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a very interesting result because it indicates that at the
clean surface the densities of surface states and re-
combination centers differ by a factor, but not by orders
of magnitude. The same is true for the real germanium
surface. "
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The frequency-dependent complex dielectric constant e(ra) = e&+te& and associated functions are derived
in the range 0 to 22 eV by application of the Kramers —Kronig relations to existing reQectance data for clean
Al surfaces. The results are quantitatively interpreted in terms of intra- and interband transitions as well
as plasma oscillstions. The decomposition of e(&o) into intra- and interband parts given here is seen to be
valid in the presence of electron-electron interactions. Due to these interactions the optical effective mass
m~=1.5, deduced from experiment in the free-carrier region, is appreciably larger than that obtained using
Segall's band calculations (mo.—1.15). The band calculations are extended to higher energies in order to
examine the effect of interband transitions for the range of interest. It is found that the only interband
transitions which lead to significant structure in e&(co) are those that occur around W and Z in the vicinity
of E in the Brillouin zone and that these produce a peak near 1.4 eV. These conclusions are in accord with
the experimentally determined es(ca) which exhibits a peak at 1.5 eV and has no further structure at higher
energies. The result of a quantitative calculation of the structure in e2(co) using a fine mesh of points in
k space and an approximate variation of the momentum matrix element with h is in good agreement with
the experimental results with respect to shape but has a magnitude which is somewhat too low. From the
known infiuence of many-electron effects on the intraband contribution to e(a&) and a general sum rule,
the corresponding eGect on interband transitions may be estimated and shown roughly to account for
the difference. The derived e(co) indicates the presence of a sharp plasma resonance at iuo„=15.2 eV, in ex-
cellent agreement with the results of characteristic energy loss experiments. It is shown that this resonance
may be interpreted either in terms of electrons characterized by the low-frequency optical mass and screened
by the interband dielectric constant at co2, or, since the f sum has been essentially exhausted, in terms of the
exact asymptotic formula for e in which all carriers are unscreened and have the free-electron mass.

I. INTRODUCTION

'HE properties of Al have been studied quite ex-
tensively during the past few years. This interest,

has resulted from the fact that it has been possible to
observe a number of phenomena yielding direct informa-
tion about the Fermi surface, including its topology,
notably the de Haas-van Alphen eGect, ' the magneto-
acoustic eGect, ' and cyclotron resonance. ' Further, the
band structure has been shown to be nearly free electron-

*Present address: The Division of Engineering and Applied
Physics, Harvard University, Cambridge, Massachusetts.

' E. M. Gunnerson, Phil. Trans. Roy. Soc. London 249A, 229
(1957); M. G. Priestly, Proceedhngs of the Seventh Internateonat
Conference on Loto Temperature Physi-cs (University of Toronto
Press, 1960), p. 230; W. L. Gordon and K. Larson (private
communication).

' B. W. Roberts, Phys. Rev. 119, 1889 (1960); G. Kamm and
H. V. Bohm, Phys. Rev. 131, 111 (1963).

e T. W. Moore and F. W. Spong, Phys. Rev. 125, 846 (1962);
126, 2261(E) (1962).

like by a number of independent calculations, ~' the
results of which are all mutually consistent. These
calculations have been quite successful in yielding a
Fermi surface in quantitative agreement with the ex-
perimental results, although the nature of the connec-
tivity of the third band arms has yet to be resolved. ' '

In this paper we shall discuss in terms of the existing
information another type of experiment which yields
the optical constants. We shall use an approach similar
to that previously shown successful in connection with

Ag and Cu. ' The optical properties principally yield
evidence about excited electronic states of the crystals
and, in particular, the magnitude of some gaps at

e V. Heine, Proc. Roy. Soc. (London) A240, 361 (1957).' W. A. Harrison, Phys. Rev. 118, 1182 (1960).' B. Segall, Phys. Rev. 124, 1797 (1961).' N. W. Ashcroft, Phys. Rev. Letters 3, 202 (1963).
e B. Segall, Phys. Rev. 131, 121 (1963).
e H. Ehrenreich and H. R. Philipp, Phys. Rev. 128, 1622 (1962).
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symmetry points of the Brillouin zone. Because of the
essentially free-electron character of the Al band struc-
ture, we should expect interband effects to be less
important than in Ag and Cu. The plasma frequency
should lie at somewhat higher energies because Al is
polyvalent.

The optical properties indeed are found to differ ap-
preciably from those of the monovalent metals. The
refiectance remains greater than 85% for photon ener-
gies as high as about 12 eV. Above this energy it falls
off as expected for a free-electron metal near the plasma
frequency. As we shall show, interband transitions are
significant only near 1.5 eV and are associated with
critical points at W and around the Z axis near E.This
degree of simplicity implies that the quantitative aspects
of the theory for the optical properties can be pushed
rather further than in other metals.

Significant data" "on Al have been available for some
time. Most recently some precise ultrahigh vacuum data
which cover a substantial part of the spectrum have
been reported by Bennett, Silver, and Ashley. " In
addition, Madden, Canfield, and Bass" have obtained
reflectance values in the vacuum ultraviolet region
ultilizing a procedure which essentially eliminates the
oxide problems that have affected previous work. These
results have stimulated the present effort.

The purpose of the present paper is first to coordinate
existing data for Al to yield a reflectance curve for the
range between 0 and 22 eV, and to employ the Kramers-
Kronig relation" "' to obtain the real and imaginary
parts of the dielectric constants. These provide a com-
plete description of the optical properties for this range.
Secondly, we shall show that it is possible to achieve
a rather complete degree of theoretical understanding
of both the free electron and interband eGects. In addi-
tion, because of the reliability of available band calcula-
tions, and the existence of some general sum rules in-
volving these dielectric constants, it will be possible to
isolate, at least partially, the many-body effects and
estimate the degree to which they are likely to affect
both the free electron and interband contributions.

The next section is concerned with a survey and
analysis of existing reflectance data. The third section
deals with an interpretation of the data. This section
includes new information concerning the band structure
and optical mass of Al and represents a continuation of
the previously reported calculations by one of us
(a.S.).s

"L.G. Schulz, J. Opt. Soc. Am. 44, 357 (1954); L. G. Schulz
and F. R. Tangherlini, J. Opt Soc. Am. 44., 362 (1954).

"G.Hass and J. E. Waylonis, J. Opt. Soc. Am. 51, 719 (1961)
and cited references.

"H. E. Bennett, M. Silver, and E. J. Ashley, J. Opt. Soc. Am.
53, 1089 (1963)."R. P. Madden, L. R. Canfield, and G. Hass, J. Opt. Soc. Am.
53, 620 (1963).

"F.C. Jahoda, Phys. Rev. 107, 1261 (1957).
"H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959).
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FIG. 1. The spectral dependence of the reflectance of Al. The
curve is a composite of the data of Refs. 11, 12, and 13.

II. SURVEY AND ANALYSIS OF R DATA

Experimental work on the optical properties of Al
has emphasized the spectral dependence of the ref.ect-
ance."" Interest in this material stems primarily
from its use as a mirror and as a comparison standard
for reflectance measurements. Unfortunately, aluminum
oxidizes quite rapidly upon exposure to air and results
for exposed surfaces may be variable. This situation is
most serious in the vacuum ultraviolet. A systematic
study is being carried out by the U. S. Army Engineer-
ing Research and Development Laboratory and the
U. S. Naval Research Laboratory on the optical prop-
erties of evaporated films in the extreme ultraviolet. "
For carefully prepared aluminum surfaces, they" ob-
serve that the reflectance remains surprisingly high for
quantum energies throughout the range to 12 eV pro-
vided the measurements are made quickly before
appreciable exposure to even the relatively good vacuum
of the monochromator. In addition, they are able to
evaluate the optical constants at selected energies by
performing experiments at various angles of incidence.

' For a brief review of this work see G. Hass and W. R. Hunter,
J. Quart. Spectr. Radiation Transfer 2, 637 (1962).
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TmLE L A comparison of the results obtained in the present analysis with those of Schulz
and Tangherlini and Hass and Waylonis for several values of E.

Schulz and Tangherlini
Hass and Waylonis
Present analysis

6500 i.
1.91 eV

~ (%)

1.24 6.60 89.8
1.30 7.11 90.7
1.55 7.70 90.6
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2.27 eV

& (%)

0.76 5.32 90.3
0.82 5.99 91.6
0.99 6.60 91.7
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FIG. 2. The spectral dependence of the real and imaginary parts
of the dielectric constant, the conductivity 0 =~su/4s; and the
energy loss function —Ime ' for Al obtained by Kramers-Kronig
analysis of the curve of Fig. 1. The results of LaVilla and Mend-
lowitz are shown by the dashed curves.

At lower energy the effects of surface oxide are less
serious. However, in this spectral region extremely
small differences in reflectance are signiicant in evalua-
ting and discussing the free-electron behavior of such
materials. Thus, the environmental vacuum obtained
during the preparation of specimens is important in
that impurities may be introduced into the 61m in
this process which can alter the optical parameters.
Sennett, Silver, and Ashley" utilizing a precise measur-
ing technique are able to distinguish their reflectance
values obtained on samples prepared in ultrahigh
vacuum (10 "Torr) from those corresponding to con-
ditions of high vacuum (10 ' Torr).

The curve of Fig. 1 represents a composite of what we
believe to be the best data available for aluminum.
Good agreement is found in the region of overlap of
these measurements. The only arbitrariness in the figure
lies in the manner in which the curve was drawn be-
tween the experimental points of Madden, Canfield,
and Hass" for energies above 12.1 eV. The present
curve was constructed such that the results of Kramers-
Kronig analysis (1) gave a smooth curve for er and es

in this region, (2) agreed with the m and k values of
Ref. 13 at 16.87 eV and 21.2 eV, and (3) gave realistic
values of the phase, 0, in the extrapolated region be-
yond 21.2 eV.'4" '7

Plots of the real and imaginary parts of the dielectric
constant, e& and e&, obtained by Kramers-Kronig analy-
sis of the curve of Fig. 1 are shown in Fig. 2 along with
values of the conductivity, o.=as&/47r, and the energy
loss function, —Ime —'.

The optical constants obtained in the present study
are higher than those of Schulz and Tangherlini" and
of Hass and Waylonis. "This comparison is shown in
Table I for several energies. An attempt was made to
bring the results of the present analysis into better
agreement with their values in the region of 1 to 3 eV,
by adjustment of the curve above 21.2 eV. However,
this couM not be accomplished with any simple ex-
trapolation of the reQectance which joined smoothly
with the curve of Fig. 1 in addition to satisfying con-
ditions (1) to (3) given above. It should be noted,
however, that the results of the present analysis depend
somewhat on the exact construction of the curve for
R above 12.1 eV. Additional reflectance measurements
to remove any remaining ambiguity are desirable.

The curve for —Ime ', which is most strongly in-
Ruenced by reflectance values above 12.1 eV, is in
good agreement with the characteristic energy loss ex-
periments of LaVilla and Mendlowitz" and of Powell
and Swan" who observe peaks at 14.8 and 15.3 eV,
respectively. The curve of Fig. 2 has its maximum near
15.2 eV. The comparison with LaVilla and Mendlowitz
is indicated more explicitly by the dashed curves of

'7 The curve was linearly extrapolated in a plot of ln R& versus ln
8 to 0.327% at 30 eV and to 1.349X10 '% at 100 eV. The com-
puted value of I at 30 eV is in good agreement with that of W. R.
Hunter, J. Appl. Phys. 34, 1565 (1963).

~ R.. LaVilla and H. Mendlowitz, Phys. Rev. Letters 9, 149
(1962).

's C. J. Powell and J. 3. Swan, Phys. Rev. 115, 869 (1959).



OPTI CAL P ROPERTI ES OF Al 192k

Fig. 2 showing their values of e& and e2 obtained by
Kramers-Kronig analysis of energy loss data. Their
results for e2 are relatively smaller, although the ab-
solute difference is only about 0.02.

III. INTERPRETATION

The experimental results discussed in the preceding
section may be analyzed along lines very similar to
those used in previous work on Ag and Cu. ' Since the
longitudinal and transverse dielectric constants are
equal in the long-wavelength limit and the photon
wavelengths of interest here are all rather larger than
the interatomic distance, we wouM expect to find the
same plasma effects as those exhibited by characterisitc
energy loss experiments, in addition to structure typical
of optical intra- and interband effects. An expression
for the complex frequency-dependent dielectric con-
stants, e(o&), valid in the random-phase approximation,
was discussed in Ref. 9. It was shown to be expressible
in the form

e(a&) = e«& (o&)+be&'& (o&),

which separated explicitly the intraband effects char-
acteristic of free electrons,

10

10'

10

10

10'

e«& (o&) = 1—
o& s/&u (o&+i/r, ) (2)

from the interband eGects commonly associated with
bound electrons,

0.1

GOI. 0.1

E (eV)

f&e&'&(~) = —m-'(e/~)' &'fs&'„.f, (k)fp;
L(~+s/r«p)' ~«'?' —(3)

The notation is the same as in Ref. 9:o&„,= $4xne'/m, gi
is the plasma frequency, e, is the conduction electron
density, m is the optical mass, the r's are relaxation
times associated with intra- and interband processes,
f&(k) is the distribution function,

fp&&= (2/Ao&pim) ~Ppi&~'

is the oscillator strength,

P«&=t&. 'f I& *(f's,x)P-~n&(k, x)d'x

being the momentum matrix element for direction p,

integrated over the unit cell having volume e„and
Ao&&p =E&(k) —Ep (k) the energy difference between
bands f and l' at the point k. Equation (2) is very
similar to the well-known result of Drude for free
electrons. Equation (3) resembles the Lorentz result
for insulators. Interband transitions of conduction elec-
trons are included-in Eq. (3). For future application,
it should be emphasized that each part of Eq. (1)
satisfies the Kramers-Kronig relations.

The first task will be the separation of e«& (o&) from
fie&" (o&). The discussion of Sec. F will show that our
empirical separation, even though treated within the

F&G. 3. Comparison of experimental and theoretical values of
e& and ss for Al in the "free electron" range using Eq. (2) Gtted
to the experimental curve at 0.4 eV. The values of Ace„~ and 7; are
found to be 12.7 eV and 5.12)&10 "sec, respectively. In order to
utilize a logarithmic plot, the positive de6nite quantity 1-eI&~) is
compared to 1-e&(exp)+be~& &. The values of se&& & are determined
in Sec. B.

framework of the random-phase approximation, will
be valid for an interacting many-electron system.

A. Free-Electron Effects

The separation of e«& (o&) from be&" (o&) becomes pos-
sible if it is recognized that interband transitions do not
set in until about 4 eV, and that therefore it should be
possible to 6t the experimental results at lower energy
to Eq. (2). In this range 5es "&=0 and bet&'& is practically
negligible compared to o&„'/o&(o&+i/r—,), the dominant
term in ei. The results of fitting Eq. (2) to the experi-
mental values of e~ and e2 at 0.4 eV are shown in Fig. 3.
The corresponding values of A~~, and 7-. are found to
be 12.7 eV and 5.12)(10 " sec, respectively. In order
to utilize a logarithmic plot, we have shown the positive
de6nite quantity 1—e&&~' rather than e&&~). This quantity
is compared to 1—ei(exp)+8ei&s&. The values of 5eiis&

are those to be determined in Sec. B. Clearly at 0.4
eV, 5e&(~' has negligible eftect on the magnitude of ~&.

The agreement between the two sets of quantities is
seen to be excellent over more than two decades. The



1922 EH REN RE I CH, PH I LI PP, AN D SEGALL

40—

30—

20—

IO —.

0

-IO—

Ss,b

from a&„, assuming there to be three free electrons per
atom. We 6nd m =1.5. Since the calculated energy
bands are so free-electron-like it is clear that they would
lead to a smaller m, . We have estimated the optical
mass, m„, predicted by band theory, by calculating the
increments over the free-electron value produced by
separate (111) and (200) Bragg reflectances associated
with the previously determined pseudopotential. "The
sum over 8 (111) and 6 (200) faces leads to a value of
1.2. In actuality, the effect of the planes cannot be
separated, and the above procedure tends to over-
estimate the difference from the free-electron value.
The 1.2 value is an upper limit with the proper value
probably closer to 1.15. The discrepancy between the
band structure value m, =1.15, and m =1.5 arises
from the interactions neglected in the individual elec-
tron model. Since the electron-phonon interaction
should be negligible at the energies of interest, the dif-
ference is attributed to many-electron effects, which
will be discussed further in Sec. F. The magnitude of
m is quite comparable to the thermal mass m&

——1.6
obtained from specific heat meg. surements. "

B. Separation into Intra- and Interband Parts

I

0 I 2 3 4 5 6 l0 l4 l8 22
E(ev)

FiG. 4. The real and imaginary parts of be(') (co). The values of
861(') are obtained by calculating be2( ) from e2(exp) —e2(f) and using
the Kramers-Kronig relation given in Eq. (4).

agreement in 1—t.~ above 1 eV is a result of the con-
struction of hei&~) from the Kramers-Kronig relation, as
described in the next section and is not to be regarded
as a test of the Drude formula. The disagreement for ei
at low energies (i.e. , (0.1 eV), where ei is strongly de-
pendent on r, may be due to several causes, e.g. , an
uncertainty in the film value for r and its possible energy
dependence.

The reasonableness of the magnitudes of ~„and 7-,

can be ascertained in several ways. In Sec. E we shall
discuss the plasma frequency obtained from the energy
loss function —Ime ' around 15 eV and show it to be
consistent with the data at low energies in an entirely
different region of the spectrum. It is also possible to
compute the magnitude of the dc conductivity o(0)
= (1/4m)oi 'r. . We find o (0)= 1.55 X 10'r sec ' in com-
parison to the experimental value 3.18X10"sec ' for
bulk. Al. That our result is a factor of 2 lower than the
bulk value may be due to the fact that the measure-
ments pertain to thin films, or alternatively that v,
decreases rapidly from its dc value as the frequency is
increased. From the extent of the agreement shown in
Fig. 3, it is clear, however, that 7-, cannot be varying
rapidly between 0.1 and 1 eV.

The value of the optical mass may be determined

Since be2& ' =0 in the region near zero frequency where
c2 is largest, the separation into intra- and interband
parts is most easily achieved by calculating Be2&~& from
es (exp) —es'~& and then using the Kramers —Kroing
relation

(o&+o&') d )
$ei&s& (o&}= (so&)

(o&
—

o& ) do& )
X Lo&'8e, i'& (o&') jdo&' (4)

to calculate hei(~'. The advantage of this particular form
lies in the fact that the machine program used to
deduce the phase angle from the reflectance" may be
immediately adapted to evaluate the integral in Eq. (4).

The subtraction used to obtain bc2&~) should be quite
accurate except in the vicinity where it first begins to
rise from zero, since e2(f) decreases quite rapidly with
increasing frequency. In particular, it can be seen from
Figs. 2 and 3 that es'~& contributes less than 20% to
es(exp) above 1.5 eV. Thus, possible inaccuracies in
es&~&, as given by Eq. (2), due to a frequency dependence
of v, should not be important. In the case of Ag, the
separation was more clear cut, since interband transi-
tions do not set in until nearly 4 eV, where e2'f& is nearly
zero.

The results for 86]( ) and be2'~' are shown in Fig. 4.
The imaginary part was truncated just below 1 eV in
accord with the band calculations, since the contribu-

20The pseudopotential employed is given in Ref. 6. The pro-
cedures used in estimating m«and the density of states (in Sec.
C) are similar to that given in F. S. Ham, Phys. Rev. 128, 2524
(1962).

» D. H. Howling, E. Mendoza, and J. Q. Zimmerman, Proc.
Roy. Soc. (London) A299, 86 (1955).
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Fio. 5. The calculated energy bands
of Al along the symmetry axes. The
calculated values are given by the
small circles. The dashed curves pro-
vide a rough indication of the bands
between the widely spaced calculated
values.
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tion at lower energies may be due entirely to small in-
accuracies in the Drude formula and/or the data
analysis. Because of this inaccuracy, it was impossible
to obtain meaningful values of be&(~) at lower frequencies.
Above 1.5 eV, 5e2(" should be quite accurate. A similar
statement holds for 8e&~'& as obtained from Eq. (4).

The curves in Fig. 4 show quite clearly that the im-
portant interband transitions, giving rise to structure
in 5e(", are confined to a small energy range surrounding
1.5 eV. The rapid decrease in magnitude of both dielec-
tric constants at higher energies indicates that any
futher interband transitions can make only a small
contribution. In the next two sections, we shall identify
the transitions responsible for the structure and present
a semiquantitative theory which describes the shape of
8&2&~) reasonably well.

C. Interband Transitions

In order to understand the interband effects in detail,
we will utilize the results of the energy band calculations
for this metal. The energy bands for the various sym-
metry axes are shown in Fig. 5. The calculated values,
which are indicated by the circles, are given relative to
the s state at the center of the Brillouin zone (i.e., the
i'& level). The energy bands below roughly l Ry have
been presented previously, while the higher energy
symmetry point eigenvalues up to =2.4 Ry have been
obtained for the present analysis. Aside from the lifting

of the free-electron degeneracies and the elimination of
crossings, the free-electron-like behavior noted pre-
viously for Al persists in the higher energy range.

In this and the following section, we will discuss the
interband term, 6&2&'), in terms of the calculated energy
band structure. Since 8e&~~&(&u) can be obtained from
lwe2&" (&o) by the Kramers-Kronig relations Le.g. , Eq. (4))
it will not be considered separately. As can be seen
directly from Eq. (3), the expression for l&e2&~&(&u) in
the limit of v~~ ~ ~ is

a& (cu) = e'/(m'xfuv') d'0

&&)r fr(k) lj~&r" I r&(& &u) (3)

The contribution for a given co is then proportional to
the joint density of states, 1V«(co) = (4n') 'J'd'k
X5(a&—reap), times an average of

~
I'&~&; ~' over the sur-

face co~~ (k) =&a. Structure in e2 is then expected to occur
at critical points, i.e., where Vga~~ =0. The critical
points, in turn, generally occur at symmetry points
where the gradients of E&(k) and Ep(k) may vanish
separately due to symmetry.

The band calculations of Fig. 5 show that the only
interband transitions below 8 eV at symmetry points
are those between the two occupied p-like states W2 and
W3 and the unoccupied s-like state 8'~. The calculated
transition energies are 1.4 and 2.0 eV, respectively. It is
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TmLE II. Estimated ratios of various interband contri-
butions to the imaginary part of the dielectric constant.

Transition

Estimated
averaged

No. of joint density Estimated
Sand gap valleys of states ratios

(eV) (op 'Ry ')

F2 ~8'I
&3
8'2' —+ 5'1
8'g ~ IVI
X4 —+ X1
X, ~X,'
L2' ~ L1L' L
L1 ~ L3'

I'Is

19.0
19.6
12.0
7.9

20.7
16.3
16.6
25.1

6
12

6
6
3
3
4

2.3X10 '
2.3X10 '
2.3X10 3

4X10-4
4X10 4

3X10 4

3X10 4

3X10 4

SX10-3

0.008
0.008
0.004
0.008
0.002
0.003
0.003
0.004

~ There is some suggestion of structure in the reflectance curve
(Ref. 13) near 10 eV. See W. R. Hunter, J. Opt. Soc. Am. (to
be published). This detail could be evidence of interband transi-
tions near this energy. As can be seen in Table II discussed below,
the erst set of interband symmetry point transitions are associated
with critical points at X. The gaps are calculated to be about 8
and 12 eV.

"Consideration of interband band transitions was restricted
to the symmetry points both because of the greater probability
that they will occur at these points and for practical reasons. -In
regard to the latter, the E(R) for the higher energy states were
calculated only at the symmetry points. The likelihood of special
circumstances leading to the Qatness of Aeon (k), such as that at
Z(see Sec. D) is small.

noteworthy that the lower energy transition coincides
almost exactly with the position of the es(cu) peak,
while the other falls in the trailing edge of the peak
where e2 is still moderately high. It is quite clear then
that the region around S"must contribute significantly
to the large peak in ~2.

It might also be noted that interband transitions in
the vicinity of the $110) (i.e. , Z) axis set in at about 1.4
eV. A detailed study of the 8 (k) in this region shows that
a critical point exists on the axis by virtue of the fact
that the second and third band states below and above
the Fermi level, respectively, are parallel there. These
transitions thus also contribute appreciably to the
j..5 eV peak.

The energy band calculations predict that allowed
higher energy transitions at symmetry points set in at
about 8 eV and above. The experimental es (ar), however,
exhibits no structure in this range. "To obtain a quanti-
tative measure of the importance of the higher energy
transitions at symmetry points, "we first note that the
peak value of the contribution from a critical point is
proportional to E, '~s where E, is the energy gap Lsee,
e.g., Eq. (6)g. In order to determine the relative im-
portance of the various transitions, we will consider the
product vE, sl'E«(&o), where r is the number of valleys
for the particular symmetry point. The factor X&& (&o)

may be estimated using nearly free-electron-like be-
havior of the bands modified by the dominant Bragg
reQection appropriate to the particular symmetry

point. '4 To expedite these estimates, we have neglected
the curvature of the upper band involved in the transi-
tion. The relevant factors and the estimated ratio with
respect to the contributions from W and Z are presented
in Table II for the transitions below 20 eV and the 25 eV
transition at F. It is evident that the higher energy
transitions are much weaker than the 1.5 eV one, being
at most about a percent of the latter. The principal re-
duction arises from the E, 'I' factor, so that the numer-
ous transitions at still higher energy would certainly be
unimportant.

In the comparison, we have left out broadening
eGects which, of course, would be more serious for the
higher energy transitions. We have also neglected
the possible variation of the matrix element, P, with
energy as this is difFicult to estimate. Because of con-
vergence requirements for the f-sum rule, P would be
expected to decrease with increasing energy, thus
reducing further the strength of the higher energy
transitions.

The striking difference between Al and many mono-
valent metals, such as Cu, and Ag, deserves some com-
ment. In these latter metals, structure due to interband
transitions is observable in the high-energy range con-
sidered above. A comparison of the energy band struc-
tures of these metals shows that in contrast to Al the
noble metals have E(k) which deviate markedly from
those of a free electron. The large splittings at sym-
metry points in the noble metals imply large eBective
masses. This and the large masses of the Oat d bands
reflect themselves in relatively more pronounced peaks
in the joint density of states. The proximity of the noble
metal d bands to the Fermi level allows for several
additional interband transitions. In addition, there are
arguments based on the sum rules which show that the
transitions involving the d bands tend to be stronger at
high energy.

The above comments are probably applicable, in a
general way, to other polyvalent metals. That is, since
they generally have rather free-electron-like band struc-
tures, the polyvalent metals will tend to have weaker
short-wavelength interband transitions than the noble
metals.

D. Low-Energy Transitions at W and X

In the previous section we suggested that the large
sharp peak in e2 at about 1.5 eV is attributable to inter-
band transitions from the regions around 8' and Z. It
was noted that the calculated values of the 8"~—8'2
and Zt —Zs gaps agreed closely (i.e., to within 0.1 eV)
with the position of the e2 peak while the 8 ~

—8'3 gap
is about 0.6 eV larger. While we believe the calculated
energy separations for Al are sufficiently accurate to
indicate the proper identification of the transitions, it
is worthwhile to consider these transitions in more
detail. A comparison of the shapes and magnitudes of
"See Ref. 20.
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the calculated contribution to bess(~) from these regions
with the experimentally obtained ss(ae) would constitute
an important check on the assignment. In addition, this
investigation will provide us with an indication of how
well the individual electron model, as given by the ba.nd
calculations, describes the optical properties associated
with interband transitions.

The simplest of these transitions to treat are those
between the two bands which go into the degenerate 8'3
level at the zone corner and the higher band associated
with 5 ~. Except for some unessential complications, the
relevant band differences, ku~p (k), form simple minima
at 8', and are adequately approximated for our pur-
poses by the simple quadratic expressions Puo(k) =E,
+&'/2m((m/m, &)Ak, )'+(m/m, )hkP7 where the sym-
bols

~~
and J denote axes parallel and perpendicular

to the X-8' axis. The gap at 8', E„has the value 2.0 eV,
while nz/m„=7. 5 and m/nz, =9.7 for the transitions
involving the higher Ws band and m/m» ——25 and
m/nz, = 16 for the lower band. It is clear that this case
is analogous to the direct transitions from a maximum
in the valence band. of a semiconductor to a minimum
in the conduction band. The contribution to the imagi-
nary part of the dielectric constant is given by a simple
generalization of Korovin's result. "

Bss'(a&) =y(A(u/E, —1)l(E,/Ku)-', Ace) E„
=0, A &E„(6)

with

y=2v(ek/m)'[Pgp ~'(rN„/m)'(m„/m) (2m/O'E )s~'

where P~E is the average of the momentum matrix
element over the surface a&~~ (k) =tv.

The transitions between the Ws and Wt bands are
more difficult to compute because of the more com-
plicated k dependence of the energy differences in this
region. To illustrate this we note that for k along the
8' to X axes the energy difference is essentially a maxi-
mum at lV. Similar behavior is found along the W to L
axes which are mutually perpendicular and which lie
in the plane through 8', normal to the W'-X direction.
However, along another set of equivalent axes in this
plane rotated from the previous set by 45', the energy
difference is a minimum at W. The gap hcott (k) thus
cannot be expressed as a simple quadratic function of
Ak. It must, in fact, be a nonanalytic function of hk,
as a consequence of the near degeneracy of the p states.
As a result of this complication, a numerical approach
is required to determine the contribution to Sess(co) in
the desired detail. Nevertheless, it is possible to see
qualitatively that these transitions produce a peak.
This follows from the fact that the Fermi level cuts off
the transitions at energies slightly below and above the
critical point just discussed.

In the previous section attention was called to the

ss L. L Korovin, Piz. Tverd. Tela 1, 2311 (1959) Ltranslation:
soviet Phys, —Solid State 1, 1202 (1960)].

fact that the second (Zs) and third (Zt) bands about
the L1107 axes appeared to be quite parallel, and that
these regions therefore could play an important role
in producing the peak. The fact that the gap between
the Z3 and Z~ bands arises from the splitting of degener-
ate free-electron bands along L1107, suggests that in-
sight into the nature of these levels can be obtained from
consideration of the nearly free-electron picture. The
nearly free-electron wave functions for k= 2z.a '(s,s,0)
will be linear combinations of exp/i(k+K„) r7, where
the appropriate reciprocal vectors Ks, Kt, and. Ks are
given by a(2z.) 'K„=O, (—1,—1,—1) and (—1,—1,1).
For the Z3 state the combination is

2 '(expLi(k+Kt) r7 —exp/i(k+Ks) r7)

and the energy

E(Zs) = (m/m*) (2s./a)'L1+ 2 (s—1)'7 —V (2,0,0)

where V(K„) is the Fourier component of the pseudo-
potential. The Z~ state is a linear combination of
expr sk r7 and {expLi(k+Ka) r7+expLi(k+Ks) r7),
and it can be shown simply that with the neglect of a
second-order term in the small quantity, V(111), the
energy is E(Zs)+2V(200). Thus, in this approximation,
which has been shown to be quite good for Al, ' the
energy difference along Z is nearly a constant with a
value of 2V(200). The argument is easily extended to
show that the corresponding energy difference for k off
the axis but in the (100) plane containing it is also
rather constant. For k with components perpendicular
to the (100) plane, however, the gaps will change due
to the mixing of the states. From the above and from
the fact that there are 12 Z axes, it is apparent that the
transitions from these regions make a large contribution
to the c2 peak.

The numerical evaluation of 8&2' involves the com-
putation of the joint density of states satisfying the
proper occupancy conditions. In general it is dificult
to determine a density of states with reasonably good
resolution becauseof the very large numberof k at which
the eigenvalues E„(k) are required. In this case the
task is feasible because of the reasonably small regions
of the zone to which the contributions are localized.
Also, the work is greatly simplified by the applicability
of the pseudopotential method to Al. The computations
were carried out by calculating the energies and energy
differences on a relatively fine three-dimensional mesh,
corresponding to roughly 10' points for the complete
zone. A histogram for the joint density of states was
obtained by counting the number of points having the
appropriately occupied states and having Ace« in a
given interval. A smooth curve was 6tted to the
histogram, "

The contribution from the neighborhood of W was

~6 Similar calculations have recently been carried out by D.
Brust, J. C. Phillips, and F. Bassani, Phys. Rev. Letters 9, 94
(1962}for Ge and by D. Brust, M. L. Cohen, and J. C. Phillips,
Phys. Rev. Letters 9, 389 (1962) for g.
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FIG. 6. The calculated contributions to the imaginary part of
the dielectric constant from the interband transitions around W'

and Z. The dashed peak is the sum of the contributions from the
transitions between the W2 and WI bands and between the Z3 and
ZI bands. The dashed curved starting at 2.0 eV is associated with
the transition from the 8'8 bands to the 8"1 band. For comparison
purposes, the experimentally determined interband part of em(ru)

is given by the solid curve.

found to lead to a sharp peak as expected. Since the
contributing regions do not extend far from 8' in
any direction, the approximation of using the value of
~P&i ~' evaluated at W appears justifiable. For the Z
regions, however, it was found that the energy differ-
ences are nearly constant over appreciable distances in
each (001) plane in accord with the discussion above.
The assumption of a constant matrix element is then
probably poor. In particular, for the (001) plane con-
taining the Z axes, the gap under discussion is simply
connected with that between the W~ and upper 5'3
band. At W,

~
P

~

' is expected to be quite small because
of the large p character of the Ws and Ws states. To
avoid the very laborious task of determining a large
number of momentum matrix elements, we have as-
sumed I' to vary linearly from a fixed value on the (110)
plane containing the Z axis to zero in a distance cor-
responding to that between E and O'. This approxima-
tion, which probably leads to an underestimate of the
magnitude, does not appreciably affect the shape which
is quite similar to the peak due to the transitions
around 8".

The momentum matrix elements for the transitions
8 2 to W» and Z3 to Z» at the approximate center of the
allowed range Li.e., k=2s.a '(5/8, 5/8, 0)$ were evalu-
ated using the wave functions inside and outside the
inscribed sphere determined by the procedures described

in Ref. 6. The resulting values of E'„=2~P~'/m are
0.65 and 0.48 Ry, respectively. With these values and
the free-electron value for EJ, the contribution for the
Z transitions is found to be about 50% larger than that
from the 8' region. The latter is affected moderately by
a shift in Ep while the former is relatively insensitive
to it since the changes in the occupancy of the Z3 and Z»

bands have compensating effects. The resulting Sess(oi)
is shown in Fig. 6 as the dashed peak between 1 and 2 eV.

In evaluating the contribution of the 8'3 to 8'»band
transitions to 8&2~, we note that we will be concerned
with energies well above the gap at 2.0 eV. At these
energies there will be an increasing admixture of p and
s components in the 8'» and 83 bands, respectively.
This leads to an energy-dependent reduction in E„
which is calculated to be 0.72 Ry at 8'. The effect was
estimated by determining the variation for a few points
along the

~~
(or Z) and J axes and by taking the arith-

metic average. The result, with its characteristic "edge"
shape, is shown in Fig. 6 as the dashed curve above 2 eV.

It is clear that aside from the dimple at 2 eV, the
shape of the calculated be~~ is entirely similar to that
obtained from experiment. The magnitude, on the other
hand, is significantly less. The deviation could be due,
at least in part, to inadequacies in the computational
procedures. It could also be due to many-electron
effects as will be discussed below .

Since the interband effects depend upon the Fermi
level, it might appear that this study could shed some
light on the unsettled question of the position of the
Fermi level relative to the p states at W. However, due
to the substantial contribution from the Z3 to Z»

transitions and its relative insensitivity to changes in
EJ:, no conclusions concerning this important point are
possible.

E. Plasma EBects

We now turn to a discussion of the dielectric constants
at higher energies. The outstanding feature in this
range is the strong and sharp peak in the energy loss
function —Ime ' at 15.2 eV. This energy is generally
associated with the plasma resonance. In the present
context, we must show that this value is consistent with
the result Ace~, = 12.7 eV obtained in the low-frequency
range where free-electron eGects predominate.

In the far infrared e is determined by oi~,'/co(re+i/r, )—,
the contribution of 1+Bets& being relatively unimpor-
tant. Near the plasma resonance, ~„,at about 15 eV,
e2 is very small so that or~ is determined quite accurately
by the condition that ei(&u~) =0. This implies that

1—or~ '/ce, '+bet&" (at~) =0,
since oir))1, and hence that e~„=ai~~/$1+Bett" (oi~)7&.
The contribution of 8e»(~', whose value is about —0.3,
is therefore quite important in determining the magni-
tude of co~. We may determine a self-consistent solution
of Eq. (7) using the preceding value of &a„, and metis' a,s
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F. Sum Rules and Many-Electron Effects

The sum rules

Mes(M)(4= st%~,

teIme '((u)da&= ss(o„s, (9)

are exact for the interacting many-electron system. "
Here co~'=47ree'/m, ri, is the total electron concentra-
tion, and m the free-electron mass. The numerical
evaluation of the integrals from the experimental data
therefore includes the effects of electron interactions
among the valence electrons. As noted above, the core
states of Al are suKciently far removed ( 70 eV) from
the 3s and 3p electrons; it is thus possible to neglect
them in the application of the preceding sum rules to
the optical properties over the range considered here.
%e therefore expect that the above integrals should
saturate at values of —,'men„' corresponding to three
electrons per atom.

As in the previous work on Ag and Cu, it is useful to
define the integrals of Eqs. (8) and (9) for a fiiute range
in terms of an effective number of electrons, n, ff con-
tributing to the optical properties over this range. Thus,

4se' )
(uesd(o=-', w ~n.tr(cos), (10)

s m J
and similarly for the sum rule involving Ime '(&u).

27P. Nozieres and D. Pines, Nuovo Cimento 9, 470 (1958)."P.Nozieres and D. Pines, Phys. Rev. 113„1254(1959).

given in Fig. 4. We 6nd Ace~ = 15.2 eV, in agreement with
the location of the peak in the energy loss function.
The fact that co~ is greater than co„, results from the
negative value of be~&" which is a remnant of the oscil-
lator-like dispersion associated with the interband tran-
sitions near 1.5 eV.

Since the oscillator strength for the valence band is
essentially exhausted in this region and transitions from
the I. shell do not set in until about 70 eV, the dielectric
constant should be well approximated by its general
asymptotic form" e(~) = 1 4—rrne'/nun', where m is the
free-electron mass and m corresponds to 3 valence
electrons per atom. Thus, the plasma frequency can be
written alternatively in the form oi„= I 47rne'/rN]&

Direct substitution into the preceding expression yields
Ace„=15.8 eV, in good agreement with our earlier re-
sult of 15.2 eV. The neagtive value of Icy'" is therefore
seen to raise the value of the plasma frequency from its
lower value ~„,as determined by the optical effective
mass, nearly to the larger value L4sme'/m]' required

by the correct asymptotic behavior.
The extent of the agreement among these independent

experimental and theoretical determinations of the
plasma frequency indicates the consistency of our re-
sults, and, in particular of the determination of co„,
and 6ej&~& from the low-energy data.
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FxG. 7. The effective number of electrons per atom versus E
obtained from numerical integration of experimental e2 and—Irne '. The e,e are detined by Eq. (10) and the corresponding
analog of the sum rule for —Ime '.

Figure 7 shows a plot of e,ff versus E=Acoo obtained
from a numerical evaluation of the two integrals using
the experimental data. The rapid initial rise in n, ff

corresponding to Eq. (10) is due to free-electron effects
which in the absence of interband transitions, would)

g/produce saturation at a value of n, «such that 4mn, «e p'ns

=~„'.The break in the curve near 1.5 eV arises from
the strong interband transitions at lV and Z discussed
in Sec. D. The fact that the curve rises rapidly and
reaches a value 2.7 near 22 eV, indicates that the f sum-
rule for all lt in the Brillouin zone is essentially ex-
hausted. " Its shape is quite consistent with the fact,
discussed in Sec. C, that the transitions near 1.5 eV
at W and Z are the only strong ones involving the
valence electrons.

The n, ff plot corresponding to the other sum rule
begins to increase only when the energy loss function
becomes large. It is also seen to saturate at a value
near 3, indicating that the entire energy loss is con-
centrated in a very small energy region about the plasma
resonance. This fact, of course, is closely related to the
absence of strong interband transitions at higher
energies, and the concomitant reduction in the value
of c2.

The simplicity of the preceding results is remarkable
when it is contrasted with the corresponding situation
in d-band metals' or semiconductors. " In the latter
cases interband transitions involving the valence elec-
trons persist to rather high energies, and empirical
evaluation of the sum rules do not yield values of n.ff

anywhere near saturation.
Even when the electron-electron interactions are

taken into account, the wave functions in a solid are

"An extension of the studies to higher energy by one of us
t H. R. Philipp (to be published)g shows that the integral for
~ff continues to rise in the region beyond 20 eV and reaches the
value 3.0 electrons per atom just below the L-absorption edge at
70 eV.

~ H. R. Philipp and H. Ehrenreich, Phys. Rev. 129, 1550 (1963).
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still labeled by band index n and wave number k. Thus,
it is possible, in the long-wavelength limit, to make a
general separation into intra- and interband contribu-
tions as indicated in Eq. (1). The sum rule given by
Eq. (8) may therefore be written as

Silin" has shown that a relationship of the form of
Eq. (2) is still valid for a Fermi liquid below the onset
of interband transitions provided that cur, & 1.The con-
stants co„and r„however, now involve the function
C'(p, p'), describing the correlation among the particles,
as well as the quasiparticle energy. Silin describes their
effect on e& by replacing the e in co„, by an effective
number of particles, a procedure which we have also
adopted in Fig. 7. For the present purposes, it is more
convenient to think of a modified optical mass m *
while retaining the number of electrons as three per
atom. It should be noted that the "dressing" effect
which changes m„ to m, would vanish, according to
Landau's effective mass theorem" if the system were
translationally invariant. In the range mr, )1, the
dressing is therefore a direct consequence of the periodic
lattice.

The preceding discussion shows that the empirical
separation of e into intra- and interband effects made
in Sec. 3 should be generally valid, since all that was
used to accomplish it was the frequency dependence of
et&r' and es&r& in the range cur,)1. In order to fit et(&o),
which is essentially independent of r, in this range, it
was necessary to assume m, =1.5 in contrast to the
results from band theory (cf. Sec. A), which yielded
m„—1.15. The difference is attributed to many-elec-
tron effects, which are seen to increase the effective

"V.P. Silin, Zh. Eksperim. i Teor. Fiz. 34, 70 (1958) /transla-
tion: Soviet Phys. —JETP 7, 486 (1958)g.

ss L. Landau, Zh. Eksperim. i Teor. Fiz. 36, 1058 (1956) Ltrans-
lation: Soviet Phys. —JETP 3, 920 (1957)g.

mass. The discussion of plasma effects in Sec. E is then
also seen to be valid within this more general framework.

The sum rule given by Eq. (11) shows that many-
electron effects will decrease the contribution of the
intraband terms, and correspondingly increase that of
the interband terms.

YVith the values of m„, and m at hand, it is possible
to estimate very roughly how much the calculation of
the bound parts of the dielectric constants arising from
the important interband transitions at 8" and Z should
be in error due to the neglect of many-electron effects.

WedefineI, =Js"&obes& & (calc )d~, .whereases& l (calc.)
is the function calculated in Sec. D, and correspondingly
I. involving the experimental values of 6&2( '. Then the
effect of the electron-electron interactions can be ex-
pressed in terms of the ratio I,/I, . Noting that from
Eq. (2), J","&oes&r'd&o= (-', )z.&o,«' or (-,')z.&0„J if we are
speaking, respectively, of undressed or dressed particles
characterized, respectively, by m, and m„we have

Since co„and co„„are quite comparable in magnitude,
the value of I,/I, depends fairly sensitively on the
calculated I„.For the best value (m„=1.15), I,/I,
= 2.6, whereas for m„= 1.2, I,/I, = 2.0. A numerical
integration of bes&b' (calc.) as determined in Sec. D
yields I,/I, =3, a value which is reasonably consistent
with the calculated optical mass. Many-electron effects
are thus seen to affect not only the mass at the Fermi
surface, but also the strength of interband transitions.
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