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direction of propagation of the sound wave are no longer
transverse, the above results can be generalized by using
the appropriate expression for the o, component of the
conductivity tensor.

V. DISCUSSION

Our calculations have shown that there is a de-
pendence of the velocity of sound in a semiconductor or
semimetal on an applied dc electric field. We have found
that the velocity of sound has either a maximum or
minimum value as a function of electric field when
V4=S0. This results because the maximum interaction
between the conduction electrons and the sound wave
occurs when the electrons have a net drift velocity in
the direction of propagation which is equal to the
velocity of sound. We can use the zero-field value of the
velocity of sound in all our expressions, since the cor-
rections resulting from the field are small compared
to S 0.

The question now arises as to the conditions under
which the change in the velocity of sound is measurable.
It is possible, at present, to measure velocity changes
by one part in 105 using the conventional pulse tech-
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nique.* It is estimated, that when the present tech-
niques are improved, a measurement of velocity changes
of one part in 107 would be possible. Since the maximum
effect of the dc electric field on the velocity of sound
occurs when V,=S,, and the attenuation due to the
sound-wave conduction electron interaction vanishes at
this point, there would be no complications arising from
a large attenuation or amplification of the wave.

The change of velocity to be measured is that be-
tween the value at zero dc field and at the field where
Va=So. In an extrinsic semiconductor with N,=104
electrons/cm3, m=10"2% g and C=10 eV the maximum
change of AS/Sy~107% occurs for ¢/ <1, while for ¢/>1,
the maximum change would only be AS/S,~10~°. For
gl<1, the maximum change should be measurable and
occur for w between 108 and 10 cycles/sec. The
change when ¢/>1 would not be measurable un-
der present conditions. For a semimetal, with a density
of No=25X10" electrons/cm? and a deformation poten-
tial of 10 eV, the change of velocity in the crossed fields
would be AS/Sy~10"! and should easily be measurable.

1 J. G. Mavroides, B. Lax, K. J. Button, and Y. Shapira, Phys.
Rev. Letters 9, 451 (1962).
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It is shown that the attractive electron-electron interaction arising from the exchange of intravalley and
intervalley phonons can be larger than the repulsive Coulomb interaction in many-valley semiconductors
and semimetals and can cause these materials to exhibit superconducting properties. The importance of ob-
serving a superconducting transition in these materials and the properties required of a semiconductor or
semimetal to maximize its superconducting transition temperature are discussed.

I. INTRODUCTION

N early work on materials below 1°K, nondegenerate
semiconductors were tested along with metals for
superconductivity; however, none were found to ex-
hibit a superconducting transition. In particular, Ge
and Si were examined, and these semiconductors were
found to remain in a normal state down to 0.05°K * and
0.073°K,? respectively.
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47).

When one considers the small number of free carriers
available in a nondegenerate semiconductor below 1°K,
these results are not surprising and are consistent
with the Bardeen-Cooper-Schrieffer (BCS)? theory of
superconductivity.

However, even after the advent of the BCS theory,
the question of the existence of a superconducting state
in a degenerate semiconductor or a semimetal remained
unanswered,* and, despite the paucity of published work
on this problem, it has been frequently explored both
theoretically and experimentally.

In previous theoretical investigations, only intra-
valley processes in a single-valley conduction band and
a single-valley valence band had been considered, and

3 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).
4D. Pines, Phys. Rev. 109, 280 (1958).
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Fic. 1. The band structure of germanium; D. Brust, J. C. Phillips,
and F. Bassani, Phys. Rev. Letters 9, 94 (1962).

these investigations have not on the whole yielded en-
couraging results. The obvious obstacle which appears
in an analysis based on the above model is the small
density of states at the Fermi energy. The primary aim
of these investigations, therefore, became the deter-
mination of the conditions under which the largest
intravalley electron-phonon interaction would exist to
maximize the “N(0)V” parameter of the BCS theory.
A good example of the results of this approach to the
study of superconductivity in semiconductors is the
interesting work of Gurevich,? Larkin, and Firsov, who
concluded that a very strong electron-phonon coupling
was necessary to produce a transition into a super-
conducting state.

Because the band structure and electron-phonon
coupling constants have been determined quite ac-
curately for many semiconductors we have chosen
semiconductors rather than semimetals for our calcu-
lations, and in the present work we will therefore limit
our discussion to semiconductors. Semimetals will be
discussed further in Sec. IV.

We have reopened this problem because of the po-
tential utility of a semiconductor in a superconducting
state. A semiconductor in which such a transition can
occur can be used as a tool to investigate electron-
electron and electron-phonon interactions in both the
normal and superconducting state, the band structure
of semiconductors, and the properties of the supercon-
ducting state itself in a manner which was not possible
before. The band structure and carrier concentration
of a degenerate semiconductor can be accurately deter-
mined and varied independently of one another, allow-

§V. L. Gurevich, A. I. Larkin, and Y. A. Firsov, Fiz. Tver.
Tela 4, 185 (1962) [English transl.: Soviet Phys.—Solid State 4,
131 (1962)].
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ing an investigation of the superconducting state as a
function of changes in either of these parameters alone.®

In recent years many advances have been made in
experimental work on both semiconductors and super-
conductors. High carrier concentrations> 10% carriers/
cc can be achieved in semiconductors’-® and super-
conductors are being found with transition temperatures
below 20 millidegrees.® The chemistry of semiconductors
has also advanced considerably so that the band struc-
ture of semiconductors can be easily changed through
alloying. These advances remove many of the experi-
mental limitations which have previously existed and
allow us to suggest experimental investigations of semi-
conductors with specific band structures in the high-
concentration range and at very low temperatures.

The semiconductors examined in the present work
are considered to be of the many-valley type. Using
this many-valley band-structure model, we have evalu-
ated the attractive and repulsive electron-electron
interactions arising from both intravalley and inter-
valley processes. Although the latter contribution has
been neglected in previous work, we have considered it
in detail as it was expected that within the framework
of the BCS theory, intervalley phonon processes would
give a large attractive electron-electron contribution
for the following reasons:

1. Intervalley processes involve large momentum
transfers and would, therefore, be screened less than
intravalley processes.

2. The existence of a large number of valleys in a
degenerate semiconductor would provide a large number
of states into which an electron could scatter through
an intervalley phonon process.

We find, in fact, that for reasonable values of the
intervalley electron-phonon coupling, the largest con-
tribution to the attractive electron-electron interaction
in many-valley semiconductors arises from the exchange
of intervalley phonons; these processes can yield an
attractive electron-electron interaction which can be
larger than the repulsive Coulomb interaction and hence
can induce a superconducting transition.

To present a quantitative description of the role of
intervalley and intravalley processes in the super-
conductivity of semiconductors, we have chosen de-
generate Ge as our first example (Sec. IT). The band
structure of Ge is of the man-valley type and appears in
Fig. 1. The degenerate valleys are the four L, valleys
in the (111) direction at the Brillouin zone edge. We
assume that the changes in the band structure arising
from the introduction of impurities are negligible and
treat the case of degenerate Ge with a carrier concen-

6 These points are discussed in more detail in Sec. IV.

7W. G. Spitzer, F. A. Trumbor, and R. A. Logan, J. Appl
Phys. 32, 1822 (1962).

8 L. E. Howarth and J. F. Gilbert, J. Appl. Phys. 34, 236 (1963).

9R. A. Hein, J. W. Gibson, and R. D. Blaugher, Phys. Rev.
Letters 11, 6 (1963).



SUPERCONDUCTIVITY IN MANY-VALLEY SEMICONDUCTORS

tration #=10% carriers/cc using Fig. 1 as our model
for the band structure. This large concentration of
impurities necessitates the use of the Anderson® theory
of “dirty” superconductors; however, in the case of
Ge it will be shown that this theory predicts essentially
no change in the transition temperature between the
“dirty” and “clean” cases. We will also show that Ge
is not a very promising semiconductor for the observ-
ance of superconductivity because the predicted esti-
mate of the transition temperature is very small;
however, intervalley" and intravalley? deformation
potentials have been derived from experiment for Ge,
and, therefore, a reasonably accurate analysis of this
semiconductor can be made. This analysis provides the
information required for an investigation of our second
example (Sec. ITI), which is the more promising case
of a Ge-Si alloy in which the six degenerate (100) A,
valleys (see Si, Fig. 2) and four L, valleys are all
degenerate in energy. Again, the Anderson theory of
dirty superconductors is required, and unlike the case
of Ge, it plays an important role in determining the
transition temperature of this semiconductor. Esti-
mates for the transition temperature will be presented
as a function of the carrier concentration and the aver-
age intervalley deformation potential £, which is treated
as a parameter.

With the results of our investigations of Ge and the
Ge-Si alloy as guideposts, we discuss in Sec. IV the
most important properties required of a degenerate
semiconductor or a semimetal to maximize its super-
conducting transition temperature.

II. GERMANIUM

At low temperatures, intervalley scattering arises
primarily from the presence of impurities. For example,
in degenerate Ge with a carrier concentration 7= 10%
carriers/cc the intervalley relaxation time 7 is approxi-
mately 2X 10713 sec.! Since 7/ is much larger than the
average superconducting energy gap to be expected in
a semiconductor, Ge at this concentration can be con-
sidered to be a “dirty”’ superconductor.

We assume the BCS theory that superconductivity
arises from an attractive interaction between quasi-
particles and make the appropriate changes suggested
by Anderson'®:!4 for the case of a ‘“dirty’’ superconductor
with nonmagnetic impurities. We consider the problem
of the wave functions of the electrons in the presence
of the scatterers to be solved exactly and assume that

10 P, W. Anderson, Phys. Chem. Solids 11, 26 (1959).

11 M. L. Cohen, Phys. Rev. 128, 131 (1962).

12 These constants will be discussed in Sec. II.

3W. P. Mason and T. B. Bateman, Phys. Rev. Letters 10,
151 (1963).

“D. H. Douglass, Jr. and L. M. Falicov, Progress in Low
Temperature Physics [North Holland Publishing Company,
Amsterdam (to be published)].
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Fic. 2. The band structure of silicon: D. Brust, M. L. Cohen,
and J. C. Phillips, Phys. Rev. Letters 9, 389 (1962).

the wave function and its time reversed state are'®
‘pna:Z(nlk) Pk,o
k
and

(1I1.1)
Wno)*= % (”l k)*o k0,

where ¢z, are the Bloch waves and the (%|k)’s are the
unitary transformation coefficients solving the scatter-
ing problem. These new wave functions are now used to
compute the electron-electron interactions and the in-
tegral equation for the superconducting energy gap A,
which takes the form

Ew
tanh( ) (IL.2)
25T

where E,= (824 A,2)Y? is the superconducting quasi-
particle energy, &, is the normal-state energy of the
exact one-electron states, measured from the Fermi
energy, and V. is a matrix element of the effec-
tive interaction for scattering between states # and its
time-reversal conjugate, and #’ and its time-reversal
conjugate.

We require that the (#]k)’s be of random phase and
normalized so that

n’ En’

Zk:i(nlk)l2=1 (IL3)
and
) (L.4)
(Bl :

16 Henceforth, the spin index will be suppressed.
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where d(8,— &) is a spread-out delta function with a
half-width ~#%/7, & is the normal-state energy, meas-
ured from the Fermi energy, of the initial plane-wave
states, and N¥(&,) is the total density of states for
electrons of energy &, Equations (IL.3) and (IL.4)
yield the following form for V,n,

d(8n— 81)d (8w — 1)
Vnn’zz
ke NY(E,)N(Ew)

Viw ,  (TIL5)

where Vi is the usual BCS matrix element between
plane-wave states. For the case in which the valleys
are all equivalent (i.e., Ge) Eq. (IL.5) reduces ap-
proximately to

Vnn’= ka’d(gn— gk)d(gn'_ gk') ’ (11'6)

where Vi is an average value of Vi, & and ' are
now considered to be the average values of 2 and &’ in
an energy shell of width 7%/7 about the Fermi energy,
and &; and & are the electron energies for the average
wave numbers £ and &’ measured from the Fermi
energy. In the above derivation we have implicitly
assumed that the average value of the product of the
superconducting energy gap and the BCS matrix ele-
ment is equal to the product of the averages of these
quantities taken separately.

By taking d(8,— &x)=~6(8,— &) a semiconductor
with » equivalent valleys can be treated as a clean
superconductor with an energy gap A(&;) arising from
both intravalley and intervalley processes. If % space
is divided into » regions (v valleys), Eq. (IL.2) takes
the following form

1 Vg™ Ey
Ak= _— Z Akl tanh
2 k! Ek' ZkBT
k, k' in t'he
same region
r—1 Viw® By
— Ay tanh——, (TL7)
2 P4 Ey 2kpT
k, k" in
different

regions

where superscripts ra and er mean intravalley and
intervalley, respectively.

We now transform the sum over &’ to integrals over
g= |k —k| and 8w, and, after making the appropriate
changes to include both intravalley and intervalley
processes Eq. (IL.7) becomes

Q A1 [l
Ap=— el Voo (84, 81,0)d
* 2(2#)2/ Ek,[vﬁ/“hk,, R

(r—1) b1
+ / qVe(8x, Ew, Q+40)dq:|
I

w7 —k'|

E
X tanh:
2

Y 8., (I1.8)
kT
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where ¢o is the separation of the valleys in k& space, @ is
the crystal volume and v is the velocity #k/m*, m*
being the density-of-states effective mass of these
valleys which are assumed to be sphericalized. We
follow the BCS theory and assume that V2(8,8,q)
and Ve (&, 8w, ¢+qo) are each composed of an at-
tractive phonon induced interaction and a repulsive,
screened-Coulomb interaction.

Before we discuss these interactions, we will make
some convenient changes in our integral equation. Let-
tll’lg Dk= (k/kp)Ak and Dkl=(k,/kF)A/cl Eq (IIS)
becomes

Dy Ey
D= ——/—K(c,&) tanh< )dek: . (IL9)
Ey 2kpT

The kernel'® K (c,5) of the integral equation corresponds
to the “N(0)V” parameter of the BCS theory and is
defined by

K (,0)=K™(c,8)+K*(c) , (11.10)
k Q 1 ple+ri
K”(”’a)=(—) —|  qVn(8,8u0)d
1% 2(27!')2'Uﬁ |lc._kr|q kyOk’,q)0q
(I1.11)
le«"s 1 (1/2) | e (8+c2)172|
T Ty () V(8,6)8d8,
47F2EF (6+C2)1/2v/;1/2)[c—(5+02)1/2|
and
(r—1)Qkp* 1
Ker(c’a):
drEp (6412
(1/2) | e+ (8+¢2)1/2|
X f BVe(8,6)dB, (I11.12)
/)| e—(84-cH 17

where Czk/kp, ﬁ= q/ZkF, 6=hw/Ep= ((‘a’k—' é’k/)/EF
and Er and & are the Fermi energy and wave number
of the L, valley for a given carrier concentration.

The largest contribution to K™(c,d) arises from the
screened, intravalley Coulomb interaction V¢ We
evaluate this contribution using the formalism of
Englert!™% which yields

4re?
 (2kr)0B(B0)e

where €(3,6) is a dynamic dielectric function modeled
after the dielectric function derived first by Lindhard.?
The Lindhard dielectric function is a good approxima-
tion to the actual dielectric function for degenerate Ge,

ra

(11.13)

16 Tn the remainder of the paper the term kernel will refer to the
gap independent part of the integral equation Eq. (I1.9).

17 ¥, Englert, Phys. Chem. Solids 11, 78 (1959).

18F, Englert, Proceedings of the International Conference on
Semiconductor Physics, 1960 (Czechoslovakian Academy of Sci-
ences, Prague, 1961/Academic Press Inc., New York, 1961).

1 J, W. Garland, Jr., Phys. Rev. Letters 11, 111 (1963).

2 J. W. Garland, Jr. (to be published).

21 ], Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-Fys.
Medd. 28, 8 (1954).
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as can be seen by examining the parameter 7, for the
case of degenerate Ge. Since the static dielectric con-
stant € for Ge is 15.8 and m*=0.22m,, the value for
7, at a carrier concentration # of 10% carriers/cc is
re=(3/4mn)' 3 (m*e?/hi2ey) ~0.35. We are, therefore, deal-
ing with a high-density electron gas and expect the
Lindhard dielectric function to give the Gell-Mann

AS15

and Brueckner?? result for the correlation energy to a
good approximation 2326
For a degenerate semiconductor with » equivalent
valleys, the Lindhard dielectric function takes the
following form:
€(8,0)= e1(8,0)+ie2(8,9)

where

v3wen,h? 0 \?2 148+ (6/48) 0 \? 14+8—(8/48)
e 2 o O Y
€o32m*E’B° 48 1—8—(8/48) 48 1—B+(8/48)
and
5, when B<1andd<|48°—48],
v3mwe*n, h? 1—(8—8/48)?, when |482—4B| <8< |482+48],
e(8,8) = ——— ——— (T1.14)
€32m*E 38 0, when &> [482+48],
0, when B>1and < |48°—48];

7, is the carrier concentration in each valley and e is
the static background dielectric constant.

Using Egs. (I1.11), (I1.13), and (II.14), the con-
tribution of V¢*(8,5) to the kernel becomes

kpe2 1
47rEF (5—|—62)1/2
(1/2) | e+ (84-c2) 12| 61(5,5) ag
< “
e~y el e(8,0)+e’(8,8)] B

The above intravalley Coulomb kernel is plotted as a
function of 6 for ¢=1 in Fig. 3 along with the other
Ge kernels. We will discuss these kernels and Fig. 3 at
the end of this section.

A Bardeen-Pines?” interaction is chosen to evaluate

K ™ (675) =

0.2
0.08 -
L I I :
0.04tf| 4 |~
|| |—r———y. ~,
K ofl I T.\'""
| |
| | "—KSE
-0.04—| | —ee—yra
| r—— ————1 KL
1! | | =——sa.weLL
-o.oa—,_//_ ~N. APPROX.
-0.42 | AN ! ! i
-1 -10"' -10"2 1072 107! 1 10 102

3

Fic. 3. Intravalley-Coulomb, intravalley-phonon, and inter-
valley-phonon kernels for Ge. The square-well approximation to
the total kernel is also given.

( 2 1;/1 Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 181
1957).

the attractive, electron-phonon-electron, intravalley
contribution to superconductivity. This interaction has

the form
2hwy—r l My |2

(ﬁwk_k:)Z—— (5k—— 8k')2 ’

ViprPh= —

(IL15)

where w;_s is the phonon frequency of wave number,
g= |k —Fk|, and M;_ is the matrix element for the
scattering of an electron from % to %’ by a phonon.

We consider coupling to both the acoustical and

’
r25

100

m Tys
K/Kmax

F1G. 4. The vibration spectrum of germanium: B. M. Brockhouse,
and P. K. Iyengar, Phys. Rev. 111, 747 (1958).

2 J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1957).

% K. Sawada, Phys. Rev. 106, 364 (1957).

%6 K. Sawada, K. A. Brueckner, N. Fukada, and R. Brout,
Phys. Rev. 108, 507 (1957).

2 R. Brout, Phys. Rev. 108, 515 (1957).

27 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955).



AS16

optical phonon modes (see Fig. 4). The electron-
phonon matrix elements involved in calculating these
contributions via Eq. (II.15) are evaluated by ex-
pressing the matrix elements in terms of the approxi-
mate deformation potentials, the values of which are
then taken from experiment.

For the acoustical phonon modes we take a g¢-
dependent matrix element of deformation potential

theory??
a2PE?

2M Niiw,

where E; is the coupling constant for the 7th mode, a; is
the degeneracy of the mode, N is the total number of
unit cells in the lattice, and M is the ion mass. The
coupling constants Ers and Eta can be expressed in
terms of the crystal deformation potentials =, and Eg
by taking the appropriate angular averages of these

| M| ad= (I1.16)
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constants.?? The values for these constants were taken
to be H,=19 eV ® and E;=—35.8 eV.* These values
for the deformation potentials, and hence the E/’s, are
reduced because of the screening of the electron-phonon
interaction by the free carriers of the crystal. Because
intravalley phonon processes involve small momentum
transfer, the screening of these processes is not negli-
gible and must be accounted for. The reduction of the
magnitudes of the deformation potentials arising from
the screening can be evaluated by treating the phonon
wave as an external perturbation of the nearly free-
electron system and thus by multiplying the intra-
valley electron-phonon interaction by |e(8,6ph)|~2,
where €(8,0ph) is the dynamic dielectric function de-
scribed by Eq. (I1.14) and éph is the energy of the
phonon wave in units of the Fermi energy.

The resulting intravalley contribution to the kernel
arising from acoustic phonons is

Bt 7729\ / Epa 1 (1/2)] o+ (+e2) 112 B
o (Y
4 Er \MN/ \iurs? (5+c)Y2) j)1e— ety | €(B,01a) |2(82—11.4%)
2E 142 1 (1/2) [ e+ (8+¢2)172| B3dB
———f ), (I1.17)
72ura? 0+ qyayio—ren iy | €(B,01a) |2(B2—n1a%?)
where
EF EF
NLA= ", = —,
2hurakr 2hupakr
B
6LA—_——‘—, and 5TA=“*‘-
NLA NTA

We have assumed a spherical Debye distribution for
our model of the acoustical phonons with #rs and #ra
as the sound velocities for the longitudinal acoustical
and transverse acoustical phonon modes, respectively.

For the optical phonon modes we choose a g¢-inde-
pendent matrix element??:3% similar in form to Eq.
(I1.16)

WR* E?

2MN fwsop

| M | op?=cs (I1.18)

where R is a reciprocal lattice vector, wop is the fre-
quency of the longitudinal and transverse optical modes
for ¢ — 0; these are degenerate at ¢g=0 (see Fig. 4). The
coupling parameter R2E 2 can be expressed as a function
of the optical deformation potential Do. Although this
deformation potential has not been accurately measured

28 W, Shockley and J. Bardeen, Phys. Rev. 80, 72 (1950).
2 C. Herring and E. Vogt, Phys. Rev. 101, 044 (1955).
% H, Fritzsche, Phys. Rev. 115, 336 (1959)
3R, W. Keyes, Solid State Phys. 11, 149 (1960).
27J. M. Ziman, Electmns and Phonons (Oxford University
Press, London, 1960), p.
8 I, Seitz, Phys. Rev 73 549 (1948).

for Ge, we use the value Dy=0.5X10? eV/cm which is
consistent with most experimental measurements.?—*
This value for the deformation potential will also be
screened by the free carriers of the crystal, and again
this effect is computed by using the dynamic dielectric
function €(8,0), yielding the following expression for the
intravalley optic contribution to the kernel

/ 72Q \RZ (EL02+ 2ETO ) 1
47r2EF3\MN/ So?—082 (3
(I1.19)
(1/2)] e+ (5+c2)1/2| BdB
< —
(1/2) | c—(34c2) 12| e (B,5op)+€2‘(5,5op)

K Opm (6:6) -

3% E, F. Ryder, Phys. Rev. 90, 766 (1953).

35] B. Gunn, J. Electron. 2, 87 (1956)

36 J. B. Arthur, A. F. Glbson and J. W

2, 145 (1956).

37 S, H. Koenig, Proc. Phys. Soc. (London) 73, 959 (1959).

8 S, H. Koenig, M. I. Nathan, W. Paul, and A. C. Smith,
Phys. Rev. 118, 1217 (1960).

# H. G. Reik and H. Riskin, Phys. Rev. 126, 1737 (1962).

©H. J. G. Meyer, Phys. Rev. 112, 298 (1958)

41 H. J. G. Meyer, Phys. Chem. Solids 8, 264 (1959).

. Granville, J. Electron.
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where 8o,=7wo,/Er. We have assumed an Einstein
distribution for our model of the optical phonons with
frequency wop. The above intravalley optical kernel is
added to the intravalley acoustical kernel Eq. (I1.17),
and their sum K™ is plotted in Fig. 3 as a function of
6 for ¢=1. The integrals involved in evaluating both
the intravalley Coulomb kernel and the intravalley
phonon kernel were calculated with the aid of the
IBM 7094 computer of the University of Chicago
computation center.

The intervalley Coulomb interaction is evaulated in
the same manner as the intravalley Coulomb inter-

K¢ (c,8)=

AxEp (52

’

Despite the reduction of €’ and the larger density of
states for intervalley processes, K¢ (c,d) is much smaller
than K¢™(c,0) because By~ 10kr. We have, therefore,
included this contribution in the intravalley Coulomb
kernel plotted in Fig. 3 as a small additive constant.

The intervalley phonon processes contribute a large
attractive part to the total kernel, and we have evalu-
ated this contribution by using the Bardeen-Pines
interaction given by Eq. (I1.15). Since ¢ does not vary
much in an intervalley transition and is approximately
g0, We choose a g-independent electron-phonon matrix
element similar to that used to describe the intravalley
optical phonon modes. This matrix element has the
form, 4344

ﬁ2 2&2

2=_a_2£_, (I1.22)

2M Nhieser

where « is a degeneracy factor to be discussed shortly,
wer 18 the frequency of the intervalley phonon, and £ is
the intervalley deformation potential. We consider £ to
be the screened value of the intervalley deformation
potential; however, the change in £ arising from the
screening of the free carriers is very small because of
the large momentum transfer involved in an intervalley
process. Since the contribution of the intervalley pho-
nons is large the superconducting transition tempera-
ture is a strong function of the intervalley deformation
potential £ This deformation potential must therefore
be known accurately if it is to yield a reliable value for
the transition temperature. To evaluate £ we turn to
optical measurements of the semiconducting energy gap
and a calculation of the electron-phonon self-energies in
Ge.'! We identify the deformation potential derived in
this way with the deformation potential required for a
calculation of the contribution of intervalley processes
to the superconductivity. Even though they may differ
and this method does not give the very accurate value
2 D. R. Penn, Phys Rev 128, 2093 (1962).

43 Reference 32, p. 44.
4 C. Herring, Bell System Tech. J. 34, 237 (1955).

| Mo ex
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action and has the form

47e?

Vo= , (11.20)
(2kp)*Q(B+B0)*e(B+Bo, 0) e’

where Bo=qo/2kr and &’ which is less than ¢ is a
modified static dielectric constant. Since the inter-
valley Coulomb interaction involves only short range
correlations, the static dielectric constant e which we
used for the intravalley processes must be modified*?
to screen these large ¢ processes correctly. The con-
tribution of intervalley Coulomb interactions to the
total kernel is

el(6+607 5) Bdﬁ

(I1.21)

required, we have at present no better measurements
of the intervalley deformation potentials. We take £=8
eV for our investigation of Ge which is consistent with
the analysis of the temperature dependence of the semi-
conducting energy gap.!!

The degeneracy factor a of Eq. (I1.2) can be evalu-
ated using the group-theoretic analysis of Lax and
Hopfield.#* Their work has shown that the intervalley
phonons involved in transferring electrons between the
L, valleys in Ge transform like Xy, which is composed
of the LA and LO modes degenerate at the zone edge
(see Fig. 4). The value of « for Ge is, therefore, 2, and
the assumption is made that for a carrier concentration
of 10% carriers per cc the above selection rule is still
essentially correct.

Because the intervalley electron-phonon matrix ele-
ment M, is assumed to be independent of g, because
screening is ignored, and because we have used an
Einstein phonon distribution for the intervalley pho-
nons, Vpu®*(8,8) is ¢-independent, and the integral in
Eq. (I1.12) becomes a trivial one, yielding

36 /hQQ \52902 1
41I'2EF3\MN/ 591'2 1 (6/691‘)

Ko (c,0)= (v—1)

where 0., is the energy of an intervalley phonon in units
of the Fermi energy. This kernel for £=8 eV, is plotted
along with the intravalley kernels in Fig. 3 as a function
of & for ¢=1. It represents the largest attractive con-
tribution to the total kernelfand is larger than the
Coulomb interaction, implying that a superconducting
state exists for the value of £=8 eV.

The intravalley phonon kernel is smaller than the
Coulomb kernel and would not, by itself, produce a
superconducting transition in the case of Ge. This con-
tribution can be larger in other semiconductors, i.e.,
the intravalley optical phonon modes could give a
larger contribution in a polar semiconductor.®

45 M. Lax and J. J. Hopfield, Phys. Rev. 124, 115 (1961).



AS18

The peaks appearing in the intravalley phonon and
intervalley phonon kernels arise from the singularities
in the Bardeen-Pines interaction. In describing the
intravalley acoustical phonon modes, a Debye dis-
tribution was used resulting in a logarithmic singularity
in the kernel. For the intravalley optical phonons and
the intervalley phonons the singularity is of the (1/6)
type, which is a consequence of the use of an Einstein
distribution for these modes. The peaks in the intra-
valley acoustical and optical phonon kernels do con-
tribute to the superconductivity, but because of the
small size of these kernels their contribution is very
small and is therefore neglected. The intervalley phonon
peaks can give a large contribution to the supercon-
ductivity and this contribution is evaluated by means
of some approximations which will be discussed.

We note that in the phonon kernel presented in the
present work and in other forms for this kernel resulting
from more recent work (i.e., Ref. 46) the large variation
of the superconducting energy-gap function in the re-
gion of the singularity in the kernel is spread out over
an energy width of approximately the Debye energy.
This function is to first order proportional to é in this
region and hence the product of the energy-gap func-
tion and the kernel is approximately constant. This
product is equivalent to the product of a constant
kernel and a constant energy gap over this region. We
therefore approximate the kernel in this region by a
square well of width roughly equal to the Debye
energy. This approximation and the errors involved in
using this procedure are discussed farther in Sec. IIL.

Using the square-well approximation of Fig. 4, a
numerical solution to the integral equation, Eq. (I1.9)
can be obtained yielding a transition temperature for
Ge of about five millidegrees. This value of the transi-
tion temperature should be considered to be only a
rough estimate of the actual transition temperature be-
cause of the uncertainties in the kernels of Fig. 3; how-
ever, this analysis indicates, as was mentioned in Sec. I,
that degenerate Ge is not a good choice of a semicon-
ductor for observing a superconducting transition. Our
investigation of Ge as a model semiconductor does, how-
ever, serve to point out the important properties re-
quired of a good choice. These properties will be dis-
cussed in detail in Sec. IV.

III. GERMANIUM-SILICON ALLOY

We have shown in Sec. II through our investigation
of degenerate Ge that intervalley phonon processes con-
tribute a large attractive electron-electron interaction
in many-valley semiconductors, and that an increase in
the number of available intervalley processes will en-
hance the superconducting transition temperature. We
therefore examine in this section the superconductivity
of a degenerate Ge-Si alloy with the six A; valleys (see
Fig. 2) degenerate in energy with the four L; valleys

46 J, R. Schrieffer, D. J. Scalapino, and J. W. Wilkins, Phys.
Rev. Letters 10, 334 (1963).
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(see Fig. 1). These valleys become degenerate in energy
in alloys composed of approximately 159, Si.4"—%

We assume that the only difference between Ge and
this Ge-Si alloy is the above difference in band structure,
and that the changes in the phonon dispersion curves
of Ge (shown in Fig. 4) arising from the addition of Si
to make the 159, Ge-Si alloy are small.5! Consequently,
we can follow the formalism described in Sec. IT for
Ge, making the appropriate changes arising from band
structure differences between Ge and the Ge-Si alloy.

We do not investigate the intravalley phonon proc-
esses in detail in our description of the alloy as we did
in the case of Ge. These processes, which were small in
Ge, are even smaller in the alloy because the existence
of a larger density of electron states in the alloy implies
that there is more screening in this case. We can, there-
fore, put an upper bound on the contribution of these
processes to be equal to their contribution in the Ge
case, and this contribution is much smaller than that
we can expect from intervalley phonon processes in the
alloy. Since there are no experimental measurements of
the intervalley deformation potential £ in the alloy,
£ will be treated as a variable in this section. We can,
consequently, assume that the attractive intervalley
phonon contribution for a given value of £ contains in
addition the small attractive intravalley contribution.

We can describe the Ay and L, valleys by a nearly
free-electron model, characterized by the density-of-
states effective masses, mz and ma. Because these
valleys have different effective masses, they are not
equivalent, and the Anderson theory of ‘“dirty” super-
conductors yields a different kernel in the “dirty’” case
than in the “clean” case. Since we will be considering
carrier concentrations 7 >5X10%, the Ge-Si alloy falls
into the class of a “dirty”’ superconductor (see Sec. II)
and will, therefore, be considered to have only one
average superconducting energy gap A, satisfying the
integral equation, Eq. (IL.2).

Following Sec. II, we define a new energy gap

D= (kr/krF)An and Dp= (ki /kL")Aw
obeying the integral equation

E,.

D,= —fDn»Knnr (c,0) tanh a8
2k

(ITL.1)

B

Kn (6,8) = K pn™(c,0)+ K nn®(c,0) , (T11.2)

where kz, k', kLT, ka, ka', and ksT are the electron-

wave vectors in the L; and A, valleys for energies &,, &x
and Er, respectively,

c=kr/krF, 6=(8w—8.)/Er, and B=gq/2kp".

4 F, Herman, Phys. Rev. 95, 847 (1954).

48 M. Glicksman, Phys. Rev. 100, 1146 (1955).

49 R, Braunstein, A. R. Moore, and F. Herman, Phys. Rev.
109, 695 (1958).

% F, Bassani and D. Brust (to be published).

1 R, Braunstein, Phys. Rev. 130, 879 (1963).
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The intravalley kernel in Eq. (I11.2) contains the intra-
valley Coulomb interaction alone and can be evaluated
using Eq. (I1.5) and Eq. (I1.13) with a dynamic di-

K¢ (c,8)=

2tk pleo | dm 2 ma¥eL (5 2)12

6mA2le/2 r

e2 Agp 502 l— 1 f (1/2) | e+ (04112
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electric function €(8,6) which includes the screening
arising from the presence of the A; valleys. The resulting
intravalley kernel is

€1(8,9) dﬁ]

D le—ret 7 €2(8,0)+€*(8,0) B

«64) dﬁ]} . (IT1.3)

1 (1/22) | o+ (5+e2)112]
. [
4mL3’2+6mA3’2L(5+62)”2 (/2m)le— 4o €2(8,0) e’ (B,0) B

where x="Fkr/ka= (mz/mas)"? and €(B,6) is the dynamic
dielectric function for the Ge-Si alloy.

The above intravalley Coulomb kernel is smaller in
the Ge-Si alloy for a given carrier concentration than
in Ge. This occurs because the larger density of electron
states causes more screening in this situation than in
Ge as discussed above.

The intervalley kernel of Eq. (IIL.2) contains con-
tributions arising from intervalley phonon scattering
between different L, valleys, between different A;
valleys, and between the L; and A, valleys. To calculate
these contributions, the degeneracy factor a of the
phonons involved must be determined.

The first of the above three types of scattering is
described in Sec. II, and the intervalley phonons in this
example are the doubly degenerate X, phonons or a=2.
There exist two types of intervalley scattering between
two A; valleys; the scattering can be along the cubic
axis and off the cubic axis. The A, valleys have their
minima at approximately 859, of the way to the
Brillouin zone edge going from T' to X. The intervalley
scattering between A; valleys along the cubic axis will,
therefore, involve an Umklapp process. The phonon
involved is a A; phonon% which is singly degenerate,
a=1. The intervalley process between A, valleys off the
cubic axis uses a singly degenerate Z; phonon.*

Although a complete analysis of the selection rules
which exist for intervalley scattering between A; and
L, valleys has not been made, there is one phonon in-

Kcer (6,5) =

volved and it must be nondegenerate, consequently, the
degeneracy factor is a=1.

Even though each of the above intervalley processes
involves different coupling constants, we expect them
to be not very different among themselves and approxi-
mately equal to the Ge intervalley (L; to L;) coupling
constant. We have, therefore, assumed an average inter-
valley deformation potential ¢ and have expressed all
of the above intervalley phonon processes in terms of £.
The constant £ is then treated as a parameter.

Following Sec. II, we choose a Bardeen-Pines inter-
action with a g¢-independent electron-phonon matrix
element and an Einstein distribution for the intervalley
phonons of frequency wo=wx,. The above assumptions
lead to the following form for the intervalley phonon
kernel:

Kpher(c,a>=(

72Q >< ckF® \f(x)22q02 1

MN/\8E)  5¢  1—(5/60)
where
12x8+424x3+415
fla)=——————— and Go=—0-. (I11.4)
2x3+3 Ep

Although the intervalley Coulomb kernel can be
neglected in the case of Ge, in the alloy, because of the
larger density of states, it can contribute a larger re-
pulsive interaction. Using Egs. (I1.2) and (II.5) this
kernel becomes

e1(B4Bo, 8) BdB

é r6mL/1+2x3\ 1 (1/2) ] e+ (5+c2)172]
27rﬁ2Lka \2+3x3/ (5+62)1/2/

3 /44547 1 (1/22) | o+ (5+e2)1/2]
1 o) rveere]
2\2+ 303/ (642 (203 e aren 72 €/ [er?(B+Ba, 8) €2 (B+Bo, 6)] (B-+B0)?

where €’ is again the reduced static dielectric constant
arising from the fact that we are dealing only with short
range correlations. The dielectric function €(8,6) is the
dynamic dielectric function described in Sec. IT with
eo— &, and the contribution to the screening of the
A, valleys has to be accounted for.

The intravalley Coulomb, Eq. (IIL.3), intervalley

W2l e—ren /2 € L€l (B4Bo, 8)+ €2 (B+Bo, 8)] (B+B0)*

El(B"I_BO’ 3) Bdﬁ

], (ITL.5)

phonon, Eq. (II1.4), and intervalley Coulomb, Eq.
(II1.5), kernels were evaluated for three different values
of #, the carrier concentration. These values were
n=>5X10'° carriers/cc, n=10® carriers/cc, and »
=5X10% carriers/cc. The intervalley phonon kernel
was computed for five values of £ (¢=6, 7, 8, 9 and
10 eV) for each value of #. The resulting kernels were
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Fic. 5. Intravalley Coulomb and intervalley phonon kernels
for the Ge-Si alloy. The square-well approximation to the total
kernel is also given.

approximated by a series of square wells. As in the case
of Ge, the contribution of the peaks in the intervalley
phonon kernel were evaluated by assuming a square
well kernel in the region of the peaks. Using this square-
well approximation, the contribution of the peaks can
be estimated with a maximum error of about 409,.
This uncertainty in the contribution of the peaks is
equivalent to approximately a 49, change in the
coupling constant &.

By means of square-well approximations for the
kernels, the integral equations, which each have the
form of Eq. (TII.1), were solved for the superconducting
transition temperature. As an example of these kernels,
we show in Fig. 5 the kernel for £=8 eV and »=10%
carriers/cc. We have plotted the Coulomb and phonon
contributions to the total kernel as a function of § for
¢=1, and the square-well approximation to the kernel
also appears in this figure. The integral equation, Eq.
(II1.1) has then been solved numerically for the super-
conducting transition temperature. The transition tem-
perature for the sample kernel in Fig. 5 with £=8 and
n=10% is T,=0.16°K. Although as in the case of Ge,
this transition temperature is only to be considered
approximate because of the uncertainties in the kernels,
it is worth noting that 7', is in a measurable range for a
reasonable choice of £ and # (§=8 eV, n=10%® carriers/
cc). We also note that for = 10% carriers/cc the mini-
mum ¢ for which the phonon kernel is larger than the
Coulomb kernel is £~4.9 eV.

We have solved in a similar way the integral equation
for the other values of ¢ and # mentioned above. By
interpolating between these values, we have plotted
isotherms for three values of the transition temperature
T.: T,=0.002°K, T,=0.16°K, and T,=1.5°K. These
isotherms appear in Fig. 6 and indicate that 7 is a
strong function of both £ and #, as is expected, and can
vary by orders of magnitude for a 209, change in either
of these constants.

We also note in Fig. 6 that for very high concentra-
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tions (n=5X10%) the transition temperature is still in
the 0.01°K to the 0.1°K range for an average coupling
constant, £, 259, less than that expected for Ge.!! This
indicates that at high concentrations of impurities the
Ge-Si alloy will very probably show superconducting
properties and therefore seems to be a very promising
choice for an experimental investigation.

IV. DISCUSSION

Our investigation of Ge and the Ge-Si alloy indicate
the important properties required of a semiconductor in
which a superconducting transition is expected to occur.
These properties can be best illustrated by discussing
the band-structure parameters of the semiconductor and
considering them adjustable variables which maximize
the superconducting transition temperature.

A maximization of the carrier concentration # is
essential. The larger », the larger the density of states
at the Fermi surface, N(0); a large N (0) is important
for two reasons: (a) it increases the number of states
available for scattering and (b) it makes the dielectric
screening more complete. The increase in the number of
available states is equivalent to effectively increasing
the “N(0)V” parameter of the BCS theory, mainly
through the effect on the kernel of the attractive inter-
valley processes. The effect of a better screening is two-
fold: it reduces the repulsive intravalley-Coulomb
interaction but at the same time the attractive intra-
valley-phonon interaction is also reduced. The latter is
not very important in our case: the dominant phonon
processes are those arising from intervalley scattering,
which, because of the large momentum transfer, are
essentially unscreened.

The number of degenerate valleys » should also be
maximized in order to contribute as many intervalley
processes as possible. The presence of more valleys in-
creases the density of states at the Fermi energy which,
as is stated in the above discussion, is a desirable
situation.

The density of states and screening of the intra-

x 1020
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F1c. 6. Approximate isotherms for the superconducting transi-
tion temperature T, of the Ge-Si alloy are drawn as a function
of the carrier concentration z and the intervalley coupling
constant £.
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valley Coulomb interaction are also increased by maxi-
mizing m¥*, the single-valley effective mass, and e, the
static dielectric constant. Let us incidentally remark
that the intervalley Coulomb interaction is also re-
duced significantly by a large e.

Finally, £, the intervalley coupling constant and e,
the phonon degeneracy factor, should both be as large
as possible. The degeneracy factor a can be determined
by a group-theoretical analysis of intervalley scattering
in the crystal. The coupling constant £ can be extracted
from a measurement of the change of the semiconducting
energy gap as a function of temperature. Despite the
fact that the value of £ is difficult to obtain accurately
and has not been determined for most materials, the
values of the other parameters mentioned can easily
be obtained, giving an indication of how promis-
ing a choice a semiconductor will be for observing
superconductivity.

There are many semiconductors having band struc-
tures which are of the many-valley type. Some of these
have many-valley valence bands indicating that p-type
semiconductors should also be examined. Although the
Ge-Si alloy with »=10 was used in our calculations,
semiconductors having »>10 exist. Semiconductors,
insulators, and ferroelectrics with static dielectric con-
stants an order of magnitude larger than that of the
Ge-Si alloy and with effective masses larger than the
free electron mass also exist (i.e., SrTiO; and KTaOs).
We can therefore expect to find very promising semi-
conductors for the observance of superconductivity
among the large number of semiconductors found in na-
ture. It is expected that most of the materials discussed,
if superconducting, will be type II superconductors.

The theory presented in Sec. IT and Sec. IIT should
also be applicable to semimetals. The band-structure
parameters (treated as variable) which should be
maximized are the same as those suggested for semi-
conductors. Of prime importance is an examination of
the size of the masses since these are generally smaller
in semimetals than in semiconductors.

In Sec. I we discussed the possible utility of a
semiconductor in a superconducting state; in particular,
the possibility of independently varying the carrier con-
centration and band structure was mentioned. The
latter can be achieved in a many-valley semiconductor
through the use of alloying and uniaxial strain, keeping
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the carrier concentration fixed. Through the use of
alloying and uniaxial strain, the number of degenerate
valleys can be changed, and the transition temperature
can be studied as a function of this change.

Since intervalley processes are dominant, this change
in the number of degenerate valleys would have a
strong effect on the superconductivity. In fact, it is
expected that a many-valley semiconductor in a super-
conducting state should exhibit a transition to the
normal state if uniaxial strain is applied in such a
manner so as to completely decouple the degenerate
valleys.

By introducing different concentrations of impurities
into a many-valley semiconductor, one could vary the
number of carriers with only small changes in the band
structure. The transition temperature can then be ob-
served as a function of carrier concentration alone. A
higher concentration is expected to yield a higher
transition temperature.

Although the above description is qualitative, a
more quantitative description of the dependence of the
transition temperature on band-structure changes and
carrier concentration can be made for specific semi-
conductors.

It is hoped that our analysis will encourage experi-
mental investigations of many-valley semiconductors
for superconductivity,” and that, if found, such a semi-
conductor will prove to be a useful tool for further
investigations.
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