ELECTRON SPIN RESONANCE ON INTERACTING DONORS IN Si

coming from an ionized phosphorus center weakly
coupled to a cluster of two neutral phosphorus atoms.

Note added in proof. Dr. J. J. Pearson made a calcula-
tion of J without neglecting the anisotropy of the en-
velope function. The results will be published in a
separate article.
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The Frenkel-Kontorova dislocation model is modified by replacing the sinusoidal substrate force by one
which is piecewise linear. Exact solutions are found for the static configuration and for the Peierls stress,
ap. Good agreement is found between these values of op and those obtained previously for a two-dimensional
Rosenstock—-Newell model. The atoms of the linear chain are then considered in random motion correspond-
ing to thermal equilibrium and under an applied stress o <o p. The time required for motion of the dislocation
from one position of stable equilibrium to an adjacent one is computed by means of a rate-theory formulation
adapted to the present type of problem in which the positions of all the atoms in the chain are required to
vary in passing over the potential barrier. The theoretical transition times for an infinite chain are compared
with analog computer results for a six-atom chain and reasonably good agreement is found.

1. INTRODUCTION

HE rate of dislocation creep over the Peierls
barrier has been studied in connection both with
low-temperature creep! and the Bordoni peak.? Because
of the complexity of the phenomenon, it is necessary to
make various assumptions of a mathematical and
physical nature when treating a realistic model of the
process.

The purpose of the present work has been to construct
a simple dislocation model which is amenable to analy-
sis with few additional assumptions. It is hoped that the
results of this idealized analysis may provide insight
into the nature of the real process, and that the mathe-
matical techniques employed may be applied to more
realistic models.

The dislocation model considered here is a modifica-
tion of the Frenkel-Kontorova one-dimensional model?
with the sinusoidal substrate force replaced by one
which is piecewise linear as in the two-dimensional
treatment of Sanders.* For this model it is possible to

* This research was supported jointly by the U. S. Air Force
Office of Scientific Research under Grant No. AF-AFOSR-228-63
and by the National Science Foundation under Grant No.
NSF-G19010.

17. Lothe and J. P. Hirth, Phys. Rev. 115, 543 (1959).

2 A. Seeger, H. Donth, and F. Pfaff, Discussions Faraday Soc.
23,19 (1957).

37J. Frenkel and T. Kontorova, Phys. Z. Sowjetunion 13, 1
(1938); J. Phys. (U.S.S.R.) 1, 137 (1939). A paper which ap-
peared after this manuscript was submitted [J. Kratochvil and
V. L. Indenbom, Czech. J. Phys. 13, 814 (1963)] treats the same
modification of the Frenkel-Kontorova model from the static
viewpoint only.

4W. T. Sanders, Phys. Rev. 128, 1540 (1962).

obtain exact solutions to the difference equation de-
scribing the static configuration under applied stress and
to derive an exact expression for the Peierls stress, op
(Sec. 2). The values of op computed here agree surpris-
ingly well with the results of the two-dimensional
calculations.*

In order to study the dislocation creep rate, the atoms
of the model are then considered in random motion
corresponding to thermal equilibrium and under an
applied stress ¢ <op. The problem of determining the
rate at which the dislocation passes from one stable
equilibrium position to an adjacent one is in the general
class of problems considered in rate theory.? We present
here (Sec. 3) a derivation of the pertinent rate formula
ab nitio which is somewhat different from the usual one
and is particularly adapted to the present type of
problem in which the positions of all the atoms in the
chain are required to vary in passing over the potential
barrier.

For the infinite chain dislocation model it is possible
(Sec. 4) to calculate explicitly all the quantities entering
into this rate formula. The theoretically predicted values
of the frequency of transition of the dislocation from
one equilibrium position to an adjacent one are found
to be in order-of-magnitude agreement with analog

5H. Eyring, J. Chem. Phys. 3, 107 (1935); C. Wert and
C. Zener, Phys. Rev. 76, 1169 (1949); C. Wert, ibid. 79, 601
(1950). A paper which came to our attention after this manuscript
was submitted is G. H. Vineyard, Phys. Chem. Solids 3, 121
(1957), which also develops the pertinent rate formula from the
viewpoint of Sec. 3. We have retained the present discussion,
which differs somewhat in emphasis, for the sake of completeness.
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F16. 1. Linear chain dislocation model.

computer results for a 6-atom chain. Finally, a summary
and conclusions are presented in Sec. 5.

2. STATIC SOLUTION
Model Description

As a simplified crystal model, we consider a linear
chain of mass points (hereafter referred to as atoms)
interconnected by linear springs with spring constant %,
and equilibrium spacing b (corresponding to the lattice
parameter) and subjected also to a periodic (with period
b) substrate potential. This substrate potential, as in
the original Frenkel-Kontorova model, represents the
net effect of the remaining atoms in the (3-dimensional)
crystal. We assume a piecewise quadratic, continuous
potential U(x), namely,

U(x)=%]e2x2, ]x{S¢7

b 2 b
(——x) . e<|xl<o,
o\2 2

where x is the distance from a potential minimum. This
replacement of the trigonometric potential of Frenkel
and Kontorova by the piecewise quadratic potential of
Eq. (2.2a) simplifies the analysis and introduces the
additional parameter ¢, the distance from a potential
minimum to the nearest point at which the potential
curvature is discontinuous and becomes negative; ¢ is
thus a measure of the hardness of the crystal. The
parameter k; in Eq. (2.1) is a measure of the shear
modulus of the crystal while the parameter %; is a
measure of the Young’s modulus of the crystal.

In order to introduce a dislocation into this model, we

(2.1)
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start with the linear chain as in Fig. 1(a) and subject
the jth atom to a longitudinal force G;, where

GM=G_M+1=—%k1b; GM_1=G_M=%k1b;
G@;=0 all other j. (2.2a)

From this, the following equilibrium configuration
will result: All atoms j>M are displaced 8/2 to the
left, all atoms j<—M are displaced 5/2 to the right,
and those for which —M < j<M are undisturbed.® To
verify that this is indeed an equilibrium configuration,
observe that the sum of the forces acting on each atom
vanishes. For the special case M =2, this new equi-
librium configuration is shown in Fig. 1(b). This con-
figuration provides a model for a dislocation because
five atoms, viz., —2, —1, 0, 1, and 2, now occupy a
region ordinarily occupied by only four atoms.

Now with these forces still applied, the atoms are
subjected to the periodic substrate potential defined in
Eq. (2.1) and sketched in Fig. 1(c), and which is posi-
tioned relative to the configuration of Fig. 1(b) with
either a maximum or minimum at the position of all
atoms so that it exerts no forces on them in this
configuration.

We next apply forces —G; to the configuration of
1(b) and (c), annulling those originally applied, and
also apply a constant force & (which represents ex-
ternally applied shear stress) to each atom. Let the
resulting displacement of the jth atom from the con-
figuration of 1(b) be #;. With the substrate potential of
Eq. (2.1), the substrate force on the jth atom is

Fj= ——-kgl_)j fOr []! ZM; prOViding Iﬁjl S¢ ’
2ksp
Fj=——%; for |j|<M,
- (2.2b)

b
providing |7;| < (E—-d:)

Note that in the first of Egs. (2.2b) 7; is measured
from a potential minimum, while in the second of these
equations 7; is measured from a potential peak. As will
be seen subsequently, the value of M is determined for
a given set of parameters so that the inequalities on the
atom displacements associated with Eq. (2.2b) are
satisfied. The final configuration, after forces —@; and
& are applied is then as shown in Fig. 1(d). The atoms in
the range | 7| <M will be termed subject to weak bonds
to the substrate potential while the others will be
referred to as strong bonds. The number of weak bonds,
n,=2M —1, may be odd or even. In the latter case, the
atoms will be indexed as shown in Fig. 1(e); that is, 7 is
understood to take on the values ---, —1%, —%, 41,

6 Only the infinite chain will be considered in detail and there-
fore the location of the origin may always be taken as the midpoint
of the dislocation. The indices 7 and M in Eq. (2.2a) may be either
integers or half-odd integers; see discussion following Eq. (2.2b).
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1%, --- when 2M is odd. Therefore in both cases the
weak-bond atoms may be taken to correspond to
—M < j<M and both cases may be treated together.
The equations of equilibrium for the configuration of
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and (2.6b) agree for the four atoms, —M, —M+1,
M—1, M for which the expressions overlap. The result-
ing expressions for the displacements are

1(d) are ui(o; M)=(eFart-Ga)B4;  j<—M;
k1(1_)j+1+17j_1—217j)—‘kz?jj"‘éj—*-&:o, I ]] ZM, =(0FM_—GM):8ja ]ZM) (283')
. ) ko o ‘ a(B—1) cosjb
Djp1+0;1—20;)+— 5,—G+6=0, 2.3) w=
1051+ ])+b— b= Gita 2:3) 2v[B cos(M —1)—cosM 8]
—M<j<M. (8—1) sinjo o .
- - —, —M<j<M;
With the introduction of the dimensionless variables 2[sinM6—Bsin(M—1)6] 2y
u=0i/b,  Gi=Gy/(kb); where
o=5/(kd), P=ky/ks; - cosM6—cos(M—1)0
M= ’
24P (2.4a) 2v[BM cos(M —1)60—BM-1 cosM ] (2.85)
v=9/, Q=1_27; G sinM6—sin(M —1)8 '
M= : — .
and the reduced displacements 2[B* sin(M —1)0—B¥~ sinM ]
n;=v;—a, (2.4b) In order to complete the solution for the displacements,
h . b t it is necessary to determine the value of M, character-
these equations may be written izing the number of weak bonds, which corresponds to
tip1— (24 Puj+u;1=G;, |jl>M; (2.52) given values of P, the force constant ratio, v=¢/b, and
the applied stress, . We proceed in an inverse fashion,
aP regarding M as well as P as prescribed, and determine
i1~ (2— Quitu;1=G;— (1—2 )’ the range of v for which a solution with #,=2M—1
it weak bonds is (1) compatible with the assumed force
—M<j<M. (2.5b) law (2.2b) and (2) is mechanically stable.

Displacement Solution

We treat here only the infinite chain, N —o0o; the
solutions to Eq. (2.5) which decay at infinity are

u]':AB—j, ]S_My
u;=DBp7,  j=>+M; (2.6a)
%M_1=BﬁM—l—%, u_.v+1=A18M_l+%;
ag
u;=C cosjb+D sinj(?——2—~, —M<j<M,;
Y
g
uy=C cosMo-+D sinMH——z——}-%; (2.6b)
Y
ag
wu_p=C cosM—D sinMf———1;
2y
where
=1[P+42—(P2+4P)"2

cosb=1—0/2.

Equations (2.6a) and (2.6b) satisfy (2.5a) and (2.5b),
respectively. The four constants 4, B, C, and D may
then be determined by the requirement that Eqs. (2.6a)

For compatibility, the following conditions are
necessary [see Eq. (2.2b)7]:

EMS‘#, 7—)——MZ —¢7

b b (2.9a)
Ty—1> — <5“¢) y TS <5“¢>;

these will later be shown to lead to sufficient conditions.
With the use of Eqgs. (2.4) and (2.8) these inequalities
become

v=—BMGu+o(1+p"Fu) , v2 —B"Gu—o(1+p"Fu);

and (2.9b)

< =BGy +o(1+8Y1Fy),
V< —BU1Gy—o(1+B¥-1F ).
Clearly, if a given bond configuration is not compatible

without stress it is not compatible under stress. The
stress-free compatibility range is
—BMGu<Sy<—BM Gy . (2.9¢)

Through the use of Egs. (2.7) and (2.8b) together with
some trigonometric manipulation, the following implicit
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equation for the lower limit on v is obtained:

(2.94)

Let the value of 4! that satisfies this equation be
denoted by Cu. The corresponding equation for the
upper limit on v is

1—-8 0
tan(M —1)f=—— ctn— (2.9¢)
148 2

so that the range corresponding to that of Eq. (2.9¢) is
Cu1Zy1<Cun. (2.91)

A detailed investigation shows that some of the in-
equalities (2.2b) other than those of (2.9a) will be
violated unless the lowest values of 6§ satisfying Egs.
(2.9d) and (2.9¢) are chosen. If this is done, then the
maximum value of 6 in the range (2.9f) satisfies the
inequality (M —1)8<w/2, and this can be used together
with Egs. (2.8) to show that for 0< j<M u;is negative
and #;11<w; and that for j>M u; is positive and
u;41<u; (only positive j, because of symmetry, need
be considered). Then all of the inequalities (2.2) are
satisfied.

For the examination of the stability of the equilibrium
configuration defined by the displacements #; it is con-
venient to return first to the consideration of a finite
chain, —(N+1)<j<N+1 [where N may be a half-
odd-integer; see Fig. 1(e)] and then to let N —. Let
¢; be a small displacement of the jth atom from the equi-
librium position being examined, with ¢_y_1=gx1=0,
V(g-n,- - -,qw) the resulting change in potential energy,
and Si= (1/k1)(8*V/3q.:9q;), —N<i, <N, evaluated
at ¢;=0. Then

Sii=@2+P); —NZj<—-M; MZj<N;

Sii=(2—0); —M<j<M;

5= ( Q) J . (2'10)

Sii=Sip=—1; —N+1<j<N—1;
Siy=0 for |i—j|>1.

Let g0\ =(g_~(N\),g_x+1(A),- - - ,gw(\)) be an eigenvector
of §i; corresponding to the eigenvalue of N\. Then g¢;(\)
are the solutions to the difference equations

gi1— 2+P—Ng;+gi1=0;
—N<j<—-M; M<;<N;
gi1— (2—Q0—N)gi+¢;+1=0;
—M<j<M; (2.11)

In the terminology of Gantmacher” S;; is a normal
Jacobi matrix. The eigenvalues A are then real and
simple and are denoted by No<A1<- - a1 A second
property of normal Jacobi matrices is that the sequence

J—N—1=(gN+1= 0.

7F. R. Gantmacher and M. G. Krein, Oszillationsmatrizen,
Oszillationskerne und Kleine Schwingungen Mechanischer Systeme
(Akademie-Verlag, Berlin, 1960), p. 80.
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Q—N()\p)7 q—N+1(>‘p)7 Y QNO\p)y P=07 ) 2N+17 has
precisely p changes in sign. In order to determine criteria
for the positive definiteness of S;; and hence for the
stability of a solution with 2/ —1 weak bonds, it is
sufficient to consider Ay and we therefore seek a solution
to Egs. (2.11) with no changes in sign. This solution,
for the case N —c may be written in the form, analo-
gous to that of Eq. (2.6),

gi=Ap~, j<—M+1;
=B, j=M-—1;
¢i=C cosj+Dsinjd, —M<j<M; (2.12b)

(2.12a)

where
B=3LP+2— (Pr4P)e];
cosf=1—0Q/2;
P=P—\, Q=0+\.

(2.13)

The four coefficients, 4, B, C, and D are determined
by the requirement that Eqs. (2.12a) and (2.12b) agree
for the four atoms for which the expressions overlap.
The resulting system of four homogeneous equations
may be separated into two sets of two each for sym-
metric and antisymmetric eigenvectors, respectively.
We consider only the former set of equations since Ao
corresponds to a symmetric eigenvector (as noted above,
there are no changes in sign in the sequence of its
components). They are [with F=%1(4+4B)]

C cosM§—FB¥=0,

T (2.14)
C cos(M—1)6—FpM—1=0,

and equating the determinant of the system to zero

leads to the following implicit equation for A,

cosMb

— 2.15
cos(M—1)8’ (2:152)

8=
where ), is that root for which M8< (r/2). We consider
next the variation of No=\o(y™; M) with 1, with P
constant. The following sequence of inequalities may be
determined from the equations cited:

B

—>0, [Eq. (2.13)]

d\g

@ 0 [Eq. (2.152)
d(cosé)> . q. (2.15a)7]

Consequently d(cosf)/d\o>0, and from Eqs. (2.4a)
and (2.13)

Ayt dytdQ 2P dQ 1) 2P[d(cosh) 1
Do dQ DN @( _Q2|: }

d\ 2
The same result, that a decrease in y~! decreases Ao,

dhe 2
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may also be seen directly from Rayleigh’s theorems,?
since, as appears from Eqgs. (2.4a), a decrease in y~!
corresponds to an algebraic decrease of the weak-bond
spring constants. Therefore the solution corresponding
to 2M —1 weak bonds will be stable only for y1>Su
where Sy is that value of vy~ for which N\o(Sar; M)=0.
Since for \y=0, =8 and §=0, the transcendental
equation for Sy is

cosMO—pB cos(M—1)6=0, Mo<(x/2);
or

(2.15b)

1-8 0
tan(M —%)0=——ctn—, (2.15¢)
148 2
where Eq. (2.15¢) follows upon use of trigonometric
identities. Consequently Sy=Car_;.

Therefore, combining the discussions for compati-
bility and stability, we may conclude that for a value of
v~ 1in the range Cj; <y '<Cy a solution with 21/ —1
weak bonds is both compatible and stable, while the
only other compatible solution for the same «, that with
one more weak bond, is unstable.

Peierls Stress

Consider next a linear chain with displacements
corresponding to a compatible and stable solution with
2M —1 weak bonds and apply to it a stress ¢ which is
zero initially and increases slowly (so that inertia effects
are negligible). Equations (2.9b) show that this bond
configuration will remain compatible while

Y+BMGy Y+BM1Gy
< <L

o< —, —.  (2.16a)
1-+BMF 1+4-BM—1F

We define o p as the stress above which these inequalities
are invalid; for ¢>op the problem has no (statically)
compatible solution, i.e., the chain could not support a
stress o>op in static equilibrium. Therefore ¢p corre-
sponds to the Peierls stress for the model considered.
The first of Egs. (2.16a) may be shown to be controlling;
this yields

cosM6—8 cos(M—1)6
l: sinM 60— sin(M — 1)0:'
sinM6— 6 sin(M —1)6
l:cosM()— 5 cos(M—1)6

where §=8(2y—1)/(2y—pB). We note that ¢p=0 for
¥~ 1=C} [this follows from Eq. (2.9d) ] and for y =Sy
[Eq. (2.15b)], that is at the limits of compatibility and
stability of configurations with 2/ —1 weak bonds.

}, (2.16b)

Numerical Results

Equation (2.16b) has been evaluated, for values of P
(the ratio of noncentral to central forces) equal to 1,

8 Lord Rayleigh, The Theory of Sound (Dover Publications,
New York, 1945), Vol. 1, p. 111 ef seq.
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F16. 2. Peierls stress, op, for linear chain; P=0.5. P is the ratio
of noncentral to central forces and v is the normalized critical
shear stress of the corresponding perfect crystal. Two-dimensional
model results are from Ref. 4.

0.5, and 0.2. For each value of P the parameter v (the
ratio of perfect crystal shear strength to shear modulus)
was varied over a range wide enough to show the im-
portant details of the problem. The results are shown in
Figs. 2 and 3; for purposes of comparison Sanders’
results,* corresponding to P=0.5, are also shown in
Fig. 2.

The agreement between these results and the earlier
ones is quite good, in view of the expected sensitivity
of the Peierls stress to the details of the model. Both sets
have the quasicyclic pattern, and both have about the
same exponential dependence on 4}, while the present
results have peak values roughly twice those of the
earlier ones.

A qualitative argument would indicate two opposite
effects in passing from the one to the two-dimensional
model: if the single chain treated here is considered as
the first atom row above the slip plane, then the presence
of the rows below it would tend to narrow the disloca-
tion, increasing the Peierls stress, while the rows above
it would increase the width and lower the stress.
Apparently, the latter effect dominates.

The agreement between the one- and two-dimensional
cases might serve to substantiate the superiority of the
accurate calculation on a discrete model, even a rela-
tively poor model, over the use of a continuum model
for dislocation studies.®

3. STATISTICAL MECHANICAL CONSIDERATIONS

We wish to consider next the creep, due to thermal
motion, of a linear chain, as described in Sec. 2, with a
dislocation under an applied stress c<op. For this

9 See also R. Hobart and V. Celli, J. Appl. Phys. 33, 60 (1962).
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F16. 3. Peierls stress, op, for P=1.0, 0.2,

purpose an ensemble of such chains is assumed with
distribution function p(p_w,: - *,pn,q—n," * *,qn) =p(p,q)
where ¢;(¢) is the displacement at time ¢ of the jth atom
from its equilibrium position under stress o, and p;=mg;
is the momentum of the jth particle with mass m. We
treat a chain in thermal equilibrium with its surround-
ings at temperature 7" and accordingly set

p(p,q)=Ce HIFT, 3.1

where

H(p,9)=1/2m)pipi+V(g-n, - *qn),  (3.2)

C-1= / e H@. 01 T dp, dgs. (3.3)
Q i

In these equations and in the remainder of this section
latin subscripts assume the values —N, ---, N, where
by the latter notation we signify zero included. Greek
subscripts assume the values — N, ---, —1,1, -+ N,
zero excluded. The symbol @ denotes the full phase
space, — o <p;< 0, — o0 <g;< 0, and the summation
convention is employed.

The potential energy function V(g) for the type of
system under consideration admits of a number of
positions of stable equilibrium with intermediate posi-
tions of unstable equilibrium. Let a typical stable equi-
librium position have coordinates ¢=(¢_w,* - *,qn)=0.
In a neighborhood of ¢g=0, the potential V(g) may be
approximated by

V(g)= (k1/2)Ssq:;, (3.4)

where the matrix S=[Sy], Si= (1/£1)(32V(0)/3¢:9¢;),
is positive-definite. It is now assumed that the system
spends most of the time in this neighborhood of ¢=0,
so that p(p,q) is very small elsewhere, and that therefore
for the purpose of computing the normalization constant

WEINER AND W. T.
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C, Eq. (3.3), the approximate expression for V(g),
Eq. (3.4), may be used. The result is

c | S| V2p N+ o5
N 20k T) 2N+ N+ (3.5)

where |.S| is the determinant of the matrix S.
Consider next the position of unstable equilibrium at
g=d=(d_n," - -,dy) nearest to the stable equilibrium
position at ¢g=0. We confine attention to a neighborhood
of the saddle point ¢=d in which the potential V(g) is
adequately represented by its quadratic approximation

V(Q)=V(d)+ (k/2)Usi(qi—di)(gi—d;), (3.6)
where
U= (1/k1)(3*V(d)/3¢:9¢;) (3.6a)

so that the equations of motion in that neighborhood
take the form
3.7

Let \; be the eigenvalues of the matrix U=[U,;] with
associated unit eigenvectors a;; and let Np<O be the
minimum eigenvalue with the sign of ao; chosen so that
ap;d;>0. It is assumed that Ay is the only negative
eigenvalue.!® With the orthogonal change in coordinates

mii=—kUsi(g;—d;) .

Qi=aii(gi—d), (3.8)
Eq. (3.7) assumes the form, for Qo(%),
Qo=+32Qo, s2=—k\o/m, (3.9)

with the solution

Qo(t) =3[Q0(0)+571Q0(0) Je** .
+3[00(0)—s71Qo(0) Je*t. (3.10)

Therefore, if at an arbitrary instant of time, (=0,
06(0)=0 and Q,(0)>0,

then Qo() will increase monotonically, at least as long
as Eq. (3.5) applies. Since ao; points away from the
stable equilibrium position at ¢=0, this result implies
that if the system, in its notion in phase space, reaches
the hyperplane Q=0 with positive velocity, it will not
return to its original equilibrium position but continue
on towards the next equilibrium position.!* This hyper-
plane corresponds therefore to the crest of the ridge
between the two valleys. In order to compute the
frequency, f, with which the system reaches the hyper-
plane Q=0 with €,>0, we introduce, as new co-
ordinates for phase space the Q; as defined by Eq. (3.8)
and the corresponding new momenta P;=a;;p;. The
distribution function in terms of these new variables
will be denoted by p(Po,Q0,Pa,Q.) Where the arguments
are separated as shown for future convenience. The

10 For the case of the linear chain described in Sec. 2, it can be
proved that only one negative eigenvalue exists.
11 This statement is, of course, intended only to apply to short

times.
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frequency f may now be obtained directly by use of a
formula derived by Rice.*? This formula, which requires
the assumption of the ergodic hypothesis for its validity,
is in the present case,

1 0
f=— f PodPo/ p(P0,0,Pe,Q)I] dPodQe, (3.11)
mJo o «

where @’ is the subspace, — 0 <P,< 0, — w0 <Q,< .
This leads, after the integrations in P; are performed, to

klNHIS[ 1/2

@0y m
'_V(O)Qa)}
AT d0., (3.
X/n”exp’ T Ial 0 (3.12)

where Q" is the subspace — o <Q,<® and V(Qo,Q.)
is the function V(g) expressed in terms of the new co-
ordinates Q;. The assumption is next made that, for the
purpose of evaluating the integral in Eq. (3.12), V(0,0.)
may be evaluated from Eq. (3.6), the expression valid in
the neighborhood of the saddle point. Then

V0,0)=V(@)+(k/2D2XaNaQe?.  (3.13)

Substitution of this expression into Eq. (3.12) leads to
the following expression for f:

f= foeV@nT (3.14)

where
_ L k 2. ,— >\0|51>l/2 3.14a)
fo—g_( o/ m)11?%; V—(PIUI (3.14a

and where |U|=]];\; is the determinant of the matrix
U. The quotient of determinants may be written

|ST|U| 7= |I+57D|, (3.15)

where S~ is the matrix inverse to S, I is the unit matrix
and D=U—S. In the type of problem considered here
the difference matrix, D, will have only a few nonzero
elements; in this case, the determinant |I+S—1D| may
be expressed in terms of a correspondingly low-order
determinant, as will be seen in Sec. 4.

4. CREEP OF LINEAR CHAIN

In this section, the rate formula of Eq. (3.14) is
applied to the linear chain described in Sec. 2 under an
applied stress e <op.

Saddle-Point Energy, V(d)

In Sec. 3, two approximate expressions for V(g),
Eqgs. (3.4) and (3.6) were given, the first valid in the
neighborhood of the stable equilibrium position, ¢=0,
and the second valid in the neighborhood of the un-

12S. O. Rice, Bell Syst. Tech. J. 24, 58 (1945). Reprinted in
Selected Papers on Noise and Stochastic Processes, edited by N. Wax
(Dover Publications, New York, 1954), p. 190.
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stable equilibrium position, g=d. For the model de-
scribed in Sec. 2, with a piecewise quadratic substrate
potential, the two regions of validity (referred to as
stable and unstable regions, respectively) have a
common boundary B, and the displacements ¢, corre-
sponding to the Peierls stress op fall on B. Therefore, by
use of Egs. (3.4) and (3.6) to evaluate V(gF), it is
found that

V(d)=(k1/2)Ssq:Pq;"
—(k/2)Ui(g:P—di)(g;7—d;) . (4.1)

The position ¢;=0 corresponds to stable equilibrium
under an applied stress § <ép (bars denote dimensional
quantities). Since the stress-displacement relation is
linear within the stable and unstable region, it follows
that

aV(gP)/3qi=k:SijqiF =6p—7, (4.2)

when the position ¢% is regarded as arrived at from the
stable position. Similarly, if it is regarded as arrived at
from the unstable position at g=d, we have

aV(gh)/9¢i=k:U(q;* —dj) =5p—7, (4.3)
Substitution from Egs. (4.2) and (4.3) into Eq. (4.1)

yields
V(d)=3%(er—&)2:d;. (4.4)

Because of the linear behavior in both regions, ¢;7(3),
the displacements to the common B from the equi-
librium positions corresponding to the applied stress, &,
are given by

¢:P(@)=[(ap—5)/51g:"(0),
di()—q:P(3)=[(¢p—5)/5r][d:«(0)—q:"(0)],
so that

all 7.

all 7.

d(@)[(¢r—5)/5r1d(0) . (4.5)

Therefore, the energy at the saddle point d(g), corre-
sponding to an applied stress, &, is

V(d@)=[(er—5)"/25p] 2:di(0) . (4.6)

Consider V(d(0)). Let A; be the displacement of the jth
atom when the dislocation moves from the stable equi-
librium position at g=0 to the next adjacent stable
equilibrium position. Then V(0)=V(A)=0, and
V(d(0)) can be computed by considering either dis-
placements from ¢=0 or ¢g=A. In both cases Eq. (4.6)
applies (with oppositely signed p) so that

V(d(0))=536p 2_:di(0)=—35p 2 i(d:(0)—A,)

23%:d(0)=3_;Ai=b, 4.7

where b is the Burger’s vector of the dislocation. Sub-
stitution into Eq. (4.6) then yields the following formula
for the saddle-point energy:

(&P—5)2b:(f’P—0’)2

or

wd(9))=

kab? .

(4.8)

Fp 40p
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F16. 4. Variation of the dimension-
less frequency v, Eq. (3.14), with the
normalized critical shear stress v.
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Computation of v

For the model of Sec. 2 which is stable with 2/ —1
weak bonds, only the elements of .S and U corresponding
to i=j=M differ, so that the only nonzero element of
D=U-Sis

Dyy=—(P+Q)=——. (4.9)
—Z
P=10
SF 7
M=1.0
Y ) §
TF
6 1.5 V=50 Up‘/t_\ 4
v /
5 1
r- 2.0 //
4} E
2.5 /
3 3.0 / E
2F / J
1 F p
o 1 1 L 1 —_— '
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°'plh

Fic. 5. Variation of the dimensionless frequency »,
Eq. (3.14), with Peierls stress, op.

Substitution in Eq. (3.15) gives the result
|SIU7 = +S uuDun)™

so that only the element S—'3 of the matrix S is
needed. This is found (for the infinite chain) by solution
of the difference equations .S;w;=8;x with the result

(4.10)

8 cosMo
S“IMM=—[
2LcosMO—p cos(M —1)8
sinM 6
1 ] . (411
sinM6—pB sin(M —1)6

Finally it is necessary to calculate Ay, the minimum
eigenvalue of the matrix U. This is found from Eq.
(2.15a) with M replaced by M +1. For the case in which
stability corresponds to M =1, an explicit formula for
No may be derived, namely,

. “[<2_Q)<P+Q+Z)_P_4J
’ P+0+1 '

For other values of M, numerical evaluation of Eq.
(2.15a) was used. The resulting values of », the dimen-
sionless frequency that appears in the rate equation,
Eq. (3.14), are plotted in Fig. 4 for P=1.0 as a function
of v. It may be noted that »=0 for those values of y
which correspond to the limit of stability, S, for the
given configuration, as does op (Figs. 2 and 3). How-
ever, v increases monotonically within the range
Su<y1<Cu, whereas op returns to zero at y1=Cyy.
It is clear, therefore, that these calculations do not
reveal a linear dependence of » upon4/op as might be
expected from a model treating the dislocation as a
single entity moving in a potential field corresponding
to ap. A plot of » as a function of 4/op, given in Fig. 5,
reveals, however, that if only the initial portion of each
range of v is considered, the two quantities are indeed
linearly related. It may be that these deviations from

(4.12)



PEIERLS STRESS AND CREEP OF A LINEAR CHAIN

TaBLE I. Comparison of theoretical and analog creep rates.

Rab?/RT 990 560 245
analog 0.157 0.22 0.46
 theoretical 0.456 0.53 0.595

linearity are due in part to the discontinuous substrate
potential employed. If only the initial portions of each
range of v are considered, then the present calculations
lead to the relationship »~~a+/op with a=5+0.5 for
0.1<P<10. This may be compared with the similar
relationships found, for example, by Seeger,!3 Weert-
man,'* and Lothe! in their treatments of a dislocation
as a vibrating string, the latter two obtaining values
of a=5.6 and 2.5 respectively.

Analog Computer Results

A REAC Model-400 analog computer was used in an
attempt to check these rate calculations, at least in
order of magnitude. Because of limitations in equipment
only a six-atom model could be simulated; also it was
not considered feasible to run through a random
sequence of initial conditions, so initial conditions were
chosen that would give a minimum frequency of jumps
of the dislocation. This model, then, was run for P=1,
v=0.2396, and ¢=0.010 (¢p=0.0146), and for three
values of temperature. Table I shows these results
together with corresponding results based on Eq. (3.14).

The analog data do agree, within a factor of 3, with
the theoretical results. The analog results show a lower
frequency, as expected (because of initial conditions).
They also exhibit a more sensitive dependence on tem-

13 A, Seeger, Phil. Mag. 1, 651 (1956).
4T Weertman, J. Appl. Phys. 28, 1185 (1957).
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perature; this again was expected, because of the fact
that only six atoms were simulated. In view of the limi-
tations on the analog model, the agreement seems to be
good, and appears to lend justification to the assump-
tions made in the theoretical derivation.

5. CONCLUSIONS

Some conclusions which may be drawn from this work
are as follows:

(1) The one-dimensional dislocation model yields
values for the Peierls stress op in surprisingly good
agreement with those for the two-dimensional model
considered by Sanders.*

(2) In particular, the sensitivity of op to small
changes in v, the critical shear stress, which was found in
the two-dimensional calculations* is confirmed here.

(3) Detailed results could be obtained on rate of
motion of the dislocation under various levels of applied
stress less than the Peierls stress and for a range of
values of the other parameters of the problem. The
relation between these rates and the Peierls stress is in
good agreement with that found earlier by treating the
dislocation as a vibrating string, except for systematic
deviations that are possibly due in part to the dis-
continuous substrate potential used here.

(4) The rate formula, Eq. (3.14), which has been
applied here to a specific one-dimensional model has
broader applicability. It allows explicit calculation of
rates of transition, without consideration of the concept
of entropy of activation, when the potential energy
function of the system as a function of the microscopic
coordinates is known.
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