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(at t=o) was found necessary for the evaluation of
the expected average lattice behavior from first- and
second-order perturbation terms.

Higher order effects can, in principle, be studied
directly with the ALW analysis. However, it turns out
to be increasingly dificult to determine the relative
importance of various errors in the perturbation
solutions, the statistics employed, and the other
physical effects omitted from the simple atomic model
as one attempts to refine the calculations.

Further work on the extension of the Ai W analysis
to the quantum treatment to eliminate the high-
temperature restriction is now near completion and
should be published shortly. The application of the

attenuating wave technique to other many-body
quantum wave-transport mechanisms (e.g., electron
conduction) is also under investigation.
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Changes in the position and shape of paramagnetic absorption lines of Nd'+ in neodymium ethyl sulfate,
Njs+ in nickel fiuosilicate, and Cue+ in copper potassium sulfate have been observed at 30 kMc jsec in the
temperature range from 0.4 to 4.2'K. The observed shif ts are compared to 6rst and second line moments cal-
culated from spin-spin interactions when the average populations of the spin levels are weighted by the
proper Boltzmann factors. In this manner it is possible to determine the magnitude and sign of the exchange
interaction X;;=AS,~ S; between spins. We find a ferromagnetic interaction A = —(3.9~0.4))(10—» erg
between nearest-neighbor Ni'+ ions in NiSiF6 6H20 with no evidence of anisotropic exchange. Nearest-
neighbor spina at similar lattice positions in K~Cu(SO4)s 6H&O appear to be coupled by an exchange in-
teraction of approximately A = —9&(10 8 erg, while the exchange between the two neighboring dissimilar
Cg'4+ ions in the unit cell is A = —1.4X10 "erg. Evidence for a weak anisotropic and antiferromagnetic
coupling in Nd(CsH&SO4), 9HsO is presented. We have observed magnetostatic modes in copper salts at
low temperature, and this effect is brie6y discussed in relation to the present type of experiment.

I. INTRODUCTION
'
PARAMAGNETIC resonance lines in solids may be

broadened by several eRects. (a) The crystal Reid

may vary over the ionic positions in the lattice because
of crystal imperfections. (b) The spin-lattice interaction
may be sufFiciently strong that the lines are lifetime
broadened. (c) The spins may interact strongly via
dipolar and exchange forces. (d) There may exist un-

resolved hyperfine interactions.
In a magnetically concentrated salt eRect (c) will

usually be dominant at low temperature. Van Vleck'
first calculated the resonance line shape in the presence
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' J. H. Van Vleck, Phys. Rev. 74, 1168 (1948).

of weak spin-spin coupling by the method of line
moments, and his theory has been used in a number of
cases to explain observed line shapes. The strength of
the exchange interaction can be deduced from measured
line moments since the dipolar part of the coupling is
calculable from the dimensions of the crystal lattice
and the g values.

The theory given by Van Vleck is a high-temperature
approximation, valid when kT&)hs, in that the spin
levels are all taken to have the same populations. For
kT&hs the populations of the levels have to be weighted
by the proper Boltzmann factors, and this may inQuence
the line moments. The temperature dependence of the
line moments has been considered~; by Pryce and
Stevens, ' by Kambe and Usui' and in more detail by
McMillan and Opechowski. ' Qualitatively it is easy to

'M. H. L. Pryce and K. W. H. Stevens, Proc. Phys. Soc.
(London) A63, 36 (1950).' K. Kambe and T. Usui, Progr. Theoret. Phys. (Kyoto) 8, 302
(1952).

4M. McMillan and W. Opecowski, Can. J. Phys. 38, 1168h
(1960).
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see that the magnetization of a paramagnetic crystal
at low temperature and in a strong field may shift the
position of the resonance line; that is, give a finite first
moment. Also, the local order increases as the spin
system is aligned so that the linewidth and the second
moment are reduced.

Except for Bloembergen's' demonstration of proton
resonance shifts in magnetized CuSO4 5H&O, we are not
aware of any experimental investigation of line moments
under conditions where kT&hv. It is the purpose of
this paper to report some line-shape measurements
performed down to temperatures where hv/hT=4 on
the salts Nd(CsHsSO4) s 9HsO, NiSipe 6HsO and.

KsCu(SO4)s 6HsO. The results can be explained with
help of the temperature-dependent line moment theory,
and new data on the exchange interaction in these salts
are presented. A brief account of this work has already
appeared in the literature. s

Ir. THEQRY

terms will slightly shift the energy levels a„of a single
spin and thus broaden the line. The second-order terms
in 3C;;('~ will weakly couple together diferent levels
a„a„ofa single spin and permit transitions in the
microwave field where hm/&1. The resulting satellite
lines are weak, but their contributions to the moment
are not negligible since they have a large separation
from the main line. The calculation would therefore not
be improved, but made incorrect by including the
second-order terms in the approximation, and the non-
commuting part of the interaction operator has to be
thrown away.

The properly truncated X&'& will be designated 3CO),
and X=X&o&+X&'~. If the spectrum consists of more
than one line, the microwave field operator M =+;nt;
also has to be truncated to 3f to include only the
matrix elements for the resonance transition of interest.
Kambe and Usui' have shown that the first two mo-
ments then can be written

The nth moment of a resonance is defined by

(vo)— v"f(v)dv,

(2)(Av) = (v) —vo

and the second central moment about the position (v)

((~"))--- =(( —( +(~ )))')=(~")—((~ ))' (3)

where f(v) is the normalized absorption amplitude at
the frequency v so that J'o"f(v) =1. We are usually
interested in the first moment about the unperturbed
line position vo

1 Trace{b(X)LM,LX,M]])
h(v) =-

Trace{b(X)L3II,M+7)

Trace {b (X)LLJV,X],LX,M+]])
Trace{b(X)LM,M+7)

h'(v') =

where the operators 3f+ and SI are defined by

(rt(M+(rt') =(n(1III(n') for E„.(E„
=0 otherwise,

(6~m tn')=(N(Sr(N') for z„.&z„
=0 otherwise.

(6)

(7)

Measurements are usually performed at a constant
frequency and varying magnetic field. Hence, we wi11

also use (hP")= (—h/gp)"(Av"), which is valid for
small shifts and narrow lines.

The Hamiltonian for a system of Ã interacting
splns is

N

X=+X to&+-' Q'X "~'&

E„are the energy states of the coupled spin system,
and the Boltzmann factors are written e *ts =b(x).

The traces can be evaluated in the most convenient
representation; namely, when all spins are individually
diagonalized. Hence, SC and M are replaced by the
corresponding sums over the operators S,, and S~,. of
single spins. As a Grst approximation the density
matrix can be written

where X;& ~ is the energy operator for an individual
spin i in a constant external magnetic field Bo. The
perturbation BC;;&'& is the sum of dipolar and exchange
interactions between spins i and j, and the sum P;; is
to be taken over all values of i and j so that i/ j.

The well-known approximation in the moment calcu-
lation is to treat X,;"'=X;,&"o;v+X;;&" as small com-
pared to the Zeeman energy K;&'~ and to keep only
first-order perturbation terms; that is, the terms in
BC,;&'& that commute with K;( & and that can be diagonal-
ized in a representation where K;(" is diagonal. These

e N. Bloembergen, Physica 16, 95 (1950).
6 G. Seide1 and I. Svare, ProceeCings of the First International

Conference on Paramagnetic Resonance (Academic Press Inc.,
New York, $963).

b(X)b(Z'X" )=II b(. ).

For free spins the commutators can be simpliledbyus-
ing the relations fS...S~t]=&5;;S~„., LS+,,S,]=28,;S,,.
%hen crystalline Geld splitting is present, the com-
mutators can be found by straightforward, but cumber-
some, matrix multiplication. However, it is then easier
to use the general formulas of McMillan and
Opechowski' derived with the help of projection
operators.

The resonance line moments for some cases of interest
will be written explicitly. For identical spins with
5=~ and axial g tensor the unperturbed Hamiltonian
is X;&o&=gPHsS, , If the exchange is isotropic,
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X;;o&, =A,;$,"S;and the truncated interaction is

X,;&'& =a,,S,,S,,+-', b r (S+„S.,+S. ,S~.,.),
where

(9)

= —(4&)—'(2g„'+g,')P' tanh(g) )PHp/2kT)

a;, =A,,+g, PP'(1 —3 cos'8i&) r~&',

b,,=A;;—gttP'(1 —3 cos'8, )2r . (10)

Here r;, is the vector connecting the spins i and j
making the angle 8;, with Ho. The moments are' 4

h(hp)= —(21V)
—' tanh(g„PHp/2kT) P' (a,; b,,)—

~ ~

important but not always easy to decide whether spins
are identical or not. Some examples will be given in the
discussion of the individual salts.

Another interesting case occurs for S& 1 when
crystalline field splitting is present. McMillan and
Opechowski4 calculated the resonance moments for
NiSiF6 6820 as an example. The spin Hamiltonian
for Ni'+ with S=1 in this salt is

X,&P& =gPHp. S,+D(S, .'—2/3) .
When Hp makes an angle y with the z axis, the energy
levels for a single ion are approximately

(k (Av ))centrai

Xp ' (1—3 cos'8;;)/r'. .. (11) ai= gPHp+p—DBcosv -)
ap ———',D(1—3 cos'p),

ap=gpHp+ pD(p cos 'r p) .
= (161') '(2g, '+g ')'P'Ll —tanh'(giiPHp/2kT) j

With Hp parallel to the z axis (y=0) the first moment
XP '

L(1—3 cos'8,;)/r', ,]'. (12) of the transition hv =a2 a, =gPH—p D is—
The Hamiltonian describing the interaction between

nonidentical spins (S=t2 and axial g tensor) must be
truncated further. Terms such as S+,.S, , here the
prime distinguishes the two sets of spins, do not com-
mute with X&" and must be discarded as not conserving
the Zeeman energy. In this case K;I,.('&=a;~.S,,S„.,
where

(k(»))»= Lb(ap) —b(ap) j
XP '

PA;;—g P (1—3 cosP8,,)/2rP;, ]+fb(ap) —b(ai)]

XP ' 3g'P'(1 —3 cos'8")/2r';; (ZE) ' (18)

a;p. ——A'p +giigii'P'(1 —3 cos'8,p.)/r', p . (13)
and for the transition km= a,—a, =gpHp+D

The contribution to the moment of the absorption line
of the unprimed spin system due to the primed spin
system is then'

(k(d, v))'= —(21V) ' tanh(g))'PHp/2kT)

XP' fA '+igigii'P (1 3 cos 8'v)/r t'), (14)
i,al

(k (&i' )) central= (4iV) L1 tanh (gtt PHp/2kTj

XQ' LA'v+gt&g«'P (1 3 cos 8 p')/r'v$ ~ (13)
i,k'

Since tanh(1/x) ~ 1 for x —+ 0, the first moment shift
may be 6nite at low temperature whereas the second
central moment goes to zero for T~O as expected.
The important point is that an isotropic exchange inter-
action between spins having S=-,' contributes to the
first two moments only if the spins are not identical.

In this discussion whether spins are identical or not
is determined by their resonance conditions. If two
spins contribute to diferent distinct resonance lines
resulting from any of a variety of reasons (for example,
from di6erent g values, large local fields arising from
close neighbors or hyperfine interactions), they must
be treated as dissimilar spins and the simultaneous
spin-Qip terms discarded from the Hamiltonian. It is

~ I. Svare and G. Seidel, Tech. Rept. No. 378, Cruft I,ab.
Harvard University (unpublished).

XQ '
PA;;—g'P'(1 —3 cos'8;, )/2r' r$+t'b(ap) —b(a,)]

where

Xp ' 3g'p'(1 —3 cos'8;;)/2r';, (ZiV) ' (19)

Z=Z b(a').

III. EFFECTS OF SAMPLE MAGNETIZATION

When the spin system is aligned in a strong field at
low temperature, the sample becomes magnetized.
Paramagnetic resonance under such conditions can then
be expected to show behavior qualitatively similar to
ferromagnetic resonance. In particular, the resonance
frequency must depend on the shape of the sample
because of the existence of demagnetizing fields. Higher
magnetostatic modes may also appear.

The shape dependence of the first moments are
expressed in (11), (14), (18), and (19) by the slowly
converging sums P (1—3 cos'8;;)/r';;. This summation
can be performed by dividing it in two parts. Close to
the spin i the sum is performed over the discrete lattice
points. But outside a radius p from i the magnetization
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where So is the density of spins.
For a cubic lattice the first moment change (11)

becomes
(2g '+g.')P,

(Av) = (-'sir —1V,)M,
2gtlh

(21)

where the magnetization M is given by

M = ', Npg((P t-anh(g„PH/2kT) . (22)

It is interesting to compare the first moment shift
(21) to Kittel's equation for ferromagnetic resonance"

hv= gj9()Hp+(Ii7. Ã,)M)—
XPIp+ (iV„X,)M))—'" (23).

For a sample of axial symmetry so that S =E„
=-,'(4sr —E,), the resonance condition (23) becomes

h v =gPLHp+ ss (pe sr —Ã;)M), (24)

and agrees with (21) for g„=gs——g. For a general
ellipsoid with 1V,WItT vWS, the first moment shift (21)
differs in order M'/Hp from the resonance condition
(23). This results from the fact that the moment
calculation is strictly valid only for samples having
cylindrical symmetry about the direction of the mag-
netic field, as pointed out by Van Vleck."Only in this
case is the s component of the magnetization a constant
of the motion.

The factors E, and E„ that appear in the Kittel
equation for the first moment represent a dynamic
demagnetizing effect and may be thought of as being
caused by the spin-Rip terms S+,.S,. in the interaction
Hamiltonian. If these terms are truncated from the
moment calculation as in the case of interacting non-
identical spins, we see from (14) that only the static
demagnetization is left

E(h(»))'p). &.=g&M'(l~ —&.). (»)
The Kittel equation is, therefore, not applicable to

this case using the static magnetization M. For example,

' J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937).' F. A. Osborn, Phys. Rev. 67, 351 (1945)."C.Kittel, Phys. Rev. 73, 155 (1948)."J.H. Van Vleck, Phys. Rev. 78, 266 (1950).

can be treated as continuous and this part of the sum
converted to an integral. The integral will depend on
the shape of the crystal, and it will, in general, be
different for different lattice points. Only for an ellipsoid
will the integral be the same for all points i, and only
for a sphere will it vanish. For a cubic lattice the sum
inside p also vanishes.

When the field is along an axis of revolution of an
ellipsoidal sample, the shape-dependent part of the
sum can be described by a demagnetizing factor E,' '

P' (1—3 cos'8;,)r ',,= —iVp(-', sr —X,), r t)p, (20)

in NiSiF6 6H20 the magnetization relevant to the
shape-dependent first moment shift of the transition
ai+-+as that must be used in (24) is from (18)

Me&++os = (Xpgj9/3) $3b (tti) b (its) 2b (tip))/Z. (26)

A different magnetization must be used for transition
62~83.

When a sample deviates from exact ellipsoidal shape,
the demagnetizing field will vary from spin to spin.
This variation will result in a relatively larger effect on
the second moment than on the first moment, and if
sufFiciently large can mask the narrowing of resonance
lines at low temperatures.

The theory of moments assumes that the spins in the
sample all precess uniformly. However, they may also
precess with different phases in different parts of the
sample, and because of dipolar interaction the resulting
higher magnetostatic modes will have an energy separa-
tion proportional to the magnetization. "" Unless
special precautions are taken the microwave field will

usually be nonuniform and excite a series of these
modes. " If the mode separation is su%.ciently large,
these modes will give rise to separate absorption
maxima in the spectrum; otherwise, the resonance may
only appear broadened. Magnetostatic modes are well
known in ferromagnetic resonance; recently they have
also been observed" in disks of paramagnetic
CuK, Cle. 2HsO at 24 kMc/sec and 2'K. In this salt
a ferromagnetic interaction aids the external field in
aligning the Cu spins. We have observed the same
phenomena in spheres of CuSO4 5H&O and KsCu(SO4) s

6HsO at 30 kMc/sec, but only below 1'K.
When higher magnetostatic modes are excited, line

areas can no longer be used as a measure of resonance
intensity. It usually is impossible to measure line mo-
ments under such conditions; only if a single mode is
well resolved can it be expected to have the same line--

width as the uniform precession mode.
If a sample deviates from ellipsoidal shape, the

demagnetizing field will vary throughout the sample,
the magnetic moments associated with different regions
will precess with different frequencies, and there will
be no discrete modes for the crystal as a whole. It is
possible that a sample may have a shape crude enough
to suppress higher magnetostatic modes, but still be
close enough to a sphere to be useful for first moment
measurements. This view is supported by the fact that
we observed these modes only in very good spheres.

The problem of magnetostatic modes is, in general,
more complicated for paramagnetic resonance than for
ferromagnetic resonance for reasons similar to those
discussed above in connection with the application of

"L.R. Walker, Phys. Rev. 105, 390 (1957).
13I.R. Walker, J. Appl. Phys. 29, 318 (1958)."J.F. Dillon, Phys. Rev. 112, 59 (1958).
'e H. Abe, H. Morigaki, and K. Koga, Proceedings of the First

International Conference on Paramagnetec Resonance (Academic
Press Inc. , New York, 1963).
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the Kittel equation to the 6rst moment shift. For
example, in the case of a paramagnetic salt with several
separate, uniform precession modes, associated either
with different transitions within the spin system on
diR'erent spin subsystems, the resonance conditions for
higher order modes becomes dificult to calculate.

If the sample size becomes comparable to the micro-
wave wavelength, the 6nite propagation velocity of the
dipolar fields will shift the frequency of the fundamental
mode. A correction formula for this has been given by
Mercereau, "but it was not found necessary to correct
for sample size in the present work.

IV. EXPERIMENTAL PROCEDURE

The condition for spin alignment hi )A2' was
satisfied in these experiments by working at 30 kMc/sec
and using a He' cryostat to cool the samples to 0.3—
0.4'K. For T=0.35'K, exp( —hv/AT) =0.02.

The pumping and gas handling section of the He'
cryostat are similar to the one described by Seidel and

He4

(iI,

FIG. 1. Diagram of low-
temperature apparatus show-
ing the sample S inside cavity
C in contact with the He3 bath.

0 l

SCALE INCHES

Keesom. "The He' gas was first allowed to condense on
the walls of a tube passing through the liquid He4 bath
at 1.2'K, and the resulting liquid He' collected in a
small copper container within an evacuated chamber.
The He' vapor was then pumped from the bath and
the temperature of the He' liquid reduced until an
equilibrium temperature, determined by heat leak and
pumping speed, was reached.

The technique for obtaining heat contact between
the sample and He' bath is shown in Fig. 1. The sample
5 was glued onto a quartz rod inside a quartz tube that
protruded into the resonant cylindrical cavity C
(TEs» mode) through a hole beyond cut off for propa-
gation of radiation at 30 kMc/sec. The quartz tube
was sealed to a platinum tube which in turn was soldered
to a copper tube connected to the wall of the liquid He'
container. This tube system could be 6lled with He4 gas
through a stainless steel capillary of inside diameter
0.003 in. The He4 condensed on the tube walls, forming
a superQuid film, which with the gas provided heat
contact between the sample and He' container. The
heat leak between the He4 bath at 1.2'K and the He'
bath introduced by the He within the 0.003-in. capil-
lary was minimized by pumping away the gas evaporat-
ing from the He4 61m at 1.2'K before it had the oppor-
tunity to recirculate and recondense at 0.4'K. It will

be noted that in this arrangement only the sample, and
not the microwave cavity, was cooled by the He'
refrigerator. Rough estimates of the Qow of He4 gas in
the tube indicate that the power dissipation in the
sample had to be maintained below about 10 ' % at
0.4'K to avoid sample heating. ~ Such low power levels
were also required to avoid saturation of the resonance;
hence, superheterodyne detection was employed. Two
separate resistance thermometers E, one placed on the
He' bath container and the other as close to the sample
a.=, possible, were calibrated against the vapor pressure
of He'. V/hen the microwave power was kept low, no
difference in temperature between the two thermom-
eters was observed.

Most samples could be ground fairly easily into
spheres by blowing them about the inside wall of a
cylinder lined with emery paper. Crystals were x-ray
oriented and glued onto the quartz rod with Shell Epon
828 epoxy. The crystal orientation in the horizontal
plane could be checked by rotating the magnet. It is
believed that the crystal orientation usually was better
than ~2'.

The sample size required in the cavity spectrometer
was approximately 0.01 mm'. As such small samples of
soft material are rather hard to handle, another version
of the spectrometer where the sample was mounted )/2
above a reQecting short in a waveguide was often
employed. Suitable samples were then approximately
1 mm' in size and easier to work with but not quite
large enough to require size correction for the first

IJ. E. Mercereau, J. Appl. Phys. 30, 184S (1959). ~~ G. Seidel and P. H. Keesom, Rev. Sci. Instr. 29, 606 (1958).
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moment. "The waveguide spectrometer could also be
used with less danger of sample saturation.

V. MEASUREMENTS ON NEODYMIUM
ETHYL SULFATE

The structure of hexagonal Nd(CsHsSO4) s 9HsO has
been determined by Ketelaar. "The unit cell has dimen-
sions us= 13.992 A and co=7.07 A, and it contains two
equivalent Nd'+ ions at positions (-', , s, 4) and (-,', s, xs).

The ground state of the free Nd'+ ion is split by the
crystalline field of the 9 surrounding water molecules
into five Kramers doublets. Only the lowest doublet is
populated at liquid helium temperature. This state has
effective spin S=—,'and an axial g tensor that is the
same for both ions in the unit cell. In crystals where
the Nd'+ have been diluted 1:200 with nonmagnetic
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FIG. 2. Resonance absorption of Nd(C&H&SO4)& 9H&O at several
temperatures with the magnetic 6eld parallel to the hexagonal
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La'+ the g values are" gll
——3.535~0.001, g&

——2.072
&0.001. However, in the concentrated salt we have
obtained gll=3.60, and this value will be used in the
following calculations.

Each Nd'+ ion has two nearest Nd neighbors 7.07 A
along the hexagonal axis. The next-nearest-neighbor
spins are 8.85 A distant in such directions that they
contribute little to the dipolar 6eld when Ho is parallel
to the hexagonal axis. For this field orientation a
peculiar splitting of the resonance line is observed,
which is caused by dipolar interaction and explained
by Bleaney, Klliott, and Scovil. '

The local 6eld at a Nd'+ ion is primarily determined

's J. A. A. Ketelaar, Physics 4, 619 (1937)."B.Bleaney, H. E. D. Scovil, and R. S. Trenam, Proc. Roy.
Soc. (London) A223, 15 (1953).

+ B. Bleaney, R. J. Elliott, and H. K. D. Scovil, Proc. Phys.
Soc. (London) A64, 933 (1951).

by its two nearest neighbors the spins of which can
have four possible orientations with respect to the
external field. Both neighboring spins can be parallel
to the external 6eld adding to Ho a local 6eld of
2g„P/r'= 188 G, both antiparallel thereby substracting
188 G, or one parallel and the other antiparallel produc-
ing no local field. This last arrangement can result from
two diferent configurations of the neighbors. The
absorption spectrum is therefore split into a triplet, the
maxima of which are separated by approximately
188 G. At high temperatures where all orientations are
equally probable the central component has twice the
intensity of the other two. At low temperatures and in
high 6elds that will align the spins in the lowest state,
the parallel spin arrangement becomes the most
probable. Measured line shapes showing this behavior
are illustrated in Fig. 2. The strong line (called line A)
appears on the low-field side of the unperturbed reso-
nance, since in this lattice geometry and 6eld direction
the dipolar field of the nearest neighbors has the same
sign as the external field.

The relative absorption intensities of the three lines
are shown in Fig. 3. The results are fitted to the theoret-
ical temperature dependence of the line intensities as
indicated by the dashed lines in Fig. 3. These intensities
are given by the probability for each arrangement of
nearest neighbors

p» = 1/L1+&(~)7'
(both neighbors parallel to field),

p« =&(2~)/L1+&(~)7'
(both neighbors antiparallel to field),

p„=2&(~)/P+s(~)7
(one parallel, the other antiparallel), (27)



I. SVARE AN 0 G. SEI DEL

multiplied by the probability for resonance absorption

6200-

~ I50-
LLI

U

0.3 I.O 3.0
TEMPERATURE IN K

IO

FIQ. 4. Field splitting of resonance lines of Nd(C&H&SO4)z 9H20
versus temperature.

Here we have written 6=g„PHs(= 1 cm '). The un-
certainties indicated in Fig. 3 result partly from line
overlap and partly from nonlinearity of the spectrom-
eter because of the large intensity range covered.

The agreement between measured and calculated
intensity changes with temperature is good, except that
the weakest line C appears to be 10 times too strong
at 7=0.5'K. However, this absorption can be explained
as arising from hyperfine components of the strong line.
The neodymium isotopes 143 (natural abundance
12.2%) and 145 (abundance 8.3%) both have nuclear
spin /= 2. According to the formulas given by Bleaney,
Scovil, and Trenam, " hyperfine lines of isotope 143
(mz= ——,') are expected at 325 6 and of isotope 145
(mz= ——,') at 350 G on, the high-field side of each
resonance line. The combined intensity of these two
lines should be 2.5% of the strong line. This is just the
intensity of the line observed 350 6 from line A at
T= 0.5'K.

The change in the relative intensities of the three
absorption maxima is simply a change in the first
moment of the spectrum due to the static (S„.S,,)
dipolar interaction between nearest-neighbor ions.
There are, however, additional changes in the first
moment. In Fig. 2 a small shift in the position of each
line can be seen as the temperature is lowered. In fact,
the three maxima are not equally spaced at low tem-
perature as shown in Fig. 4 where the field separation
between the central peak and the other two lines is
plotted versus temperature. This arises from the fact
that although all the spins are magnetically identical
(S= ra, same g values), the appearance of three, well
resolved, absorption maxima requires the interaction
terms S+,.S,. be included only between spins contribut-
ing to the same absorption line.

The temperature shift of the average peak positions
of the three lines shown in Fig. 5 can be explained by
first moment theory. The origin of the first moment
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I
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Fro. 5. Position of maxima of lines of Nd(C2H, SO4)3'9H20
compared to calculated 6rst moments.

shift can be divided into four parts: (a) the static
interaction from S„.S,, terms when the spins i and j are
nearest neighbors (this gives the splitting of the absorp-
tion spectrum into the triplet, has already been con-
sidered, and does not affect the shift of the three
individual maxima, (b) the spin-fhp interactions from
terms S+,S,. between nearest neighbors, (c) the inter-
actions S,,S,, when i and j are more distant neighbors,
and (d) the interactions S+,.S,. for spins that are not
nearest neighbors.

Consider first the 5+,S, coupling between a pair of
nearest neighbors. Such a term is only effective in
producing a change in the first moment of the absorp-
tion spectrum if the spins upon Ripping conserve the
Zeeman energy in the magnetic field —sum of the
external and local fields. This is only possible for nearest
neighbors i and j if their other nearest neighbors, spins
k and /, have the same orientation. If spins k and l are
in the same state, then the local fields at the sites of
spins i and j are suSciently close so that the term S+,.S,.
must be included in the Hamiltonian. If 0 and l are in
different states the local fields at the sites of spins i
and j differ by approximately 200 0 and there is no
way for spins i and j to Rip and conserve energy. No
reorientation of the further neighbors can take up this
difference as further neighbor interactions are so much
smaller —a statement which is equivalent to the ob-
servation of the resolved triplet in the first place. We
have, then, an unusual situation where to describe the
phenomena of interest no fewer than four spins must
be considered together. While the semiclassical descrip-
tion presented here in which the interaction between
two spins is modified by other spin interactions is
admittedly crude, it does serve to give a physical
picture of the problem, and quantitative calculations
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can be made. No attempt has yet been made at a more
sophisticated approach such as a cluster expansion, etc.

With the above picture in mind it is now a simple
problem to calculate the change with temperature in
the first moment of each of the three absorption lines
of the spectrum due to the S+,.S,. interaction of nearest
neighbors. If spin i is to contribute to line 2 of Fig. 2
then spin k is by necessity aligned with the field. The
probability that l will have the same orientation is
1/[1+b(h)]. When spin f is aligned than the shift of
the resonance of spin i do to the term S+,S,. measured
in terms of field is —gi'P/2g„r'. Since a spin is coupled
with each of two nearest neighbors, the first moment
shift of line A due to this interaction becomes

I4(hv)i
(I3,II)4

gimp

g sp

g "[1+b(~)]
(29)

Using similar reasoning the first moment shift of line C
caused by near-neighbor spin Qips is

and of line 8
(aII),=

g:~b(~)

g "[1+b(&)]
(30)

gi'/ [1—b (6)]
(DII),=

2g„r'[1+b(A)]
(31)

A completely equivalent and perhaps more satisfying
description of the above situation is to treat as a unit
the dipolar coupled nearest-neighbor spins i and j as
combining to form a four-level system. It is then
possible to associate properly the absorption spectrum
arising from this system with the three lines of Fig. 2
when account is taken of the possible states of the other
nearest neighbors 0 and /. The results of this procedure
are identical with those described above.

The static dipolar field from all neighbors except the
two nearest produces identical shifts of the three lines.
From (14)

1—b(A)
(aII)4 g i,P-—P *

(1—3 cos'0,;)/r';, , (32)
2[1+b(~)]

For line 8
g'J3 Li —b(~)]b(~)

(aII),= P '
(1—3 cos'0;, )/rs, ; (35)

2g, ( [1+b (6)]'
and for line C

g.'~ [1—b(~)]b(»)
(~II),= P* (1—3 cos'8,;)/r', ;. (36)

4g~ t [1+b(~))'

The temperature-dependent local 6elds (&II)i to
(&II)r have been computed for 6= 1 cm ', and repre-
sentative values are listed in Table I. They have also
been appropriately summed for each separate line, and
plotted in Figs. 4 and 5. The measured temperature
dependence of the shifts of the individual lines appears
to agree very well with the theory. This good agreement
is obtained, however, only by making one important
modification. The temperature-independent field split-
ting arising from the S,,S,, interaction term between a
spin and its two nearest neighbors has to be taken as
170 G rather than 188 G calculated for the dipolar
interaction. This point will be discussed in the next
section.

The second moment of each line can also be calcu-
lated. Broadening by coupling with all but the two
nearest neighbors is given by (12) and (15) when proper
account is taken for the interaction between identical
and nonidentical spins. The line broadening from spin
flips between nearest neighbors must be considered
separately. Such a calculation leads to the interesting
result that the line 8 is the broadest at high temperature
since spins contributing to this line have the greatest
chance of interacting with identical spins, while at low
temperature line A is the broadest. However, the ratio
between the second moments of the lines is only of order
[(2g„'+gi')/2g, P]'; and since gis/2g„' is small for
Nd(CsHsSO4)s 9HsO, the difference in linewidths is
not large. The second moments of the lines are dificult

TABLE L Local zelda (in gauss) in neodymium ethyl sulfate
for various temperatures ('K).

where the star on the summation means all neighbors
except the two nearest ones. From the lattice sum of
Nd(CsHsSO4)s 9HsO given by Daniels" we obtain

P' (1—3 cgos)/r ,, =443 3"X10 "cm. '. (33)

The shift due to the spin-fl. ip interaction with all
distant neighbors is proportional to the probability that
the spins have the same near-neighbor arrangements.
This first moment shift for line A becomes

g,sp 1-b(a)(»).= P '
(1—3 cos'0,,)/r', , (34)

4g [1+b(~)]'

T
(aH)g
(AH)4
(nH)4
(aH),
(nH)4
(AH)4
QH),

A to 8'
BtoC'

0
—32 —26

0 6
16 10
73 45
11 4
0 2
0 0

Contribution to various lines
A: (riH)4+(AH)4+(r4H)4 52 23
8: (nH)4+(nH)4+(AH)4 89 57
C: (ZH)4+(r4H)4+(I4H)r 73 51

Line separation
207
157

2
—21

5
25

2
2
0

7
32
36

195
174

—16
16
0
0
0
0
0

—16
0

16

186
186

"M. Daniels, Proc. Phys. Soc. (London) A66, 673 (1953).
a Taking temperature-independent contribution arising fron nearest-

neighbor terms SB;Sg; to be 170 G.
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to measure because of overlap, but approximate agree-
ment between the calculated and observed values of
the moments is obtained.

VI. DISCUSSION OF POSSIBLE ANTIFERROMAGNETIC
COUPLING IN NEODYMIUM ETHYL SULFATE

The first moment changes with temperature of the
absorption spectrum of neodymium ethyl sulfate are
explained reasonably well on the basis of the dipolar
interaction. But to fit the data the line splitting result-
ing from the static interaction of a spin with its two
nearest neighbors has to be taken as about 170 G
instead of the calculated 188 G. Some of this difference
can, perhaps, be ascribed to systematic error since the
position of the maxima were used instead of the first
moments of slightly unsymmetric lines. It does not
seem likely, however, that the error resulting from this
procedure could amount to 18 G. Nor do uncertainties
in the lattice parameters of this salt appear capable of
explaining the discrepancy. The most obvious reason
for the smaller-than-expected separation of the three
lines is, then, a weak exchange coupling between the
splns.

The exchange coupling being observed is only that
between nearest neighbors as an exchange between
further neighbors would not contribute significantly to
the line separation. Also, the exchange must be anti-
ferromagnetic so as to reduce the line splitting and be
anisotropic since appreciable spin-Rip terms would
destroy the reasonable agreement between the calcu-
lated and measured temperature changes of the
individual line positions.

An anisotropic exchange of the form

BCg= A gS,,Sz,.

would require for nearest neighbors 2 =6)(10 "erg to
produce a shift of lines A and C by 18 G. This exchange
alone corresponds roughly to a Curie temperature of2'

0,„=—AS(5+ 1)s/3k = —0.0018'K, (38)

where a=2 is the number of nearest neighbors. This is
much smaller than the Curie temperature caused by
dipolar interaction in the noncubic lattice of neodymium
ethyl sulfate. "

Specific-heat measurements have been performed on
neodymium ethyl sulfate. "The experimental result for
the spin contribution to the specific heat is CT'/2R
= (8.85&0.25)X10 ', which agrees very well with the
value CT'/2R=8. 95X10 ' calculated from the dipolar
interaction by Daniels. "While this agreement seems to
exclude any possible exchange, the specific heat involves

g to the 4th power and r;; to the 6th power, and small
errors in the values of these constants used in the
calculation can easily upset the apparent consistency.

"C.Kittel, Solid State Physics (John Wiley R Sons, Inc., New
York, 1956), 2nd ed. , p. 404.

"L.D. Roberts, C. C. Sartain, and B. Boric, Rev. Mod. Phys.
25, 170 (1953); H. Meyer, Phil. Mag. 2, 521 (1957).

2(g)) )'p' (170 2gt 'p'
s„s„.= -i s„.s„;

r'
' '

188 ra

g„'= (170/188)'"g„=3.42. (39)

When this apparent g' is used in Daniels' equation
(16) whenever the lattice sums involve one of the
nearest neighbors, the specific heat is found to be
CT'/2R= 8.35X10 '. And although the agreement with
the experimental result appears to be much poorer, it
is quite possible that the uncertainties in the lattice
parameters can account for the discrepancy. Hence,
the specific-heat data do not rule out the possibility of
the interaction given by (37).

Some weak interaction, in addition to the dipolar
forces, should not be too unexpected in neodymium
ethyl sulfate. Demagnetization experiments'4 on the
isomorphic cerium ethyl sulfate give a specific heat for
this salt that is six times larger than that expected from
dipolar interactions alone. The Curie temperature in
this salt is of the order —0.1'K, which corresponds to
an antiferromagnetic exchange two orders of magnitude
larger than the interaction (37).

Finkelstein and Mencher" have suggested that the
anomalous behavior of cerium ethyl sulfate may be due
to an electric quadrupole-quadrupole coupling between
the electronic charge distributions of the cerium ions.
Such an interaction would depend upon the magnetic
quantum numbers of the ions and give rise to an 5,,5,,
term in the Hamiltonian. The quadrupole coupling is

~A. H. Cooke, S. Whitley, and W. P. . Wolf, Proc. Phys. Soc.
(London) 868, 455 (1955); C. E. Johnson and H. Meyer, Proc.
Roy. Soc. (London) A253, 199 (1959)."R. Finkelstein and A, Mencher, J. Chem. Phys. 21, 472
(1953).

The values of r;; used were taken from room tempera-
ture measurements. The coefficient of thermal expansion
is unknown for neodymium ethyl sulfate, but it is
possible that the dimensions could decrease enough at
low temperature to have a significant eRect on the
calculations. More important, we have measured
g«=3.60 in the concentrated salt, and the use of this
instead of Daniels' value of g»= 3.535 increases CT'/2R
by 6'P~. The calculated specific heat is then too large;
but when the small antiferromagnetic coupling (37) is
included, it is reduced again to agree with the experi-
mental data.

The easiest manner in which to include the effect of
the exchange in the specific heat is to use an effective g
when interaction between nearest neighbors is con-
sidered. The coupling (37) added to the dipolar S,,S,,
term in the interaction between nearest-neighbors shifts
the line by 18 6 out of a total of 188 G and the inter-
action energy is reduced to

2g 2P2

K"=— — —A 5.$ .
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The physical reasons for the nature of the 6rst
moment changes illustrated in Fig. 7 have already been
brieQy outlined. '

The square root of the second central moment
measured on the nonoverlapping side of the strong
absorption line a2~u~ is shown in Fig. 8. From the
results of McMillan and Opechowski the theoretical
expression for this moment is

h (Av )central

=h'(6 v') —(h(hv))'

=6A~(Z—iLb(as)+ 2b(as)] —Z sP(as) —b(a )] )

is assumed, the results of McMillan and Opechowski, '4

who considered the effects of such an exchange, limit
the 6t of these measurements to

FIG. 7. Position of maxima of absorption lines
of NiSiF6 6H20 versus temperature.

p4g4

+0.626 f1+4Z '$2b(ai)+b(as)]
d'

of the ions are close to crystal imperfections and hence
must see a distorted crystalline held. The exchange
coupling between neighboring spins may also change
at lattice distortions. A possible explanation for this
additional absorption is that a significant fraction of
the spins have

~
D

i ( (
A (, but of this conjecture there

is no proof. Several other hypotheses exist, but at the
moment they seem even more unlikely.

The peak positions of the lines, corrected for the
demagnetizing shift, are shown in Figs. 7(a) and (b).
Since this salt is almost cubic, the dipolar part of the
lattice sum cancels and does not contribute to the erst
moment. The erst moment shift of the strong line
assai is from (18)

h(hv)= —6ALb(as) —b(as)]Z ', (40)

and for the weaker line a3+-+a2

h(hv)= —6At b(ai) —b(as)]Z—'.

There can be little doubt that the experimental results
confirm the temperature dependence of the line shifts
predicted by McMillan and Opechowski. 4

The best 6t of the data is obtained by the choice of
an isotropic exchange A = (3.9&0.4) X 10 "erg between
a spin and each of its six nearest neighbors. The coupling
is ferromagnetic; an antiferromagnetic interaction
would shift the lines in the opposite direction. An
anisotropic exchange would produce a very diferent
change in the erst moment. If an anisotropic exchange

—Z '[9b(2ai) —6b(aias)+b(2as)

—12b(aias)+4b(2as)+4b(asas)]), (43)

where we have used

—' g ' (3 cos'8;,—1)'/r~r'= 0.626/d'.

The lattice constant is d= 6.21 A. Again, the agreement
with the experimental results is good for 3=—3.9
X10-" erg. Since about 90% of the second moment
results from the exchange term this is a good check on
the magnitude of 3 found from the first moment shifts.

Line shapes were observed with Bo making an angle
p=55' with the s axis. When the crystal field splitting
is zero and only a single absorption line is present an
isotropic exchange is expected to have no aGect on the
first and second moments of the line. This was indeed
found to be the case. No shift of the absorption outside
experimental accuracy was observed, and the measured
second moment for this field orientation agreed with
that calculated from the dipolar interactions.

The resonance lines showed considerably broadening
at room temperature —a result of fast spin-lattice
relaxation.

VIII. DISCUSSIom 0$ THE mCKEL
FLUOSILICATE RESULTS

The measurements of resonance line moments
are in good agreement with the theory if an isotropic,

e' M. McMillan anrl +, Opechowslo, Can. J. Phys, 59, 1369
(1961),
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IX. MEASUREMENTS ON COPPER
POTASSIUM SULFATE

Hydrated copper potassium sulfate, KsCu(SO4) s
~ 6H20 is monoclinic. The unit cell contains two Cu'+

ions, and its dimensions have been deduced from
goniometer and density measurements by Tutton'8 to be

as ——9.040 A, bs 12.0——69 A, cs= 6.141 A, P= 104'28.
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FIG. 8. Measured and calculated square root of second central
moment of strong line of NiSiF6 6H20 versus temperature.

ferromagnetic interaction of strength A= —(3.9&0.4)
)&10 "erg is assumed between nearest neighbors. This
result will now be compared to those of other
investigations.

The specihc heat of NiSiF6. 6H20 has been measured
by Benzie and Cooke" and the susceptibility has been
found from the optical Faraday effect by Bequerel and
Opechowski. " These results have been reanalyzed by
Ollom and Van Vleck36" using the crystalline held
splitting constant D given by paramagnetic resonance
experiments. They found good agreement by assuming
an exchange that would give a Curie temperature of
0= 0.1'K. From (38) this corresponds approximately to

A=- = —3.5X&0 "erg,
zS($+1)

(44)

"R. J. Benzie and A. W. Cooke, Proc. Phys. Soc. (London)
A63, 213 (1950).

ss J. F. Ollom, thesis, Harvard University, 1952 (unpublished)."J. F. Ollom and J. H. Van Vleck, Physics 17, 205 (1951).

where z=6 is the number of nearest neighbors. This is
in close agreement with our result for the exchange.

Earlier determinations of the magnitude of the
exchange from line moments at high temperature
served only to confuse the situation because of in-

adequate measurements. At 300'K the linewidths are
approximately 1800 G for IIO along the trigonal axis,
but at 77'K are only about 800 G. The resonance is

obviously broadened by fast spin-lattice relaxation at
room temperature, and one cannot use the previously
published line shapes" to determine the exchange as
has been done by several authors. ""Similarly, the
lack of exchange narrowing of the absorption when the
crystal held splitting is made zero by the application of
pressure' is not a result of anisotropic exchange but of
lifetime broadening.

Hofmann" has x-ray analyzed the isomorphic salt
(NH4)sMg(SO4)s 6HsO. He found the space group to
C2y, ' so that the position of the second molecule in the
unit cell can be derived from the 6rst by a translation
from (0,0,0) to (zr, rs, 0) followed by a reflection in the ac
plane. The Mg'+ ions are surrounded by distorted
octahedrons of water molecules and the crystalline
electric 6eld should have approximately tetragonal
symmetry. However, the detailed structure given by
Hofmann has been criticized by Wycoff. It is impor-
tant to note for what follows that each Cu'+ ion has
two nearest neighbors on similar sites (0,0,&1) at a
distance of 6.1 A and four nearest neighbors on dis-

similar sites (&-'„&-'„0)7.6 A distant. Further neighbors
are at least 8.9 A distant.

The electron spin resonance behavior of KsCu(SO4)s
~ 6H20 has been discussed by Bleaney and co-
workers. 4' 4' Each of the two magnetic complexes in the
unit cell can be described by the spin Hamiltonian
(~= l)

Xs=PHo g S+S B I+I P I.
The directions for maximum g= g, are in the crystal-

line eb plane making angles of &45' with the a axis.

g, is reported to be 2.36, but we have measured g,= 2.4i.
In the plane perpendicular to the magnetic z direction

g varies from 2.05 to 2.12 which indicates a considerable
rhombic component of the crystalline held.

The copper isotopes Cu" (natural abundance 69%)
and Cu" ('abundance 31%) both have nuclear spin
I= ,'. The tensor B-gives the electron-nucleus inter-
action. The tensor P gives the electrostatic interaction
with the nuclear electric quadrupole moment.

The spin-spin interaction suKciently broadens the
resonance in concentrated crystals so that only in
magnetically diluted salts are the hyperhne lines
resolved. Normally, the allowed hyperfine lines are
those in which the nuclear orientation does not change
(Arrtr ——0), but if the quadrupole interaction is com-

parable to the magnetic interaction, transitions corre-
sponding to ~mr=&2 are also possible. In addition,
Ami= &1 transitions are allowed if the external held is
not along a rhombic axis.

&s A. E. H. Tutton, Proc. Roy. Soc. (London) A118, 367 (1928).
"W. Hofmann, Z. Krist. 78, 279 (1931).
"R.W. G. Wycoff, Crystal Strgctttre (Interscience Publishers,

Inc., New York, 1948), Vol. III.
' B. Bleaney, K. D. Bowers, and D. J. E. Ingram, Proc. Roy.

Soc. (London) A228, 147 (1953)."B.Bleaney, R. P. Penrose, and B. I. Plumpton, Proc. Roy.
Soc. {London} A198, 406 {1949).
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The resulting moment, using (11), g=2.23, and
gPH= 1 cm ' is shown by the dashed line in Fig. 10(b).
The agreement with experimental values is reasonably
good.

When two resolved lines are observed the lattice
sums must be calculated separately for identical and
nonidentical neighbors. With Hp in the ab plane making
an angle of 45' with the u axis the sums are

FIG. 9. Resonance absorption of K&Cu(SO4) & 6H40 at two
temperatures. The magnetic Geld is in the ab plane making an
angle of 45' to the u'axis.

Q ' (1—3 cos'e")/r, Is

identical

= —6.6&10"cm ',

The hyperfine and quadrupole interaction constants
are only 8% different for the two isotopes, and their
weighted means measured on zinc-diluted crystals are":
84= (103+5)X10 4 crn—' 8 = (34&5)X10 4 cm '
I'= ', I',= (11&—1)X10 4 cm ' I' I'„ is sm—all.

When Hp is along the magnetic s axis of one type of
Cu'+ ion, the four hyperfine lines for hml ——0 of these
ions are shifted in field &138 and &46 G. For other
orientations the splittings are smaller and more lines
may appear.

The resonance absorption has been investigated in an
approximately spherical sample of K&Cu(SO4)s'6HIO
mounted so that the external field could be rotated in
the crystalline ab plane. Hp can then be made parallel
to the tetragonal axis of one of the magnetic complexes.
For this orientation two resonance lines are observed
one with g=g, =2.41 (called line I) and one with
g=2.11 (line II). When the field is rotated 45' away
from this position, the two lines resulting from the
dissimilar lattice sites coincide.

Line II is relatively narrow and appears symmetric
at all temperatures. Line I is broader because of the
larger hyperfine splitting and becomes very unsym-
metric at low temperatures as shown in Fig. 9. No
separation of the hyperfine components is seen. In
Fig. 10(a) the temperature shift of the first moments of
the two lines is shown with the field in the direction of
maximum line separation. In Fig. 10(b) the change in
line position is illustrated for the field along the crystal-
line b axis and the two lines overlapping.

An exact calculation of the line shifts from the first
moment theory is hardly possible because of the
rhombic character of the two g tensors. We will use
formulas (11) and (14) with the measured g values and
use at first the usual criterion that unseparated lines
mean identical spins. Varying g values in directions
perpendicular to Hp will cause small changes in transi-
tion probabilities and possibly in line shapes, but any
such effects are small and ignored. For the field along
the b axis, all spins are identical and the lattice sum
over the 102 closest neighbors is found to be approxi-

P ' (1—3 cos'0, L)/r, 4I =5.2X10"cm '. (46)
nonidentical
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FrG. 10.First moment shift of the resonance lines of K&Cu(SO4)&
6H&O versus temperature. (a) The magnetic Geld is in the ab

plane making an angle of 45' to the a axis. (b) The Geld is parallel
to the b axis.

In Eqs. (11)and (14), g„=2.41 and gL
= 2.11 have been

used for line I and g«=2. 11, g~
——2.41 for line II. The

resulting dipolar first moment shifts (AH)4;, are shown

by the dashed lines in Fig. 10(a).The difference between
(AH)a;„and the experimental values of (AH) must be
caused by exchange between nonidentical ions. With
2'=4 nearest nonidentical neighbors the total first
moment is in best agreement with the experimental
values for line II with a ferromagnetic exchange
3;I, = —1.4)&10 "erg. Here 3;I, refers specifically to
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the exchange interaction between an ion and each of
its four nearest-neighbor ions on dissimilar lattice sites.
The sum of the first moment shifts resulting from this
exchange and the dipolar coupling is shown by the
solid curve in Fig. 10(a).

Kith this value of A;~ the agreement between the
calculated and experimental shifts is very good for
line II but very poor for I. The difhculty is that the
experimentally measured shifts of the two lines diBer
by a factor of 3. It is therefore not possible to explain
the change in the first moments of both lines with the
same isotropic exchange between dissimilar spins.
Neither will it help to postulate anisotropic exchange
since any such reasonable exchange will shift the two
lines in the same direction by approximately the same
amount. Also the agreement between the calculated
and experimental first moment change of the absorption
line with H0 parallel to the b axis would be destroyed.

The problem is then to postulate an interaction that
will yield an appreciably diBerent Grst moment shift
for the two lines. But it must be remembered that the
different Cu'+ ions giving rise to the two separate
absorption lines are dissimilar only by virtue of a
reflection. Any interaction at one type of Cu'+ ion site
must also be present at the other type of site, and one
must, therefore, look for a process that is orientation-
dependent. One such phenomenon is the hyperfine
interaction, which produces a markedly anisotropic
linewidth. If the hyperfine interaction were suKciently
large so that the lines were resolved into 2I+1=4
separate hyperfine components, then spin lip terms
S+,.S,. of the spin-spin interactions between ions other-
wise identical except for the state which their nuclei are
in would have to be truncated from Hamiltonian as not
conserving energy. This is equivalent to saying that if
the hyperfine interaction is larger than the spin-spin
interaction then the former must be treated as part of
the unperturbed Hamiltonian H0 and noncommuting
terms truncated from the spin-spin interaction. Re-
solved hyperfine components are not observed even for
line I, which has the maximum hyperfine splitting, so
that spin lips are allowed at least for neighboring ions
having nuclear quantum numbers ml differing by no
more than one. Rearrangements within the spin system
can take up the energy difference 8,. But this does not
necessarily mean that lips between spins having ml
values di6ering by 3 are permitted with the same
probability since this involves an energy difference 38,.

The idea here is essentially the same as for cross
relaxation processes discussed by Bloembergen and
co-workers. "Spin Qips that do not conserve energy are
not completely prohibited, but they occur with a proba-
bility that decreases exponentially as the energy
difference increases. Our interest is in a case where the
probability for spin lips between ions having mr

4' N. 81oembergen, S. Shapiro, P. $. Pershan, and J. O. Artman,
Phys. Rev. 114, 445 (1959).

diferent by 3 and perhaps by 2 is suKciently reduced
so that such processes do not influence the resonance
line shape. However, considered as cross relaxation,
these lips may still occur at a very fast rate compared
to the spin-lattice relaxation.

The explanation proposed to account for the con-
siderable difference in the change of the first moments
of the resolved lines I and II is that a relatively large
exchange interaction exists between a Cu'+ ion and its
two nearest-neighbor ions on similar lattice sites. More-
over, in computing the first moment of line I one must
exclude S+,.S,. terms between ions on similar lattice
sites having no~ values different by greater than 1. For
line II such a restriction should not be placed on the
Hamiltonian, as for this absorption line the hyperfine
splitting is much smaller.

The partial exclusion of the spin lips between hyper-
fine components places a limitation on the magnitude
of the exchange between nearest neighbors. The ex-
change field from each ion must be somewhat less than
the line width of approximately 280 G. Hence from

II.=A,,'S,,S;;/S.,gr rP, (47)

the approximate upper limit of
~
A;;

~
& 12X10 '8 erg is

obtained, a value considerably larger than the dipolar
Geld from the same neighbors. Here A;; means specifi-
cally the exchange between an ion and each of its two
nearest neighbors on similar lattice sites.

If the S+,.S,. terms are excluded for ions with ml
different by either 2 or 3, then on the average —,

' of what
otherwise are identical spins would appear nonidentical.
Then the exchange part of (14) is summed over the
2 nearest neighbors and the result multiplied by 8. The
experimentally observed Grst moment shift of line I can
then be fit, as shown by the dash-dot curve in Fig. 10(a),
by an exchange A,; = —9&(10 "erg.

The restrictions imposed on the spin-Qip terms will,
of course, also modify the effects of the dipolar inter-
action upon the Grst moment. This e6ect is relatively
small, and in view of the uncertainties in the above
arguments is neglected.

A more vigorous approach to this problem by calcu-
lating the line moments from the complete Hamiltonian
containing hyperfine and exchange interactions of
comparable magnitude has not been attempted.

X. DISCUSSION OF THE EXCHANGE IN
COPPER POTASSIUM SULFATE

The observed line shifts in K2Cu(SO4) 2 6H20 cannot
be explained solely on the basis of an isotropic exchange
interaction between the two ions in the unit cell.
However, the experimental results can be understood
by assuming that the hyperfine interaction for spins
contributing to line I is strong enough to reduce the
probability for spin flips within this line. It is then
possible to obtain order of magnitude estimates for two
diferent exchange interactions within the crystal. The
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best fit of the results is found to be given by an exchange
between nearest-neighbor ions on dissimilar lattice sites
of A;~ = —1.4)&10 " erg and ions on similar sites of
A;; = —9)&10 ' erg. The latter value depends upon
the spin-Rip restriction imposed, but it is in agreement
with the condition derived from (47).

The suggestion of partly hyperfine-hindered spin
Qips will also explain the observed asymmetry of line I.
Some of the spins are free to spin Rip with their neigh-
bors and their resonance frequencies are not shifted by
2;;. This portion of the line should be exchange-
narrowed and would account for the rather sharp peak
seen in Fig. 9 for T=0.45'K. Other spin pairs are
restricted in their Aips; hence, their resonance fre-
quencies are shifted towards lower fields by the ferro-
magnetic interaction. The maximum shift would be
2B,=400 G, which is about the magnitude of the line
tail seen in Fig. 9.

The Curie temperature of KrCu(SO4)2 6H20 has
been derived from susceptibility and specific-heat
measurements on powdered samples. De Klerk44 found
0=0.054'K; data of Kramers, Wasscher, and Gorter4'
seem to be in agreement with this, but Garrett" and
Benzie and Cooke" have found 0= 0.034'K and
8=0.035'K, respectively. The interaction is ferro-
magnetic. The contribution from dipolar interaction to
the Curie temperature of this salt is only of order
0.001'K."

The Curie temperature is related to the strength of
the exchange by the approximate equation

8= —(1/3k) (A,,'s,'+A;r sg )S(S+1),

where s,'= 2 and sI, =4. Substituting for the exchange
interactions as estimated from the present measure-
ments we obtain 0=0.039'K, a value in as good agree-
ment with the Oxford measurements. While the values
of the interactions may be in considerable error, it
appears that the exchange between similar neighboring

D. de Klerk, Physica 12, 513 (1946).
4' H. C. Kramers, J. D. Wasscher, and C. J. Gorter, Physica 18,

329 (1952).
46 C. G. B. Garrett, Proc. Roy. Soc. (London) A203, 375 i1950).

ions in CuK&(SO4)2 6H&O is appreciably stronger than
between dissimilar neighbors. This result is compatible
with what is expected from the crystal structure, for
the distance of 6.1 A between similar spins is less than
that between dissimilar spins, '7.6 A.

XI. CONCLUSIONS

Paramagnetic resonance in concentrated crystals has
been observed under the condition hv&kT. The line
moments have been analyzed in terms of spin-spin
interactions, and it has been demonstrated that infor-
mation concerning the nature of these interactions can
be obtained in many cases. As examples of the varied
types of phenomena that occur at low temperatures
results have been presented on Nd(C2HSSO4)3 9H20,
CuK2(SO4)2 6H20, and NiSipe 6H20.

In neodymium ethyl sulfate there appears to be a
weak antiferromagnetic coupling between nearest-
neighbor Nd'+ ions. The measurements of the line
moments of copper potassium sulfate yield data on two
different exchange interactions within the crystal, that
between nearest-neighbor ions on similar lattice sites
and on dissimilar sites. The results on the line moment
changes in nickel Auosilicate are in agreement with the
calculations of McMillan and Opechowski and show
that the exchange coupling between neighboring Ni'+
ions is isotropic.

It appears that the measurement of changes at low

temperatures in the line moments of spin resonance
absorption is a very useful tool in investigating the
exchange couplings in paramagnetic crystals.
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