PHYSICAL REVIEW VOLUME

134,

NUMBER 6A 15 JUNE 1964
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A set of reversible equations for Fy, the first distribution function and g, the correlation function, are
derived for the weak force case. The “forward motion,” i.e., development in time from uncorrelated initial
conditions, and the corresponding reverse motion are examined. In the “forward motion” the equation for
F; evolves into the Fokker-Planck equation while in the corresponding reverse motion F; is described by an

anti-Fokker-Planck equation.

I. INTRODUCTION

HE problem of irreversibility has existed since the
time of Boltzmann. The problem may be stated
as: How can one derive an irreversible equation (e.g.,
the Boltzmann equation, the Fokker-Planck equation)
on the basis of reversible mechanics? In recent years a
number of derivations of irreversible equations have
been accomplished based on a variety of assumptions.
However, these methods have not completely illumi-
nated the transition from the reversible to the irre-
versible equations. Most of these methods start from
the Bogoliubov-Born-Green-Kirkwood-Yvon (BBKGY)
equations,! which for an infinite system are

AP (w1, - )
at

+3C31"s (xl, e xsyt)

1
:—[dxs“ Z 0{_;+1Fs+1(x1, v xs»l-lyl) (1)

? i<8
s=1,2, -+,

where x;={4q;,p:}; qi, p; being the position and mo-
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and ¢i;(|qi—q;|) is the intermolecular potential. 3¢, is
given by
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and v is the volume per particle. F, is defined through
Dy (w1, - -xw,t) the probability distribution in I' space
for the entire system by

Fs(x1,° - %e,t)

= Va/. . '/DN(xl;' . ~xN,t)dxs+1' - dxy. (2)

The sth equation of (1) is obtained by integrating the
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! G. E. Uhlenbeck and G. W. Ford, Lectures in Statistical Me-
chanics (American Mathematical Society, Providence, Rhode
Island, 1963).

Liouville equation
(8Dn/08)+3CxyDy=0 3)

over the coordinates xst1,* * *,%n.

In particular, the method of Bogoliubov?is to assume
that all F,(s>2) are functionals of F;, and the form of
the functionals are determined by an assumed boundary
condition on the functionals. On this basis, the first
BBKGY equation [Eq. (1), s=1] becomes the Boltz-
mann equation (or the Fokker-Planck equation depend-
ing on whether the expansion parameter for the dis-
tribution function is v or the strength of the inter-
action). The assumptions of Bogoliubov obscure the
transition from the set of reversible equations (1) to
the irreversible equations. In fact Cohen and Berlin?
have shown that, on the basis of an equally plausible
boundary condition on the functionals, the collision
term will be the negative of the Boltzmann collision
term (an anti-Boltzmann equation). On the other hand,
Green and Piccirelli* have shown that, on the basis of a
product type condition on Fi(s>2) at the initial time,
the higher distribution functions do, in the course of
time, become the functionals of F; predicted by
Bogoliubov. From this point of view it is no longer im-
portant that the Boltzmann equation is time irreversible
since the Boltzmann equation evolves from the first
BBKGY equation only after some period of time pro-
viding the initial F,(s> 2) fall within the assumed class
of initial conditions. The reverse motion is presumably
accomplished, since the BBKGY equations are re-
versible, by another special class of initial F,(s>2);
this motion is probably describable by a single equation
for Fy (such as the anti-Boltzmann equation).®:6 It
is to these points that this paper is devoted.

2 N. N. Bogoliubov, Problems of a Dynamical Theory in Sta-
tistical Physics, translation by E. K. Gora, Studies in Statistical
Mechanics (North-Holland Publishing Company, Amsterdam,
1962).

3E. G. D. Cohen and T. H. Berlin, Physica 26, 717 (1960).

E ¢ M. S. Green and R. A. Piccirelli, Phys. Rev. 132, 1388 (1963).

5 There remains the question of how one can justify the use of
the Boltzmann equation when other types of developments are
possible with other types of initial conditions. The answer must
be in the following: If we consider a system in which all that is
known initially is F;, then there exists a large class of initial Dy’s
that give the same F; but different Fs(s>2). In the spirit of sta-
tistical mechanics we can assign a probability to these Dy’s and
obtain a probability distribution for F'; and ask for the most
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We consider a special case, namely a weak potential
in a spatially uniform system. This case is general
enough to produce an “irreversible” equation, the
Fokker-Planck equation, yet simple enough to examine
both the forward motion (i.e., the development in time
from uncorrelated initial conditions, a special case of
the Green and Piccirelli initial condition) and the corre-
sponding reverse motion. The evolution of Fy for the
forward motion is governed by the Fokker-Planck equa-
tion while the corresponding reverse motion is governed
by an anti-Fokker-Planck equation.

II. BASIC EQUATIONS

We start our development with the BBKGY equa-
tions, Eq. (1), the first two of which, in the spatially

F?(xl;xﬁ)t)= Fl(pl,l)Fl(p%t)_*_g(x11x27t) )

Al411

uniform case, are

aF1(p1,lf) 1
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?

We introduce the two particle, three particle—correla-
tion functions g and A—by

(5a)

F3(x17x2:x3;t) =Fl (pl)t)Fl (p%t)Fl (p33t)+F1(plxt)g(x27x3)t)+F1(p2:t)g(x1)x3)t)+F1(p3)t)g(x1;x2)t)+h(xlyx%x%t) ) (Sb)

etc. With these definitions, Egs. (4a) and (4b) are
oF 1(p1, l) 1
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Define the operator S_(#1,45) in terms of the single-particle Liouville operator 3C; by
S—t(w1,%9) = exp{—1[3C1(x1)+3C1(x2) ]}, (7

i.e., S_¢(x1,%2) when operating on the point x; (i=1, 2) propagates the point back in time along a free-particle orbit
over a time interval ¢. Equation (6b) can be formally integrated along free-particle orbits to give

t—to

g(1,%2,8) = S_tt0) (%1,%2) g (21,22, 10) + /
0

at'S_p (%1,2) [012EF1(P1, t—1")F1(pe, t—1')+g (1, %2, t—1') ]

1 1
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v v

1
i / Qg (O13+-Ouc)h (e, 3, 3, =) L. (8)
‘v

At this point we introduce the weak short-range potential and assume we can find a solution in the form

g(xlax%t) = go(xbx%t)—l_ eg(l) (xl,x2at)+ ) (9)
h (xl:x2:x3’t) =i (xlyx2;x3;t) + eh® (xlyx2)x3»t)+ )

etc., where e is an expansion parameter that measures the strength of the potential (actually a measure of the ratio
of the average potential to the average relative kinetic energy). For our purpose it will be sufficient to consider

probable form for F,. This has been considered by Grad (Ref. 6) who has shown that most likely the F, are uncorrelated.

S H. Grad, J. Chem. Phys. 33, 1342 (1960).
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go(xbx%to) = ho(xlaxzxxii;t(l) =

gO (x11x27t) =() ’
gD (501,%9,8) = S (1—10) (%1,%2) gV (xl,xz,fo)'i‘/
0
etc.

To this order, the equation for F; [Eq. (6a)] is

61"1(p1,t) 1

=~/dx2012g“) (xl,X2,t) . (1 1)

at ?

In Appendix A we prove that the set of Egs. (10) and
(11) are still reversible; the e expansion has not de-
stroyed the reversibility. This point is taken up again
in Sec. IV.

III. RELAXATION OF THE CORRELATION FUNCTION

We now consider a special case, namely (taking £y=0),
g(l) (xlyx%o) =0.

(a) Consider first that | qu—qz| <R, where R is the
range of the force. If we assume there exists a time 7,
the “time of a collision,” such that for essentially all
relevant momenta

don(|q1i—a:|)

S~f<xl,x2
aql

= 3¢12(

then Eq. (10) reduces, for t> 7 to

(P1—p2)
qi—Qe——T
m

).

g(l) (xl,xz)t)

=/ At'S_y (%1,%2)012F 1(p1, t— 1) F1(pe, t—1)
0

for t2r; (12)
and, from (11) we have
Fl(p.;, t—l’)=F1(p¢,t)+0(T/T) fOI‘ 0<t’<7‘, (13)
where 7 is the mean time between collisions.
To lowest order,
gFP(l) (xl)x%t)
- f A0S (01200F (0D F (1)
0
for 27. (14)

Therefore, to this order, the functional form proposed
by Bogoliubov develops, for |q:—q:| <R, in a time 7
from the initial time. The subscript F-P on g indicates
that this is the form of g®@ that together with Eq. (11)
is the Fokker-Planck equation (or, as Bogoliubov calls
it, the Landau equation). The Fokker-Planck equation
is irreversible in the sense that it obeys an H theorem.”

t—to

AU S_y (1,%2)019(x1200) 1 (p1, t— 1) F1(ps, 1—1'),
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-=0. The zeroth- and first-order equations are then (dropping the e notation)

(10)

(b) Consider |g;—qs| >R.

Suppose p; and pp are such that at no earlier time
have the two points interacted, i.e., |.S_;(%1,%2){ g1 — gz} |
>R for 0<¢< « ; then g® (wy,25,t) =0 for all time.

If py and p; are such that at an earlier time 7o(x1,%3)
the points are just starting to interact, i.e.,

IS“TD{ qi— q2} I =R )
then Eq. (10) is
g(l) (xl)xﬂ}t>

=0,

1< 705

t
=/ df/Sﬁt' (xlx2>6121"1(p1, t'—[/)Fl(p% t‘—‘l/) ,
70
7o i< 1073
T0+7
= / AU S_p012F 1 (py, t—1)F1(ps, t—1'),
J 7o
121047,

(15)

The asymptotic form for g® is reached only after
t> o+ which can be (for given p; and p;) arbitrarily
large for points q: and qs sufficiently far apart. It is
interesting to notice that the previous history of the
system, in terms of Fy, is stored in the correlation func-
tion of distant points; for, at any time ¢, there are
pairs of points (qi1,q2) such that the corresponding g®
depends on the value of F; at any given time between
zero and ¢.
The asymptotic form of (15) can be written as

g(l) (xlle}t): J(t—' 70) ‘ Iro 5 t> TO+7' 5

i} a
J()= (_*—)F1(P1,5)F1(Dz,¢) )

dp:1 Ip: (16)
To+T a P12
I~ f A (wr20)——,
70 aql

where we have again used Eq. (13) and, from the
spherical symmetry of the force law and the fact that
the collision is completed, I, is in the direction of the
distance of closest approach ro. Therefore, g® is non-
zero if J has a component in the ro direction. In equi-
librium, J is in the direction of the relative momentum
P= p,-- p, which is normal to ry so that g®=0. We see
then, in the nonequilibrium state, the range of g‘© can
be arbitrarily large, but the range of (pi,pe) which
gives a nonzero value to gV goes down with increasing
|g1—qz|. In Appendix B we show that the long range
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of g® does not cause the next approximation g to
become unbounded with time.

IV. THE REVERSE MOTION

In Sec. I1Ta we considered the evolution of a system
that at zero time was uncorrelated. In this section we
shall describe the corresponding reverse motion. For
this purpose we consider the evolution of a second sys-
tem constructed at an arbitrary time £>0 that is
identical to the first system but with all momenta
reversed. This second system is initially correlated in a
special way and it is this initial correlation which
causes the reverse motion to be accomplished.

Consider again the initial condition g (xy,%,,0)=0.
We have, from Eq. (10) with £,=0

g (0]wy,ms,0)

t
=/ dtlS_t/ (xl,CQ)(?lel(Ol Py, If_l/)
0
XF1(0] pe, t=1),

where the zero preceding the vertical bar in g® and Fy
indicate the initial time was zero. In particular (sup-

to

gD (to] p1,p2,) = S—(1—t0) (P1,2) {f

0

t—to
/}
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pressing qi, qz) we have

gV (0] —p1, —ps, 8
¢

:/ d'S_y(—p1, —Pp2)012(— p1, — P2)
0

XF1(0] —py, t—=1)F1(0] —po, t—1).  (18)

At time # start another system off with initial
conditions

In the first term in Eq. (21) we can combine the S operators

S_t—t0) (P1,P2)S—tr (— P1, — P2)=S_(4—to—1) (P1,P2) = S_ 48—y (— P1, — P2).

Splitting the range of integration in the first integral in (21) into

the first integral is

t—to to
{f At'S_(i—tg—t) (P, P2)+
0

Changing time variables, Eq. (21) becomes

t—to

g(l) ([0[ pl)p27t) 2/
0

di/S_g' (pl,pz)()m(-— P1, — pg)Fl(O[ — p1,2f0+l/‘— l‘)Fl(OI — Pg, 2t0+ll— [)

2{0—t
+/ dt'S_y (—p1, —P2)b12(— D1, — P2)F1(0] —py, 2l— ' —)F 1 (0] — ps, 2L0—1'—1)
0

From the general reversibility argument (Appendix A) we would expect

Fl(tﬁl pl;t)=F1(0l — Py 2t0_t)7

Fi(to| prt) | 1=te=F1(0| —py, to), (19a)
gD (to] p1,D2st) | emte =2V (0] —p1, — 2, t0) . (19D)
For ¢2 ¢, we have from Eq. (10)
gD (to| p1,p2,0)
=S_(t—t) (P1,P2) gV (50[ P1,Pa,l0)
i—to
(17 +/ dt'S_y (p1,p2)012(p1,p2)
XF1<[0| jUB lf"‘lf/>Fl(f0| P2, t—lfl) P (20)
Using (19b) and (18) in (20) we have
dt'S_y (= p1, — p2)bha(—p1, —P2)F1(0] —py, Lo— 1) F1(0] — ps, to—1) }
Al'S_y (p1,02)012(p1,p2) F1(bo| p1, t—1)F1(to| po, 1—1) . (21)
(22)
(0, t“‘t()) and (t-‘to, f()) for toﬁtS Zlfo,
AV'S_(vyto—ty (— P, —P2) (0121171
t—1to
t—to
+/ d'S_y: (p1,p2)012 (D1, P2) F1(to| Pr, t—1)F1(to] o, 1—1), for 1<K 2. (23)
0
(24a)
W<t 2, (24b)

P (bo] 1, P2,2) =g P (0] — p1, — 2, 200—1), for
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which satisfy the initial conditions (19a) and (19b). To show that this is the case, suppose (24a) is the solution of
(23) and (11), then the first term in (23) cancels the last term and the remaining term is, by (18), g® (0] —p;,
~— Ps, 2tp—1) thus establishing (24b); and (24b) in (11) leads to (24a), i.e., Eq. (11) is

6F1(lfol pl,t) 1

af 7,
The right-hand side of (25) is

?

=—/dx2012(p1,p2)g(” (to] p1,p2,0) .

1 1
—/dxzou(px,pz)g‘”(()l — D1, — Py, 2b—1)= —"/dxzolz(—m; —p2)g (0] —py, — 2, 20—1)

(25)

(25a)

and the right side of (25a) is, by Eq. (11), dF1(0]| —py, 2to—1)/0t; we have for t,<t<2t, OF(to|py,t)/0t
=0F1(0l - Py 2!0“)5)/(%, or Fl(tOI pl,t)'—Fl(lo[ pl,t0)=F1(OI — P, ZtO—t)—Fl(OI - P, to) a.nd, with initial condition

(19a), this is (24a).

Over the time interval £,<{< 2fy, the equation for F, (| py,f) can be obtained from (25) and (23). Equation (23)

can be written, using (24a) and (13), as

2¢0—¢
gD (to| p1,pe,t) = f dt'S_y (— 1, — P2)012(— p1, — P2)F1(0] —py, 26—’ — ) F1(0] — ps, 26— 1’ —1)
0

2¢0—¢
= “/ dl'S_y (p1,02)012(p1,02) F1(lo| p1t) F1(f| poyt) .
0

(20)

Equation (26), together with (25), is the anti-Fokker-Planck equation, i.e., the collision term is the negative of
the Fokker-Planck collision term. If we call q;—qs=r we have

1 do([r]) (0 o 20—t
OF1(to| pr,t) /0t = —- / dl’adl‘[ . l———” / dl'6¢<
9 or dp:1 9P 0

Changing r— —r

OF1(to| p1,1) 1 do(x]) (o 9 2ot
R
at 7 ar dp: Op: 0

which is the anti-Fokker-Planck equation for £ <t
S 2b0—T.
At time ¢=2¢y, from (24a) and (24b) we obtain

gD (to| p1,p2,2t0) =0, (28a)
F1(to] p1,2t0) =F1(0] —p1, 0). (28b)

The equation describing the motion for ¢ 24 is then,
from (11) and (10)

6F1<2t0| pl,lf) 1
~—-a————=~/dxg012g<”(2/0] PuD2t), (29a)
t ]

g (2to| p1,poyt)
t—2¢9

= At'S—y (p1,p2)012(P1,P2)

XF1 (2| pi,)F1(2t0] p2,t),  (29b)

(pr—p2) ,
r+ ” z)/ar
d a
. {___} Fa(to] D) P2 (1o 2oyt
8p1 apz
(P1—p2)

r— '

)/

ad d
: [*—“]’Fl(lﬁ PO F (6] po,t),  (27)
6p1 6p2

m

where
g(l) (2101 p17p2:2t0) =0 ’
F1(2t| pr?) | em2ty=F1(0] = p1, 0)
and, therefore, after {2 2¢+47 the equation for F; is

again the Fokker-Planck equation and the system is
again approaching equilibrium.

(29¢)

V. SUMMARY

From the BBKGY set of equations, we have derived
an approximate set of equations for the weak force
case, Egs. (10) and (11); these have been shown to be
reversible in Appendix A. In the special case that the
initial g® =0, the equation for F; evolves into the
“Irreversible” Fokker-Planck equation after a time r
(on the order of a time of a collision) and the system
approaches equilibrium.
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Suppose, on the other hand, the system is allowed to
run for an arbitrary length of time #;; then in order to
describe the reverse motion, we consider a second sys-
tem identical to the first at time #y, but with all mo-
menta reversed. The initial conditions on F; and g®
for this second system are constructed from the F;
and g® of the first system at . The second system
during the time interval (fo,2f,) now performs exactly
the reverse motion that the original system performed
during the time (0,f). The equation for Fy for the
second system during the time interval (¢, 2¢o— 7) is the
anti-Fokker-Planck equation and after the time 2447
is the Fokker-Planck equation.

For the second system the dependence of g on its
initial value causes the reverse motion to be accom-
plished: “built into” the initial value of g® at pairs
of points outside the range of the force is the earlier
behavior of Fy for the first system. The dependence of
¢g® on its initial value would be missing if the mo-
mentum reversal were applied to the Fokker-Planck
equation.

The final question of what to use in describing a
given system is answered in the spirit of statistical
mechanics by the argument that if all that is known
initially about a system is F4, then the most likely g®
is zero and F will most likely evolve according to the
Fokker-Planck equation.®

APPENDIX A

Equations (10) and (11), with #=0, suppressing
spatial coordinates in g’ and S, are

6F1(p1,t) 1 a¢12 a a
——Z_/qudp2 '<__—_~— g(l) (Pl;pz,t) ) (Al)
at v dq1 \dp: 9p:

g (py,p2)

=S5_1(p1,p2)g (p1,p2,0)

¢ dep1a a a
+/ dt'S_(p1,p2) '<-*——“
0 dq: \dp:. 9p:

XF1(py, t—1")F1(py, t—1').

(A2)

Consider F(py,f) and G(p1,p2f) to be the solutions of
(A1) and (A2) with initial conditions F(p;,0) and
S(p1,p20). In Egs. (A1) and (A2) change p;— —p:
and t— —¢; then using the fact that S_;(pi,p2)
=S;(—p1, —p2) we have

OF1(—p1, —1) 1 dp12 0 0
___mz_quzdPQ o ——
ot v 6(]1 6p1 ()12}

Xg(])(—pl) — P2, _t)) (A3)
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gV (—py, —p2, —1)
=S_(p1,P2)g® (—p1, — P2, 0)
¢ de1z /0 a
+/ dt'S_y (p1,pe) ‘(‘_‘—
0 dq: \dp: 9p;
XE1(—py, —t+1)F1(—ps, —1+1). (A4)

Comparing Egs. (A3) and (A4) with (A1) and (A2) we
see that if we take as initial conditions in (A3) and (A4)
Fi(=py, =) | =0=5(p1,0),
gV (=py, =Pz —D]0=G(p1,p20),
then the solutions of (A3) and (A4) are

Fi(—p1, —8)=5(pyt),

gV (=py, —p2, —1)=G(py,p2,1),
or

Fl(plat) = ‘,_'F(—- Pi1, —t) ’
g(l) (p17p2>t> = 9(—— P1, — P2, _0 .

Therefore, the approximation used to obtain Eqgs. (A1)
and (A2) have not destroyed the reversibility.

(AS)

APPENDIX B

We show here that the long range of g® (see Sec.
IIIb) does not cause the next approximation g® to
become unbounded with increasing time. g® will con-
tain a term

1 t
—/ arS_y (xl,xg)/dxaﬂmFl(pl, i—1) gD (e, a3, t—1')
0

?
1t i3 F(py, t—1')
=———/ dl'/d%dpa'—(lq{—‘h])'—
vJ o 6q1 0p1
Xg(l)(le, X3, t_.t/) ) (Bl)
where

.?Ci/:S_tl (xl,m)xi; 1= 1, 2.

Figure 1 shows a configuration at time # where the
integrand in (B1) is nonzero.

q%

Fic. 1. An inter-
acting configuration.
(a) @*=q;—pit/m;
i=1, 2. (b) qs is
within range of force
of q” and (c) p; is
such that at an
earlier time (but be-
fore particle 2 is at q
q2*) particles 2 and 3 1
interact since g0
at that time.
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In terms of the relative momentum Pjq; Ps, must be
within a solid angle 7R?/ | r23(¢) |2 in the direction ra;(¢'),
which at large distances can be replaced by wR%/
[ r12(¢) |2, where rio(¥')=r12— P1ot'/m and riz=qi—qq,
Pr= P1—Po.
In (B1) changing the momentum integration to P,

we have
t
/dl'/dﬂp“a,
0

13 OF;
. ——-—-g (1) .

dq: dp:

(B2)
1
a= ~—/dq3dP32P322

V]

To obtain the magnitude of (B2) we neglect the varia-
tion of & with time and treat it as constant with respect
to the angles when it is nonzero. We then have
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t 7TR2
a/ dtf ——————
o |re@)|?
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where 6 is the angle between ry; and P1s. Equation (B3)
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Possibility of Synthesizing an Organic Superconductor®
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London’s idea that superconductivity might occur in organic macromolecules is examined in the light
of the BCS theory of superconductivity. It is shown that the criterion for the occurrance of such a state
can be met in certain organic polymers. A particular example is considered in detail. From a realistic estima-
tion of the matrix elements and density of states in this polymer it is concluded that superconductivity should
occur even at temperatures well above room temperature. The physical reason for this remarkable high
transition temperature is discussed. It is shown further that the superconducting state of these polymers
should be distinguished by certain unique chemical properties which could have considerable biological

significance.

I. INTRODUCTION

N the forward to Vol. 1 of his monographs on
superfluids, F. London!' questions whether a
superfluid-like state might occur in certain macro-
molecules which play an important role in biochemical
reactions. If this should be the case, an entirely new and
important consideration would be added to the problem
of understanding living systems. In view of the signifi-
cance of such an effect, it appears appropriate at this
time, when a theory of superconductivity, the Bardeen-
Cooper-Schrieffer (BCS) theory? has been so remark-
ably successful in explaining much of the behavior of
superconductors, to examine in the light of this whether
or not a superconducting state might occur in certain
macromolecules. In view of the extreme complexity of
biological systems, it would be folly for a physicist to

* Supported in part by the National Science Foundation and
the U. S. Navy Office of Naval Research.
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attempt to experiment in such an environment. Instead
of attempting this, we shall tackle the problem on our
own grounds. The BCS theory, while by no means
complete and exact, has succeeded in providing a model
with most of the essential features of a superconductor.
In particular, it prescribes certain criteria for a system
which, if satisfied, should lead to the superconducting
state. Our approach is to consider how these criteria
might be applied to the design of a particular organic
molecule which, if its synthesis is possible, should show
some of the essential features of a superconductor and,
as we shall show, some remarkable chemical properties
as well. One of the interesting features about the
particular class of molecules we investigate in detail is
that the molecules should be superconducting at room
temperature and, indeed, to temperatures well above
room temperatures. We can show on simple physical
grounds why this is so and perhaps, with hindsight, why
this was to be expected.

The idea of superconductivity in organic systems is
not a new idea, however, there is a considerable amount



