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Regge pole-like terms in the high-energy behavior of production amplitudes are evaluated by using the
leading asymptotic behavior of sums of Feynman diagrams. The forms obtained depend on the way variables
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are allowed to tend to infinity.

1. INTRODUCTION

ECENT investigations into the high-energy be-
havior of scattering amplitudes'! have been
concerned with two-particle to two-particle processes
only. However, if Regge poles play an important
dynamical role in strong interactions they will also
manifest themselves in the high-energy behavior of
production amplitudes. Kibble? and Ter-Martirosyan®
have suggested heuristically what form this might take.
The rigorous investigation of this problem is ham-
pered by the fact that the complex singularities of
production amplitudes® prevent the use of the Froissart-
Gribov method of analytic continuation to complex /.
In this note we use the methods which have been
developed®™7 to evaluate the leading asymptotic be-
havior of terms of perturbation theory. They are based
on the assumption that the sum of the leading asymp-
totic terms of a series of diagrams gives the leading term
of the sum. These methods will be applied explicitly
only to simple ladder-type graphs, although the exten-
sion of the theory to more complicated iterated systems
which also yield Regge poles®2is quite straightforward.
It is now known? that perturbation theory also gives
other types of high-energy behavior in addition to the
Regge-pole behavior but these additional terms will not
be considered here. They do not arise for ladder
diagrams.

It will be found that a variable-power asymptotic
behavior is obtained, although the trajectory function
« enters the expression in a more complicated way than
for two-particle processes. The most important result is
that the asymptotic form depends on how many
variables are held fixed and how the remainder are
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allowed to tend to infinity. The form proposed by
Kibble? and Ter-Martirosyan® does not correspond to
any of the limits investigated in this paper.

2. FIVE-POINT AMPLITUDES

We shall consider bosons all of unit mass interacting
through a Yukawa interaction. The diagrams considered
are of the type shown in Fig. 1 with the invariants de-
fined as the squares of the sums of pairs of adjacent
ingoing momenta in the way indicated. The a;, B;, v,
v/, 0, are the Feynman parameters associated with
the lines of the diagram. These parameters will also be
denoted by the collective symbol £,.

The asymptotic behavior of a physical amplitude will
require the addition of a number of terms of this type
corresponding to diagrams obtained by permuting the
external lines. Only those diagrams in which at least one
of the variables s, s, s» becomes large, and ¢; and ¢, re-
main fixed, will give significant contributions.

In order to obtain Regge pole-like terms in the
asymptotic behavior a sum must be taken over all the
different numbers of rungs in the two ladders in Fig. 1.
There are a number of different interesting cases corre-
sponding to different types of limit:

(1) s— ©; 51, 9, 1, Io fixed.
The contribution from the diagram Fig. 1 is
gt fd [CEOT (X 1)
(16n9=2 S5 " LD(E; 5,5, )]

where r=m-n, and C and D are the Feynman numer-
ator and denominator functions associated with Fig. 1.
The coefficient of s in D is

g=ar- - -nby- B @)

T (r41) (1
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Fic. 1. The type of ladder diagram considered.
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The leading asymptotic behavior in s comes from
integration over the neighborhood of the zeros of g, i.e.,

ay=---=p,=0.%¢ This yields
g+t 1
{wzr 0 [ tnavas
(167('2)T_2 v o

XEC(%V’,@)]HB( Tt v+ -1
Ld(v,y',0; tita) I
X (In s)~1/sU(r), (3)

where ¢ and d are the Feynman numerator and de-
nominator functions of the contracted diagram, Fig. 2.
The expression in curly brackets in (3) is just the correct
contribution for the Feynman diagram Fig. 2 but
evaluated with fwo-dimensional momentum vectors.
Thus, (3) may be written as

In s)™!
gLe’ () 1™ (82) I8 (t1yt2) , 4)
sT(r)
where , ' deadts 5 (EtEr1)
wi=t, [ FEEE 0
167% /o £16:0—1
and
L dEdEadEs 6 (E1t+EatE—1)
B(trts) =7g . (6)

o [hbebsttobstitEfa—1T

A sum is now taken over leading contributions from all
diagrams with m-#» equal to a fixed value of ». This

yields (1n 5 [o (6) T [ ()]
Ins) 1 [a' () I t—[a'(t) !
28 (t1,t2) . 7
§ ( SP(T) a'(h)—a'(h) ()

A final sum over all values of 7 yields

sa(t) — ga(tz)

g8 (t,t2) ©)

a(t)—a(t)
al)=—1+a'() )

is the same trajectory function as appears in four-point
ladder diagrams.®:$
As t;— t; (8) becomes

g8 (t,t)s*™ Ins,

where

(10)
corresponding to a double Regge pole.
(11) S, §1, Sg— >, ll, s fixed.

We write s=4S, s1=k.5, se=*%ksS, S — . The coefhi-
cient of .S in D is of the form

oy 'a'mﬁl' * '6nk+a1' ‘ '(XmAl(ﬁ,'Y’,él)kl

+61' * 'BnAZ(a>7>a2)k2; (11)
where
A1=8:1A,(8,Y") 814" (B,Y)
and
AZ: 62A‘m (ay‘Y) +a1Aml (aa‘Y) . (12)
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A,- -+ A, may be calculated but it is sufficient to notice
the following properties:

(a) A; does not vanish when one of the 8’s is zero;
(b) when all the 8’s are zero,

A1=8:A,(0,7) =8 IT (vi'+virna)=b1c1(v");

7=l

together with similar properties for A,.

To make the coefficients of %, ki, ks vanish it is
necessary to set at least two Feynman parameters equal
to zero. These pairs may be chosen as follows: (1) one
a; (1=1,---,m) with one 8; (j=1,- - -,n); (2) 61 with $1;
(3) &; with . Since the scaling procedure? gives us §
functions with arguments a;+3;—1 we must be careful
to make these arguments linearly independent. We take
them as follows. First, we have the distinguished pairs
(01,81), (82,01). We may then take (am,B:) (=1, - n)
and, finally, (@;,8,) (i=1,--:,m—1). These pairs span
the space of all possible pairs and are linearly
independent.

We carry out the scalings on (2), (3) first. Under
these the coefficient of % is linear and is retained. How-
ever, when we carry out the remaining scalings it is of
second order and so may be dropped. The final result
is thus independent of k. When we have carried out all
these integrations, we end up with the final asymptotic
form

2741 1

—_ / drydy'dés

(16x*)2J,

Leo(y, ¥ 88) 0 ( 20 y+22 v/ +85—1)
a(Y)ea(V)[do(v,y',835 ti,te) It

X (In S)/k1kaST (r+1),

mI'(r—1)

(13)

where ¢o and do are obtained from ¢ and d by putting
81=0,=0. The integral in the curly brackets in (13)
reduces to

mg*le/ () I [ (82) " (14)
Summing leading terms for all » and » gives
[ o (tz)S“(“)—‘a,(h)SaUZ) 1
w2gb : :I .
kleSa,(ll)a’(tz)[a(h)—Ol(tz)] a'(h)a'(lg)S
(15)

(iil) s, 51— ©; $9, 1y, £s fixed.

‘
\‘:m—a,

Y.

ame-a

Fic. 2. The contracted diagram associated with Fig. 1.
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F16. 3. The semicontracted diagram associated with Fig. 1.

We write

s1=kis, $— ©,

The property (a) of A; implies that the leading asymp-
totic behavior is obtained by integrating in the neigh-
borhood of a;="- - =a,=0. The B integrations do not
enhance the asymptotic behavior. The resulting form is

s¥OG (ky; t1,09,52) (16)

where the %; dependence does not factor out of the
expression obtained for G.

(iv) s1— o, followed by ss— o ; s, 11, 5 fixed.

The limit s;— o is obtained by integrating in the

neighborhood of a;= - - - =a,,=0. This yields
2r+1 1
ol (r)——— / dBdydr'ds
(16722 /4

[Cilvy,8.8) 1 B8( X B+ v+ v'+2 6—1)
Al(ﬁ,'y',B)EDl (777/)6:6‘; S2)t1’t2)jr
X (In sp)™7Y/s:" (m)

an

where C; and D; are the Feynman numerator and
denominator functions of the semicontracted diagram
Fig. 3.

The coefficient of s, in Dy is

Bi-- 'ﬁn5262(’)’)- (18)

Thus, the leading asymptotic behavior will be given by
integrating in the neighborhood of 8=+ =£,=08,=0.
However, in evaluating this behavior a new feature is
encountered. The property (b) of A, together with the
presence of A; in the denominator of the integral in (17),
means that the §; integration also affects the asymptotic
behavior of (17). The effect is evaluated in the
Appendix.
Application of (A4) to (17) gives

2741 1

—_— / dydvy'dds

(167(’2)7_2 0

Coo(y, ¥ \8s) T80 ( 22 v+22 v/ +d:—1)
cr(Y)e2(V)[do(v,Y',035 tyte) I

(Insp)™ ' (In o)™+

sil(m)  sT(n+2)

m(r—1)

(19)
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The integral in the curly brackets reduces to (14). Sum-
ming over 7 and 7 gives

Sza(w)

a'%(ts)

1—{—01 (tz) In 32} . (20)

7r2g5sl°‘(“)[
Szalz(fz)

The form (20) is independent of s. Note that the form

depends upon the order in which s; and s; tend to

infinity.

3. HIGHER AMPLITUDES

The types of limit existing for six-point and higher
amplitudes are considerably complicated by the exist-
ence of nonlinear Gram determinant relations between
the invariants. We shall be content to illustrate the type
of asymptotic form obtained by an example correspond-
ing to Fig. 4. The limit considered will be one in which
t=(potps)’, 8= (potpstps)’, t:=(prtpe)* remain
finite and

(pstp4)*=NsaS,
(patps)*=NusS,

(pst+p6)*=Ns6sS,

S— o, (21)
Other invariants, such as (p1+p2)% may also tend to
infinity, but in the approximation of taking leading
asymptotic behavior this does not affect the form of the
answer [in the same way that Eq. (4) is independent
of £]. The calculation is identical to that described in
detail in Sec. 2(ii) except that the d lines now consist
of three disjoint lines. The resulting form is

1r4g8/2>\s47\45>\55$2

% [chcl. o (1:2)01/ ([3)[& (fz) —Q (ig)]S"‘(“)
[T (t)le(tz)—a(s)]

+ . (22
o' (Lo (t2)a (fs):| (

Ibs P

U

F16. 4. The type of six-point ladder considered.
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APPENDIX

The new feature encountered in evaluating the
asymptotic behavior of (17) is due to the fact that
putting B; equal to zero in the factor A; in the de-
nominator gives a 6; integration which diverges at 6;=0.
In order to evaluate correctly the asymptotic form of
(17), it is necessary therefore to integrate in the
neighborhood of 8= - - =8,=68,=0 and §;=0. In order
to evaluate the leading asymptotic behavior it is only
necessary to consider the linear terms in A;. The
structure of A; is such that these terms only involve &,
and Bi. Thus, the leading behavior can be obtained by
evaluating

/‘ dBdd1do,
o [cditBBI[coBs- - BrdaS+dT

(A1)

IN PRODUCTION PROCESSES
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The 6, integration is performed first to give
1 /‘ d6d52[ln B,Bl—ln(61€+Bﬁ1):]
ci1Jo [0261' : 'ﬁnagS-}—d]’ .

The second term in the numerator of (A2) is bounded
when ;=0 so does not contribute to the leading
asymptotic behavior. It will, therefore, be omitted. The
B1 integration is now performed and yields

(A2)

1 /E dBy - - A3y
0

(r—1)cicod? B2+ +Bnd2S
X[In(eBe: - -Bx025+1)+0(1)] (A3)
1 1 (InS)™
— ® (A4)

(r—1)d" c1c2 ST(1+2)’
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Low-Energy K-d Scattering*
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The magnitude of recoil and binding effects in the multiple-scattering corrections to the impulse approxi-
mation in low-energy K-d scattering is examined by the introduction of a model which makes tractable the
numerical evaluation of the double-scattering terms. The finite mass of the nucleons and the #-p interaction
in continuum states are both taken into account. It is concluded that estimates of multiple-scattering
corrections which ignore these effects are not reliable. The model is used to compute the sum of the cross
sections for K~+d — K~+d, K~+d — K=+ p+n. Comparison with the rather limited data available in
the region 100 to 200 MeV /¢ favors the so-called solution II found by Humphrey and Ross in their analysis
of K-p data based on the Dalitz scattering lengths. A pseudopotential or optical-model-like approach to
meson-deuteron scattering, which may be useful in other problems, is also described.

1. INTRODUCTION

OME years ago, Dalitz! introduced two complex
scattering lengths, which seem adequate for the
phenomenological description of low-energy K,N scat-
tering and absorption processes. Considerable ambiguity
in the values of 49 and 41, the 7=0 and /=1 scattering
lengths, respectively, was allowed by the data, and a
number of attempts were made to reduce the ambiguity
by a comparison of the rather limited data on K——d
reactions with theoretical predictions.? The present
work was begun in an attempt to estimate the validity
of previous calculations and to improve them, if
possible.
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More recently, the work of Ross and Humphrey?
narrowed the ambiguity to a choice of two solutions,
so-called solutions I and II, corresponding, respectively,
to

I: A4,=-0.2242.74{ F, A4,=0.024+0.38; F,

II: Ao=-—0.5940.96i F, A4,=1.2+0.56; F.

Akiba and Capps* then showed that only solution IT is
consistent with the data of Tripp ef al.5 obtained in the
reaction K—+p — =+ at 400 MeV/c.

We may, thus, turn the problem around and ask to
what extent an analysis of K——d scattering processes
supports this choice, br better, to what extent one may
correctly predict K——d scattering and reaction cross
sections, using this choice of the phenomenological
scattering lengths.
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