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An interaction Hamiltonian analogous to that in a coupled Lee model is used to calculate the transition
matrix appropriate for the description of the anticrossing eftect in optical resonance fluorescence. The
transition matrix is found to contain two terms (in addition to those for resonance scattering through each of
the coupled states) which exist in the amplitude only because the damping matrix in the coupled representa-
tion is not diagonal. This matrix is diagonal when the uncoupled states have equal radiative widths, and the
resonance scattering intensity is then given by the Breit formula. This result justifies the application by Eck,
Foldy, and Wieder of the Breit equation to their initial discovery of the anticrossing eBect even though this
formula would not be expected to apply to the general anticrossing situation. The crossing eGect can also be
discussed as a special case of the approach presented.

HE Breit formula' has been used by Franken' and
by Rose and Carovillano'to explain the interference

eBects observed4 in the optical resonance fiuorescence
by crossed atomic levels (referred to in the following as
the crossing effect). In the present article, results will

be presented which will serve to clarify some points on
the use of the Breit formula, and which will, partic-
ularly, show when this formula can be applied to the
recently discovered anticrossing eGect' in optical
resonance fluorescence.

The experiments in question and calculation to be
presented can be best discussed by referring to Fig. 1.
The crossing e8ect can be discussed in terms of an
atomic ground state 0 and excited states u, b with
energy levels having a magnetic 6eld dependence as
shown. Radiation with a continuous energy spectrum
is resonantly scattered by the system. This process is
described by an operator for absorption f specifying
frequency, direction, and polarization of the annihilated
photon and a similar operator g for the created photon.
When the magnetic field is swept through Ho, the field
strength at which E =E~, a detector at a fixed scatter-
ing angle observes a signal due to redistribution of the
scattered radiation because of interference effects.

The experimental situation in the anticrossing effect
is similar except that a perturbing interaction (V)
coupling states a and b exists. The energy levels,
labeled by n and p in Fig. 1, are obtained from the
secular determinant and the states themselves are
given in terms of a and b with coe%cients determined
by V,

a =A,a+A ob,

p=B.et+Bob,
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where orthogonality and normalization of cr and P give

IA. I'+ I
A of'=

f
B.l'+ IBol'=1

A,*B,+A b*Bo
——0. (2)

+r=f&octn tJo+f&oatt tJo+g+o &o &~+goo ao &tt, (3)

where a~t and uA, create and annihilate, respectively, a
photon of momentum k (with polarization label
suppressed), and tt, t and a; create and annihilate the
atom in state j=0, n, or p. The rest of the total Hamil-
tonian (neglecting Hr) simply gives the energies of the
states 0, rr, and p plus the total energy in the radiation
field. Thus, one sees that the description given here for
resonance Quorescence is formally identical with a
coupled Lee model. ' The physical justification for this
approach is that contributions from intermediate
states with more than one photon will be negligible
because of the smallness of the electromagnetic coupling

l
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Fn. 1. Energy levels
as functions of magnetic
Geld II. The unper-
turbed levels labeled by
a and b are separated by
an energy d at Geld II;
the solid lines represent
the energy levels as a
function of H when the
coupling perturbation V
is included. The ground
state (0) energy varia-
tion is not of interest.
f is an operator connect-
ing the ground states
with the excited states
and g connects the
excited states with the
ground state.

6T. D. Lee, Phys. Rev. 95, 1329 (1954).

The interaction Hamiltonian between the system
and the electromagnetic field is written as
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constant and will not lead to terms with resonant
denominators.

Using IIg, one can calculate the T matrix straight-
forwardly to obtain (k= c= 1)

T= f(Eo E—+k D—) (Eo Ep—+k Dp—p)
D—pDp 7 '/go f o(+o &p+—k Dpp—)

+gopfpo(&o ~ +k D )+gopDp f o

+go-D-pfpo7, (4)

where k is the energy of the incident (absorbed) photon,

f p= (P ~ fa(Pp), gp. ——(Pp~ ga~P ) . etc. ,
alld

D„„=lim g dk'(lt „~fk ~Pp) (k —k'+is) —'
e~o

with tt, t =rr or P. In (5), the sum is over all photon
polarizations, directions, and any quantum numbers
needed to specify the "intermediate" atomic wave
function fo. Since we are not now interested in line
shift experiments, the real part of D„„canbe neglected. '
Thus,

D„.= iI'„„—/2 = i Q— dk'5 (k —k')

gives the damping matrix for the coupled system, which
has the following elements in terms of the radiative
widths of the uncoupled states,

~F..= ~
A.

~

'F.+
~
A,

~

'F, F.,=A.*B.F.+A,*B,F,

EFp B"'A,F,+B——o*A Fo Fpp= [B,i'F,+ [Bo['F
(7)

This matrix is, in general, nondiagonal. It becomes
diagonal when (i) F,=Fo——F, by the conditions of
Eq. (2) I' =Fpp ——I', and (ii) when V=O, asAo ——B,=O.
Therefore, the transition matrix appropriate for describ-
ing the anticrossing effect with uncoupled states of
equal radiative widths or for describing the crossing
effect is

T'=gp f p(Ep E+k+iF /—2) '

+gopfpo(&p &p+k+&F—pp/2)
'

For incident photons with a constant energy distribu-
tion, the resonance scattering cross section or rate given
by (8) will be

~kI T'I'"F- 'I go.f-ol'+F pp 'I gopfpol'

gapfpagppfpp
+c.c. , (9)

i(Z,—Z.)+$(F..+F„)
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where constants have been left out. In case (i) with

F,=F&=F, Eq. (9) is the Breit equation in exactly
the form discussed by other authors, ' ' excePt that the
matrix e]ements involve the coupled states. This
justifies Eck, Foldy, and Wieder's' application of the
Breit formula with coupled states to their experimental
observations. Incidentally, it also shows that Series"
comparison of optical double resonance with the formula
of Eck, Foldy, and Wieder was not as general a compari-
son as possible because of the particular case, F,
=Fb——F, assumed.

In case (ii) with V=O the states are uncoupled
(o.=a, P=b, I' =I'„and I'pp ——Fo) and Eq. (9) differs
from Franken's (where I" =Fo=F was assumed) and
Rose and Carovillanos' result only in the incoherent
baci ground term, F Ig pf. lp'+r, 'lgoof»l'
which these authors get the same F—' factor on both
terms.

The main result presented here can be summarized
as follows: in an optical resonance fluorescence experi-
ment on "tuned" atomic levels, the Breit formu/a,
Eq. (9), may be applied to the anticrossing eRect (in
addition to the crossing effect) when the damping
matrix of Eqs. (6) and (7) is diagonal. This matrix is
not diagonal in the general anticrossing situation, and
the cross section following from the transition matrix
Eq. (4) is correspondingly more complicated' than the
Breit formula. A priori, it would appear therefore that
the Breit formula might not be applicable to the anti. —

crossing effect, and its use by Eck, Foldy, and Wieder
should be justi6ed. A simply treated situation, for
example, occurs when one of the states (in a steady-state
experiment of the type under discussion) is nonradia-
tive; the matrix of Eq. (7) will still be nondiagonal as
the radiative width of the other state occurs linearly in
each matrix element. In this case, the direct application
of the Breit formula, as given in Refs. 2 and 3, with
coupled levels leads to a result violating the sum rule
for total scattering. "However, the approach presented
here gives a consistent result, the total resonance
scattering being independent of the energy level

spacing.
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