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Elementary Particles of Conventional Field Theory as Regge Poles. IV*
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The usual field theory of spin 0 "nucleons" coupled to vector mesons (or heavy photons) is studied in
order to find out whether the nucleon lies on a Regge trajectory. Photon-nucleon scattering is examined, to
each order in the coupling constant, with the highest power of ln cos8 retained. It is found that a suitable
Regge trajectory is generated, but that the nucleon does not lie on it. The nucleon pole term in the scattering
amplitude corresponds to a fixed singularity in angular momentum. The spin 0 "nucleon" thus behaves
differently from a particle of spin $.

l. INTRODUCTION
' N the previous article' vie have seen that an "elemen-
& ~ tary spinor nucleon turns from a fixed singularity in
the J plane into a moving pole as a result of vector
meson (or heavy photon) radiative corrections. The
problem was studied in the approximation of keeping the
highest power of ln cos|It for each power of the coupling
strength y2. The factoring of the Born approximation
was crucial in achieving the result.

Here we study the case of a scalar nucleon in the same
approximation. We 6nd that in the usual field theory the
6xed singularity remains, because the Born approxima-
tion does not factor.

Since there is a nonsense channel with J=O and the
quantum numbers of the scalar nucleon, a Regge pole
of the right kind is generated with n ~ 0 as y2 —& 0, but
the trajectory does not pass through the nucleon.

An alternative, more complicated 6eld theory can be
constructed in which the factoring obtains and the
scalar nucleon lies on the trajectory, but such a theory
does not seem to be renormalizable in the usual sense.

In Sec. 2 we discuss the scalar nucleon problem by
much the same methods applied in II and III to the
spinor nucleon. The Born approximation is examined
and used as the starting point of an iteration method
based on unitarity and analyticity for partial wave
amplitudes.

In the subsequent sections, the problem is re-examined
from a different point of view, that of asymptotic
unitarity for scattering amplitudes. The method of
asymptotic unitarity could also be employed for the
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2. SECOND-ORDER CALCULATION AND
ANGULAR MOMENTUM BEHAVIOR

OF COMPTON SCATTERING

The discussion in this section is parallel to that in
Secs. 4 and 5 of III. The second-order Feynman ampli-
tude and scattering amplitude f are given by

M = 62p&lv~pv

and SsrWf=M, where

(2pso+hso)(2pl~+hlv)
BR„„=y2

5$ —S

(2.1)

(2p,„—k,„)(2ps„—kl.)
(2.2)

m' —I

spinor problem, and it shows directly how the Feynman
diagrams generate Regge poles. Extensive use is made
of the Mandelstam representation.

The fourth-order Mandelstam weight functions are
6rst introduced in Sec. 3, but the photon-nucleon
scattering problem is not taken up immediately. In-
stead, a scalar meson is introduced, coupled to the
nucleon with coupling parameter g. The amplitudes for
scalar meson-scalar nucleon scattering (order g'y') and
for photoproduction of scalar nucleons (order gy') are
discussed. The full spin complications of photon-scalar
nucleon scattering are postponed to Sec. 5.

The sixth-order amplitude (g'y') for scalar meson-
scalar nucleon scattering is treated in Sec. 4, in order to
illustrate what Feynman diagrams are important in the
higher orders and what cancellations occur.

In Sec. 5, the method of asymptotic unitarity is
developed and applied to photon-nucleon scattering.

Finally, in Sec. 6, the Feynman diagrams for photon-
nucleon scattering are examined explicitly with the aid
of asymptotic unitarity and it is shown how to extract
the highest power of ln coso for each power of y2. In
sixth and higher orders, the vanishing of certain sub-
traction constants still has to be proved.
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As in III, we work in the gauge

02 &2L [(&2L' klk2)/(kl'k2)$ 1

01——oiL —[(01L kok1)/(k1 k2)],
(2.3)

where OL is the Lorentz gauge (OL k=0). Then in the
high t limit, the middle term of (2.2) does not contribute
to the f amplitudes. The others are easily calculated,
using the definitions given in III, Sec. 2:

where

(1——[y2(S—m 2)/Sork2W)'",

-2y9 '{[(s—222')/kg —k }'$0=-
82r W&02(S—2222)

[2~2~2/S~Wk2)1/2

&0'= [4y9,2/SorWkoj'".

2/9 ' [(s—ts'/k) —k)' 4y'li'
82rWfoo+=—

S SZ

X (s—2222 V2 2V2y201
82rW fio+= —y2—

~

—k —+
k ks k'2

72(2222 —s) 2y2002 1
SorWf11+= +

&2' k2 S

27'
82rW f11 ——0

where the first and second terms of (2.4) come, in our

gauge, from the first and third terms of (2.2), respec-
tively. The motivation for this separation will emerge
presently.

The partial wave amplitudes near J=O are then
evidently

Imn =yok/42rW. (2.8)

The positive parity states generate a trajectory with

Imn+= k ($12—$1'2) =7'(s —2N2 —2oP)/Sork W (2.9)

which, as observed above, does not pass through the
nucleon. Further, near J=n,

F11~+=(1/k)[Imn+/(J —n) j,
(8061 60 61 ) (5051 60 61 ) (Imn /k)

We now observe that the first and second columns
factor separately, but that their sum does not, since

fo/51 &50'/4'
Therefore, in this theory, the nucleon does not lie

on a trajectory; it fails to become Reggeistic. Instead,
we have the following behavior: The negative parity
amplitude Ii »J is not coupled by unitarity to the other
three states, and thus generates, according to the work
of I'II, Sec. 3, a trajectory whose imaginary part is

given by

X2 f[(s—m2)/kj —k}2
SaS'Poo J+= —2y2—

S—tS
&zo+4y' —~so,

k2

(Imn+/k) "' J n+—

8~~'~10J+

J1/2

ImFpp J+=Im
0 1 0 1

Imn+/k J n+—(2.10)

(s—2222) 1 2y2~2 1
SXWI'11'+= y2

k2 J k2 J
I

82rWF 11~ 0+2y'——
J 0 1 0 1

~00
0 1 0 1

+ 8go, (2.11)
Imn+/k J—n+ Imn+/k

(2.5) In this case, we cannot simply remove the Irn from
the last equation above, since the Born approximation
limit, where n+/(J n+) ~ 8q—o, would then be in dis-
agreement with Eq. (2.6). Evidently, we achieve agree-
Inent by writing

Ke observe that the two sets of terms factor sepa-
rately. That is,

Foo $0 ~SO+$0 ~JO y

which, as n ~ 0, approaches

0 1 0 1 0 1 0 1
'~JO 40( $0 +$0 )

Imn+/k

J1/2

1
5051 +$0 flJ J

F»'+= 51'/J 4"/J, —

F11~ =0+F2/42rWJ

(2.6)
in agreement with (2.6).

We therefore find trajectories in the neighborhood of
J=0, which, however, do not pass through the nucleon
exactly at J=0. Consequently, the nucleon remains un-

Reggeized, and the nucleon pole is completely contained
in the coeKcient of Iso in (2.11').
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The asymptotic behavior of the f 's in z may now be
predicted. It is evidently

P,

0 1 0 1 0 1 0 1
o+= — (—s)",

Imu+/k Imu+/k

(2.12)

It is interesting to observe that the theory without
the 8„„term (in our gauge) does Reggeize the nucleon;
one has in that case F11~ =0, and

FIG. i. Feynman graphs
for fourth-order meson-
nucleon scattering, con-
tributing to the double
spectral functions. Mesons
are wiggly, nucleons are Pa

solid, and vector mesons are
dashed lines.

Pi (a)
Qi

(2.13)

wjth Ima= k$io= y (s—tn')/gork'W, so that Imn= 0
at s=nP.

We may then ask if there exists a theory which would
yield precisely these results, that is, would not have the
"8„„term, "which in our gauge becomes

—27't'8„.ki ko —ki„ko.)/(ki ko) . (2.14)

Since our whole treatment has been concerned with
large s, i.e., large k1.k2, we may modify this expression
by terms which are uninteresting in such a limit; for
example, we write

b„„k1 k2 —k1„k2„
+F2

(ki —ko)'+ALII'
(2.15)

where M is an arbitrary mass. If there were in the
Lagrangian an interaction of the form

~r=Vi~ e~ A'+VW'4x (2.16)

3. FOURTH-ORDER SCATTTERING AND
PHOTOPRODUCTION

In this section we begin a discussion of the entire

problem from the point of view of Mandelstam weight
functions and asymptotic unitarity. The results mill be
equivalent to those of Sec. 2. The new treatment is
intended to cia,rify certain points, such as the g,bsqnce

where F p is the field strength associated with our vector
field, x is a new scalar field of mass M, and y1y2= —y',
then the contribution (2.15) to the Compton scattering
would be cancelled by the Born approximation exchange
of a single x particle.

The modified theory consisting of the normal inter-
action between the scalar nucleon and vector meson
Acids as well as the new interaction, Eq. (2.16), is not
obviously renormalizable. In the case of real photons we
note that the electromagnetic interaction would no
longer be minimal.

a,

Pf
(b)

of left-hand s cuts in the leading terms. In addition, it
may be helpful to the reader to have an alternative
approach. We start with an explicit discussion of the
lowest few orders of perturbation theory. Fourth order
is described here; sixth order is deferred to the following
section.

We take up first the study of meson-nucleon scatter-
ing, with spinless mesons and nucleons, to minimize the
complexity. It will, of course, not be possible to elimi-
nate all vestiges of spinology, and still have the possi-
bility of Regge behavior of the nucleon, so we assume
the existence of virtual vector mesons coupled to the
nucleon. These will be neutral and interact with a con-
served current so that we are dealing with a renormal-
izable theory in the usual sense. At the end of this
section, we shall remark on the fourth-order photo-
production process as well (by which we mean meson
+lir ~ X+vector meson; to avoid infrared problems,
we do not wish, generally, to deal with actual photons).
Some information about this is necessary to evaluate
the sixth-order scattering process.

Meson-nucleon scattering is described by a single
invariant scattering amplitude, which we may call
5K(s,t); it depends on s= —(pi+qi)' and t= —(pi —p2)',
where pi(po) and qi(qo) are the four-rnomenta of the
initial (final) nucleon and meson, respectively. We shall
study the behavior of 5R(s, t) at large t for fixed s.

In fourth order there are eight Feynman diagrams
contributing to 5R; two of these are shown in Fig. 1.
Evidently, Fig. 1(a) is obtained from Fig. 1(b) by re-
placing s by u, where u= 4 s t. (We shall from now o—n-
take the nucleon, meson, and vector-meson masses
equal, and equal to unity, to keep the formulas as simple
as possible. It is not a great amount of extra labor to
keep them all different, as is shown in Sec. 2, but, in
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Px

FIG. 2. Fourth-order meson-nucleon scattering
"renormalization" graphs.

general, nothing is particularly clarified by doing so.)
The remaining graphs, in fourth order, are all "re-
normalization graphs" and depend only on s or on N.

They are shown in Fig. 2.
Using the usual Cutkosky rules, it is quite straight-

forward to compute the double spectral function for the
graph of Fig. 1(a); the result is

(3—2t)
p"(s,t) ~ —kg'v'

[s(s 4)t(t 4)—4sty-'—
= (3—2t) ps(s, t) . (3.1)

Here the meson-nucleon vertex is taken as g and the
vector meson nucleon vertex is 7 (Pi+P2) „,when a vector
meson of polarization p, is absorbed, by a nucleon of
momentum Pi, giving a nucleon of momentum P2. The
crossed box, Fig. 1(b), contributes the same, with s —+ u,
to the spectral function p" (u, t). Clearly, computing OR

from p" gives a term like 1nt for large t; the contribution
of p" is like (lnt)'/t. The renormalization graphs in s give
constants; those in u go like (lnt)/t, so we finally have

1
OR(s, t) ~ — gsy2

4X2

Now if BR were to have a Regge-like behavior for large
t, with a trajectory corresponding to a nucleon Regge
pole in the s channel, we should expect

oR(s, t) —+ (function of s) X (—t) /'& as t -+n1, (3.4)

where n(1)=0. Comparing (3.4) and (3.3), it is clear
that if the Reggeism actually obtains, the trajectory
must be given by

s—1 (s—4)"'+s"'
ln . (3.5)

42r' [S(S—4)j'/' (S—4) '/' —S"'

The result n(1) =0 is thus automatically ensured, and
comes simply from the fact that the erst term in OR has
a pole at s=1. Evidently, then, fourth order cannot
really tell us anything and we must look further.

Further means sixth order, and it will become clear
later, if it is not already obvious, that to compute sixth-
order meson-nucleon scattering we need to know some-
thing about fourth-order photoproduction. The dia-
grams for this are the same as those shown in Figs. i
and 2, with the 'outgoing meson replaced by a vector
meson, and with the addition of the diagrams shown in
Fig. 3. These diagraIns are possible because of the
presence of the "seagull picture, " in which two vector
mesons and two nucleon lines interact at a point, which
results from an Asgtg term in the Lagrangian for a
scalar-vector interaction, and which is necessary for the
gauge invariance and renormalizability of the theory. It
will 'subsequently be seen to be the origin of the basic
difference in Regge behavior of the scalar and spinor
nucleon theories.

The photoproduction covariant amplitude is a vector,
which involves three scalar functions, among which
current conservation provides one relation. It is again
straightforward to calculate the double spectral func-
tions; the analog of Fig. 1(a) gives

1 (s—4)"'+s'/'
X ln

[$($4)j1/2 (S 4) 1/2 $1/2

p„"(s,t) =(3—2t)p (s,t)
ln( —t), (3.2)

s—2 2—s )
X p,„+p,„+ ~q2. . (3.6)

4 s t ——4 s t&——

where q2„ is the outgoing vector meson momentum. po is

where 5K is the invariant Feynman amplitude for
meson-nucleon scattering, with the entire result coming
from Fig. 1(a).

In lowest order, 5R was given by

g2 g2 g2
as t —+~,

so that altogether

OR(s, t) ~—g2
g2py 2

s—1 42r2 [s(s—4)j'/'
—

(S 4) 1/2+ $1/2

Xln
(S 4) 1/2 $1/2

ln( —t) . (3.3)

II
/

/
/

/I
/

/
/

/
/

FIG. 3. Additional graphs
for fourth-order photo-
production.

' R. E. Cutkosky, J. Math. Phys. 1, 429 (1960).
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FIG. 4. The sequence
of box diagrams.

defined in Kq. (3.1). The crossed box, analogous to
Fig. 1(b), is obtained from (3.6) by setting s~u,
pi ~ ps and changing the over-all sign.

Before commenting on the renormalization graphs, let
us first discuss backing up to the actual amplitude from
these double spectral functions. Evidently, we cannot
do here as we could in the scattering, namely just take
the asymptotic form in t of p„"and then infer that of the
total amplitude. If we let t ~~ in (3.6), then
(s—2)/(4 —s—t) -+ —(s—2)/t, and we lose a power of
convergence in s which makes the dispersion integral

p(s', t)ds'

s —s

not exist. What this effectively means is that, if we first
evaluate the dispersion integral in s and thee take the
limit t —+, we must get an extra power of lnt in the
result. Thus, the amplitude obtained from (3.6) will

contain terms going like (lnt), which, if uncancelled,
would destroy any possibility of Regge-like behavior. In
fact, of course, the (lnt)' terms are precisely cancelled by
the crossed graph of Fig. 1(b), and the remaining (lnt)
terms alt come from Fig. 1(a). ln effect, then, one may
say that just as in the meson-nucleon scattering, the
dominant terms at large t in fourth-order photoproduc-
tion come from the uncrossed box.

To clarify this cancellation a bit more fully, we may
actually carry out the dispersion integral in s over (3.6)
and obtain the total amplitude; we 6nd from (3.6) that

$—2
I„(s,t) = (3—2t) Io(s,t)

4—s—t

2—t
Io(4—

t& t) pi&+ LIo(s,t) jps& . (3.7)
4—s—t

Here, I„(s,t) denotes the imaginary part in t of the
complete amplitude, and Io is simply the s dispersion
integral of po. From the crossed graph, on the other
hand, we obtain a contribution

I„(s,t) = (3—2t) Po(4 s t, t)$p»— —

s+t 2—t—2
I(4—s—t, t) I(4—t, t) p,„. (3.8)—

For large t, Io(—t, t) behaves like 1nt/ts, while Io(s,t)
is like 1/t; in both the amplitudes multiplied by p» and

p», the terms proportional to Io(s,t), which are simply
analogous to the meson scattering results, are thus
swamped by unpleasant s-independent pieces. However,
in the total I„(s,t), given by the sum of (3.7) and (3.8),
all this stu8 cancels out leaving just

I„(s,t) —+ —2t(f(2 —s)/tjIo(s, t)P»+Io(s, t)P») . (3.9)

Comparing this with (3.6), the prescription is clear; just
as in the meson-Ã case, set t —+~ in the uncrossed box
and ignore the crossed box, and treat all the spin
coeflicients of po(s, t) as if they were constant multiples.

The cancellation we have just described (which we
will call the "log"' cancellation, from now on, just to
give it a name) has analogs in all processes involving
external vector mesons, and it keeps recurring in each
order of perturbation theory. In all the cases we have
checked, the cancellation in fact occurs in just the same
way as outlined here. Yet we cannot prove that the
cancellation must occur in all orders; as is seen later, we
are able to calculate just the asymptotic form of the
double spectral functions, for large t, in all orders, and
with only this information we cannot construct the
amplitude itself without assuming that the "log"'
cancellation occurs. In our earlier treatment in the
J plane, the problem of the "log"' cancellation is buried
in the question of subtractions in the partial wave dis-
persion relations.

4. SIXTH-ORDER MESON-NUCLEON SCATTERING

Having derived the formulas (3.7), (3.8), and (3.9),
and having computed the various fourth-order photo-
production renormalization graphs, we are now in a
position to tackle sixth-order meson-S scattering. Not
surprisingly, there are a multitude of graphs in sixth
order, and among these we must seek some sort of
simpli6cation. As a guide, let us recall the situation in
meson-E scattering without virtual vector mesons.
There, the leading term in t, in each order of perturba-
tion theory, comes only from two-particle cuts in s. The
important set of pictures, in fact, is just the set of boxes
indicated in Fig. 4. We may hope the same situation
obtains in our problem, involving virtual vector instead
of virtual scalar mesons. To check this point, we have
explicitly computed a/l the diagrams with two-particle
cuts in sixth order, as well as some of those with three-
particle cuts. Let us briefly indicate how this was done.

To include all two-particle cuts, we must 6nd all the
diagrams contributing to the double spectral functions
pts(s, t) and pro(s, u), with thresholds at s=4. For the
first of these, the diagrams are shown in Fig. 5(a) to (f).
Analytically, we may write, using the Cutkosky rules, '
the sixth-order double spectral function as follows, with

' J. C. Polkinghorne, J. Math. Phys. (to be published); P.
Federbush and M. Grisaru, Ann. Phys. (N. Y.) 22, 263, 299
(1963); G. Tiktopoulos, Phys. Rev. (to be published).
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(0) (b) (c)

(e) (g)

Fze. 5. Sixth-order meson-nucleon scattering graphs.

P=pr+qr:

g7".(s,~) = l —d'q—8(q'+1)8((p.-q)'+13
2'

g7
K(s,& 8') = —— d4qk(q'+1) 8L(ps —q)'+1j

2'

X8L(p—q)'+1j(2ps —q).~,l:I, —(q—Pr)'j (4 1)

Here, J„(s,u) is the imaginary part in I of the fourth-
order photoproduction; Eq. (4.1) thus contains the
contributions of two-particle cuts in Figs. 5(a) through

(f). We may insert in (4.1)' 1=2J'd8'8~((q —P&)'+8').
Then, defining

It is not hard to convince oneself by studying the
properties of K and Eq. (4.5), that to extract prs(s, t) at
large t, we need J~ and J2 at large O'. We must therefore
look back at our calculation of fourth-order photo-
production, and at the absorptive parts in, and for large
values of, the crossed momentum transfer. This is
easily done in principle, though somewhat messy
algebraically in practice.

To evaluate J~ and J~ in fourth order, we must
compute the six graphs in Fig. 6(a)—(f). The last Ave of
these are functions only of I; they would be represented
by single integral terms in a Mandelstam representation
for the photoproduction amplitude. Their computation
is straightforward; we may choose just one, say
Fig. 6(c), to illustrate how it is carried out.

The imaginary part of Fig. 6(c), cut across the bubble,
is given, according to the Cutkosky rule, by'

1 1~s qs
d'k(2P& q)~l l ~L(R k)'+1j

2 2~) E8' —1)

X8(k'+1) (2R—k)g(hg. +

krak,

)(2R—k),

where the momenta are labeled as shown in the figure,
and R'= —

(p&
—q)'= 8'. We may simplify this to

1(1)' ( 1—
I

—1(2P —q).l
1(48'-8')

2 E2~) (8s—1l

X d4k(2R k+8s)8(k'+1).

we have

The integral is easily evaluated and equals just
X8L(p —q)'+ 1j8.L(q

—P )'+8'j (4 2)

p»(s, ~)= d8sK(s, i; 8)(( 2,P—q)„J„(s,8s)), (4.3)

where the symbol ( ) means that the vectors q„ap-
pearing inside it are to be replaced by their "averages"
calculated from the four-dimensional integral in (4.2).
Explicitly, using the breakup indicated in Sec. 3 for the
fourth-order photoproduction, and writing

~ Ls —(Pr—q)'j= ~res —(Pr—q)'jpri

+~sl:I, —(Pr—q)'3(p —q).
+~sLs, —(Pr—q)'3q. (4 4)

we have

prs(s, t) = d8'K(s)t 8')

X&-' &s(,8')+( —+-'8') r( 8')j (45)

-L(8'-4)/8'j"'.
2

Altogether, then, we get,

1 ) ' s (8'—4 "' 48' —8'
(2p —q). ,

2 2~& 2~, 8s (8s—1)s

P-a a
k

R-k

P FIG. 6. Fourth-
order photoproduc-
tion graphs appear-
ing in p~s&" (s,t)

I

I

Note that if 8'=1, the kernel E is essentially just the
"spinless box" weight function denoted previously by
ps(s, t). 8' itself is the crossed momentum transfer in the
fourth-order photoproduction alnplitude.

4 Here, 5„means the positive energy part of the delta function.

(e)

' We choose to use the propagator (S„,+k„k,)/(k'+1) for the
vector meson here (though, as is well known, the extra k„k, term
is unnecessary if it is consistently ignored) because a slight
simplification oi the algebra occurs since k„(5„„+k„k„)=0.
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which, it may be noted, contributes entirely to Ji and
J3 and not to J2 at all.

The other graphs, Figs. 6(b), (d), (e), and (f), may
be calculated in a similar manner. None of them con-
tributes to J2 either.

From Fig. 6(b), we get

1 t 1 )24r(82 —4)»2 82

2d~& 2E e2 & e2 —1

obtained from these with a dispersion integral over t.
Unfortunately, in J& this integral needs a subtraction, so
we must evaluate the subtraction constant by other
means. For t=0, it is not too difBcult to calculate J~
directly from the box graph cut only in I, so it is con-
venient to make the subtraction at 1=0.

In thi. s way we find that for large O', J~ approaches

1(1)'x 8' —4)'~' 1 1 (1)—-+—lne'+O
2(2m& 2 8' i 2 8' k8')

from Fig. 6(a),

X 1»(8' 3) (2pi —g)I,' and J2 behaves like
0' —. 4

1 1q'~t8' —4q'~' 8'

22~& 2k 82&

1 1 1
X —— + ln(8' —3) (2pi —q)„;

2 8'—4 (8'—4)'

from Fig. 6(e),

1 1~' te'-4~'~'

2 2ir& 2k 8'

1 1 1
X —— — ln(8' —3) (2p,—g)

.
2 8'—4 (8'—4)'

and finally from Fig. 6(f),

1 1~'~t82 4q'~'-1 —3
(2p —q).22& 2k 8 & 2 2(e —4)

Asymptotically, for large 0', these five amplitudes ap-
proach common factors times

!
—1+—+

1 1
! 1+——lne'+

)e~

t1 1 1
+—lne'+

E2 28' 84

1 1 1
! ln8'+ ),2 82 84

t1 3

k2 2e'

The contribution to J from the crossed box, Fig. 6(a),
is not quite so easy. From Sec. 1 we already know the
weight functions pi(u, t) and p2(u, t). Ji and J2 may be

Combining this asymptotic form for the part of J&
coming from Fig. 6(a) with the parts given earlier from
Figs. 6(b) through 6(f), we 6nd altogether that

1( 1 2~ 82 4)1/2—

2(24r 2 8' ) (84 )
Thus it turns out that, while the contribution of some

of the individual graphs in Fig. 6(a) to (f) may even
approach constants as 0' —+~, there is a remarkable
amount of cancellation among them and the resultant
Ji and J~ behave no worse than ln8'/8 and lne'/8'
respectively. As a consequence, p»(s, t), from Eq. (4.5),
can behave no worse then (lnt)'/t for large t. This will

give rise to an amplitude which vanishes as t —+~ and
which cannot therefore be important if the conjectured
Regge-like behavior is correct.

This is the second of the apparently miraculous
cancellations which perturbation theory affords. We
return to a fuller discussion of it later.

To continue our hunt for the dominant terms in sixth
order, we turn next to pi2(s, u), which contains the
contributions of Figs. 5(g) and (h). Figure 5(g), it can
be observed, is the graph which in the totally spinless
case provided the leading term. Thus far, then, we are
supported in the view that the sequence of graphs of
interest will be the same as in the spinless case. If this is
indeed the case, the dominant spectral function alter-
nates order by order between pi3(s, t) and pi2(s, u). The
series we can expect is then not

[g'/(s —1)7[1+nln( —t)+-'n' ln'( —t)+ .7
=Lg'/( —1)7(—t) "

but instead

fg'/(s —1)7/1+a ln( —t)+-'n' ln't+-,'n' ln'( —t)+ ~

=(g'/ —1)-'fL(—t) +(t) 7—E(—t) "—t 7)

just as in the spinor case. If the conjecture turns out to
be verified, then, we wi11$4nd"', two equal and opposite
Regge poles of opposite signatures. The even signature
one is presumably the one to be associated with the
nucleon, in accord with its zero spin.
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By the same argument that led to (4.5), we easily find

p12(s&u) = d8'E(s u 8')

s—82'1 s
Il(s,8') —1+u+ i+I2(s 0') — . (4.6)

2 ) 2

Here, Il and I2 are the coefficients of pl„and pp„ in the
absorptive part in t of the fourth-order photoproduction;
evidently, they can be read off from Eqs. (3.7) and (3.8).
Again we are interested in the large 8' region, (8' now is
the ordinary, not the crossed, momentum transfer in
fourth-order photoproduction) and this is given in
(3.9). Figure 5(b) then serves the purpose only of re-
moving a (lnt)' term from Fig. 5(g), as explained in
Sec. 3.

The resulting expression for the weight function for
large I is

p12(s,u) ~ d8 E(s,u) 8 )

X ((8'—2u) (2—s)—S82)Ip(s, 0') (4 7)

The Gnal result is

g'y' (1——,'s) (s—4)"'+s"'
p12(s,u) -+ — ln lnt. (4.11)

162r2 S(S—4) (S—4)1/2 —Sl/2

Even without further thought, it is clear that the con-
jectured Regge behavior fails, since the sixth order is
not proportional to s—1.

Had the Regge behavior been correct, on the basis
of the second- and fourth-order calculations, we should
have found in sixth order that

g' L~(s)3'
on(s, t) ~— (lnt)'

$—1 2

g2+4 s 1 ($4)1/2+ sl/ 2

ln (lnt)'. (4.12)
322r' S(S—4) (S—4)'/' —S'/'

The weight function which corresponds to this, and
which we therefore should have found, is

g2p4 s 1 (s 4) 1/2+sl/2

p»(s, u) —+ — In lnt. (4.13)
g2r2 s(s—4) (s—4)»2 —s»2

Here, to be specific,

gpE=
22r 2 Ls(s —4))'" $(0' P) (O' P~—)j'/'—

t3+&t3 (4 8)-'

the range of integration is 1&0'&P . Finally,

pg 1 (S 4)1/2+ S 1/2

ln , (4.9)
42r0' Ps(s —4)j'/ (s 4)'/' s'"— —Ip(s, 8') =—

when 0')&s.
For large u, P is proportional to u. The integral is not

difficult to evaluate; for later reference it is useful to
note that when I is large, I itself is more effective in the
curly bracket of Eq. (4.7) than 0'. Explicitly,

Comparing with (4.11),what we actually found was the
desired result but with s—1 replaced by (s—2)/4.

To back up from the weight function in (4.11) to the
sixth-order scattering amplitude is straightforward here,
in that p behaves like lns/s for large s, so that an un-
subtracted integral in s exists. There is nothing here like
the difhculty in fourth-order photoproduction, which
was cured by the "log"' cancellation.

It is obvious that inclusion of multiparticle cuts can-
not alter the failure of the conjecture, since the sixth-
order amplitude it predicts, in fact, has a two-particle
threshold in s. It is nevertheless interesting to ask if the
amplitude in (4.11) is the dominant one. We have not
exhaustively studied a/l three-particle cuts, but the ones
that we have investigated behave at worst like lnt in
the amplitude, and are thus dominated by (4.11).

d8'EIp lnu/u for large u,

de'Ee'Io constant.

In the end, then, we have

p12(s,u) ~ —2(2—s)u d8'E(s u' 8 )Ip(s 8 ) (4.10)

It is worth remarking also, incidently, that J'd0 EIp is
precisely what one would obtain in the sixth order of a
completely spinless problem; the net e8ect of making
the intermediate mesons vector is then simply to
multiply the spinless sixth-order result by —2(2—s)u.

5. ASYMPTOTIC UNITARITY: SCALAR-VECTOR
COMPTON SCATTERING

In spite of the fact that the calculation of the sixth-
order meson-X scattering amplitude, described in the
previous section, makes it clear that the conjecture of
Regge-like behavior for the "elementary" nucleon fails
for spin zero nucleons, it may be of interest to try to pin
down the origin of the failure more precisely. We do this
next by studying the asymptotic behavior in t of the
general term in the perturbation series.

Once we begin to study higher order terms, it is clear
that we should no longer continue to concentrate on
meson-nucleon scattering, but should instead focus on
"Compton" scattering, that is, vector meson-scalar
nucleon scattering. If it is correct to keep only two-
particle intermediate states in looking for the leading
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f (t') ,dt'+
t' —t m'

I' t'

(u' —u)(t' —t)

/ t/P

(s' —s)(t' —t)

where

97r" .

/ /
pi2($ )u

($' —s)(u' —u)

f ($)=f ($) st =pg, (s,t),

pi2(s, u) = pi2(u, s),

metr, we may writeby crossing symme ry,

p13 s' t)
dsI(s,t) = fg(t)+ — d
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Pp

!

9
FIG. 8.Two-particle cuts

contributing to p(s, u).

The double spectral function pr2(s, g), as indicated in
Fig. 8, obviously satisfies an analogous equation:

p)2(s, N) = d4 d4E(s, u, t),4)

X (I(s,tr)*J(s,f2)+J(s,)!r)*I(s,t2)) . (5.6)

If we expand p, I, and J in a perturbation series, and
write, for example,

The induction now proceeds as follows. Suppose we
assume Eqs. (5.10), (5.11), and (5.12) for all tn&n 1.—
Then we know what to put into the right-hand side of
(5.6) and (5.8), and we may therefore compute the
spectral function in nth order, and then evaluate I, J,
and 5R in nth order by integrating.

Before we actually do this, let us notice that the
alternation between —t and t in even and odd orders
comes out correctly. Suppose e is even. Then in (5.6),
if m is even, then e—m is also even, and there are non-
zero contributions from the I I" term; if m is odd,
so is n —m, and we get something from the J J" term.
Thus, p~3(")/0. If e is odd, on the other hand, m even
means n —m odd and neither II nor JJ contributes;
the same is true if m is odd, for then n —m is even. Thus,
p»(")=0 for n odd. The reverse is evidently true for
pt2("), from (5.8).

Now let us take n even. Then by explicitly using
(5.11) and (5.12), we ind from (5.6) that

n—].

pr (n) (s ()—~2 P ((rm 1)4 (r-rn m I)——
m~1 (m —2)! (e—~—2)!

pr3(s, t) = P g'"pta(")(s, t)
n~&

then we have from (5.5)

(5.7)
(ln],)~

—' (ln],)~—~-2

X @1 d~2E(s)~)~1)~2) . (5.13)

n—1 The integral here can be computed for large t (i.e., for
p,a(")(s,t) = p dtr dt2K{I *I" +J"*J""'j. (5.8) )r&&s) and we find

1

Equation (5.8) may now be used to derive by induction
the asymptotic form of the two-particle cuts. Suppose
that a Regge-like asymptotic form is, in fact, correct for
these graphs. Then we would expect to have

~(,~) (g'/2~)[[(-!)"""+~"."j
[( ~)

—g'~(8)
~
—g'~(~) jj (5 9)

as t ~~ for a fixed s. Expanding this in a perturbation
series, we have

(intr)™' (lnt2)"—™—'
dt~ dt2K

8 ' [s(s—4)jr)2

(eg —2)!(n—m —2)! (1nt)" '
X

(n —2)!
(5.14)

It is also easily seen that the dominant effect comes
from t~, t2&&s, confirming our use of the asymptotic
values of I and J. Inserting this into the expression for
p, we obtain the asymptotic form:

~m—1

(Int)" '
t (m —1)!

m odd.

~m—1

5R(m) (s t) -+ — [ln( —t)j~ ' m even
t (m —1)!

(5.10)

1 1.
prs(")(s, ),') ~ ——

8 [s(s—4)j"'
—' ((r"—')*(u"—"—') (!nt)" '

(e—2)!
From this we can get the forms to be expected for I
and J: 1

8 [s(s—4)1"' (n 2)!—I( )~ —— [ln(—t)]™2 m even,
t (m —2)! (5.11) ~n 1(~4)n—r—( ]!)nn

2—
X (5.15)

m oddq

m even,

—+0,
J( )~0

-+ —— (lnt) ™-'
t (m —2)!

m odd.
pea'"'(, t) —+ —(~/t)[1/(~ —)!] m(n"—')(ln )"—' (5.16)

The expected form for p~,,(")(s,t), if the induction were

(5 12) to work, would be
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as can be seen from (5.11). Our result, (5.15),
is precisely this provided we identify Imo, with
1/8s.Ls (s—4)g"'.

The Regge-type behavior has thus been proved to be
correct, for two-particle cuts, and the value of n has been
computed:

g2 (s—4)"'+s"'
0!= ln

8''fs(s —4)]'~' (s—4)'t' —s"' (5.1't)

These results are, of course, all well known', we have
presented them here in such detail because the particular
technique used in deriving them is diferent and it is
precisely this technique which we use in solving the
problem of real interest, to which we now turn.

The problem we wish to study is vector-meson scat-
tering from scalar nucleons, and we want to look at the
amplitude for this in the large t, Axed s limit, to see if we
And a Regge asymptotic behavior with a trajectory
which can be associated with the nucleon. We would like
to calculate the leading term for large t in each order of
perturbation theory and sum these terms, in the hope
that this will give us the correct asymptotic form of the
whole series. On the basis of our study of sixth-order
meson-nucleon scattering with virtual vector mesons,
we were encouraged to expect that the dominant terms
come from two-particle cuts in the s channel and we
shall assume this is true.

The brompton scattering amplitude, which we denote
5K„, where v and p are the initial and final polarization
directions, is a tensor containing four independent

scalar amplitudes. Let us write

OR„,=4A P„P„+4'„R„
+2C(P„R„+R,P„)+D8»+Ek2„ki„

+2F(k2„P„+P„ki„)+2G(k2„R.+R„kgb), (5.18)

where A through 6 are scalar functions of s, t, and N.
P= pi+ki and R= pi k2 if w—e call the initial and final
nucleon and vector-meson four momenta pi, p2, ki, and
k2. Then —I"=s and —E'=N. Only four of the seven
functions A through 6 actually count; current con-
servation (that is, the statement that OR„„k„=0)gives
three relations among them; for large t,

C= —(1/t) $2sA+D+ 2F),
P= (1/2t)D,
G= (1/t) PD—E—sF7.

(5.19)

As we said earlier, we shall restrict ourselves to two-
particle states since, at least through sixth order, they
provide the biggest contribution at large t. In analogy
to (5.5), then, we may write

p„(s,t)„„=— dt, dt2K(s, t)ti)t2)

X(I(s,ti)», *I(s,t2)i,+J(s,ti)„q*J(s,t2)~,). (5.20)

The symbol ( ), as was mentioned in Sec. 4, implies
that the intermediate four momenta in Fig. 8 are
averaged as follows:

d'l&(l'+ 1)~L(pi —l)'+til~[(p2 —l)'+t23~L(P —l)'+17l.

d'l8(P+ 1)h((pi —l) '+ tifbL(p2 —l) '+ t2)8L(P —l) '+ 1j

(5.21)

with an analogous expression for (l„l„).
We intend to use the same induction arguments used

earlier in this section for the totally spinless case; the
I—I alternation in successive orders will then follow
here as it did in that case. As an explicit veri6cation of
this fact, we may recall the second "incredible cancella-
tion" in the sixth-order meson-nucleon case, in which
the large terms of all the various graphs contributing to
piq(s, t) in sixth order cancelled out. Once it is accepted
that the alternation occurs, we need no longer dis-
tinguish between I and J, as was evident in (5.13), so
we may simplify (5.20) to

p, a(s,t)» — dti dtmK(I*(—s—,tg)», I(s,ti)i,„). (5.22)

Before proceeding with the induction argument, we
must reduce the spinology in (5.22) to the point that we
get scalar relationships analogous to the completely

spinless case. Once this is done, we should be able to just
read off the results by analogy.

It is algebraically somewhat tedious, but quite
straightforward to substitute decompositions corre-
sponding to (5.18) in place of the imaginary parts I»,
and I&,„ in Eq. (5.20), and to evaluate the averages (l„)
and (l„l„)which occur. Anticipating the form which the
induction argument will take, it is evident that we may
expect to have to evaluate integrals like the one in
Eq. (5.13),but with the integrand multiplied by various
types of factors from the spin analysis. Actually carrying
out the detailed algebra shows that these additional
factors are t,ti, t2, or t itm/t. It is easy to find out the large t
behavior of the resulting integrals:

(anti)~ —2 (lnt2)&
—~—2

dti dt2K(s, t,ti, t2) X {t,ti, tit2/t)

{(lnt)" ' (lnt)" ', (lnt)" 4) (5.23)



8172 GEL

he leading termsw
'

. The result, th en isthat t e eag ~

22~ are thosein w ic

~ ~ ~

lil (5. g nw ic

rd everything in

pro uc

th l t'we obtain eExplicit y, w

in ex"'
dex "13"on p

dti dt2K{Ii*Ii}pj.=

t K{2(Ii*I2+Im*Ii)}p2= dt's dt2E 2

dti dt2E{Ig*Ig}ps=

HAR I AS ENAiX D ZACHW S I N GH,L.O W,DBERGF. R, . WN GOL . W

~

]

L —MAN

(5.27a)

(5.27b)

(5.27c)

(5.27d)dt dt2E{I4*I4}.p4=dt, Z{4~I ~'(1 2P+c—)dtlpx=—

)(1 P)
'

ely the same asrst and fourth o recise yof these are precise y
nless unitarity co

2(I *Ig+Ig*I~

Evidently,

+2 B 0

n Sec. 2 by(5.24b) defined in Sdt,@{16~I~~'d},pD=—
2

OKi= —Sn-Wfii&+&,

OR2 ———(16ir/ 2 fio&+&,

ORg= SvrWD—s 4)/st jf—oo&+',

OR4= Sn-Wfi—i' '.

t *I0+IG*Ia)pg

dt,K{8iI i'(P —1)pp=—
2

(c)(b)(o)

ton scattering graphs.st order Compton ra hs

o c ya . tion of the asymp
1o oustot ewh ork of Sec.y og

th .thod
comp o
stin order o

dt2IC{ 8(Iadt~

5.24c)

: SCALAR-VECTOR

2

6. THE

ceed tos. 5.27) and procee
5K which corresponds' The amplitude 5K

I ) I I +IG*I~)(1—p

(5.24d)

s inlesses is indistinguisha e s
n

' '
. Th induction arguand the imaginaryta, i wei ht functions p„„an

(n) (6 1)

for the amp it de its

&"&= (C4) "Olt'~"&,
f l

tll-o d

- r e tis, t eco

d d are spin ac
. they are given by

p= —, , c=-',

s mentioned earher,
t independent We maof course, not in

or rather their ana'ons 5.19 or ra
he right- an s'

termined y

d) to express th ghich are aiso vah o

roxima io .nditions, essentia y a
Kqs.
four two-pa- artie eu

ct that the four in
'

depend-

]g

2D 2E+ (2s 8, . bOR2 ——(1/t) $8sA+2D 8

e n' '
he imaginary p nd

s rit conditionsweight functions,



CONVENTIONAL. I I ELD THEORY AS REGGE POLES B173

three 6gures we have the lowest order amplitude
(already calculated in Sec. 2)

Slt = —Ly'/(s —1))(2pm+k2)„(2p&+k, )„
—

t 7'/(u —1))(2pm —k&)„(2pg—km)„—2y'8„„. (6.2)

The current conservation OR„„k&„=0 may be checked
explicitly here. Note that the "seagull" picture, Fig.
9(c), is essential for current conservation and, conse-

quently, also for renormalizability.
From (6.2), the Born approximation contributions to

the amplitudes A through G may be extracted; we have

~ = —7'/(s —1)
&= —v'/(I —1) i

C=O,
D 2p

E= —Py'/(s —1))—L'y'/(I —1)),
~=v'/(s —1),
G= —v'/(I —1)

just as we did for 5R4. C& is now found by matching the
"initial condition, "Eq. (6.4), to be

5R(»

(v'/~)( —2) = (s—2) (6.9)

m, &"& =C,an, &"&=C, (C,)"m&"&.

Comparing with lowest order again, we get

(6.11)

so we get that 5K&'& as in (2.9) also has the Regge form
with a trajectory

(s—2) (s—4)'&'+s'i'
n+(s) = ln (6.10)

8~2 Ls(s—4))&i2 (s—4)&&2—s&I2

which, as remarked earlier, does not pass through the
nucleon.

In the unitarity condition for OR&, we have a linear
equation, since p2 I21& rather than I2'. The solution
here is then

The calculation of the lowest order contributions to
ORi through 9R4 is now trivial, and we get

(v'/~) (2)

C BR&'& (s—2) (y'/t) s—2
(6.12)

Zti&'&= (y'/t) (s—2),
~2"&= (v'/&') (2) i

Ons"'= (y'/t) I (2s+16)/s(s —1)),
~ &'&= (v'/~)(l ( —4)/2).

(6.4)

C4=
5tt4&» (y'/t)(s —4)

=(s—4); (6.5)

Going back to (6.1), we may use the fact that in the
spinless case OR&'&=y'/&! for large t, together with (6.4),
to derive

OR2 then also behaves in the Regge manner, and of
course with the same trajectory 0.+. Finally, OR3 can be
seen from (5.27d) to be expressible as

~3'"'= Cm'~x'"'= C2'(Cx) "~'"'. (6 13)

There is now no arbitrary constant, so we cannot
guarantee that the lowest order term will fit 'onto this
formula. [It either will or will not, and according Ias it
does or doesn' t, the entire amplitude is or is not ex-
pressible as a Regge trajectory.

Comparing (6.13) and (6.11), we see that we get a
factorizing law,

then we get mr &"&mz &"&= (m &-&) (6.14)
mt4&"& = P(s—4)"]3K&"&. (6.6)

-(s—2) (2s+ 16)

s(s—1) t J

1 (s—4)"'+s"'
n(s) = ln

8s' Ls(s —4))'i (s—4)'I' —s'i'
OR, (»OR, (» = (6.15)

and this is manifestly unequal to (OK&&'&)'. The conjec-
ture that the perturbation theory sums to a Regge pole
thus fails, as we have already seen.

It is not hard to see what ',the actual sum is; Ithe only
thing that went wrong was that the lowest order
expression for OR3 did not fit onto the general form re-
quired by unitarity. If we rewrite the lowest order OR3 as

we now f&nd for BR4 )as in (2.8)7 a Regge behavior but
with a trajectory

s—4 (s—4) 'i'+s'i'
n (s)= ln

8~' Ls(s —4))"' (s—4)'i' —s'i'
(6."I)

The P(—1)s=—1 problem is naturally completely
uncoupled from the P(—1)s=1 problem, so we may
now abandon it completely, and turn to 5R&, 5R2, and
523 which describe the I'( 1)~=1 channels. OR&,"",we-
notice, satis6es the spinless unitarity condition; hence,
we may write

(mr. ,&»)2- (51',&»)'
m, &»—

OR] ( ) OR]( )

then the second term does 6t on, and the erst is just
(6.8) left hanging. The entire result, then, is just a Reggemt, &"&= (C&)"art&"&

and in particular this must be true of lowest order if
Since RL&"& itself was given by a Regge form, Eq. (5.10), everything is to f&t onto the Regge trajectory. In lowest
with order,
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pole with trajectory n+(s), appearing in OR&, Ort2,

and OR3 as given by Eqs. (6.8), (6.11), and (6.13),
Plus Ong(" —(Oltg('&)'/Oui"' in the OR& term. Explicitly,
we get, as 3 —+~,'

( '/2t)( —2)(L(—t)"+t"j
—L(—t)

+—t "']) (6.16a)

(7'/t)(L( —t)"+t"j—L(—t) "—t "3) (616b)

2
(7'/t) {L(—t) "+t"1—L(—t) "—t "j)

=$—2

2s+16 4
+— —,(6.16c)

t s(s—1) s—2

where n+ is given by (5.10). For OR4, of course, we have

(p2/2t)(s —4)LL(—t)- +t- 3—L(—t)-. —t-. jj,
(6.16d)

with n defined by (6.7). The original amplitudes,

G, in terms of which we wrote the scattering
amplitude BR„„areeasily obtained using the de6nitions
given in Eqs. (5.26). Note that the nucleon pole at s= 1

appears in the term hanging on the end of 5K3 and not in
the Regge-like pieces. This is just what one should ex-

pect on the basis of the idea that "elementary" particles

' Note that our induction argument of course gives us the
weight function, not the amplitude itself. The expressions we
write throughout this section for the computed amplitudes are
valid only if the generalization of the "log2 ' cancellation of Sec. 3
holds. We are not able to show in general that it does.

do not appear as Regge poles but as fixed Kronecker
deltas in angular momentum.

V, CONCLUSIONS

In our approximation we have found, for photon-
scalar nucleon scattering in the usual field theory,
Regge pole terms plus a term of fixed angular
momentum.

In the channel with I'( 1)s=——1, th'ere are two
Regge poles of opposite signature and (in second order)
equal and opposite values of o,.

In the channels with I'( 1)s=—1, there are likewise
two Regge poles of opposite signature. For positive
signature, we 6nd, for equal masses, the second-order
value

s—2 (s—4)"'+s'»
n+(s) = ln

2 ($($—4)]U2 ($—4)i 2 —si 2
(7.1)

Again the negative-signature trajectory has an equal
and opposite value in second order.

Because of the failure of the Born approximation to
factor, the nucleon does not lie on the trajectory (7.1).
Instead, there is a bgo term in the partial wave ampli-
tudes with a pole in (energy)' at the square of the
nucleon mass.

If a special extra coupling is introduced into the
theory, the Born approximation can be modified so that
it does factor, and the scalar nucleon does then lie on
the appropriate trajectory, but it is not clear that the
resulting theory can be renormalized.


