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MeV arise from: (a) the pion mean free path to be used
in the final-state interaction calculations, and (b) the
single nucleon amplitude A f=Zfs+Nf . Conversely,
this means that the photoproduction of neutral pions
from complex nuclei could be used as a means of in-
vestigating the interactions of pions with nucleons and
nuclear matter. If the production amplitudes are de-
termined by other methods, the mean free path in
nuclear matter can be obtained. If, on the other hand,
a reliable estimate of the mean free path is obtained
from measurements of absorption of positive and nega-
tive pions by complex nuclei, the proton and neutron
amplitudes f~ and f„can be calculated from the z'
photoproduction cross sections of nuclei with diferent
Z-to-N ratios.
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(p,2p) angular correlations for various p-shell nuclei are analyzed in the distorted-wave Born approxima-
tion with simple shell-model assumptions for the struck particle. The object is to de6ne the limits on the
information that can be obtained about nuclear structure from present experiments and to suggest how
experiments should be improved. It is found that a simple shell-model wave function for the struck particle
can be quite well de6ned by 6tting present experimental data but that the choice of optical-model param-
eters is highly ambiguous, The ambiguity extends to the determination of the eftective two-body potential
and the necessity for configuration mixing. The rms radius of the proton distribution obtained from (p,2p)
curve 6tting agrees well with that obtained from electron scattering. The primary need is for better energy
and angular resolution.

1. INTRODUCTION

HE first (p,2p) experiments' were performed with
very high-energy (340-MeV) protons. The distri-

bution of momentum transfer to the residual nucleus
was measured by measuring either the angular correla-
tion for a given energy sharing between theemitted
protons or the energy distribution at fixed angles. As a
first approximation the momentum transfer was
regarded as being due only to the motion of the struck
particle. The momentum-transfer distribution was
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equated with the momentum distribution of nucleons
in the nucleus.

It was suggested by Kisberg' that a measurement of
the angular correlation between two medium-energy
nucleons emitted in time coincidence in a direct interac-
tion might provide a sensitive test of the validity of the
assumption that an incident nucleon collides with a
single nucleon in the nuclear surface at intermediate
energies.

Angular correlations in (p,2p) experiments were
measured by Cohen, ' and GriKths and Eisberg. ' In
Cohen's experiment not enough data were obtained on
the angular correlation for a signi6cant determination of
its characteristics. The major effort was expended on

R. M. Eisberg, University of California Radiation Laboratory
Report UCRL 2240, 1953 (unpublished).' B.L Cohen, Phys. Rev. 108, 768 (1957).' R. J. Griffiths and R. M. Eisberg, Nucl. Phys. 12, 225 (1959).
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measuring the energy distributions of the emitted
protons. GrifIiths and Eisberg managed, to - obtain
just enough data to observe a significant angular
correlation structure for 40-MeV incident protons with
a peak near 90' as would be expected from the two-body
collision mechanism. This was done at the expense of
energy resolution and no knowledge of the state of the
struck particle could be inferred from the experiment.
Both these experiments used targets in the Cu, Ni
region of the periodic table.

Tyren, Maris, and Hillman' resolved the summed,

energy spectrum of the emitted protons in experiments
on p-shell nuclei using 185-Mev incident protons. Two
groups were obtained in the spectrum correspond. ing to
protons knocked out of the s shell and. the p shelL

Gooding and Pugh' resolved p-state events from

(p, 2p) experiments on C" and measured the angular
correlation. This was also done by Anderson, McKenzie,
and Wilkinson' using a bubble chamber.

Angular correlations for resolved energy groups' have
been recently measured for various light nuclei by
Garron e$ ul. at 155 MeV, Gottschalk and Strauch at
158 MeV, Tibell et ul. -at 180 MeV and Tyren eI, ul. at
440 MeV. These measurements have all been made for
the case of final protons coplanar with the incident
proton, making equal angles with the incident direction
and with approximately equal energy. Although this
method observes a rather restricted, region of phase
space, it is easy to analyze theoretically.

The diGerent motivations for (p, 2p) experiments
have been reQected in diGerent methods of analysis. In
the early high-energy experiments, the chief interest was
in getting some information about the over-all nucleon-
momentum distribution in nuclei. It was found to
correspond quite closely to the one given by the shell
model when analyzed using the impulse approximation
and representing the incident and outgoing particles by
plane wRves.

In the 40-MeV experiment of Grifliths and Eisberg,
the object was to study the reaction mechanism.
Analysis by McCarthy, Jezak, and Kromminga'
showed that the reaction took place predominantly in
the nuclear surface. Because of this fact, these authors
made a classical separation of the momentum-transfer

~ H. Tyr6n, Th. A. J.Mails~ and P. H111man~ Nuovo Clmento 6~
1501 (1957); H. Tyrsn» P. HlHMan~ and Th. A. J. Marts~ Nuci.
Phys. 7, 10 (1958); P. Hillman, H. Tyrsn, and Th. A. J. Maria,
Phys. Rev. Letters 5, 107 (1960).' T. J. Gooding and H. G. Pugh, Nucl. Phys. 18, 46 (1960).

~ D. Anderson, J. McKenzie, and D. H. %'ilkinson, Proceedings
of the International Conference on NNcleur Stricture, Kingston, ZN0
(North-HoHand Publishing Company, Amsterdam, 1960), p. 319.

~ J. P. Garron, J. C. Jacmart, M. Riou, C. Ruhla, J. Teillac,
and K. Strauch, Nucl. Phys. 37, 126 (1962); and Phys. Rev.
Letters 7, 172 (1961);G. Tibell, O. Sundberg, and U. Mik1azvic,
Phys. Letters 1, 172 (1962);2, 100 (1962};H. gyron, S.Kullander,
and R. Ramachandran, in Pr0csetsngs of Qe Interaatsolal SysiPo
sium on Direct Interactions and NNcleur I'eaction Mechanisms,
Padla, 1963 (Gordon and Breach, New York, 1963);B.Gottschalk
and K. Strauch, Phys. Rev. j.20, 1005 {1960}.

9 I. E. McCarthy, E. V. Jezak, and A. J. Kromminga, Nucl,
Phys. 12, 2N (1959).

distribution into momentum transfer due to the motion
of the struck particle and momentum transfer due to
distortion of the wave functions in the entrance and
exit channels. The latter was represented as a 6rst
approximation by a constant momentum. It was shown
that in this approximation, at 40 MeU, distortion is as
much responsible for the momentum transfer as the
motion -of the struck particle. This approach was
subsequently used by Anderson, McKenzie, and.
Wilkinson~ and Garron ef ul. s as a 6rst-order correction
to the assumption that the momentum-transfer dis-
tribution is identical with the nucleon-momentum
distribution.

The experiment of GriSths and Eisberg was analyzed

by the momentum-distribution approach because the
energy and angular resolution was so poor that no
information was obtained from a plane-wave Born-
approximation calculation with shell-model wave func-
tions performed by Kromminga and McCarthy. " A
subsequent plane-wave impulse-approximation calcula-
tion by Green and Brown" was equally unsuccessful. At
this time a distorted-wave calculation was not feasible
with existing computing facilities. The most important
feature of angular correlations from separate states is
that the peak near 90' resolves into two peaks for states
with angular momentum greater than zero.

The experiments in which energy levels were resolved
have been analyzed from the point of view of obtaining
information about the shell-model wave functions. "
The impulse approximation has usually been used. The
plane-wave approximation for the incident and out-
going protons has been improved. by using space-weight-
ing factors calculated semiclassically. The impulse
approximation is not valid if the distortion plays a
large part in the reaction. It has been shown in these
calculations to give the right order of magnitude for the
cross sections if the free proton-proton differential
cross section is used. The general shape of angular-
correlation- curves is reproduced, but the 6ts calcula-
ted so fRr Rre only quRlltRtlve.

Even in the shell-model analyses, the notion of
nucleon-momentum distribution has often been used
although of course it is only an intermediate step since
it is calculated from the wave functions, which are
themselves used. in the basic momentum-transfer cal-
culation and which turn out to be quite well determined.
No reference to momentum distributions is necessary.

There is a large body of opinion that the nucleon-
momentum distribution is not a useful concept in
relation to (p, 2p) experiments. Baker, McCarthy, and

'OA. J. Kromminga and I. E. McCarthy, University of Min-
nesota Linear Accelerator Laboratory Annual Progress Report,
November 1958 (unpublished).

"A. M. Green and G. E. Brown, NucL Phys. 18, 1 (1960).
~ G. Jacob, in ProceeCings of the International Symposium on

Direct Inteructions und Nuclear Reunion Mechanisms, Paduu, D'6Z
(Gordon and Breach, ¹wYork, 1963};T. Berggren and G. Jacob
(to be published}; A. Johansson and V. Sakamoto, Nucl. Phys,
42, 631 (1963).
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Porter" emphasized that the momentum distribution
is not even defined experimentally without reference to
the method of measurement. The method of measure-
ment aGects the distribution obtained. Partial localiza-
tion of the reaction to the nuclear surface contributes
high-momentum components. This has been emphasized
by BenioG and McCarthy. '4

It has been further pointed out by Gottfried" that
even the distribution of momentum transfers predicted
by the distorted-wave Born approxitnation (DWBA) is
not reliable since it does not take account of three-body
collisions. It can be expected to predict the very
high-momentum part of the momentum-transfer spec-
trum wrongly, so it is not useful for considerations of
nuclear-momentum distribution that go beyond the
shell model.

The concept of nucleon-momentum distribution in
relation to (p, 2p) experiments is therefore at best an
intermediate idea useful only when better calculations
cannot be performed. It does not bear any useful
relationship to the "actual nucleon-momentum distri-
bution" which is the square of the Fourier transform
of the wave function of the nucleus.

It may be concluded, however, that (p,2p) is a very
good tool for investigating shell-model wave functions.
The question of just how good can be answered, by a
distorted. -wave Born-approximation calculation. Such
a calculation has been reported by the present authors"
for 155-MeV protons on C".The present work reports a
more d.etailed investigation.

The approximations used are discussed in Sec. 2.
The method of computation is outlined in Sec. 3. The
effects of the parameters on the angular-correlation
curves are studied in Sec. 4. Comparison with experi-
mental data is made in Sec. 5. The effect of asymmetric
energy sharing in the 6nal state is shown in Sec. 6. The
amount of surface localization is investigated. in Sec. 7.

2. DISCUSSION OF APPROXIMATIONS

The shell-model properties of the nucleus are taken
into account with the extreme single-particle model.
We assume the reaction to proceed via a clean knock-out
process that leaves the rest of the nucleus unaffected.
If the knocked-out proton was originally in the outer-
most shell, we assume the residual nucleus to be left
in its ground state. This assumption implies that the
fractional-parentage coefBcient to the ground state is
predominant. We can expect this assumption to be good
if the nearest excited state is several MeV above the
ground state. Due to the residual nucleus having to

'~ G. A. Baker, Jr., I.E.McCarthy, and C. E.Porter, Phys. Rev.
120, 254 (1960).

'4 P. A. Benio6, Phys. Rev. 119, 324 (1960); I. E. McCarthy,
ProceeChngs of the International Symposium on Direct Interactions
aed Nuclear Reaction Mechanisms, Padua, D6Z (Gordon and
Breach, New York, 1963).

'~ K. Gottfried, Ann. Phys. (¹Y.) 21, 1 (1963).' K. L. Lim and I. E. McCarthy, Phys. Rev. Letters 10, 529
(1963).

rearrange itself into the size and symmetry of its
ground state, there will be some rearrangement energy.
We suppose this rearrangement energy to be negligible.

For an inner-shell nucleon, the residual nucleus will
be left in a highly excited state and rearrangement will
take place. If the d.ecay time of that excited state is
much longer than the time taken for the nucleons to
leave the nucleus, then that excited state can be
regarded as the final state for the purpose of computing
the matrix element. For simplicity we shall assume that
this is the case.

For outer-shell protons with the ground-state assump-
tion for the residual nucleus, the initial and final
nuclear spins are completely determined. To obtain
these spin values we have used, the j—j coupling model
for nuclei. This assumes the knocked-out proton
initially had an intrinsic spin which was coupled to its
orbital-angular momentum. For consistency then, we
shall assume all the free protons to have intrinsic spins
but that these spins are not coupled to their orbital
angular momenta. This assumption implies the neglect
of spin-orbit forces in the optical-model potential. In
the case of s-state protons, the residual nucleus is
left in a highly excited state with spin J' which is not
measured. If, however, the initial nuclear spin J is zero,
then J' is completely determined by the Clebsch-Gordan
coefficients (J'=-,'). If J' is not zero the selection rules
admit two values for J', namely J'= J&~.

The radial wave function for each case is calculated
in a finite square well of radius u, depth Vg, using as the
binding energy the observed separation energy. The
radii for the square wells for the s and p states are
determined to some extent phenomenologically, but the
condition that the rms radius for the charge distribution
must be equal to the value obtained by electron scatter-
ing'~ is kept in mind.

In this approximation the differential cross section
is given by

~~ mo 2mo' Ã
dso/dQzdQstdEg, = —(EzErt) 'f'

fs hks (2srh)s 2J+1
XZsrss'm C(J'j J, M'M M')s

XC(l.sj, mM —M' —sss)'~Mz, ~'. (1)

J', j, and J are the angular momenta of the residual
nucleus, the struck particle and the initial nucleus M',
ns and M are the corresponding magnetic quantum
numbers, l. and s are the orbital angular momentum
and spin of the struck particle. mo is the proton mass.
N is the number of protons in the relevant shell-model
state. C is a Clebsch-Gordan coefficient.

In the distorted-wave Born approximation

Mz, (8) = dsrtd rsx&+&(ks, rt)xt &*(kz,rt)

XX& &*(ksr, rs)tbz" (rs)s(rt —rs) . (2)
'7 R. Herman and R. Hofstadter, High-Energy Electron Scattering

Tables (Stanford University Press, Stanford, California, 1960}.
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y(+' and y& '* are optical-model wave functions for
ingoing and outgoing Particles. ko, kz, and kzl are the
momenta of the incident proton and the protons
scattered to the left and right, respectively. 8 is the
angle between kz or kzl and ko in the center-of-mass
system. Optical-model parameters are Vo, 8'0, ro, and b

for the initial state and V~, 8 ~, rj, and b for the final
state describing Eckart form factors. w(rz —ro) is the
effective two-body potential in the region of interaction.

If the optical-model wave functions are approximated
by plane waves, the matrix element factorizes in the
following way.

if3& &iko r'&(r )&
ikz:—r' oI3& &ix rp m( )r(3)

where K is the momentum transfer. The final factor is
the matrix element in the case

v(rz ro) =—V,8(rz —ro) .

This is multiplied by the Fourier transform of the
two-body potential. If, at the appropriate energy, the
square of this Fourier transform is replaced by the free
proton-proton diAerential cross section for 90' scatter-
ing, we have the impulse approximation. The factoriza-
tion is not exact in the case of distorted waves. The
analyses of Ref. 12 have used an approximation for the
distortion in which it is exact.

In the present work we have set v(rz —ro) equal to
Vsh(rl —r&). Vs is the only free parameter in the theory.
It is worth examining the cases of Gaussian and Yukawa
shape for v(ri —ro) in the plane-wave case. In both cases
large separation angles are suppressed with respect to
small ones. This phenomenon is observed in the
experimental p-state angular correlations. In the case
of 155-MeV incident protons, the use of a reasonable
potential range with a Gaussian potential gives a ratio
of left to right peak larger than 5. The use of a Yukawa
potential gives a ratio of about 7/4. Experimentally
the ratio is between 1 and 2.

A ratio of left to right peak greater than 1 is also a
result of distortion. Because of this ambiguity we have
decided to ignore the effect of finite range and not to
use the peak ratio as a sensitive criterion of fitting. The
order of accuracy of the experiments does not warrant a
better approximation.

The optical-model wave functions are calculated
using Eckart form factors for both the real and imagin-
ary parts of the potential. Spin-orbit coupling is
neglected. The normal method of calculating optical-
model wave functions requires the conversion of a
two-body problem into a one-body problem. For the
entrance channel in (p,2p) this is sufficient. The exit
channel, however, requires the solution of a three-body
problem. Since we need to use the normal optical
model for computational reasons, we have made the
following approximation for the final state.

After separating o6 the equation of motion of the
center of mass, the two final-state particles are described
by

The coordinate systems for the left and right particles
relative to the residual nucleus are respectively denoted

by J, E. E is the total energy in the center-of-mass
system. 'UL, and 'U~ are the optical-model potentials.
li=A/(A+1) where A is the mass number of the
residual nucleus.

If the term in 1/A is treated as a perturbation, then
to first order ipza is separable and p'z Vzl can be
replaced by its eigenvalue —yzt yllt/5'. yzt and pzlt

are the momenta conjugate to the relative positions of
the left and. right protons.

In this approximation, the one-body Schrodinger
equation for the left proton, for example, is

(
1 1/1+u——&z'+&z Pz=

~
&i.b+Q I

2lll 2 (1+2n )
nf(4n'+4u+2) cos'8—1j

X (5)
(1+n)'(1+2u cos'8)

E& b is the incident energy in the laboratory system.
Q is the Q value for the reaction n=1/A. If lI is the
measured energy difference between the two final
particles in the laboratory system and Ei,.b, then to
first order in 0,,

Q = lI (I+2n cos'8)+nEi, b (1+2 cos'8 —2@2cos8) . (6)

It will be noticed that the energy used in the final-
state Schrodinger equation depends on 8. This is
awkward from the computational point of view because
it requires one run for each point in the angular correla-
tion. This point is discussed further in Sec. 5.

Other physical approximations made are the neglect
of relativistic effects and the neglect of the Coulomb
repulsion between the protons in the final state. These
approximations are expected to involve shifts of the
angular-correlation curve of about 1' which is margin-
ally signi6cant in comparison with the experimental
angular resolution.

3. METHOD OF COMPUTATION

In the case in which the outgoing protons are coplanar
with the incident direction and make equal angles with
it, the matrix element may be written

/2L+1 'i'
M,"(k„k„k,,8) =

~
(4lr) Zll'l" I ll'l"L(8)

XRivl z(ko, kz, kzl), (7)
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TABLE I. Values of the parameters for the standard run.
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Vg ——38.4
Wp ——15.0 MeV
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rp=1.3 F
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rp=1.3 F
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FIG. 1. Variation of the square-well radius u for (a) the s-state
angular correlation and (b) the p-state angular correlation for
the case C'~(P, 2p)B" at 155 MeV. The continuous curve is the
standard run. The dashed and dotted curves are for zero potential
and a=2.4 and 3.0 F in Fig. 1(a) and 2.8 and 3.5 F in Fig. 1(b).

where

and

Xp „(—1)"C(~Ll",00)C(tel", pte)—Vv ~(Qz)

XC(ell', 00)C(nil', p0)Fv"(Qr), (g)

QJ. and Q~ are the angular coordinates of the left and
right proton, respectively. The azimuthal angles are
set, respectively, at 0 and x.

The expression (1) for the angular correlation was
coded in Fortran for the IBM 7090. The program con-
sists of two separate codes—one for s-state and one for
p-state protons, and each of them is in two parts. The
6rst part computes the parameter independent factors
I ii i'(8) of Eq. (7) for fixed maximum values of t, l',
and t" and fixed values of 0, then stores these factors on
magnetic tape. The second part computes the radial
optical-model and bound-state wave functions for a
given set of parameters, and then computes the angular
correlation via Eq. (7). The maximum values of t, P,
and /" have been taken to be 11, 8, and 8 corresponding
approximately to kR+3 for the free protons in the
reaction 155-MeV C"(P,2P)B". This implies that the
code is restricted to (p, 2p) reactions at low or medium
energies on light nuclei. However, this restriction is
necessary from the point of view of computing time.
With these values for the I's and 30 values of 8, the
computation time for the I's in the case of p-state
protons is already 50 min, and increasing each value by
just one, approximately doubles the computation time.
After this initial 50 min, each angular correlation
computation requires only 3~» min of 7090 time. Thus,

R&vi r(ko, k~, ka) = fi(kor) fp(k'r) fg (kyar)

XNg(r)r'dr. (9)

Ol
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I I
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(b)

Fn. 2. Variation of the entrance-channel optical-model poten-
tials Vp, Wp for (a) the s-state angular correlation and (b) the
p-state angular correlation for the case C"(p,2p)B" at 155 MeV.
The continuous curve is the standard run. The dashed curve in
both cases is for Vp=5.0 MeV, Wp=30.0 MeV. The dotted curve
is for Vp ——20.0 MeV, Wp=15.0 MeV.

this splitting up of the program makes parameter
studies and curve 6tting feasible.

The effects on the angular correlation of the optical-
model and bound-state parameters are independent of
the coordinate system. In this parameter study we have
used the center-of-mass system and have introduced an
approximation for the energy E, of the outgoing
particles. The dependence of E, on the angle at
which the protons emerge has been neglected. It is
taken to be equal to its value when 8=45'. The param-
eters that have to be varied are the radius e of the
square well generating the bound-state wave function,
and the optical-model parameters Vo, TVO, ro and V~,

W&, r~ of the incident and outgoing protons, respectively.
The form factors for the real and imaginary parts of

the optical potential are taken to be Eckart form factors
with the rounding parameter b set equal to 0.65 F.
The Coulomb radius is taken to be equal to the nuclear
radius. The values of these parameters for the standard
run, in this study of the 155-MeV C"(p,2p)B" reaction
are given in Table I.

A cursory glance at the Figs. 1(a), 1(b), 2(a), 2(b),
3(a), 3(b), 4(a), and 4(b), illustrating the effects of the
variations of these parameters will show that they have
the same sects on the angular correlations for the s
and p states. Thus the following description of the
effects should be regarded as applying to both s and

p states.
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TABLE Q. Spin assignments for the states used in the calculations.

I SI N Sl

a ~omaeES&

Fxo. 5. p-state angular corre-
lations for C'~(p, 2P)B" at 155
MeV computed with very
diftex'ent values for the optical-
model potentials. Curve
(full line) V0=24 MeV, Vi=39
MeV, 8'0=40 MeV, IVi=24
MeV, curve 2 (dashed line)
V0=36 MeV, Vi ——50 MeV,
lV0=24 MeV, IVI ——32 MeV,
curve 3 (dotted line) V0=12
MeV, Vi ——30 MeV, 5'0=24
MeV, Q'I ——32 MeV.

discuss what information about the values of the
parameters we can obtain from curve 6tting. It was

found in the parameter study that Vo and V& have

opposite eRects on the location of the curve with respect
to the 8 axis. Thus the location of the curve is not
expected to determine Vo and Vi uniquely. In fact, by
simultaneously increasing or decreasing both Vo and

Vi in the appropriate ratio from the values for a fit, we

can obtain a range of values for both Vo and Vi that will

still give a reasonable fit to the data. As both Vo and Vi
also eRect the peak ratio, better experimental data
would help in narrowing the range of acceptable values.
The Kckart well radius has been taken to be equal to
the rms radius of the charge distribution determined
from electron scattering by Herman and Hofstadter. "

The magnitudes of the s-state and p-state curves

could be maintained at a fairly constant value by
simultaneously increasing 8"0 and decreasing IVI or
vice versa. This discussion shows that (p,2p) angular
correlations will not determine the optical-model pa-
rameters uniquely but only a fairly wide range of
acceptable values.

Figure 5 shows the eRects discussed above in the
case of C" in the in6nite-mass approximation. It is

seen that although the curves have very diRerent values

of V and W they are not too diRerent. In fact the curves

with very diRerent Vo and VI could be made to pra, c-

tically coincide by just varying the lV of one of them.
The over-all width of the curve is appreciably affected

by only one parameter —the radius u of the square well

generating the bound. -state wave function. Thus it
should be possible to determine u, and hence the rms
radius of the charge distribution fairly uniquely by
curve 6tting.

In Sec. 2 an expression (5) was derived for the energy
of each of the outgoing protons as a function of 8, the
angle they make with the incident direction. A center-
of-mass calculation would require one numerical

integration of the radial optical-model equation for
each angle. It would be very uneconomical to do this,
as the computation time in the innnite-mass approxima-
tion is already 3~ min. Since the experiments of Garron
e$ el. have been done on light nuclei it wouM be desirable

u state
Initial state Final state

p state
Initial state Final state

Li~(1+)
Li'(-' —)
B'0(3+)
B"(0—)
C"(o+)

He'(~~+)
He'(1 —)
Be'(-', +)
Be'0(1—)
Bli (4+)

Li'(11)
Li'(i —)
BM(3+)
i'll(k )
C"(0+)

He'(~ —)
Hee(0+)
0ee(i —)
Belo (0+)
Bu(k )

Al

10"
'a
LLI

c12

FIG. 6. Angular correlations
computed in the center-of-mass
system with finite nuclear
masses in the case C'2(p, 2p)B"
at 155 MeV. The experimental
data are from Garron et el.s Thc
circles are for the p state, the
crosses for the s state. Curve 1
is the full linc for the s state,
the dashed line for the p state.
Curve 2 is the dashed line for
the s state, the full line for the
p state. The parameters are
given in the text.

to try to fit at least one case in the center-of-mass
system with reasonable values for the optical potentials.
Ke can expect that to obtain 6ts, the values of the
optical potentials will be different for the center-of-mass
and infinite-mass systems. However, we do not attach
much significance to the values of the optical potentials
on account of the previously mentioned Vo, Vi and
8 0 8 I alllblgultles. Ke will show that the ovel-all
widths will be fairly well reproduced with the same
values of e for both systems. This then will be the
justi6cation for using the in6nite-mass approximation to
determine the bound-state parameter u.

Figure 6 shows the angular correlations in the center-
of-mass system for the reaction C"(p 2p) Il" The angles
have been converted to laboratory angles. The curves
were obtained by interpolation and extrapolation from
three curves computed with energies corresponding to
8=30, 45, and 60'. Curve 1 was computed using the
values of the parameters that gave a reasonable 6t
to the experimental data in the infinite-mass approxima-
tion (see Fig. 8). It should be noted that the curve has
been. shifted to the left but by decreasing Vo from 24
MeV to 8 MeV we can relocate the curve properly
(curve 2). The most important feature to note is that
the over-all width is not appreciably chan. ged. This then
justihes our using the in6nite-mass approximation for
the discussion of the over-all width and magnitudes of
the curves.

In the case of s-state protons, the angular correlation
is independent of the spin of the residual nucleus. In
the following, the spin of the residual nuclei will be
taken to be J——', for J not equal to zero, although J'+-',
is also allowed. For p-state protons, the ground-state to
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TAsx.E III. Optical-model parameters computed (Ref. 12) by

the method of Kerman, McManus, and Thaler (Ref. 19).

o o
Vp (MeV) Wp (MeV) VI (MeV) W, (MeV) I'p=1'I (F)

Li6
Liv
+10

11

("12

8.0
10.0
17.0
20.0
24.0

8.0
10.0
17.0
20.0
24.0

13.0
16.0
28.0
32.0
39.0

11.0
13.0
23.0
26.0
32.0

1.95
1.9
1.5
1.5
1.35

I I I I I I

100-

I I I I I I

( 12

Berggren and Jacob" have computed values for the
real and imaginary parts of the optical potential for
170- and 70-MeV protons via the method of Kerman,
McManus, and Thaler. " With these values for the
potentials (Table III) the s-state and p-state angular
correlations have been computed for Li' Li', 8", 8",

LLI
. o

ee 10-

b

10-

100-

1
10 20 30 40 50 60 tl0 80

0 (DEGREES)

100-

'I I I I I I I I I '
I I I I

1 I I I I I I
10 20 20 40 50 60 70 60

0 (DEGREES)

100-

FIG. 7. Angular correlations computed in the infinite-mass
approximation using parameters given in Tables IG and V com-
pared with the data of Garron et al. The circles indicate the
p state, the crosses indicate the s state.

ground-state transition assumption uniquely speciies
the nuclear spins involved. The spin assignments are
shown in Table II.

There is still one arbitrary parameter in the theory,
the strength V, of the delta-function interaction. The
results to be shown have been normalized to the experi-
mental data by adjusting V,. V, was fairly constant
for all the nuclei investigated and has a value of
approximately 800 MeV F'. This value is consistent
with the values found from fitting Simp(e, p) reactions
by Agodi and Schi8rer, ' and is approximately twice
that found from free n-p scattering with a delta-function
interaction. However, this value of V, is not unique
and is dependent on the set of Ws used to 6t the data.
Thus, using this value for V„ the results shown are in
absolute units, i.e., Ipb/sr' MeV, although in the figures
the vertical axes have been expressed in arbitrary
units.

"A. Agodi and G. SchiBrer, Nucl. Phys. (to be published).

(Ll -10

c:'a
C't7

I I I I I I I II 20 30 CO 50 60 70 60

e (DEGREES)

1 I I I II 20 30 40 50 60 '%

e (DEGREES)

FIQ. 8. Angular correlations computed in the infinite-mass
approximation using parameters given in Tables IV and V
compared with the data of Garron et al. For identification of the
curves refer to Fig. 7. The circles indicate the p state, the crosses
indicate the s state.

' A. K. Kerman, H. McManus, and R. M. Thaler, Ann. Phys.
(N. Y.) 8, 551 (1959).
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and C" in the in6nite-mass approximation. The
bound-state parameters (Table V) have been chosen
such that the s-state rms radius is approximately the
a-particle rms radius, and the p-state rms radius will

give roughly the correct charge-distribution rms radius

40 Mev c~(p.2p) B" 40MeV C~(p. 2p) B"

TABLE IV. Optical-model parameters used for the curves of Fig. 8.

Uo (MeV) WD (MeV) U~ (MeV) tU& (MeV) ro=r~ (F)

Li' s
p

Ll S
pS" s
p

Sll s
PC" s
P

8.0
8.0

10.0
10.0
17,0
17.0
20.0
20.0
24.0
24.0

8.0
8.0

10.0
10.0
17.0
17.0
20.0
20,0
24.0
24.0

6.0
13.0
8.0

16,0
14.0
28.0
16.0
32.0
39.0
39.0

21.5
11.0
24.0
13.0
35.0
12.0
28.0
12.0
18.0
32.0

1.9

1.9

1.5

1.35

~v

155MeV C~(p.2p) B"

IJ

155MeV C~(p,2p) B"

Vl

100

N

LJ

b
a

FIG. 9. p-state angular corre-
lation for C'2(p, 2P)8" at 155
MeV. The full line is for outgo-
ing protons of equal energy.
The dashed line is for outgoing
protons having an energy
difference of 10 MeV.

I I I I

ll s0 50 70

() (OEGREES)

when correctly weighted with the s-state radius. The
computed correlations are shown in Fig. 7. Although the
shapes and over-all widths are well reproduced, the
absolute magnitudes are not. For Li' Li', 8" and B"
the s-state magnitudes are too large and the curves are
located to the right of the experimental data. In the
case of C", the curves are properly located, but the
s-state magnitude is too small. Thus it is obvious that
angular correlations cannot be 6tted with equal values
of the optical potentials for s- and p-state cases. As the
incident energies are the same for both cases it would be
sensible to keep the incident-channel parameters equal
and vary only the exit channel ones. Figure 8 shows the
results obtained using the values of the optical potentials
tabulated in Table IV. The values of the bound-state
parameters given in Table V reproduce the over-all
width very well. It should be noted that the s- and
p-state protons had to have potential wells of different
radial extension and depth. In general, the wells for the

p protons are shallower but extend farther than the
s-state wells. The resulting rms radii were then com-
puted and compared with the charge-distribution radii.
In Table VI below it is seen that we obtain very good
agreement.

6. ASYMMETRIC ENERGY SHAMNG

The p-state correlation is characterized in the plane-
wave Born approximation by a zero minimum for zero-
momentum transfer. Experimentally this minimum is
observed but is very appreciably lifted. Even in the
case of symmetric energy sharing between the outgoing
protons, we have found that a large enough value of W

TAsLE V. Sound-state parameters used in
Gtting experimental data.

EB (MeV) Ue (MeV) . n (F)
rms radius

{F}
Li' s

p
Li' s

p
8'o s

p
S11 $

p
Cls s

p

22.4
4.0

25.5
10.0
31.5

7.0
3.40

10.0
36.0
16;0

49.8
13.0
49.8
19.8
55.0
27.5
59.5
28.3
58.0
38.4

2.0
5.2
2.2
5.4
2.3
3.5
2r2
3.8
2.4
3.5

1.62
4.41
1.67
4.13
1.67
3.07
1.6
3.14
1.7
2.79

will lift the minimum appreciably. However, symmetric
energy sharing is an ideal case, and experimentally it
would be expected that a fair proportion of the protons
detected would have asymmetric energy sharing. As a
lot of importance has been given to observing this

I

70

e (OEGREES)

FIG. 10. p-state angular correlations computed with diBerent
values of the cuto6 radius R0,.The curves on the left are computed
with plane waves. The curves on the right are computed with
distorted waves using the standard potentials. Curve 1 (full line)
is for Ro, ——0.0 F, curve 2 (dashed line) is for R0,=1.6 F, curve 3
(dotted line) is for Ro,——2.8 F.



ANALYSIS OF (P, 2p) ANGULAR CORRELATION EXP ERI MENTS 81015

minimum we have here investigated the possibility of
asymmetric energy smearing it out.

Figure 9 shows the results with an unequal energy
sharing of 10 MeV between the emergent protons.
It should be noted that the curve is shifted to the left.

ALE VI. rms radii of nuclei determined from (p,2p) fits and
electron scattering.

Li6
Li7
Blo
B11
C12

(p 2p)

2.86
2.85
2.60
2.64
2.48

Electron scattering

2.83
2.83

2.55
2.42

Thus it is obvious that if we add contributions from
asymmetric cases, the 6nal minimum will be lifted and
the curve will also be smoother. However, we have not
done this because we do not know in what proportion to
weight the various contributions.

V. LOCALIZATION OF THE INTERACTION REGION

(p, 2p) reactions on light nuclei in the incident energy
range of 100 to 200 MeV have been taken for granted
as occurring throughout the whole nuclear volume.
It was generally thought that these reactions were
localized to the surface only in the case of low incident
energy on medium or heavy nuclei. However, both Lim
and McCarthy, " and Benioff'4 have assumed surface
localization even for medium energy on light nuclei.
Thus it would be worthwhile investigating the localiza-
tion of the interaction region.

In this section we shall investigate surface localization
by introducing a cutoff radius E0, such that the bound-
state wave function is zero for r(E'O„viz. ,

Nr, (r) =0 for r(Rp .

The nucleus under consideration is C" for which we
have computed p-state correlations for 40- and 155-MeV

incident energies in both the plane-wave and distorted-
wave Born approximation. The values of the distor ing
potentials were taken to be those that 6t the C" data
in the 155-MeV case while, in the 40-MeV case, the
values obtained by Bjorklund and Fernbach" from
elastic scattering analyses were used. Figure 10 shows
the correlations computed for three values of the cutoff
radius Eo„namely 0.0, 1.6, and 2.8 F. Figure 11 shows
the C" s- and p-bound-state wave functions with the
cutoff radii marked.

The results are interesting in several aspects. The
R0,=0.0 F and E0,=1.6 F correlations are very much
the same and for the 155-MeV DWBA case the curves
were almost indistinguishable. This implies that the
region r(1.6 F (the alpha-particle rms radius), does
not contribute much to the matrix element. For Eo,
=2.8 F the correlations are very different from the
correlations computed with no cutoff. This is to be
expected as in this case we are cutting off part of the
contribution from the nuclear surface region. Thus, if
the region outside of the alpha-particle radius of C"
is considered to be the surface, then it is seen that (p, 2p)
reactions are indeed localized to the surface. The higher
energy results seem to show more surface localization
than the lower energy results.

The concept of phase averaging was introduced by
Austern" to explain the localization of nuclear reactions
to the nuclear surface. In particular, he applied it to
alpha-particle inelastic scattering. However, Amos and
McCarthy" showed that phase averaging does not
significantly reduce the contribution of the interior of
the nucleus to the DWBA matrix elements for nucleon
inelastic scattering at any energy. The differences in
our results for different values of Ro, in both the plane-
wave and distorted-wave Born approximation seem to
be very much the same. Since there is no localization in
a plane-wave calculation, we must conclude that the
region inside the n-particle radius contributes too little
to the overlap integral to have an effect. The local-
ization to the surface is simply that of the p-state wave
function.

8. CONCLUSIONS

FIG. 11. Bound-state wave
functions for C'~ computed
using the parameters of Table
V. The points R1 and E2
indicate the two values of the
cuto8 parameter R0, used for
Fig. 10.

2.0 4.0

R (fermis)

Distorted-wave Born-approximation analyses of
(p, 2p) angular correlations should be capable of provid-
ing information on certain features of the shell-model
wave function. The features that could be determined
are possibly the amount of con6guration mixing, the
shape, radial extension, and depth of the shell-model
potential well and the rms radius. However, because of
the large angular and energy uncertainties in the experi-
mental data that have so far been measured, we have
not been able to obtain such detailed information but

20 K. L. Lim and I. E. McCarthy, in Proceedings of the Interna-
tional Symposium on Direct Interactions and Nuclear Reaction
Meehaussms, Padua, 1962 (Gordon and Breach, New York, 1963).

"F.Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958).
~' N. Austern, Ann. Phys. (N. V.) 15, 299 (1961).
23K. A. Amos and I. E. McCarthy, Phys. Rev. 132, 2261

(1963).
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have only determined the rms radii and the depth and
radial extension of the square well. The s-state rms
radius was found to be approximately equal to that of
the alpha particle, and the resultant rms radii for all the

uclei. consi.dered namely Li. Li.' B'0 Bu and C
agreed reasonably with the charge distribution rms
radii determined from electron scattering. The potential
wells for the s-state particles had to have smaller radial
extension but greater depth than the wells for the
p-state particles. It was found that there were no
significant differences in the shape of the cross sections
computed from wave functions with the same quantum
numbers, binding energy, and rms radius.

It can be expected that (p, 2p) angular correlations
will not determine the values of the optical potentials
uniquely. In fact, by varying values of Uo, UI, Wo, and
WI from the values for a reasonable 6t, we have
obtained a range of acceptable values for the reaction
155-MeV C"(p,2p)B". The s- and p-state locations
could be reasonably reproduced with the values of Vo
in the range 12 to 36 MeV if UI has the appropriate
value in the range 30 to 50 MeV. The s-state magnitude
was approximately reproduced with very widely dif-
ferent pairs of values for Wo and W&, 24 MeV, 18 MeV
and 40 MeV, 12 MeV, while in the p-state case the
values were 24 MeV, 32 MeV, and 40 MeV, 24 MeV.
Thus we do not attach much signi6cance to the values
obtained from curve Q.tting. The method we employed
in obtaining 6ts is as follows: First, the correlations
were computed using the values given by Berggren
and Jacob," who had computed these values via the
method of Kerman, McManus, and Thaler assuming
the proton energies to be 70 and 170 MeV. The locations
and magnitudes of both the p- and s-state curves were
not very well reproduced using equal values of the
optical potentials as had also been done by Berggren
and Jacob" in a semiclassical approximation. To obtain
reasonable Gts then, only the parameters of the outgoing

particles had to be varied. They were found to be
unequal for the s- and p-state correlations.

An estimate of the strength V, of the two-body
delta-function interaction potential was obtained by
roughly reproducing the absolute magnitude of the
cross sections. However, the value of U, obtained is
not unique but is dependent on the sets of W'0 and W&

used to 6t the data. Our value of 800 MeV F' is con-
sistent with the values found by Agodi and Schiffrer's
from the Si"(p,e) reaction, and is approximately twice
that for free n pscatte-ring with a delta-function
interaction.

Computing costs made it uneconomical for us to
perform a DWBA calculation with a 6nite range
interaction potential. In the plane-wave Born approx-
imation the effect on the angular correlation of a
6nite-range potential is to decrease the cross section at
larger angles relative to that at smaller angles.

Surface localization in the C"(p,2p)B" reaction was
investigated by evaluating the radial-overlap integrals
over the region outside of a cutoff radius. It was found
that the region inside the alpha-particle rms radius does
not contribute appreciably to the p-state cross section
at both 40- and 155-MeV incident energies.

Thus even with the error in the present experimental
data, (p,2p) angular correlations provide some useful
information on nuclear structure. However, to obtain
any more information it is absolutely necessary to
greatly improve the present energy and angular resolu-
tion, as our analysis has shown that even an unequal
energy sharing of 10 MeV between the emergent protons
is enough to smear out the angular correlation features.
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