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An empirical description of the shape of optical absorption bands due to localized excitons in ionic crystals
is proposed. The new formula links a nearly Gaussian description of the band near its maximum with an
exponential description of the band on the low-energy tail (Urbach’s rule). The applicability of the proposed
shape formula over a range of 43 orders of magnitude of absorption constants is demonstrated for localized
excitons in KCl The theoretical background which led to the proposed formula suggests that the existence
of an exponential tail (Urbach’s rule) is indicative of a predominantly quadratic interaction of certain

lattice modes with the exciton formation.

INTRODUCTION

N ionic crystals, electronic transitions which are
strongly coupled' to the lattice give rise to very
broad absorption bands of half-width 0.1 to 1 eV in the
range of photon energy of 1 to 10 eV. Especially in
alkali halide crystals a large variety of these bands has
been investigated. For the F centers in alkali halides?
and the Tl ion in® KClI the shape and the half-width of
the absorption or emission bands were studied at various
temperatures. It was observed that in these cases a
Gaussian curve fits the data rather well. The tempera-
ture variation of the half-width can be fit by a law:
H%(T)=H?(0) coth(iw/2kT), to the degree of accuracy
and availability of data points in each case. These ex-
perimental results agree with the predictions of a simple
model, the Franck-Condon model,* if one assumes in
addition that thermal vibrations of the lattice surround-
ing the absorption center can be represented by an
effective harmonic oscillator of frequency wess.* Assum-
ing a strong linear coupling of the electronic transition
to lattice displacements, the Franck-Condon model
predicts—already in its simplest semiclassical version—
the shape and temperature variation of the half-width
which was found experimentally. So theory and experi-
ment are in agreement if one limits, as is usual in these
experiments, the determination of the band shape to
values larger than 19 of the absorption maximum.

In contrast, measurements have been carried out far
into the low-energy tail of the first exciton band of pure
alkali halides. In’ K1, an exponential dependence of the
absorption constant on the photon energy (Urbach’s
rule) was observed over a range of seven orders of mag-
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nitude of the absorption constant: K(kv)=K,
Xexp[—ao(kvo—kv)/kT)] with three constants Ko, oo,
and Avo. Similar results were obtained with® KCl and”
KBr crystals and it was found that o¢=0.8020.02 in
all three cases. Assuming a strong guadratic coupling
of the electronic transition to certain lattice displace-
ments Toyozawa® derived theoretically Urbach’s rule
for these exciton bands.

A recent study of the optical characteristics of
localized excitons in KCl single crystals® closed the gap
between these two different experimental results. For
an appropriately small concentration of iodine ions in
KCl, a low-energy absorption band, due to the iodine
ions, could be studied in great detail over a range of
4% orders of magnitude in absorption constant, including
the region of maximum absorption as well as an appre-
ciable part of the low-energy tail. As reported pre-
viously,? the experimental results can be described by a
Gaussian curve from the band maximum to about 3%,
of the maximum absorption. For smaller absorption
constants on the low-energy tail the results can be fit
well by Urbach’s rule—that is, an exponential de-
pendence of the absorption constant on photon energy.

This paper proposes a single formula covering both the
range of absorption constants where a Gaussian shape
has been found as well as the region of absorption con-
stants where Urbach’s rule has been verified. For the
absorption of the I~ ion in KCl, a close fit of the data
points by the proposed new shape function could be
achieved over the total measured range of 4% orders of
magnitude of the absorption constant. In the following
section, the shape formula will be presented and com-
pared with the experimental results. The third section
contains the theoretical background leading to the for-
mulation of this general shape function.

EMPIRICAL SHAPE CURVE

The proposed new shape curve is given by
+00
K(hw)=K, exp[—a(hvo—hv)]/ exp(—a%)dx (1)
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Fic. 1. Comparison of the results of absorption measurements
obtained with localized excitons in KCl at 300°K with a proposed
empirical shape curve (solid line) calculated from Eq. (1). The
data, obtained from a variety of KCl crystals doped with different
amounts of iodine ions, are plotted on a logarithmic scale of the
relative absorption constant versus the normalized photon energy.
The dashed curve represents an attempt to fit the data points by
a Gaussian-shaped function [formula (3)].

with a=—{r(hvo—hv)— (¢/27)} and o and 7 two con-
stants which depend on the temperature. It will be
shown first that Eq. (1) has a simple asymptotic
behavior.

At the low-energy absorption tail, i.e., for hv<hv,
Eq. (1) predicts an exponential dependence of the ab-
sorption constant on photon energy (Urbach’s rule). In
this case, (hvo—#hv) is large and positive and, thus, «
large and negative. The error function integral
ST « € 'dx is then a constant and Eq. (1) reduces
to a purely exponential function of the photon energy.
This property of Eq. (1) is asymptotic, that is, the
smaller /v, the better it holds.

At the kigh-energy side and in the vicinity of the band
maximum, Eq. (1) predicts an approximately Gaussian
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shaped function. In this case, A» is larger than /w,
(hvo is only approximately the position of the band
maximum) and, therefore, @ large and positive. The
integral of formula (1) can be approximated by:

+-00 e—az 1 e—uz
f e—z2dx_—_-_<1_..___:t. ..):—,
+a large 20 2a? 2a

with increasing accuracy for increasing +oa. With
—a?=—7%(hvo— hv)* 4o (hvo— hv)+const, we get ap-
proximately: K (hv)~exp{—72(hvo—hv)?}, a Gaussian-
shaped function.

Equation (1) will now be compared with the experi-
mental data of Ref. 9. Figure 1 reproduces the results
of absorption measurements obtained at room tem-
perature with localized excitons formed at iodine ions
in KCl single crystals. The data points shown are taken
from the results obtained with crystals of three different
concentrations. Each single run consists of many meas-
urements done with a great variety of sample thick-
nesses. All the data points were normalized and plotted
versus the normalized photon energy (Avma.x—#hv) in
Fig. 1. Low-photon energies are to the right. The dashed
curve is an attempt to fit the results with a Gaussian
curve: K(hv)=K,exp{—7*(hvo—hv)*} of parameter
72=29.7 eV over its entire range of 41 orders of mag-
nitude. Although this curve fits the measurements
rather well in the vicinity of the band maximum, at low-
absorption constants the agreement becomes increas-
ingly poor. The solid curve is the best fit of the proposed
new shape formula, Eq. (1), with 72=32.6 eV and
o=21 for these room temperature data. The agreement
is very close over the total range of measurements. The
calculated solid line shows well both features of Eq. (1):
A Gaussian shape around the band maximum and an
exponential dependence of K on /4y for low-photon
energies.

The iodine absorption (Ref. 9) in KCl was also
measured over a wide temperature range—from helium
temperature to 700°K. Iz all cases it was found that the
absorption constant was described well by an expo-
nential dependence of the absorption constant on
photon energy at the low-photon energy tail: K (hv)=K’
Xexp{—a(hvo—kv)} (Urbach’s rule) and by a Gaussian
shaped curve: K (hv)=K,exp{—7*(hvo—hv)?} in the
vicinity of the band maximum. The characteristic
parameters for these two regions, ¢ and 7, were deter-
mined at all these temperatures and are given by
(Ref. 9):

2= (r%/kT)F(w1) and o= (0o/kT)F (w2)
where (2)
F(w)= (2kT/hw) tanh (fw/2kT).

We will now use the temperature dependence of 7
and ¢ of Egs. (2) together with the proposed shape
formula (1) and hold that this combination will fit the
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Fic. 2. Compari-
son of the whole set
of normalized data
obtained from ab-
sorption  measure-
ments of a localized
exciton band in KCl
over the temperature
range from 77 to
700°K with the set
of calculated shape
curves obtained from
Egs. (1) and (2).
The solid lines were
calculated using the
parameters 7,2=0.87
eV1; ¢0=0.77; hw
=16X1073 eV; hw:
=60X1073 eV.
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experimental results of Ref. 9 over the entire range of
measurements. Figure 2 shows the normalized experi-
mental data for several temperatures. The solid lines
are computed from Eq. (1), using Egs. (2) with 7¢=0.87
eV 09=0.77; fw1=16X10"2 eV ; Aws=60X10"2 eV.
The agreement is fair considering the fact that the
whole set of calculations has been carried out by using
a best fit to the room temperature data only (Fig. 1).
From the two values of ¢(300°K) and 72(300°K) and
the experimentally determined values of %w; and 7w,
(Ref. 9), the curves of Fig. 2 were thus calculated with
no further adjustment.

Experimental determinations of the shape of broad
optical absorption bands are mostly restricted to the
region of the band maximum down to 19, of the maxi-
mum absorption. A conclusive test of the proposed
shape formula in cases other than localized excitons in
alkali halides would require experimental results taken
far out into the tail of absorption bands. As mentioned
earlier, such measurements have been performed with
the low-energy exciton bands of several pure alkali
halides. Two difficulties, theoretical and experimental
in nature, are encountered. A mathematical expression
for the absorption constant as a function of photon
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energy kv is derived under the assumption that #, the
index of refraction, is wavelength independent over the
region of the absorption band.? This theoretical treat-
ment is true for impurity absorption bands but cer-
tainly needs correction in the case of intrinsic exciton
absorption bands, especially near the absorption peak.!

Experimental determinations of the band shape are
difficult because of the very high intrinsic absorption.
Various measurements have been reported,!! using
either thin films for transmission measurements or
single crystals for reflectivity measurements. In neither
case has an analysis of the measured shape of the band
in terms of relevant mathematical expressions been
attempted by the authors. Nevertheless, Urbach’s
rule has been demonstrated so impressively in the tail
of exciton bands of pure KBr,” KCL® and KI 5 over as
much as seven orders of magnitude of the absorption
constant, that we have been led to attempt to apply
Egs. (1) and (2) to Haupt’s results’ with excitons of
pure KI. Lacking more precise knowledge, it was
assumed that near the band maximum a Gaussian
shaped curve would describe the experimental results
best, and that a value of 7¢*=1.7 eV~ in Egs. (2) would
approximately agree with the measured half-width of
the KI exciton band®!? in the temperature range of
200 to 900°K. In this temperature range F(w)=1. The
only parameter reliably known from the experiments is
o0=0.82.

The comparison of the calculation with Fig. 6 of
Ref. 5 was made in the following way. Normalized ab-
sorption curves of Eq. (1) were calculated for various
temperatures, using Eqgs. (2) with 72=1.7 eV and
0p=0.82. An attempt was then made to copy the tem-
perature shift of position and height of the experimental
results of Fig. 6, Ref. 5 [reproduced as Fig. 3(a) in
this text]. The result is given by Fig. 3(b). Agreement
could not be achieved around the band maximum;
especially at low temperatures the calculated band
maximum lies to higher photon energies.

RELATION TO THEORETICAL MODELS

Various theoretical models*® have been proposed
to calculate the shape of broad absorption bands for an
electronic dipole transition between ground and
excited state at an absorption center in a real, vibrating
ionic lattice. In all models proposed for ionic crystals,
the energy difference AE between ground and excited
state is assumed to be strongly dependent on the in-
stantaneous position of the ions surrounding the ab-
sorption center and is therefore critically affected by
lattice vibrations and displacements of ions.

1 For a discussion see: J. J. Hopfield, Phys. Rev. 112, 1555
(1958); D. L. Dexter, Phys. Rev. 101, 52 (1956); S. I. Pekar,
J. Phys. Chem. Solids 5, 11 (1958).

1 For a review see James H. Schulman and W. Dale Compton
in _International Series of Monographs on Solid State Physics,
edited by R. Smoluchowski and N. Kurti (The Macmillan Com-

pany, New York, 1962), Vol. 2. -
2W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957).
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Fic. 3. Comparison of the
results obtained with the low- W

energy exciton band of pure KI 108 \‘\\‘\\‘:&\
with calculated shape curves “\‘\\\\\\\
using the proposed empirical TVARNY
formula (1). Figure 3(a) re- ol \\\\\‘\‘\\\\
d th imental result: B AN
produces the experimen sults AN

of Fig. 6 of Ref. 5. The solid lines
of Fig. 3(b) are calculated from
Egs. (1) and (2) using 7?=1.7
eV™! and ¢¢=0.82. Position and
height of the calculated curves
have been adjusted to give a best
fit to the measured tail portions
l()Urga.ch’s rule) of the KI exciton
and.
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Toyozawa® has recently analyzed the problem of
Urbach’s rule in connection with published experi-
mental results of the shape of the first excition band in
pure alkali halides.>~7 He assumed that the different
mathematical description of the absorption curve
around the band maximum and in the tail part of the
first excition band can be explained by an interaction
of the electronic transition with two different types of
lattice modes. Contributions to the absorption constant
around the band maximum arise from those lattice
modes Q; which generate a linear dependence of the
energy difference AE on the ionic displacements of this
mode: AE=C1Q;. Toyozawa assumes that longitudinal
acoustic modes are of this type. As a consequence, the
shape of the absorption constant around the band
maximum is described by a Gaussian function:

K (hv)~exp{—72(hvo—hv)?} 3)

with
7= (10*/kT)F (1)

and
F(w1)= (2kT /#ww) tanh (fw/2kT).

On the other hand, Toyozawa assumes that the ab-
sorption constant at the low-energy tail of the exciton
band is due to the interaction with other lattice modes
Q1, which give rise to an energy difference AE quad-
ratic in the jonic displacements of this mode: AE=C,Q2.
Toyozawa believes that longitudinal optical modes and
transverse acoustical modes have this property. Using
a Hamiltonian given by Frolich, Toyozawa then calcu-
lates the shape curve due to sole interaction with optical
longitudinal modes. He gets essentially an exponential
behavior of the absorption constant on the low-energy
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tail (Urbach’s rule):
K (hv)~[1/(hvo—hv) ]} exp{— o (hvo—hv)}
for hvo>hv (4)

where

Vo
187 1/k—1/ko [ (m/w)koar P
F(wg) = (ZkT/flwz) tanh (flwz/ZkT) .

0o
o=—o7F (wZ) y 00—
kT

and

Vo is the volume of the unit cell, 7w, the phonon energy
of the optical phonons (assumed to be all of the same
frequency), k and ko are the static and optical dielectric
constants, u the reduced mass of the formed exciton or
excitation and m the mass of the electron. Assuming
p=0.65m, the measured values of oo in KI, KBr, and
KCl can be explained.

Toyozawa’s approach will now be employed to cal-
culate the shape of an absorption band over its entire
range. It is assumed that both types of modes Q;
(“linear”) and Q; (“quadratic”) interact with the
electronic transition. For the normalized probability
P; that absorption occurs only because of an interaction
with mode Q;, formula (3) will be used. Formula (4)
will be employed to describe the normalized proba-
bility P; that the absorption is influenced by mode Q;
alone.

The probability P that a photon /%» is absorbed under
the combined action of modes Q; and Q; is given by a
summation over all products P;P; with the condition
that the energy difference between ground and excited
state is Av=constant=hvo— hv;—hv;. In a normalized
energy scale, counting from (kvo— hv) as reference, both
hv; and hv; represent effective total phonon energies of
the corresponding modes Q; and Q..
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The summation gives

P(hVo—'hV)’\’

S
/ / Pi(}llli)Pz(th)al:(hVo—hv)—]’Lvi—th:l
—0 0

Xahvidhv~
(hvo—hv)
/ exp{—72(hv:)*}
Xexp{—o[ (hvo—hv)—hv;]}dhvi~

—+o0 o
e_"(h”"_’”)/ e=dx; a=— { 7(hvo— hv)————-} .
« 2

T

The result is formula (1). Using the special temperature
dependence of 72 and o of formulas (3) and (4), postu-
lated and verified singly in previous cases, we arrive
at Egs. (2).

DISCUSSION

(a) The experimental verification of formula (1) for
localized excitons in KCl seems to suggest that the
exciton formation is simultaneously affected by lattice
vibrations having a strong /inear coupling and by other
lattice vibrations having a predominantly quadratic
coupling to the electronic transition. In particular the
observation of an appreciable exponential tail of the
exciton band (Urbach’s rule) seems to be coupled with
the existence of certain modes around the ‘“point
defect” which are quadratically coupled to the elctronic
transition. Toyozawa argued qualitatively in the case
of excitons of pure alkali halides that longitudinal,
optical, or transverse acoustical modes are of the Q;
type. For localized excitons this type of mode has not
been considered previously. Further experimental work
with localized excitons in other alkali halides and a
theoretical study of localized or quasilocalized modes
around a point-defect in the NaCl-type lattice would
certainly contribute to a deeper understanding of the
nature of these various types of modes.

(b) The assumption that two different types of lattice
modes Q; and Q; interact with localized excitons has
consequences for the interpretation of the half-width
and the temperature shift of the absorption band peak
position. The position of the band maximum, Avmax,
is different from 4w, of formula (1) (see the abscissas of
Fig. 1). The differences are given in Table I for the range
of calculations. The temperature shift of the position
of the band maximum which was found experimentally
is, therefore, different from the corresponding shift of
hV().

The half-widths, as determined from formula (1), are
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TasLE 1. Differences (hvo—/hvmax) calculated from Eq. (1)
1(15ing t;le experimental parameters of localized excitons in KCl
Ref. 9).

Temperature T (hvo—hvmax) Temperature T (hvo— Avmax)

in °K in eV in °K in eV
4 0.03 300 0.04
20 0.03 400 0.05
77 0.03 500 0.06
150 0.03 600 0.07
200 0.04 700 0.07

also a sum of the contributions of the “linear” and the
“quadratic” mode. Only the “Gaussian” half-width
due to the linear interaction is related to parameters of
a simple configurational coordinate model (Frank-
Condon model). Therefore, in the presence of an appre-
ciable exponential tail in the absorption band shape (as
in the case of localized excitons), one must be careful
in the interpretation of the results obtained from meas-
urements of the half-width and the maximum position
of the absorption band.

(c) Urbach’s rule has been found experimentally in a
number of materials®7:912; various theoretical
papers®$13:14 have appeared on the subject. Several dif-
ferent physical mechanisms seem to lead to exponential
tail parts of impurity absorption bands, exciton bands
or band to band transitions. For strongly coupled
allowed electronic transitions in ionic crystals, quadratic
interactions due to certain lattice modes seem to be
important.

(d) The Frank-Condon model has been very success-
ful in demonstrating graphically the particular in-
fluence of “linear” modes on the shape of absorption
bands. A calculation of the absorption constant with a
Frank-Condon model, assuming ‘‘quadratic” inter-
actions with Q; modes, yields results which are not in
agreement with the experiment. It remains to be seen
if and how the result of Toyozawa’s abstract calcula-
tions can be graphically demonstrated in Frank-Condon
plots.
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