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A numerical calculation is presented of van Hove s scattering function S(h,or), which describes the in-
elastic scattering of neutrons by an anharmonic crystal with the transfer of momentum k and energy u from
neutron to crystal. Two contributions to S(k,co) are included in the present calculation: the leading term
which describes the broadening and shift of the one-phonon peak, and the leading term which describes the
interference between the one-phonon peak and the diffuse multiphonon background. The calculations of
S(k,&o) as a function of &o for axed k are carried out in the high-temperature limit for a nearest-neighbor,
central-force model of a face-centered cubic crystal which is chosen to approximate lead. The co dependence
of the phonon frequency shift and width, as well as of the coefficient of the interference term, is taken into
account in these calculations. In the cases treated in the present paper the interference terms represent only
a very small correction to the one-phonon peak, in agreement with a previous crude estimate by Ambegaokar,
Conway, and Baym.

1. INTRODUCTION

'HE theory of the inelastic scattering of neutrons
by an anharmonic crystal has been the subject of

several recent investigations, ' ' Most of the interest has
centered on the so-called "one-phonon peak" in the
scattering cross section, which is that part of the cross
section which describes the scattering of a neutron by
the crystal with the excitation or de-excitation of one
quantum of vibrational energy. It is this part of the
cross section which displays most dramatically the
e6ects of lattice anharmonicity on the phonons. A delta
function in the harmonic approximation, centered at
the frequency of the normal mode from which the
neutrons are being scattered, the one-phonon peak in an
anharmonic crystal is shifted in position and broadened
in comparison.

In a recent paper' by Conway, Baym, and one of the
present authors (V.A.), it was pointed out that the
anharmonic forces in a crystal, in addition to broadening
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and shifting the one-phonon peaks, lead to an inter-
ference between the one-phonon peak and the disuse
multiphonon background. It was shown that the sum of
the one-phonon peak and the interference terms obeys a
sum rule, and a crude numerical estimate of the ratio of
the amplitudes of the asymmetrical interference terms
and the symmetrical peaked terms was made which
indicated that under typical conditions in lead the
asymmetry might amount to a few percent.

In the present paper we present a numerical calcula-
tion of van Hove's'o scattering function S(k,co), which is
related to the differential scattering cross section per
unit solid angle per unit interval of energy of the
scattered neutron by

deer/df)de= a'(q /q )S(k co) . (1.1)

In this equation, a is the nuclear scattering length, q; is
the initial wave vector of the neutron and qf is its 6nal
wave vector, k= tI;—tir is the momentum transfer from
neutron to crystal, and co = (q;s —qfs)/2nt, where nt is the
neutron mass, is the energy transfer from neutron to
crystal (we use units such that j't=1). In the present
calculation we include both of the contributions to
S(k,co) mentioned in the preceding paragraph: the one-
phonon peak and the leading term which describes the
interference between the one-phonon peak and the
multiphonon background. Although, as we have men-
tioned, the contribution of the latter term is expected to
be small, it seems to us not without interest to verify
this expectation by a detailed calculation. The calcula-
tions will be carried out in the high-temperature limit
for a nearest-neighbor, central force model of a face-
centered cubic crystal which we will use to approximate
lead.

'e L. van Hove, Phys. Rev. 95, 249 (1954).
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2. ANALYTICAL DEVELOPMENT

In this section we shall first brieRy summarize the
formulation given in I.Then we shall develop the formu-
las for the interference term in the first order of the
interaction between "dressed" phonons.

The cross section for the scattering of a neutron by a
Bravais crystal with energy loss co and momentum loss
k" is proportional to [Eq. (2.9) of I7

2tr5(k, cc) =
2 ImC(k, co —ic)

1—e
—t'"

(2 &)

Here C(k, s) is the continuation to the complex s plane
of the Fourier series coefficients

C(k, v„)= C(k, t)e'""'dt, v,„27ritn=/P,

of the correlation function

Calculations of S(k,tc) have recently been carried out
by Cowley" for the optical modes at k=0 in sodium
iodide and potassium bromide. Only the contribution
from the one-phonon peak was included in Cowley's
calculations.

Because the theory of the one-phonon peak has been
discussed extensively in the literature, ' ' in the follow-
ing two sections we concentrate our attention on the
asymmetric interference term. '

The symbol ( )r, in Eqs. (2.3) and (2.4) means the
linked or cumulant average. "For example,

From the point of view of graphical perturbation theory,
the cumulant average implies that one must consider
only graphs in which, in every order, all displacement
operators are linked.

The decomposition of the cross section into the
elastic, one-phonon, and multiphonon terms follows
from Eq. (2.3) by an expansion in powers of the curly
bracket. The zero-order term gives the elastic scattering,
and that part of the first-order term in which a single
true phonon state occurs as a real intermediate state
gives rise to the one-phonon peak. The interference
terms also come from the first-order term and corre-
spond to processes in which a multiphonon excitation is
on the energy shell, but a single-phonon state occurs
virtually at an earlier or later stage of the process and
is coupled coherently to the many-phonon excitation.

Ke are concerned in this paper with the evaluation of
the lowest order contribution to the interference term
for a crystal with cubic anharmonicities. This contribu-
tion occurs in the terms

C(k, t) = —i[d(k)7'p e ' 's

C(k, t) = i g e—' '«h'(T['e '"'&s"&e'"'&h"'$). (2.2)
gh

In this equation g and h run over the lattice sites of the
crystal, E is the number of atoms in the crystal, t is
restricted to the region Ret=0, —P(Imt(0, T orders
operators from right to left in order of increasing nega-
tive imaginary t, tls(t) is the Heisenberg representation
operator for the excursion of the atom at the site g, and
the expectation value is in the canonical ensemble for
the anharmonic crystal. It was shown in I, by a rear-
rangement of the power-series expansion of Eq. (2.2) in
k, that this equation could be put in the form [Eq.
(2.22) of Ij

Ke shall see from symmetry considerations that the two
terms in the bracket make equal contributions for a
Bravais crystal, to which we limit ourselves in this
paper. The explicit proof is as follows: From time
reversal invariance we have that

(2.7)

Xexp((T(exp[ —ik Ps(t) j—1)

Here [d (k))' is the Debye-Wailer factor given by

d(k)=(expi(k P))=exp[(expi(k P))z,—lj. (2.4)

"R.A. Cowley, Proceedings of the 1963 International Conference
ott Latttce Dyttanst'cs (Pergamon Press, Inc. , New York, 1964)."In this paper we adopt the convention that the wave vector k
is reserved for the momentum loss from neutron to crystal and
that the phonon wave vector is g.

Now, using the translational invariance of the lattice
and invariance under translations of time, we have

(2.8)

Finally, we use the inversion symmetry of a Bravais
lattice, i.e., invariance under the transformation Ps~
—P a, to obtain

(2 9)

'3 M. G. Kendall and A. Stuart, The Advanced Theory of Sta-
ttstt'cs (Charles GriKn and Company, Ltd. , London, 1958),
Chap. 3.
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XQ(q j)Q(q j)Q(q j,), (2 1o)

where Q(qj) is the coordinate of a phonon of wave
vector q and polarization j. Q(qj) is related to the
displacement vector fix by

2 ~(qj)Q(qj)e"',
(Ã)'t' ~~

(2.11)

where 8(qj) is a polarization vector. In, terms of the
usual phonon creation and destruction operators it is
given by

Q(q j)= (&/2~~. s)"'(b sst+bss)-, (2.12)

The equality of the two terms in (2.6) then follows. '4

We have now to evaluate C(k, ») in perturbation
theory. The anharmonic contribution to the Hamil-
tonian may be written in the form

1
FFs= —P 2 2 F»(qijt; qzjz; q3js)

3. Gill $252 $373

Born and Huang" by

I~(qrji' qzjz; qsjs)

1
E Z c-p, (e'a")~-(q j)

X(—z) d»'(2'(I k I».(») 3'

Xbp(qzjz)h, (qsjs)e'& '+ 's'+ " ' (2.13)

It vanishes unless q&+q&+qs equals 2zr times a vector of
the reciprocal lattice. If we make use of the fact that
4 p~ (gg'g") changes its sign under the inversion
operation,

C-p, (—C
—O' —C")= —C-p, (e'a"), (2 14)

we can show that 8 (qi ji, q&js, qs js) is Purely imaginary.
In the first order of perturbation theory we have

[using the equality of the two terms on the right side of
Eq. (2.6)j
C(k, ») = —$d(k)$'P e '"'« "'

gh

where M is the mass of an atom and co„is the frequency
of the phonon (qj).The coefficient 8 is given in terms where the time dependence of operators and the thermal
of the cubic anharmonic force constant C p~(N'g") of average are now governed by the harmonic part of the

t

Hamiltonian. Substituting the expression (2.10) for FI, into Eq. (2.15) and using Wick s theorem, we get, using
Eq. (2.11),

Cd(k)j'
C(k, »)= p p p e " 's "'e'«'s+'~'-q'"Lk s(q~jr))Lk a(qzjs)&Lk'~( qzjs)l

g& aIfi2C3 iIAi3

X+ (—qi ji; —qz jz; qs js) d»'D„;, '(» —«')D„;.'(»—» )D~,t,'(» ) (2 16)

In this equation D„(») is the phonon Green s function in the harmonic approximation. In general, the Green s
function is given by

(2.17)

and because of polarization mixing it is not diagonal in j and j . Although we could formally diagonalize D»;; (»)„
at the expense of introducing additional complications into the expressions which we will derive, this is not really
necessary. For, to the lowest nonvanishing order in the anharmonic force constants, Ds;;. (») is diagonal in j and
j', ' and this order is consistent with our use of first-order perturbation theory in obtaining C(k,»). We denote the
diagonal part of Ds;, (») by Ds;(»).

By including, together with Eq. (2.16), all graphs in which self-energy parts are added to the phonon lines, one
obtains an expression identical to (2.16) but with the superscript zero removed. This formal summation is necessary
in order that the calculated interference terms have the correct line shape. In calculating the amplitude of the term,
however, one shall neglect the higher order eBects due to finite phonon lifetimes.

After the phonon Green's functions in Eq. (2.16) have been "dressed, " the Fourier coefficient of C(k, t') may be
written in terms of the Fourier coefficient of the Green's function

D(~-) = D(») e'""'d», v„=2zrzm/P,

"This result contradicts a statement in a recent paper by Thompson (Ref. 8) to the effect that the contribution given by
Kq. (2.6) vanishes because the two terms on the right side of the equation cancel. In a private communication to the authors, Dr.
Thompson agrees that his statement is incorrect.

~s M. Born and K. Huang, Dynarlica/ Theory of Crysta/ Lattices (Oxford University Press, Oxford, 1954), p. 305.
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C(k P ) N [if(k)] Q Q l-i(k q3)II( ql ji; —q2j3 q3j3)[k' g(qljl)][k' 'g(q2j2)][k' g(q3 j3)]
Qlg2$3 717273

The function D(k —q3) is defined by

X Q Dqljl(&m &no')D33j3(pm')Dq3j3(&m) (2.18)
m'

0 lwq3+K„,

Cko A„(co)
D„(i„)= (2.19)

~ 2' Pm GO

where K„ is 23r times a vector of the reciprocal lattice. The Fourier coefficients of the Green s function have the
well-known spectral representation

After Eq. (2.19) is substituted in Eq. (2.18), the sum over m' may be performed by using the formula

N(a&3) —N (—(el)
(2.20)

P ~' ~re ~m' —~i l'm —ltl3 Pm
—

GO]
—M g

where 1V(co) = [exp(Pa&) —1] '. Finally, to calculate the contribution to the cross section one has to use Kq. (2.1).
There are two contributions to ImC(k, co —ie). The first corresponds to putting the phonon labeled by q3 j3 in Eq.
(2.18) on the energy shell. This term gives a correction to the amplitude of the one-phonon peak. The term of
interest to us here comes from the vanishing of the energy denominator displayed in Eq. (2.20). From this part one
obtains

2 Im C;„l(k, lo —ie) = 1V'i3[if (k)]' 2 &(k—q3)&(—qiji; —q3j3;q3j3)[k. &(qljl)][k &(q3j3)][k &(q3j3)]
Qltl2$3 717273

GCOylM2 1V (—(u,)N (—(u,)
(~i)A 3. .(~3) —6 (coi+GD3 co)I

lf(d3 A &3&'3(603)

(2.21)
2X' 07—Q)3

In writing this result we have used the identity

N( —(ul) —1V(a)3)=N( —ldl)N( —(u3)/1V( —(ol —(v3). (2.22)

In addition we have used the fact that 8 is purely imaginary to write 8= —iB, where B is real. We obtain from
Kqs. (2.21) and (2.1) that the contribution to the cross section from the interference terms is proportional to

(k, ) =(N/2 )[lf(k)]'N( —)Z I (")~ ( ) (2.23)

where

Ii,;((u) =P (da&'/2n. )[A i,;((u')/(a) —(o')] (2.24)

and

Gk j(&) Q Q II ( ql ji; —q2j2 kj)[k 8(qi ji)][k &(q2j2)][k' ~( kj)]
(N)'" 3l33 lii3

dMlJM3 N( col)1V( —M3)
A &l&l(Cdl)A &3&3(603)8 (GD

—COl —Mo) . (2.25)
2m N( —(o)

Since A»(~) is peaked at the frequency of the true phonon of wave vector k and polarization j, its Hilbert trans-
form Ii„(co) goes through zero at, and is asymmetrical about, this frequency. In calculating G, the amplitude of
this asymmetrical function, we neglect anharmonic effects and replace the spectral function by its harmonic form

A» (co)= (~/Mo)i„) P (co—col, ;)—t'((a+col„)]. (2.26)



CALCULATION OF SCATTERING FUNCTION 5ik, (o) A10'75

When we substitute Eq. (2.26) into Eq. (2.25) and perform the integrals over a&1 and or~, we obtain the result that

8(—q,j„—q, jp, kj)
G~;(~) = Lk E(q j)]Lk E(q j)]lk E(kj)]

2(N) t M %1%2 1'18 gl j1+q222

X{P(~„,,)+AT(~q„,)+1]P(~—~„;,—a „;,)—5(~+~„;,+~„;,)]
+P (~qii1) &(~qadi~)]L~ (~+~a j1 ~qu'1) ~ (1d ~q1i1+~q~ia) ]}~ (2 27)

The scattering function S(k,co), which describes the one-phonon peak in the scattering cross section, is given by"

S (k; ) = —9'/2 )L~(k)]'V( —)2 Lk E(kj)]'~ ( ) . (2.28)

Combining Eqs. (2.23) and (2.28), we can express the scattering function which describes the one-phonon peak, as
well as the interference between the one-phonon peak and the multiphonon background, as

Ld(k)]'
S(k,(g) =(&/2~) P{$k E(kj)]'A~;((u) —I~1((v)Gg1((o)}.

1—e
—t'" ~'

(2.29)

t d(k)]' I:k.~(kj)]'
S(k,(o) = (X/2m. )—

1—e &"
~ 3f~I,;2 2M»'F g J (CO)

-4~;(~) =—,(2 30)
M L~2 Q1 2(~)]2+410~ 21 ~,2(~) I'»(a))+II„(co) ((u' —Qgg((u) )/2(ug;

L (oP —Qg,'((o) )/2(vg;]'+ I'g,'((u)
where

Iles'(~) = {~»' +2~xq A»'(~)}'
=&~1'+A~1'(&)+ ' ' ', (2.31) In writing Eq. (2.33) we have found it, convenient to

introduce the functionand A»(~) and I'»(&u) are the frequency-dependent
shift and width for which explicit expressions are given
in Refs. 4, 5, and 6. The function I»(co), which is the
Hilbert transform of A»(co), can be written to the same
approximation as

II.;( ) = —G.;( )/2(k ~(kj) )' (2.34)

Since the evaluation of A»(cu) and I'~, (co) has been
described in detail in Ref. 6, we omit a discussion of such
calculations here and turn now to the evaluation of
G»(cd) and hence of II1„(cu).1 cu' —Qg ((u)Ia, (~) =— . (2.32)

M /~2 Q~ 2(~)72+4~~,2+~ 2(~) 3. THE EVALUATION OP Hq;(u)

To the lowest nonvanishing order in the anharmonic S(k,a&):

force constants, the spectral density A»(~) is given by

Substituting Eqs. (2.30) and (2.32) into Eq. (2.29),
we obtain as the starting point for our calculation of

It was decided to evaluate II»(cu) in the high-
temperature limit because a computer program already

exists for the calculation of closely related quantities, the phonon widths and shifts, in this limit. In the high-
temperature limit, the mean phonon occupation number can be approximated by

E(Mg&) &AT/Mg&, —
where k11 is Boltzmann s constant, and the expression for G»(cu) can be written in this limit as

(3.1)

x'Gong T 8(—q1g1, —qggg, kj)
Gkj(~) = [k &(kj)] E Z $k &(q1j1)]Lk &(q~j2)]3(~ ~q j ~q j ) (3.2)

2 (Ã)'"M' g1j1 &q2g2

where we have used the convention that
COq p= Q)qp') (3.3)

8 ~"'(o)
A(ql+q2+q3)+(q1j1 q2j2 q3$3)

gl/2 2 . 23/2
(3 4)&(q1j1;q~j~; qaja) =

while none of the other functions in Eq. (3.2) is affected by the replacement j;—& —j;.
The coeKcient B(q1j1, q&j&, q3 j3) takes the following form for our nearest-neighbor, central force model of a face-

centered cubic crystal'.



A1076 A. A. MARADUDIN AND V. AMBEGAOKAR

In this expression p(r) is the interatomic potential function, and ro is the nearest-neighbor separation, while the
function A(q) equals unity if q is 2~ times any translation vector of the reciprocal lattice, and vanishes otherwise.
The function F(q|j&, q2 j2, q3 j3) is a real function which is given by

Qo Go Qo

F(q& j&„q&j~, q3j3) = P e'"'""'~'+"+'"[n.E(q&j&)][n 8(q&j&)][n.8(q3j3)]sin—
q& n sin—q2 n sin—q3 n. (35)

n, n. n. 4

n is a dimensionless position vector with integer components which is related to g by

g=- —,a,n,=1 (3.6)

where ao is the lattice parameter, &2ro. The sum in Eq. (3.5) extends over the twelve nearest neighbors of a given
atom.

For computational purposes it is essential to work with dimensionless quantities. We accordingly introduce
dimensionless frequencies x and Xi,; by

co= 2coZ,S )

~—1
COg~= gRL,hg~')

(3.7a)

(3.7b)

where cur. is the largest normal mode frequency of the crystal. Since the argument of the 8 function in Eq. (3.2)
cannot vanish if the magnitude of co exceeds 2~r„we see from Eq. (3.7) that x is con6ned to the interval (—1, 1).

We can combine Eqs. (3.2), (3.4), (3.5), and (3.7) to express G&„(2~jx) as

where

kg/ T
Gkj(2~rx)= —gv2~ 4 («)(k'~(kj))Z & 4g p(kj x)'

(M(u j,')' nP

F(—kj;qi j~; q2j2)
g p(kj x) = Q p 6( k+q1+q2) ~ (qljl) hp(q2j2)b(x 4~qljl 4~q2j2) '

g $1/2 +11+72 ChqIgI chq2y2

(3 g)

(3.9)

To evaluate g p(kj;x), we expanded it in a series of Legendre polynomials

g.p(k j; x) = P b.(kj;nP)P, „,(x),
n=l

(3.10)

where only the odd order polynomials appear, because from Eq. (3.9) it follows that g p(kj;x) is an odd function
of x. The expansion coefficients are given by

b„(kj;np) = dxg. p(kj;x)P&. &(x)

where
F( kj; q& j—&,

.
q2 jp)

P-(ki; ~P) = ZZ ~(——k+qi+q2), , @-(eji)6(q2 j2)
Q glg2 71 j2 ~QIjl ~g2j2

(3.11)

P ~i ji+&~2jm ~f1jI ~$222
X (~til jl+~gg js)P2n —1~ + (~%1jl ~%ajar)P2n 1 — ~ (3 12)

The form of the coeKcients given by Eq. (3.11) was chosen in order to make the present calculations parallel those
of Ref. 6 as closely as possible. Note that in Eq. (3.12) the branch indices j& and j2 take on positive values only.

In the numerical calculations based on. Eqs. (3.8), (3.11), and (3.12), for simplicity the momentum transfer k
was chosen to lie along the [100jdirection,

k=9,0,03. (3.13)

All of the results in the remainder of this paper, unless the contrary is stated, are based on Eq. (3.13). Only the
polarization vector corresponding to the purely longitudinal mode, which we denote by j= 1, has a nonvanishing

scalar product with k, because
a(k1) = [1,0,0$,
G(k2) = [0, sing, cos8j,
8 (k3) = [0, cosg, —sintj],

(3.14)
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when k is given by Eq. (3.13).Combining Eqs. (3.11), (3.13), and (3.14) with Eq. (3.8), and recalling the de6nition
of H~;(&v), Eq. (2.34), we Gnd that

y"'(t-.s) r &no)-
IIt.i(2oiz, x) = —ksO'„

~ Q 2(4n —1)P.(k1; xx)&2m—1(x)
64 rs(y" (rp) )' 0„2~1 (3.»)

In Eqs. (3.15) and (3.16) the bar over rs means that. we
must use the value of ro which corresponds to the mini-
mum of the crystal potential energy. This is because
H»(2o~&x) is already proportional to g'"(rs): the use of
the value of ro corresponding to the temperature T
rather than ro introduces higher order anharmonic
corrections to the expression for Hx, (2o~I.x) than interest
us here. In writing Eq. (3.15) we have used the fact that
the maximum frequency of the crystal is given by'

u) r.' 8y" (rp)/iV . —— (3.17)

If we use the values of ro and the potential derivatives
given in Ref. 5, which were determined from various
properties of lead, the expression in curly brackets on
the right side of Eq. (3.15) has the value —0.2573X10 ',
while O„equals 143.4'K. We therefore obtain, finally,
that

Hgt(2o~rx) = —0.2573X10 '(T/0~ )
X (hao/2') Ir,.(k1; x), (3.18)

where

h..(k1; x) = Q 2(4' —l)P„(k1;xx)P&„ t(x) . (3.19)
n=l

In Eq. (3.15) 0„is the limiting high-temperature value
of the equivalent Debye temperature and is given for
the present crystal model by'

1 20 P"(rs)
3.16

k~0= (~,0,0):
kas ——(2x.,0,0):

[2I"x,(o~xi)/2o~r)=3. 12X10 ',
(3.20)

[2pxi( xi)/2a&r)=0. 6X10 '.
The experimentally determined widths are somewhat
larger. "The variation of h„(k1; x) over this interval is
about 15% for kas= (x.,0,0) and about 100'Po for
kgp= (2m 0 0). It would therefore be a, poor appl'oxima-

3.0

2.0

1.0

the first 24 and 25 terms in the expansion (3.19), how-
ever, coincide rather well except in the neighborhood of
x= 0 and x= i. The fact that the curves oscillate about
each other in these neighborhoods probably means that
they are trying to approximate to a smooth and slowly
varying function. It should also be pointed out that
h„(k1; x) goes to zero as x approaches unity, and the
failure of our curves to do so is a measure of their
inaccuracy in the neighborhood of x= i.

The frequency of the longitudinal phonons of wave
vector kap= (x',0,0) is x=0.3536. The frequency of
longitudinal phonons with kas ——(2~,0,0) is 0.5. From
Figs. 1 and 2 we see that h „(k1;x) is not slowly varying
in the neighborhoods of these frequencies. The widths of
the one-phonon peak centered at the frequency co=cok;,
as calculated in Ref. 6 for the present crystal model at
425'K, are

To give an indication of the accuracy with which we
can calculate functions like k„(k1;x) by the present
methods, in Figs. 1 and 2 we have plotted the function
h„(k1;x) as a function of x for two different choices of
the vector k lying in the L100] direction. The first 25
coefficients (P„(k1;xx) }were computed from Eq. (3.12)
for each value of k, and the values of h„(k1;x) were
calculated on the basis of the first 24 coefficients and on
the basis of all 25 coefficients, at steps of 0.02 in x in the
interval (0,1).A grid of 2048 points in the first Brillouin
zone for the face-centered cubic lattice was used in these
calculations.

From Fig. 1 we see that, tor the choice kas= (x,0,0),
which corresponds to half the distance to the Brillouin
zone boundary in the [1007 direction, the curves for
h „(k1;x) computed using either the first 24 or the first
25 terms in the expansion (3.10) virtually coincide to the
accuracy of our plot. The agreement is less good for the
choice kas ——(2~,0,0) which is on the zone boundary. The
two curves shown in Fig. 2, corresponding to the use of

0
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' -4.0

-5.0
I I I I
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0 O. l 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
X

Fin. 1.A plot of the function h, (k1; x) which is effectively the
strength of the interference term for kao= (m, 0,0). The index 1
denotes the longitudinal mode, and a=co/2ayr„where coy is the
maximum frequency of the crystal. The dashed curve gives the
result of the calculation in which the first 24 odd Legendre
polynomials are used to approximate this function; the solid curve
gives the result when the first 25 odd Legendre polynomials are
used. A nearest-neighbor, central force model of a face-centered
cubic crystal chosen to approximate lead, was used in these
calculations.

"B.N. Brockhouse, T. Arase, G. Caglioti, M. Sakamoto, R. N.
Sinclair, and A. D. B. Woods, Inelastic Scattering of neutrons in
Solids and Liglids (International AtoIoic Energy Agency, Vienna,
1961),rp. 531.
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tion to replace Hk;(o&) by its value at o&=o&k; in the
latter case in computing the line shape function S(k,o&),

and we have not done so in the calculations described in
the next section.

4. THE PUNCTION 8(k, o&)

hk;(x) = Ak;(2o&zx)/o&r. ,

yk;(x) = I'k;(2o&zx)/o&z, ,

(4.1a)

(4.1b)

quantities. If we use the dimensionless frequencies
introduced in Eq. (3.7), together with the definitions

To calculate the scattering function S(k,o&) given by
Eq. (2.33) we first express it in terms of dimensionless we obtain

1V (i&&(k)]'
S(k,2o&r,x) =

xiVcog' 1—e 'P"~~ ~'

(k 8 (kj))' y„,(x)+8k, (2o& zx) L4x' —(-,,') „+f&;(x))']/)~,

LL4x2 —(-,'~„+~„(x))']/)t„]'+~,f2(x)
(4.2)

Ld(k)]' (k 8(kj))'
sk;(x) .

z3Em ' I —e' " *
(4 3)

of k and j as well as of the temperature, they are inde-

pendent of x. The explicit expressions for 8i„&~~ and
8»&4) used in the present calculations are'

Equations (4.2) and (4.3) define the function sk;(x), and
it is with this function that we will be concerned in the
remainder of this paper.

In the present calculations we wrote the frequency-
dependent shift Sk;(x) as the sum of three contributions,

5k &~& = —0.01930(T/O~ )Xk;,

walk;&'& =0.01501(T/O„))tk;,

)~ki ——2 sin (aok/4),

(4.5a)

(4.5b)
~k, (x) =~kg'"+~kg"'+f&k "(x). (4.4)

with
(4.6)

for k given by Eq. (3.13). The last term 8k;"&(x) is the
contribution to the shift from the cubic anharmonic
terms in second-order perturbation theory.

The functions 8k;&'&(x) and yk;(x) have the following
expansions in the high-temperature limit for the model
of a face-centered cubic crystal used in the preceding
section for the evaluation of Hk, (2o&r,x):

3&(x) =6.035X10 '—

In this expression 8k,' ' is the shift in the phonon fre-

quency from its value in the strict harmonic approxima-
tion due to thermal expansion. It has been discussed in
Refs. 5 and 7. (By strict harmonic approximation we
mean the approximation in which the crystal potential
energy is expanded to quadratic terms in the displace-
ments of the atoms from their equilibrium positions in
the atomic configuration which corresponds to the mini-
mum of the potential, rather than free, energy. ) The
contribution 5l„&4) is the contribution to the shift from
the quartic anharmonic terms in first-order perturbation
theory. Note that although 8»& ~' and 6»'4) are functions
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25 Polynomials
ka, - er, o, ol'

j 1

l l I
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X Q 2(4n, —1)n„(kj)Q2„ i(x), (4.7a)
O~ n=&

yk, (x) =6.035X10 '
2Xk;

t' T'& "
(4e—1)~-(kj)+2"—i(x) (4 7b)

&O„i =i
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Fio. 2. A plot of the function f& (kt; g) for ha= (2~,0,0). The
various labels in the figure have the same meanings here as in
Fig. 1.J

where P„(x) and Q„(x) are Legendre's functions of the
first and second kind for x in the interval (—1, 1), and
where the coefficient n„(kj) is given explicitly in Ref. 6.
The principal difference between the present calcula-
tions of f&k,"'(x) and yk j(x) and those described in Ref. 6
is that the computer program for the evaluation of the
(n„(kj)}was rewritten to allow a larger number of these
coefricients to be calculated, and a subroutine was added
for printing out the values of 5k, &'&(x) and yk;(x) as a
function of x.

In Figs. 3 and 4 we have plotted yk;(x)=yk, (x)/
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the present approximation fat(x) is negative in the
neighborhood of x= 1. From the explicit form of
q a;(x) P P it can be seen that it is a non-negative function
of x in the interval (0,1).How many more terms in the
expansion of yai(x) would be required to yield a non-
negative result is not known. In the calculations in
which it was used, the function yi, t(x) shown in Fig. 4
was set equal to zero in the region around @=0.4 where
it becomes negative. The rapid oscillations in ypi(x) for
x close to 1 probably mean that the function is very
slowly varying in this region, because the oscillations
are out of phase in successive approximations. As a
practical matter, the behavior of pat(x) in the neighbor-
hood of x=1 is unimportant, at least in the present
calculations, because, as we will see below, the function
si, i(x) is essentially zero in this region.

In Figs. 5 and 6 we have plotted si, i(x) as a function

Fro. 3. A plot of the function y(kt; x), which is effectively the
half-width of the one-phonon peak, for kap = (ir,0,0). The captions
have the same meaning here as in Fig. 1. 1.4— I I I I

96.0 I l I I I I I I I

88 0 —--—24 Polynomials

25 Polynomials

72.0—

64.0—

56.0—

ka = (2g, o, o)

j =1

48.0—

32.0

24.0

16.0

8.0

-8.0
0 0.2

I I I i I

0.4 O. 6 0.8 1.0

Fro. 4. A plot of the function y(kl; x) for kap=(2ir, 0,0).
The various labels in the figure have the same meaning here as in
Fig. 1.

[6.03SX10 '(sr/2Xi, ;)(T/8„)$ for j=»nd «r k«
= (sr, 0,0) and (2sr, 0,0), respectively. In each case we
have plotted the approximation to yai(x) obtained using
24 and 25 terms in the expansion (4.7b) which defines
this function. Again we see that although there are some
differences between the curves obtained using 24 and 25
Iegendre polynomials, the agreement is suKciently
good that it appears that the appreciable structure
displayed by this function is genuine. Figures 3 and 4,
however, display one disadvantage of approximating
functions like h„(k1; x), 8i, ;&"(x), and ya;(x) by ex-
pansions in a finite number of I.egendre functions. Ke
see from Fig.- 4 that yai(x) is negative in the neighbor-
hood of x=0.4. From Figs. 3 and 4 we also see that in

1.0—
T= 425 OK

~ 4

.2

0 I

9 .I .2 .3 .4 .5 .6 .7 .8 .9' 1.0
X

Fro. 5. A plot of the scattering function sat(x) for kap = (ir,0,0),
in the neighborhood of the center of the line. The dashed curve
gives the form of ski(x) when the interference term is omitted from
the calculation; the solid curve gives the form of this function
when the interference term is included. All of the functions
entering into the definition of siit(x) were computed in the 25
I egendre function approximation. The crystal temperature was
taken to be 425'K.

of x for kap= (sr,0,0) and kap= (2sr, 0,0), respectively, at
a temperature of 425'K. In these two figures the vertical
scale is magni6ed so that the contribution of the
asymmetric interference term to si, i(x) is more easily
seen. The 25 polynomial approximations to all the x-
dependent functions were used in these calculations. In
each of these figures the dashed curve gives the form of
sat(x) when the interference term is omitted from the
calculation, while the solid curve gives the form of
si, t(x) when it is included. Because Hi, i(2oirx) is nega-
tive both below and above the resonance frequency for
kap= (sr 0,0), as can be seen from Fig. 1, while it is
always positive for kap ——(2sr, 0,0) (Fig. 2), there is a
qualitative difference between the effects of the inter-
ference term in the two cases which would not have been
predicted if we had ignored the frequency dependence of
Hi, i(2o&rx) and had approximated it by its value at the
resonance frequency. In the former case, the interfer-
ence term depresses both the left- and right-hand wings
of the resonance peak near the center of the peak, while
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Frc. 6. A plot of sqr(x) for ka, = ~2s- 0 0' i
of the center of the line. The ex lane ine. e explanation of the plot is the same as

It is articularl
Fi . 8 that a si

p
'

y apparent from the result pl tt d
'

g. a simple Lorentzian approximation to s~r(x)
y. is conclusion is also reachedwould be unsatisfactor . Th'

y owley" on the basis of his calculations of what is
effectively s»(x), for k=0.

The widths at half-maximum of th k he pea s s own in
igs. an 8 are approximately 5.5&10 ' and 0.125

than an
g 10 ', respectively. The first value is some h tomew at greater

the corres ondin
an, an the second value is some h t llw a sma er than,
e corresponding values quoted in Eq. (3.20). These

differences ma y ~e due to our use of more I.egendre
polynomials in the expansions of I'~, (&o) and A~; ~ in
the present calculations and to the fact that the fre-

tained in the present calculations.

in the latter case the left-hand side of th
and the ri

si e o t e curve is raised
an e nght-hand side is depressed (.In fact the

the for
inter erence term does also raise th

'
h -he rig t- and side of

r o e resonance, bute former curve close to the cente f th
is cou not e s own in Fig. 3 on the scale t h h

awn. ) Although, on a relative basis, the effects of
the interference term are appre

'
bl

'
h

resonance curves, on an absolute basis, the results of the

be
present calculation suggest th t tha ey are quite small,

is a rea y small forecause the function s~r(x) itself
'

l d
ose va ues o x or which the interference t k

gest contribution. The effects of the interference
term probably lie well outside the limits of observability
attainable by presently available reactors.

ofxonam
In Figs. 7 and 8 we have replott d.e s»(x) asafunction

o x on a more convenient scale for kao ——~m-0 0'p= ~~), )~an
p
—~ K, respectively, for a temperature of 425'K.
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Fro. 8. A plot of srr(x) for ko0 ——(2m. ,0,0) at 425'K.
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Unfortunatel therey, are no experimental determina-
tions of the line sha esp s ~or the scattering of neutrons by
longitudinal phonons propagating in the L100 d'

, so at comparisons between our theoretical

t' .Th'
resu ts and experiment cannot be d
ime. is ma be for

~ ~

e ma e at t e present

our model of lea .
y tunate, in view of the simplicit

lead. However, it also seems to be true that

makin sue
in view of the experimental difficulties encountered

'
ie ln

Aux reactors and ver o
the ro

y good instrumental resolution, and
s e nee or igh

t e problems encountered in corre t' thc ing e raw ata for
the multiphonon background, i.t will be some while et
before such comparisons b ecome possi le.
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FIG. 7. A lp ot of sgr(x) for kao= (n,0,0) at 425'K.
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