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/Using (84) and y,'=2 we find for Drs, 8=0.38',
0.51', 0.86', 1.31' at 300, 400, 500, and 600 MeU. For
Di; one finds 0.22', 0.25', 0.4', 0.6', 0.84', 1.1', 1.37'
at 300, 400, 500, 600, 700, 800, 900 MeV. For F15 5 is

0.36', 0.50' and 0.68' at 700, 800, and 900 MeV.
Fol II]g 8 is 0.37', 0.56' and 1.05' at 1700, 2000, and
2500 MeV. The same parameters give for P11 5=12'
at 900 MeV. 7
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Effect of the Baryon Excited States on the N wan—d x—x Forces
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The X-h. and h.-h. potentials caused by the exchange of two pions are calculated in the static theory, taking
into account the resonance y'&* in the s —h system and the (3—3) resonance in the s Zsy—stem The .recoil of
the baryons is included in an approximate way. It is shown that the presence of these resonances diminishes
the spin-dependent part of the central potential and the tensor potential, and increases the spin-independent
part of the central potential. The triplet potential turns out to be slightly stronger than the singlet potential
at large distances, and slightly weaker than it closer in. If the resonances are omitted, the triplet potential
is the stronger over the whole range. This last result is in mild disagreement with other work. Its relation
to the choice of a one-channel or two-channel formalism is discussed.

1. INTRODUCTION

S OME experimental evidence on hypernuclei and on
double-hypernuclei is now available and some phe-

nornenological analyses of this evidence have been made
with a view to determining the nature of the N —A~ and
A —A forces. '

Various workers' have estimated the two-pion ex-
change contributions to these potentials using meson
theory. However, no account seems yet to have been
given of the effect upon these forces produced by the F&*

resonance in the x—A. system and the 3—3 resonance in
the m —N system together. 4 The main purpose of this
paper is to estimate this eGect.

We shall take the Z —A parity to be even, as has now
been almost conclusively established, ' and we shall
make the experimentally probable assumption that the
I'&* resonance at 1385 MeV in the x —A. system is a PS~2
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state, ' having the same mechanism as the I=X=~ reso-
nance in the z —N system. The Chew-Low theory for
the pion-nucleon interaction can then be extended in a
straightforward way to the pion-hyperon interaction,
and the N —A and A.—A potentials can be calculated by
the method given by Miyazawa, ' a method in which the
resonances of the m —N and ~—A systems can be
treated.

It has been pointed out by Charap and Fubini and by
Gupta' that the static limit of the two-pion exchange
potential is not well defined. The difhculty comes from
the fact that, when the two-pion exchange potential
V(x) is written in the form

dtgsp(ms) exp( —mx)/x, (1.1)
(2m~) '

the inverse baryon mass expansion of the spectral func-
tion p(m') does not converge at the lower mass end
(m ~ 2rN ).The relativistic effect is therefore important
in the asymptotic region (a —+~), where the static limit
would appear to be most justified. Akiba' has examined
the accuracy of the inverse nucleon mass expansion,
showing that this expansion provides us with a reason-
able numerical approximation. Our calculation will be
meaningful except for extremely large distances where

~
V(x)

~

will be negligibly small, and of course for very
short distances.
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There is an arbitrariness in the definitions of the F—A

and A —h. potentials which is connected with the number
of channels which are to be considered in the solution of
the Schrodinger equation. If we took two channels,
X—A and X—Z, then the potential V would be a 2)& 2

matrix,

(1.2)

N

We shall, however, work in a one-channel formalism, so
that V is now a single element.

The main difference between the one-channel and the
two-channel formalisms lies in the treatment of the
diagram in Fig. 1 which possesses an intermediate state
having no virtual meson. (We shall discuss only the

Acas—e as. the h.—h case is quite similar. ) In the two-
channel formalism, Lichtenberg and Ross," following
the treatment of the nucleon-nucleon interaction given

by Brueckner and Watson, "have argued that Fig. 1 is
a repetition of the simplest graph for Vgg and must be
omitted from the calculation of V~~. In the one-channel

approach, however, Fig. 1 must be included as it cannot
now be interpreted as a repetition of lower order graphs.
In the two-channel formalism there are other interpreta-
tions of Fig. 1 which are not equivalent to that of
Lichtenberg and Ross, and which in fact lead to different
S—A. potentials. For example, if we adopt the pre-
scription of perturbation theory which leads to the

i & ~

FIG. 1. Repetition
diagram.

FIG. 2. Diagram
for the g —A inter-
action.

TAO potential in the X—S case,"we should obtain a
nonzero contribution from Fig. 1 corresponding to the
"probability term" of Fukuda, Sawada, and Taketani. "
This ambiguity is absent from the one-channel treat-
ment, which is an important consideration in its favor.

Unfortunately, as noted by Lichtenberg and Ross,"
the one-channel formalism possesses a severe dis-
advantage which is also connected with Fig. 1. The
mathematical expression corresponding to Fig. 1 con-
tains an integrand whose denominator involves the
factor (6+T) where 6 is the mass difference 3IIs MJ, —
and T is the kinetic energy of the baryons in the inter-
mediate state. In the static model, the baryons are con-
sidered to be fixed and T is ignored. The validity of this
approximation is discussed and an attempt is made in
Sec. 4 to take account of the motion of the baryons in
an approximate way.

In Secs. 2 and 3 the potentials for the E—A and A.—h.
interactions are derived. The -calculations of the poten-
tials are presented in Sec. S and are discussed in the light
of other work in Sec. 6. The range of validity of a useful
approximation suggested by Matsumoto, Hamada, and
Sugawara" is discussed in an Appendix.

2. THE N —A. POTENTIAL

We shall use units in which k=c=nt =1.
Following Miyazawa, ' we write the S-matrix element

corresponding to the lowest order diagram Fig. 2 as

(eu [S( ) iou)(o —u iS& ) io —~)5= —— g d4kd4k'
2 (2m)' '." (~o ~o )(~o —ooo )

'0 D. B. Lichtenberg and M. H. Ross, Phys. Rev. 107, 1714 (1957)."K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 (1953).
"M. Taketani, S. Machida, and S. Onuma, Progr. Theoret. Phys. (Kyoto) 7, 45 (1952)."N. Fukuda, K. Sawada, and M. Taketani, Progr. Theoret. Phys. (Kyoto) 12, 156 (1954).
'4 T. Matsumoto, T. Hamada, and M. Sugawara, Progr. Theoret. Phys. (Kyoto) 10, 199 (1953).

(2.1)
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The functions F and G areare de6ned as
k sink(y+z)

dk &tc p

2 2&) yz o oos(&s+li) (&is+@)

k sink(y+z)
dk

oos+8)
(2.8b)

2(2sr)syz(X+y) o

(2.9)
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(2.10c)

3. THE. THE A. —A. POTENTIAL
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12~2

"~P (P)

CO~ COp CO~

(5.1)

The x —N and m —A cross sections may both be written
in the Breit-Wigner form,

12~ Lr(p)/2j'
~(P) =

po LE—E„jo+Li (p)/2jo

(P~)'
1(~)=

1+(p~)'

(5 2)

(5.3)

Here u is the channel radius which we take to be 1.The

5. CALCULATIONS

It is convenient to replace the integrals over oo(p)
and ooo(p) in Eqs. (2.6) by a simple rational approxi-
mation suggested by Fubini. 'r The integrals over P
always have the form

width I'(P) at the resonance energy E„ is 90 MeV for
~oo(p) and 50 MeV for oo(p). The quantity E„and the
total energy of the pion-baryon system E are both
referred to the center-of-mass frame. In evaluating (5.2)
we replace (E E„) b—y its approximate value (&o„—ra,),
where oo,= 1.91 for 0»(p) and co„=1.79 for oo(p), in units
of the pion mass. Equation (5.3) taken at the resonance
energy then gives y'=38 MeV for o»(p) and y'=25
MeV for a, (p). The quantity (5.1) was evaluated
numerically for several values of co„between 0 and 6 and
it was found to be representable to an accuracy of
within 0.5% by the form suggested by Fubini, "
g~, ~'/(~, +~~,~), where

g+=0.057, co~= 1.83 for 0oo(P),

gq' ——0.047, ooz= 1.79 for o o(P) .

With these approximations for the integrals over the
cross sections, the Eqs. (2.6) and (3.2) can be written

="(y,s)+Zb, s) = 6(4~)'Lf&f~'V'«(y, s)+G«(y, s))+2fN'g~'(F o-& b,s)+Go-~(y, s) )
+4f~'g~'P'~-~(y;)+G~-~(y, s))/3+8g~'g" P'-~.~b s)+G-~-~b s))/3&

(y,s) Z(y s)=—6(47r)'[fx'fo. 'Goo. (y s) f~'gj'Go.—~(y,s) os gN Go, —„(y,s)+ogN gA G ~ o(y,s)], (5 4b)

(y s) Z (y s) = 6(4&)off&'G«(y~s) 2J&'g&oG»o (y~s)+g&4G~J, ~o (y~s) j

="(y,s)+Z'(y, s) =6(4~)'Lf~'{F»(y,s)+G»(y, s) }+4f~'g~'P'~-g(y, s)+G~-~(y, s) )
+4g"(F....(y, )+G..,(y, )», (55 )

(5.5b)

These quantities and their derivatives were evaluated
numerically using an IBM-1620 computer. We took the
cutoff momentum k to be 6 and the coupling constants

fg and fq' to be 0.08.
In the Figs. 3 we present the N —h. and A.—h. poten-

tials as continuous lines. The potentials which would
obtain in the absence of the resonances were calculated
by setting gN'=gg'=0 and are given as dashed lines.
Both these calculations employ the recoil correction.
The dotted lines in Figs. 3 are the potentials which
result when the resonances are taken into account but
the recoil corrections are omitted.

It is clear that the presence of the resonances leads
to a considerable increase in the central spin-inde-
pendent potential Vo and to a decrease in the tensor
potential Vy. The resonances tend to diminish the
magnitude of the spin-dependent central potential Vg,
and actually cause it to change sign at short distances.
The effect of the recoil correction can be seen to be most
pronounced at short distances, where it leads to diminu-

'7 S. Fubini, Nuovo Cimento 3, 1425 (1956). An alternative
approximation is to replact 0(p) in Eq. (5.1) by the quantity
12m'g'p, B(~~—~,), where g'= F (p,)/2p„'. The integral then reduces
exactly to the form g /(~1, +co,).This approximation will be valid
when the denominator ~~(~&+co„) of Eq. (5.1) varies only slowly
across the resonance region of 0.(p). For 0.38(p) and 03(p), this
approximation is less accurate then the one adopted.

tions in the magnitudes of all potentials. At larger dis-
tances the recoil correction becomes negligible. All these
features are common to the N —A. and A —A potentials.

6. DISCUSSION

The experimental evidence for the N —A interaction
comes from the study of A hypernuclei. The evidence
for double hypernuclei is as yet meagre, and so our
results for the A —A. interaction will not be discussed in
this section. From the analysis of the mesonic decay of
~B4, the N —A potential appears to be deeper in the
singlet state than in the triplet state, although this has
not been established conclusively. '

In the singlet state the central potential is
V»= Vo—3Vq and in the triplet state it is V3= Vo+ VB.
Our calculations for these two quantities are given in
Fig. 4 for the 1V—A. case. When the resonances are
included we see that at short distances the potential is
slightly more attractive in the singlet state but farther
out the triplet potential is stronger. If the resonances
are omitted, the triplet state is preferred throughout.

Lichtenberg and Ross" have used the Brueckner-
Watson method to obtain a result for the two-channel
X—A potential matrix (1.2), taking no account of the
3—3 or I'~~ resonances. They solved the Schrodinger
equation with this potential outside a hard core and
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for the lV —A system, and
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3 (23 12) (23 4)
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—+—~E $(2x)+

~
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7r &x4 x') kx' x)

3 fg'[ag(2x)]' 8''gg'ag(2x)a„~(2x) 4g~4[a~x(2x)]' 6 12 1O
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2 ++~A Q)g x' x' x' g
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'
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fz'[az(2x)]' 4''gz'az(2 )ax„~(2 )xg&4[a„~(2x)]' 3
Vp'(x) = + + ++1

X3 X2 g

e
—2$

7

x3
(A3c)

for the 4—4 system, where E„ is the modified Bessel
function.

The eGect of the presence of the resonance terms,
which are the ones which involve g~2 and g~2, can now be
clearly seen.

This "MHS" approximation leads to a useful simpli-
6cation only when the cutoff factor vt, is set equal to
unity. The divergences in the derivatives of the func-
tions Fz„(y,s), Gz„(y,s) are avoided by di8erentiating
after the integration over k has been performed. It is
interesting to see the variations in the final potentials
caused by the replacement ot nj, ——exp( —k'/2k„') by
v1, =1, and to this end we calculated numerically the
integrals in (Ai) with vq ——exp( —k'/2k '), and evaluated

the corresponding potentials. These are compared with
the potentials given by (A2) and (A3) in Fig. 5 for the
X—A case. For comparison we also present the poten-
tials calculated without recoil and without any approxi-
mation to Ii or G. The effect of recoil cannot be included
in an MHS approximation. It can be seen that the
MHS approximation is useful for radii exceeding 0.6
units, but that at shorter distances the neglect of cutoQ
in the MHS approximation produces overestimates of
the more acceptable potential in which the cutoff has
been included. At short distances of course, the recoil
correction also becomes very important, and it may be
necessary to work with the two-channel formalism to
include the recoil satisfactorily.


