )\

XT{> Q) 73% 5 _grx(m)+ X V(pkrkes,kes): 75V, (71) Wit (71) 75W 1, (71) 1 \I/Z,T(m)} . @27

gk \/Q k1koks

The diagonal components of the electron Green’s function with respect to the quasimomentum are known
to satisfy the Dyson equation!#15.19.20,22

1/G(p5iEn) =[1/Go(p,iEn) 1= 2(piEn) , (2.8)

if 2(p,iE,) is defined as the contributions of all distinct self-energy diagrams diagonal with respect to the quasi-

momentum p and which cannot be separated into two parts by breaking a single particle line carrying the label
$.28 Gy is the Green’s function for a noninteracting system

Go(p,iE,) 1 =1E,— eprs.

Equation (2.7) gives an expression for the self-energy part,

1 B B
3(p,iEa)G(piEs) = -—B / f dridre expiEn(t1—72) ] TrUef (oK)
0o Jo

XT{ > v:—/z)‘qu(Tl)Ts‘I’p-ﬁK(ﬁ)'i“ 2 V(pkikaks): 75y (r0) Wiy (71) 7o Wiy(11) 1 ‘prT(Tz)} .

gK\ kikoks

Transforming the expression back to the reciprocal temperature variable, one finally gets

1
5 3" eiEn0t tr(Z(p,iEn)G(p,iEn))
pn

Vg—-K
=Treﬁ(90—K) Z { Z : Qq)‘\I/PTT3\I,P—q+K+ z V(P;klyk2k13):\I,pTT:;‘I/Ica‘I,hTT?»‘I’kz: = <H1+2H2> (29)
» la&N A/Q Ekaks

By similar discussions, the equation for Dy turns out to be

1 p8 8
—va2Da(g,ivn) = 14w 2DA(g,ivs) —;3 / f dr1d7s expliva(r1—79)] Tref (%K)
0 0

P *
\/9 K (1) 73¥5(71) , Op (72)) .

pK

2 P, Nozieres, Theory of Interacting Fermi Systems (W. A. Benjamin, Inc., New York, 1964), Chap. 4.
28 J. R. Schrieffer, Lecture at Argonne National Laboratory, 1962 (unpublished).
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The self-energy part of the phonons II, is defined by

1/D)\(Q)1‘V") = [1/D0)\(91i7}")]— HA(Q;iVn) )

where

DO)\(q)iVn)—l =

Then, one finds

1 (B 8
I0\(q,ivn) Dr(g,tvn) = —= /. f dridre expliva(r1i—712) ] TreB(Q‘T‘K)T(Z
BJo Jo

and finally

1
- Z eiV"O+H)\(q’iVn)D)\(gJiV"): —Tref Q=K Z

ng\

- (Vﬂ2+wq)\2) .

(2.10)

(2.11)

V—q—K

Q \I'p—q—KT(Tl)TS‘I'p(Tl) ’ qu*("'2)) ’

»K

Veg—K,\
Q—qk‘I’p—q—-Kf”‘I'p: —(H1).

e (2.12)

The average of Ko, (2.6), and that of interaction energies, (2.9) and (2.12), give the thermal average of the

total Hamiltonian,

(K)=Q1/B) 2 tr{G(piLn) eprsti 2 (p,iEn)G(piEn) }&70F

+ (1/26) Z)\ { (Vn2'—wq)\2)D)\(QyiVn) +1— H)\(qﬂ:”n)D)\(q;ivn) } eirnot,

The second term on the right-hand side is twice the average ionic kinetic energy, since it can be written as

(1/28) 2 {(wa?—wan?) Dr(g;iwn)+1—TIN(g,ivn) Dr(gyivn) }€*F

nga

=(1/28) Z}\ 20,2D(q,iva)+ 2+

where we have used the expression for Dy, (2.11), the
equation for Dy, (2.10), and the expression for Ky,
(2.1). Thus (K) takes the form

(K)=(1/8)2 tr{G(piEn)epTs

+3 Z(pAER)G(p,iEn) }e B 42K ).

Now, we will use the Chester’s relation!” in order to
eliminate the ionic kinetic-energy term from (2.13). He
pointed out that the quantities (H) and (Kj) can be
given in terms of the free energy F as

(Hy=—TH3(F/T)/8T Jo.x» (2.14)
(Ka)=—M[3F/dM Jr 0. (2.15)

If the difference in any quantity X between the normal
and superconducting states is denoted by AX,

AX=X,—X,,
then Eqgs. (2.14) and (2.15) give
AH)=—T*[0(AF/T)/0T Jo.ar,
A(K y)y=—M[IAF/dM Ir 0.
Substituting the expression
AF=QH2/8r,

(2.13)

(2.16)

1
——————D\(g,ivs) — 1—TIx(q,ivn) Dr(g;ivx) ] e
Dox(g,ivs)

= (/D)2 (ra*Dalgsiva)+ et =2 (Mo )= 2K ),

where H. is the critical field, one obtains

QH, 0H, H,
A<H>: l:_'T< ) + ]:
4ar T /om 2
QH, 0H,
A(KM>=— |:M :|
4 OMdr.q.

™
Following Chester, we assume the experimentally
established fact that H, can be written as

Hc=H0h(t) 5

where H, is the critical field at absolute zero, k(f) is a
function of t=T/T . which is identical for all the isotopes
of any one superconductor satisfying #(0)=1, k(1) =0.
We shall first assume a simple isotope effect

Hoy<M-* and T.«M~*, o=3.

(2.17)

One will find a difficulty in more general cases, o'#3%,
which will be discussed in Sec. V. Under the above
approximation, Eqs. (2.17) turn out to be

A(H)= AU h—2tK'],
A(KM>= AUohl:Zah‘— thI] )

(2.18)

where
AUy=QH /8%, KW =dh/dt.
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Substituting (2.18) into the equation which can be ob-
tained by taking the difference of (K), (2.13), between
the two phases and using Au=0 (see Appendix A), one
gets the critical field and the total energy difference as

QH 2/8r=AU*(H)=[1/(4a—1)IN(0)I(B), (2.19)

7

A{H)=——N(0)I(B)
Dk

(da—1)
_YO [I(B)~t——d1(ﬁ) ] (2.20)
a1

da—1
where

N(O)I(B)=—1/8)A % tr{G(p,iLn)eprs
+3 2 (pE)G(piE) jet 0t

and N(0) is the density of Bloch states of one spin
orientation per unit energy at the Fermi surface. Equa-
tion (2.19) is a direct generalization to finite tempera-
tures of the calculation of condensation energy by
Scalapino and Schrieffer.'”

From the expression for AF in terms of I(8), (2.16),
and (2.19), the entropy difference is found to be

<aAF> «N(0)B2 9I(B)
or /o 4a—1 o8

(2.21)

AS=

(2.22)

It is now not obvious that the superconducting phase
transition is of the second order. A(H), (2.20), which is
the energy difference between the normal and the super-
conducting phases is not manifestly zero at 7’=T',, since
it is not a priori clear that dI/d! vanishes at /=1. This
comes from the fact that the difference of the ion kinetic
energy is one-half of that of the total energy at T~ T..
This indicates the importance of ionic motions which
are not present in the theories with nonretarded inter-
actions. The illusory latent heat is

N(0)8. dI
A<H) = T
t=1 4a—1 dB,

(2.23)

which must vanish in order to give the second-order
transition.
The specific-heat difference is given by

dA(H) N() d*(B)
AC(t)= =— . (2.29)
ar (4a—1DT, di*
If we assume a second-order phase transition,
al/dB.=0,
Eq. (2.24) gives the jump in specific heat,
kN(0)B:2 a1
AC=AC@H)| =— (2.25)

te=1 4a—1 d_—ﬂc; .

YASUSHI
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III. SECOND-ORDER PHASE TRANSITION AND
THE JUMP IN THE SPECIFIC HEAT

In order to facilitate the numerical calculations, the
function 7(8), (2.21), will be rewritten in terms of the
energy-gap function and the renormalization factor of
the Green’s function. By virtue of the result, the phase
transition will be shown to be not of the first order and
the jump in specific heat will be given in a simpler form.

According to Nambu!41 the electron self-energy part
takes the form

E(P’iEn) =§'p(iEn)iE,,—l-X,,(iE,,) T3+¢p(iEn)Tl ’

where {,, X, and ¢, are even functions of the complex
variable ¢£,, and the 7/s are the Pauli’s spin matrices.
From the Dyson equation, (2.8), the electron Green’s
function is given by

3.1)

G(piE )—ZZP(Z)+ép(Z)T3+¢p(Z)Tl
(pyrhin)= Zzzpz(z)—Ep2(z) )

3.2)

z=iEn
where
Zo(1Ey)=1—{(iEx) ,
&p(iEa) = ep+Xp(iE4)
E 2 (iLn) =& (iEn)+¢,*(iEn).
Zyp is the renormalization factor of the electron Green’s
function.

Substituting (3.1) and (3.2) into the expression for
1(B8), (2.21), we obtain

1 222,()+F epep
NOI(8) =~z 5 LD,
B wn2Z2(2)—EpX2)  limina
1 dz 227 5(2)+ epn(2) o
2mi )y Lb e 7 2225 — E5)

3.3)

where ¢; and ¢, are the contours illustrated in Fig. 1.
Making use of the facts that the electron Green’s func-
tion does not have any singularity on the first Rie-
mannian sheet except along the real axis, and Z,, X,,

z plane
¢
Fi1c. 1. The con-
Wik, c tours of integration
A a——— in a complex z plane
< used in Egs. (3.3)
il and (3.4).
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and ¢, are even functions of z one can rewrite (3.3) as

1 227 »(2)+ €pén(2) Bz
NOIB)=——AY / dg———————— tanh—,
i p Jo 222,2(2)— EyX3) 2
(3.4)

where the contour ¢ is given in Fig. 1. Each of Z,, ¢,,
and X, satisfies a relation such as

Z p(wt1€)=Z ¥ (w—1e)

for real w due to the analytical property of the Green’s
function. If we use the notations

lir&’l+ Z p(wtie)=Zy(w),

(3.5)

}f&u Xp(wtie)=Xp(w) ,
,11%3, dp(wtie) =¢,(w),

Eq. (3.4) takes the form

1 )
NOI@)=—InY / dewA

X[w2zp(w)-l—ép2(w)—-Xp(w)ép(w):l Be (3.6)

tanh— .
0?7 2 (0) — Ep2(w) 2

By virtue of the equations satisfied by the three
functions, one finds that the shift of X, between the
normal and superconducting phases is small enough to
neglect (Appendix B) so that &,’s are the same for the
two phases. Moreover, the main effects of X, are the
shifts in the chemical potential and the effective mass.2¢

The X,&, term in the numerator of (3.6) gives a negligible
contribution as shown in Appendix B. The energy region
w<w. w, being a constant several times the Debye
energy, gives the important contribution to w integral
in (3.6), since the difference between the two phases is
small at w>w,. Then the main contribution to the p
integral comes from the region |&,| <w. where the p de-
pendence of Z, and ¢, are so small that we can replace
them by their average values at the Fermi surface, Z
and ¢, respectively. The p integral is evaluated by
changing the variable

2.=N(0) / dép,

and extending the &, integral from — o to . It gives

2

I(ﬁ)=/ do Re[(1+zn(w))w—m

—Z () [w?— A2(w)]1/2:| tanh%c—o , (3.7

where Z, and Z, are the Z functions in the normal and
superconducting phase, respectively. The energy-gap
function is given by

Alw)=¢()/Zs(w).
The square root is defined by the condition
Im{Z(w)[w?— A%(w) ]2} > 0.

We shall calculate dI/dB. in order to show that the
phase transition is of the second order. dI/dB takes
the form,

(3.8)

dI(B) » 0Z, 0Zs w? Zs IA? Bw
TV Re[ w——(wz-m)m_< >—] tanhos
dB 0 B B 2(w?—A2)32 2(w2—A2)172/ 98 2
0 2 w/2
—{-/ dw Rel:(l—l—Zn)w—————-———Zs(w?——A2)1/2:|——————-— , (3.9
0 (w2—A2)1/2 cosh2?(Bw/2)
which gives
dI ® 0Z, 0Z, 1—27, dA2 Bew
——=/ dw Re[(——«-— )w— —] tanh— . (3.10)
ap. 0 dB. 9B, 20 9B 2

Now we shall show the expression (3.10) which gives the illusory latent heat (2.23) actually vanishes. Due to
the analytical property (3.5) and the evenness of Z and A, (3.10) can be rewritten

dal 1 r» 0Z, 907, 1—2, 0A? Bew
—=-/ dw[( — )w—~ ]tanh .
aB. 2.J_, 8. 9B, 20 9B, 2

We can close the contour of the integration with a large semicircle in the upper w plane along which the integral
will turn out to vanish. In Appendix C, dA%/9g. is proved to be analytic in the upper half-plane as well as 8Z./98.

(3.11)

% J. R. Schrieffer, D. J. Scalapino, and J. W. Wilkins (private communication).
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and 0Z,/3B.. Therefore dI/dB, takes the form

aI 27 0Z, 0Z, 1—2Z7, 0A?
s [( _ )z_ ] . (3.12)
dﬁc 6c m>0 aﬁc aﬁc 23 aﬁc z={Epm
On the other hand, the equation satisfied by Z,(w), (B5), gives the relation
0Zn 0Zs ® dof 1A w')
(2o [tvmmtoorston [~ Re(— ) o 0ut. (313)
aﬁc ch A 0 20" aﬁc
The relation derived in the Appendix D,
® dw 0A2?
/ & Re(———>= 0, (3.14)
0 w? aﬂc

tells that the quantity (3.13) vanishes more rapidly than 1/w when |w| becomes large, thereby justifying the
transformation from (3.11) to (3.12).
Transforming the «’ integral in (3.13) to that with a closed contour as in (3.11) we find

0Z, 0Z, ® do’ dA2(w)
Z ( B )z =3 [ dwgn(wg)Fr(wg) 22 I E (1B’ 024,80)
m>0\dB, 9B, 2=iEm M m20J g 4o" 98
i 1 0A(iE,)
=§ = )2TJ(iEm,iEn), (3.15)
em>0 on 98,
where nz0
o 1 1 1 1
JGEniEy) =Y /dwqa)\z(wq)Fx(wq){_ - - - - { } . (3.16)
x tEytiEntw, 1En—iEntw, —iEntiEntw, —iE,—iEntwg

On the other hand, using Eq. (B5) one obtains
1—7, 9A?

2

m>0 2z 9B,

) 1 A(iEn) [*
3 [ doan2(@dFr() ¥ ——— / 0?2 By 00,82)
2=iEm A mZO4(1Em)2 ch —
i 1 OAGE.)
- Y G EmiEy).  (3.17)
260 "Z;g ('lem)2 aﬁc

Combining (3.12), (3.15), and (3.17), we get
dT/dB,=0. (3.18)

Thus the transition is shown to be not of the first order. It is important to note that the above result (3.18) has been
derived without recourse to the assumption about the isotope effect, particularly, the choice of the parameter o'

We will turn to the calculation of ¢2I/dB.? to find the jump in specific heat AC. d2I/dB.? can be obtained by a
direct differentiation of dI/dB, (3.9), and then setting 8=, since the gap function A(w) vanishes linearly at small
w by the damping effect as shown in the Appendix E. However, to get the expression which is also applicable to
the approximate gap function which may be obtained without the damping, we make a partial integration and find

a2l ®dw [ —3+Z. fOA%\?2 Bow © 02Z, 9*Z, 10Z,0A2 1—7Z, 32A? Bew
= f — Re—[ (—) tanh—:l—l— f dw ReH — }w+~ — ] tanh:
0 4w Ow 2 0

dgc* @ 3B. 382 B2} wadB. 3B 2w 9BE 2
® 0Zn 9Z)) 1—Zn0A% ©
+f dwReH ]w— . (3.19)
0 3B 3B % 9B.Jcosh?(Buw/2)

The right-hand side of (3.19) can be regarded as a sum of the terms which do not vanish when Z,=Z,=1 and
other correction terms for which the same discussions can be applied as for d/dB.. The discussions are given in
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Appendix F where we obtain

&I “dw  I[F1/0AN?  Bu] 1 9MGE,) 1 9AGE.)T
=— / ——-Re—[—( > tanh }— > [ :|J (2EnyiEn). (3.20)
dBs 0 2w w\ dB. 2 282 r;gg (GE.)?  9B. (lEw)? 9B

The quantity 92A2/9B.% in (3.19) is cancelled out so that we need only dA2/88, to calculate AC. Finally, the expres-
sion (3.20) has to be rewritten in terms of dA2/d3, along the real axis. Since A(w) vanishes at w=0, we do not have
to worry about the singularities from 1/(:E,)?, etc., and the well-known procedure leads to

W—wq

al *dw [ 179A%\?2 © 1 A w)\?
—_—= ~/ —~—Re—-—l:~(~—> tanh——:l—f-z /dwqa)\z(wq)F)\(wq)[/ do—In Re( )
dB? 0 20 OdwLw\ 483, 0 20t  lwtw, 8.

® T IA2(w+wg)\2 N dwdw’ A% (w) 0A2(w')
+f dw Im( > ——/ f Re( >Re( )], (3.21)
0 2(wtwy)?t 6. 0 Jo @ wtw +tw,) B 9B

as shown in Appendix G. The jump in specific heat is obtained by combining (3.21) with (2.25).

IV. CONNECTION WITH THE BCS AND SWIHART THEORIES
It is interesting to note that the present results reduce to the BCS expressions if we put

Zo,=Zs=1, A=areal constant, 0<w<wy

= 0, wo<w,
and a=1%.
For instance, the function 7(8), (3.7) is easily evaluated in this case and gives
o~ ANV e 2(2e4-A7)
16)- —-~+w02[1—(1——) }r / der 2 1)
. 3,32 w02 0 E(eﬁE—l— 1)
where

E= (€2+A2)1/2.

This gives the BCS critical field with (2.19). The entropy difference (2.22) can be rewritten, using the same ap-
proximations, as

@ € dA? @0 A? BE BA? 1 dA?
AS =:<N(O),82[ [ de } / de [——- tanh—- }——~
o cosh?(Be/2) dB Jo 2E3 2 4E? cosh?(BE/2)) dB

o 1w ‘
—/ des (B2 2)—-— _ :| 4.2)
0 cosh2(BE/2) Jo 2E2 cosh?(BE/2) dB

The last term in the parentheses can be transformed as

de— — —tanh—=——F— | de— tanh——z— . 4.3)

/wo ge 1 da [wo dA? e d  BE  dA® dA* fe A BE
0 ), “Ed 2 a8 a8 o

Substituting (4.3) into (4.2) and making use of the relation

dA? oo I:tanh(ﬁE/Z) B 1 :| /‘wo de
P 2E3 4F? cosh2(BE/2)d Jo 2 cosh2(BE/2)’

which can be obtained by differentiating the BCS gap equation with respect to 8, one finds

2r2N (0)x

N(0)82 i e T—4kN(0)B " de (E—I— 62)
‘ ﬁ/; cosh’(ﬁE/Z)_’y “ o efF41 El’
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where v=272N(0)x2. This agrees with BCS again. It is
evident that we can get the BCS expression for AC(f)
from (2.24).

It is possible to reduce the expression (2.25) for the
specific heat jump to Swihart’s formula® where the gap
depends on the energy. His result can be rewritten as

AC 384 ™
S / de
'YTc 2 [}

by virtue of the relation
Aw,Bc) _ aA(wﬁc)/ 9A(a,8.)
A(@,80) 9B B

where @ is a constant energy. To establish this relation,
we divide the energy-gap equation (B6) by A(®,8) and
take the limit 83— B, and find that the left-hand side

0A*(w)/ 0B

Bew | 4.4
ey &Y

) (4.5)

Bew Be 1

a*l » IANZ( 1
IR
s Jo 8. 2

} ® dw 9 fOAZ\? Bew
- / ————(——> -tanh
4w? cosh?(B.w/2) 0

YASUSHI WADA

of (4.5) satisfies a homogeneous linear equation obtained
from (B6) by putting A(w’) in the square root to be zero
and replacing Z, by Z,.. Then, after differentiating (B6)
with respect to 8, one applies the same discussion and
finds that the right-hand side of (4.5) satisfies the same
equation. In this way, the relation (4.5) is derived.

In Swihart’s discussions the energy-gap equation,

A()
[wl2+ Az(wl)jl/Z
X tanh3B[w?+ A2(w’) /2

1
A(w)=—5 /dw V(|o—a'])

(4.6)

was used. Assuming this equation and putting
Zn=Z,=1, A real, and a=3%, we shall derive his result
for AC, (4.4), from the present result (2.25) in the case
of weak electron-phonon coupling. Only the first term
in the expression for d2I/dB.2, (3.21), survives and turns
out to be

2w? dw\ 93, 2

j'"“ 1 9A?
0

2 aﬁc coshQ(ﬁcw /2)

0A2 1
f { tanh
0 aﬁc a8 (w2+A2)1/2 2

ﬁ(w2+A2)1/2}
B=B¢

The second term on the right-hand side can be shown to vanish. We find from (4.5)

o OA2 9 1 ﬁ(w2~l~A2)”2
/ dwo— ——{ tanh
0 6/30 (95 (w2+A2)”2 2

:_“/ / ded [a{ A e
B (w2+A2)1/2 h )

Combining the relation between AC and d*I/dB.?, (2.25), with (4.7) and (4.8), one obtains

1 0
AC= _KN(O)BC{_ / dw
2/

® dw 9 f0A2\? Bew
——/ —-—<——) tanh— . (4.7)
0 2602 Ow aﬁc > 2
0 6 1 2 A2 1/2
} o« / dwA?— { anhﬁ(w 49 }
p=pe Jo 96 L (wA2)172 2 B=Be
dA(w) tanhB.w/2 W’ Bew’
} B (w)‘ anhB.w/ ] V(om w'l) )tanh w
B=B. 6180 w 2
® IA(W) Al W [ 9Aw) A ]
=/ dw’ - <w>tan Lﬁw f dw (w) ) ‘Bw=0~ (4.8)
0 9B o’ 0 B, w
9A2/9B, * dw 9 f0A%\2 Bew
—_— —-——~<~—> -tanh :| . (4.9)
cosh?(Bw/2) Jo 2w? 0w\ 88, 2

The first term in the parentheses gives Swihart’s result
(4.4). The relative order of magnitude of the second term
to the first may be estimated by assuming a constant
9A2/9B, at 0<w<wp and zero elsewhere. It turns out

to be

B, 90A% 1 ( T )2

200 9. 2\onBe)
This is small in the weak coupling limit w,3>>1. There-
fore, AC reduces to (4.4).

The new expression (2.25) and (3.21) for AC is differ-
ent from the BCS result in three respects. First of all,
dA2/3B, in the first term of (4.9) increases with energy
for small energies?? thereby increasing | AC|. The low-
energy behavior is essential in this term because of the
rapidly increasing denominator cosh?(8.w/2). This differ-
ence was already pointed out by Shiffman, Cochran,
and Garber.!! The second difference is the last term in

25 P, Morel and P. W. Anderson, Phys. Rev. 125, 1263 (1962).
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(4.9). Since this term does not have such a rapidly in-
creasing denominator as the first term, we might expect
that the main contribution comes from the sharp drop
in A(w) at the average phonon energy w, although A(w)
has many other structures in its w dependence. Thus the
second term might give rise to a further increase in
|AC|. The last difference between the present and the
BCS results is the effects of Z#%1 and complex A. Un-
fortunately this is difficult to estimate without the de-
tailed solution of the gap equations.

In this way, we may conclude that the present theory
is likely to predict a larger jump in specific heat and
give a better agreement with the experimental results
for the strong coupling superconductors than the BCS
results.

Shiffman, Cochran, and Garber pointed out that
mercury remains an anomalous case.!! The jump in its
specific heat can be explained with a constant energy
gap. We believe this is due to the fact that the typical
phonon energy w, in Hg is large in comparison with Pb.
9dA%(w)/08, has the first maximum at w=>~w,. If B.wo is
large enough, the structure in dA%(w)/38. does not give
any contribution for AC, (4.4), which is presumably the
main term. B.w, is about 7 for Pb, and 22 for Hg.?
Therefore, the retarded interaction theory might be
able to account for Hg, too.

V. CONCLUDING REMARKS

Expressions for temperature dependence of critical
field, entropy, specific heat, and its jump at 7. are ob-
tained for strong coupling superconductors without
making a quasiparticle approximation for electron
motions. The contribution from the ion motions are
taken into account semiphenomenologically, assuming
H,/H,is the same function /% of the reduced temperature
t=T/T. for all the isotopes of any one superconductor,

Ho.=Hh(t). (5.1)
Isotopic mass dependences are assumed as
Hyc M=, Ti<M™, o=3.

According to the experiment,?” « and o' for Pb are
observed to be

a~~a'=0.4784-0.014

and the deviation from the “similarity principle” for
the critical field, (5.1), is given by

1 9h()
————<5X10~* per amu. (5.2)
h(0) oM
If this value were taken literally, the expression for

26 Tunneling data give wo=~7.8 meV for Hg. D. M. Ginsberg
(private communication).

27 R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Rev.
121, 86 (1961).

A(K xr), (2.18), would be modified to

MK 3y=20Uoh[ah—a/th'— M(0h/0M)], (5.3)

and we would have a correction term whose magnitude is
M(dh/0M)<{sh(0),

since M~207 amu for Pb. This upper limit would give
rise to 409, correction to the condensation energy at
zero temperature. However, the similarity principle is
quite well satisfied experimentally at the high-tempera-
ture region, 7'~ T, where we can expect a smaller upper
limit than (5.2), presumably, by a factor of about 10.
We hope a further experimental study will give a smaller
upper limit in the lower temperature region, too.

In the former sections, the isotope effect of 7. was

‘always assumed to be o’ =3. Otherwise, an inconsistency

occurs. Substituting the expression for A(H), (2.18) and
AK ), (5.3), [M(0%/0M) term being neglected] into
the equation obtained by taking the difference of the
thermal average of (K), (2.13), between the two phases
and using Ap=0, one obtains

N(O)I(8)=AUh{(da—1)h—(4a/— 2)th'}. (5.4)

dI/dB was shown to vanish at 3=, at (3.18) irrespective
of @ and &’. However, Eq. (5.4) gives

N(0)(dI/dBe)=(AUo/Bo)(4a—2)I (1)*.
Making use of experimental results for Pb
(9H./dT)p—r,= —238.4 G/°K,
Hy~800 G,
one estimates the right-hand side of (5.5),
N(0)(dI/dBe)=—0.4(AU./B),

(5.5)

which is too large to be accounted for by the corrections
of I(8). The corrections are supposed to be small by
the electron-ionic mass ratio (m/M)!/2.

At present, the origin of this inconsistency is not clear.
We can only make the following conjecture. The physical
origin of the nonsimple isotope effect is the existence
of Coulomb interactions among electrons.?>:28 The
(screened) Coulomb interactions do not decrease rapidly
for the large energy transfer as is the case for the phonon
interaction. Accordingly the energy-gap function A(w)
is not negligibly small even at w> w.. For this reason the
o integral in the expression for 7(8), (3.6), may not be
limited to the region |w| <w.and the trick of integrating
first with respect to the 3-momentum may not work in a
straightforward way. Since we do not know a method
to get rid of this difficulty, the present paper is confined
to the superconductors with o’=3%.

The expression for the jump in specific heat, (3.21),
involves the quantity dA%(w)/dB.. By virtue of the rela-

28 J. C. Swihart, Phys. Rev. 116, 45 (1959); J. W. Garland (pri-
vate communication).
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tion between A(w,8.) and dA(w,8.)/dB., (4.5), one finds

A% (w) [A(w,ﬂc)T
. La@s)d

Therefore, the knowledge for dA2/983. at only one energy
value is sufficient to know it all over the energy. This
will be discussed in a separate paper with the results of
numerical calculation.
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APPENDIX A: SHIFT IN CHEMICAL POTENTIAL
DUE TO THE PHASE TRANSITION

The purpose of this appendix is to show that the shift
in chemical potential due to the phase transition Ay is
quite small in comparison with the energy gap. Self-
consistent discussions will be used, assuming a small
change in the function X,,. Thus, we assume the modified
Bloch energy &, does not change by the phase transition.

The chemical potential is determined in terms of
average electron density p:

(N) 2
p‘“—S—Z—:— lim ZG11(1>,7177'2) o).

Q 73->71+0 P

(A1)

Denoting the function p(u) in the superconducting and
normal phases by the suffices s and #, respectively, and
putting

Ba—ps=Ap,

one obtains

pP= PS(I"'S) = Pn(#n) = Pn(N-S) + Aﬂ<dpn/dﬂs)+ )
Ap= [Ps(ﬂs) _Pn(ﬂs)]/(dpn/dﬂs) .

Since p, is given by
Pun) = (2m*pn)**/ 372,

with the effective electron mass m*, dp,/du, is roughly
equal to

(A2)

dpn/dps~(m*/m2)kr , (A3)

where kr is the Fermi momentum. Making use of the
expression for p(u), (Al), the numerator in (A2) can
be rewritten

YASUSHI WADA

Pa (1) = P (its)

2 57+,
=AY gt

X —
B 22— Ep2

z=1Bn

1 Bw
=— Im Z de {pr—ép tanh—}
0 W2t —Ey? 2

Bw
= Im > / dwA———ta Ilh*2— . (A4)

(.d2Z 2 EpZ

Here the same arguments are used as those which
simplified the expression for 7(8) from (2.21) to (3.6) as
well as a sum rule (D1). The main contributions to (A4)
are expected from |&,|, w<w. as in the case of 7(8).
However, the integrand is an odd function with respect
to &, at that region, thereby cancelling the main con-
tributions. In order to estimate the order of magnitude
of (A4), we take into account the momentum depend-
ence of the electron density of states in normal metal,
putting

4 Mmep
S =N () / L / (1+—)de,,,
» kp kp?

where m is the (bare) electron mass. Substituting this
into (A4), one obtains

N(0)m
Ps(ﬂs)_Pn(MS)z - Im[dép
TQkp?
® &’ Bo -
X / dwA——————tanh— (AS5)
0 w?Z 2 —E 2 2
m?
= 1(8). A6
ry (A6)

Here, we used the fact that the integral in (A5) has the
same order of magnitude with 7(8), (3.6). The magni-
tude of 7(8) is A?/2, as seen from (4.1) at zero tempera-
ture. Substituting (A3) and (A6) into the expression for
Ap, (A2), one finally obtains

~ A4y, . (A7)

The ratio between Ap and the energy gap 2A turns out
to be
A/8un~10"%,

so that Au can always be neglected.

One might think that the shift (A7) would be essential
for the condensation energy since it is multiplied by the
total electron number in the relation

A(HY= AK)+NAgp. (A8)

However, it is not the case, since NAu in (A8) must
cancel the corresponding term in A(K,) which we calcu-
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lated assuming Au=0. Therefore, it is consistent to
neglect the last term in (A8). Actually, Scalapino?® has
shown that the shift Au does not give rise to any change
for the condensation energy in the case of the BCS
model.

APPENDIX B: EQUATIONS FOR Z,, x,, AND ¢,

In order to derive the equations satisfied by Z,, X,
and ¢,,® we calculate the electron self-energy part 2,
(3.1), under the following approximations. First of all,
the corrections to the electron-phonon vertex part are
down by the electron-ion mass ratio and can be
neglected.®® Secondly, we might have to take into
account the contribution from such diagrams shown in
Fig. 2 where the solid lines correspond to the electron
Green’s functions and the dotted lines mean the inter-
actions, that is, the phonon Green’s function and the
screened Coulomb interaction. We can discard these

2(piE.)=—(1/BQ) X Torr NW_q-raT:G(p—q—K, iE,

gK\m
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/——\\\ N
( p+K,iE,)

(p,iEq) {p,iEy)

F1G. 2. One of the diagrams of the electron self-energy part =
which are neglected in (B1). The electron momentum p+K in
the intermediate one-electron state is different from the incident
momentum p, because of the umklapp processes. The intermediate
momentum p-+K is usually far from the Fermi surface when p is
on the surface.

diagrams. Since |p+K | is generally far from the Fermi
momentum kp while p~kp, the summation with respect
to # in the expression for I(B), (2.21), gives rise to a
large energy denominator for such terms in 2. For some
special p’s, we might have |p+K|~kr. However, the
measure of such p’s is very small since the reciprocal
lattice vector K can have only discrete values. There-
fore, the lowest order diagram is sufficient for £ which
gives

— iEm) r3DN(gi Eom)

—(1/8D)% V(p,9,iEn)7:G(q,iEn—1iEn)7s, (B1)
qm

where 7 is the screened electron-phonon coupling matrix element and V. the screened Coulomb interactions.
Substituting Nambu’s expressions for 2 and G, (3.1) and (3.2), into (B1), we obtain

1
(1= Z,(E)JiEa=—— ¥ U(p, g, iEn—i:
BQ am
1
Xp(1En)=——23 U(p, ¢, tEn—1iEm)
BQ am

1
¢p(7:En) = Z U(P) q, tEﬂ—iEm)
BQ am

where
U(p, g, iE

w—1Em)=2_ Up—g\0-pt e \DNP—q— K, iEn—iEm)+V e(p, ¢, iEn—1iEnm).
F3)

1EnZ (1Em)
{zE,,.Z JIEn)}*—E 2(1E,,.)
€(iEm)
{(iEnZ GEn)}2—E2GEnw)
$o(iEm)
(EnZ (iEn)}—EF(Em)

(B2)

(B3)

U is a symmetric function with respect to the interchange of p and ¢ as well as #» and m. The phonon Green’s

function Dy(g,ivs) takes the form

D)\(Qsivﬂ)—l = ("7&2+ (:’q)‘z) 3

(B4)

in terms of the dressed phonon frequency @g. Substituting (B3) and (B4) into (B2) one can derive the equations
for the analytically continued Z,(w) and ¢,(w) by applying Schrieffer, Scalapino, and Wilkins’s discussion?0-24
used in the case of zero temperature. The results are given by

/

[1—Z4(&)Jo= f "R {EZ_{—@J—/]Z [donitad Fxamtont we,

1 we Aw)
A(w)-"————- do’ Re{——————————
Zo(w) [w'2— A%(w') J12
2D Scalapmo (gnvate communication).
2 A B. Migdal, Z

(BS)

][}% / dwart(wg)  Fa(wg) Eo(w,w we,8)—U tanhﬁg’] , (B6)

Eksperim. i_Teor. Fiz. 34, 1438 (1958) [English transl.: Soviet Phys.—JETP 7, 996 (1958)].
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where

1 1 1 1
P L N TR S B
efea—1 P41 (o' twtwtie o —wtw,—ie

1 1 1 1
oo | - al
efea—1 efo'41]) | —w'Fotwtie —o' —wtw,—1e

1 1 1 1
Eo(w,w',wq,ﬁ)= { " } { - f N }
ePor—1 P41} o' totwtie o —otw,—ie

{ : : } { : : }
—_ | |

¢Poa—1 o' +1) | —o'+wtw,tie I — o' —wtw,—1e
F)(wg) is a phonon frequency distribution function and a(w,) is an interaction strength which are defined by

Vgt NI—_g—K
20q 2kr|g+K|

gm is the Debye momentum, %z the Fermi momentum and @ is the step function which is unity if the condition
is satisfied and vanishes otherwise. The screened Coulomb interaction is replaced by a pseudopotential U defined
to include interactions between electrons outside a band of energies |w| <w.. The same discussion is applied for
AX,, the difference of X, between the two phases, and shows AX,, is negligible since the integrand in (B2) is essen-
tially an odd function of &,, as was the case for Ay, (A4).

Making use of this fact, we can show that the X,&, term in the expression for I(8), (3.6), does not give the
contribution. The term can be rewritten as

0Q2kr>|g+K|),

1
azt(w)F(w)=— Hop—w)diyq ZK

27!')3 a<am

1 © X pé Bw 4 Xp€ ‘
—Imz/ doA——"" taph—= —— 3 A (B7)
5o WZPE—E2 2 B (iElZp)i—E,?
Denoting the superconducting and normal X, by X,* and X,* respectively, we can derive a relation
X" (iEn)ep(iEn) 1 &p(iEn)
rr T =3 u U(p, g, iEn—iEn)

pn (1EuZsp)t—E2(E,)  BQ pq (iEnZep)?— E2(GE,) .
i &(1Em) Xg*(1Em) (1 Em)

(iFnZng)'—22(iEm) o (iEnZing)'— ()

where the equation for X, (B2), is used. Since x*=x?*, this means the quantity (B7) vanishes.

APPENDIX C: THE ANALYTICITY OF dA?/d(,
Th tit
¢ auanty, AN (w) 1 9¢%w)
Be  Za2w) .

obtained from the definition of A(w), Eq. (3.8), is analytic in the upper half w plane if Z,(w) does not have any
zeros there. Suppose w= 2z, is such a zero, and calculate the imaginary part of the equation continued analytically
from the equation for [1—Z,(w) Jw, (B5), (A=0) at that point. The left-hand side gives Imz,, while the right-hand
side is proportional to Imz*, including the sign. Therefore, there are no such zeros of Z,(w).

APPENDIX D: THE DERIVATION OF EQ. (3.14)

Writing the 7; dependence of the Green’s function G(p,71,72) explicitly in terms of the eigenstates |#) and the
corresponding eigenvalues E, of the Hamiltonian K,

K|nY=E.|n),
one finds Lot
ny|? ny|?,
le(P,w-!-iO):Zun{ (o™l | Vomlom I}
nm w+E,—E,+ie owt+E,—E,}ie
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where
Un= —ﬂEn/Z e'—ﬂEm.
m

This gives
/ ImGn(p, w+i0)dw= —.

Substituting the expression for Gii, (3.2), we obtain
® wZs(w) T
Im/ ——do=——. (D1)
1 szsz(w)_Epz(w) 2

Taking the difference of (D1) between the two phases, integrating with respect to d?p, it is found that

Re/: dw[l—@-;—_—i:—(m]=0,

APPENDIX E: THE GAP FUNCTION A (w) AT SMALL »
From the equation for [1—Z,(w) Jw, (BS), it is easily found that

Re[1—Z(w)Jw=—aw In|o|+(1—8)0+0(w?), ImwZw)=T+0(w?).
Here @, b, and T are constants and I'>0, if 77>0. These relatiohs give
1 1%
Zu(@) buotawln|o|HiT+0@?)
By virtue of the equation satisfied by A(w), (B6), we obtain
ReZ (w)A(w)=A4+0(w?), ImZ(w)Alw)=Cw+0(w?), (E2)
where 4 and C are constants. Combining (E1) and (E2), we find
w[A4iCo+0(w?)] Aw

Alw)= ~——, (E3)
iT+aw In|w|+b0+0(w?) T

which gives Eq. (3.14).

(E1)

indicating the fact that A(w) vanishes linearly with w. The density of states of the quasiparticles may be modified
in the small w region. The size of this modification will depend on the magnitude of the damping rate T as seen
from (E3).

APPENDIX F: THE DERIVATION OF EQ. (3.20)

The transformations of the integration contour as in (3.12) allow us to rewrite (3.19) as

a1 ® dw a1 1/70A%\2 Bew 2w Zn—10AN?2 1022, 09%Z; 190Z,0A* 1—27, 9°A?
s ) ] g A
gt Jo 2w dwlw\dB. 2 Be m>oL 422 \ 98, B2 06,2 z 9B: 908, 2z 982

2( 9%z, 07, )zz 20—27,) 9A? 1 0Z,90A Z,—1 32A2:' (F1)
9.0z 9B0z/B. Bz 0B. B 95 9B B. 0Bedzlimin,
where (3.12) and (3.18) have been used. Making use of the relations

° . 27ri . . .
> /dwqakz(‘*’q)Fk(‘*’q)f dw,¢(wl)E(ZEm;w,>wq’5)=—B_ 2 Y(E,)J((EniE,),
A e n>0

® OE(1Emw' w,8)
£ [domteomo) / Bty
A — B

E,ePoa
=—— E [ZIP(Z)J (GEny2) Jomin+2mi 3 / dwqan*(w )Fx(wq) {YGE.— q)—¢(iEm+wq)},
B% n>0 02 (efoa—1)2
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9E (2,0’ ,wq,B8)

> / deogen2 () () / dp()
A -

0z

2=1Ey
6](1 ny3 ) Puoq . .
= Z YGE,)—— +2miB 3 /dwqa)\z(wq)F)‘(wq) {(V(En—wg) —Y(iEntw)},
B nx0 02 |imiBn (ePeoa— )
where ¢ is any analytic function on the upper half-plane, we obtain
Za—173A%\2 T 1 f0A2(iE,)\?
e 1 [ S L)
m20 428 \ 0B,/ |l.oip,,  4Bcm20 ((Ex)*\ 9B,
7n>0
102,  0%Z;
2 ey
m>0\0B:2 082/ |.miEn,
Ly 1 32A2(zEn)
= T JGEniEm)
28, ’Z%g (’LEn) 9B.?
3w 1 /aA"’(iEm) i 1 9A%(z)
f ) J (1Em,zEn)—~— > [— (iEm,z)]
48, m20 (iEm)“\ 3B B2 n20 dzlz 8B, 2miEn
) 1E.efeq 1 A (1Epn—w,) 1 AN (1Eptwq)
+7rl Z /‘dwqa)‘z(wq)F)\(wq) { X A } ’
o (eP2a—1)2l (GEn—wy)? 9B. (GEm+twg)? 8.
197, 9A? T 1 AAN(3E,,) OA(GE,)
=—— - J(GEmiEy)
m202 e OBelsminn  28om20 (iEn)*(iEn)* 0B, 9B,
i 1 9A(iE.) 9
— " E—— ‘—I:ZJ(iEm,Z)]z=lEn )
Bc2 m>0 <1Em)2 6,30
n>0
Za,—1 92A2 i 1 A(GE,)
=—— ————J(EniEy),
m>0 2z IB2l.—im,, 28, m20 (1Ex)*  9B:2
02Z, 0°Z, \z2 2(1—2Z,) 0A?
z - ) -
m>0 6,3,;62 chaZ ﬁc ﬁcz 8. z2=iEnm
i 1 9A(GE,) iy i1E., OA(iE,) 9
= > J(GEmyiEn)—— > ————— —J(iE,,z3)

2 m ; 2 m
B2 nZo GEn)* 0. B2 mz0 GE.)* 98,

2=1Ep

_ iEeben 1 OA(iEm—w,) 1 0A(iEntw,)
i £ [dsamioro { :
mz0 (efor—1)2 | (iEp—w,)? 48, (Emtwg)? 98-
1 82, 9A? i 1 9AE,) 9 wi 1 0AiE,)
SR e PR P,
m>0 ﬁc dz aﬁc 2=tEm 602 mZO'LEm 6,30 2=iEm ﬂcz mZO(iEm)z ¢
n>0 n>0
Za—1 32A? T 1 9%A?
{ - J’ =— JGE . iER).
m20 60 9B3.0z z2=iE 60 m>0 LE 0B3.0z 2=iEy

Adding up all of the above equations, one rewrites the right-hand side of (F1) and gets (3.20).
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APPENDIX G: THE DERIVATION OF EQ. (3.21)

Suppose a function y(z) is analytic on the upper half z plane and bounded at |z|—w. Then the series
2m> 0¥ (En)J ((EniEy) is calculated as follows:

B
S VGERGEniEn) =5 / doogan2(0)Fr(ws) [ dy(2)
2wt 2 a

m>0

% 1 1 \ 1 | 1 1 \ 1

{(iE,,—}-z—}—wq — By atw e Pl <iEn—z+wq_—iE,,—-z+wq/eﬁz+1}
1

Entowtw, —iExtoto,

———z dor* (0900 [ dww(ww(—w)}[

27t 2

+< 1 1 1 1oy 1 }
iEp—wbwy —iEa—wtw, iEntote, —iEstotodefot1
Hw q) ( 2
BT [da B HliEated) . (G

The last term in the first integral, which has the factor 1/(ef*+1), is presumably small in comparison with the
first term, since the contribution to  integral from the region w>1/8 is small due to the factor 1/(ef*+41) and the
contribution from w<1/8 is also small because of the other factor. We can neglect the last term in (G1), too,
since Bw,>7 for the typical phonon frequency in Pb.

With another analytic function ¢(z) which vanishes at |z|— as 1/]z|7, ¥>1, one finds

2 Q(EY(GER)T (iEn,iEn)
m>0

7n>0
8 Bz = 1 1
=T 5 [ dwenry / dz¢(z) tanh f dw{¢<w)+¢<—w)}[ ]
7 DY a 2/ gtwtw, —ztowtw,
BZ 0 0 1 P
-5 [doavn| / 4o { o)+ o(— )} f sty H(-a)] ]
872 A 0 o wto'tw, w—o’to,

in / Tty =) (plotod—p—a—s) | (G2)

Here small terms are neglected as done for (G1). If the function ¥/(z) becomes small at |z|—% as ¢(z), the relation
(G2) takes a simple form

; ® o Y(w)+(—w)H{e(w)+ (=o'
> ¢(iEn>¢<iEm>J<iEn,iEm>=—f—zz / deogar®(og) () f f dody LTINS

m>0

w2 A wtow'+w
250 [ ++q

Applying the relations (G2) and (G3) to the expression for d27/dB.2, (3.20), we easily obtain the result (3.21).



