
PHYSICAL REVIEW VOLUME 132, NUMBER 5 1 DECEMBER 1963

Absorption Band Shape and Urbach's Rule of Localized Excitons*
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An empirical description of the shape of optical absorption bands due to localized excitons in ionic crystals
is proposed. The new formula links a nearly Gaussian description of the band near its maximum with an
exponential description of the band on the low-energy tail (Urbach's rule). The applicability of the proposed
shape formula over a range of 4-,' orders of magnitude of absorption constants is demonstrated for localized
excitons in KC1. The theoretical background which led to the proposed formula suggests that the existence
of an exponential tail (Urbach's rule) is indicative of a predominantly quadratic interaction of certain
lattice modes with the exciton formation.

INTRODUCTION
'

N ionic crystals, electronic transitions which are
& - strongly coupled' to the lattice give rise to very
broad absorption bands of half-width 0.1 to 1 eV in the
range of photon energy of 1 to 10 eV. Especially in
alkali halide crystals a large variety of these bands has
been investigated. For the F centers in alkali halides'
and the Tl ion in' KCl the shape and the half-width of
the absorption or emission bands were studied at various
temperatures. It was observed that in these cases a
Galssim clree its the data rather well. The tempera-
ture variation of the half-width can be 6t by a law:
B'(T)=B'(0) coth(l'tco/2kT), to the degree of accuracy
and availability of data points in each case. These ex-
perimental results agree with the predictions of a simple
model, the Franck-Condon model, 4 if one assumes in
addition that thermal vibrations of the lattice surround-

ing the absorption center can be represented by an
effective harmonic oscillator of frequency co,«.' Assum-

ing a strong linear coupling of the electronic transition
to lattice displacements, the Franck-Condon model
predicts —already in its simplest semiclassical version-
the shape and temperature variation of the half-width
which was found experimentally. So theory and experi-
ment are in agreement if one limits, as is usual in these
experiments, the determination of the band shape to
values larger than 1% of the absorption maximum.

In contrast, measurements have been carried out far
into the low-energy tail of the 6.rst exciton band of pure
alkali halides. In' KI, an exponential dependence of the
absorption constant on the photon energy (Urbach's
rule) was observed over a range of seven orders of mag*
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nitude of the absorption constant: E(itv) =Ep
Xexpt' —os(hvs —hv)/kT)g with three constants Eo, os,
and hvp. Similar results were obtained with' KCI and
KBr crystals and it was found that o-0=0.80&0.02 in
all three cases. Assuming a strong qladratic coupling
of the electronic transition to certain lattice displace-
ments Toyozawa' derived theoretically Urbach's rule
for these exciton bands.

A recent study of the optical characteristics of
localized excitons in KCl single crystals' closed the gap
between these two different experimental results. For
an appropriately small concentration of iodine ions in
KCl, a low-energy absorption band, due to the iodine
ions, could be studied in great detail over a range of
4~ orders of magnitude in absorption constant, including
the region of maximum absorption as well as an appre-
ciable part of the low-energy tail. As reported pre-
viously, ' the experimental results can be described by a
Gaussian curve from the band maximum to about 3%
of the maximum absorption. For smaller absorption
constants on the low-energy tail the results can be fit
well by Urbach's rule —that is, an exponential de-
pendence of the absorption constant on photon energy.

This paper proposes a single forntttla covering both the
range of absorption constants where a Gaussian shape
has been found as well as the region of absorption con-
stants where Urbach's rule has been veri6ed. For the
absorption of the I ion in KCl, a close fit of the data
points by the proposed new shape function could be
achieved over the total measured range of 4~~orders of
magnitude of the absorption constant. In the following
section, the shape formula will be presented and com-
pared with the experimental results. The third section
contains the theoretical background leading to the for-
mulation of this general shape function.

EMPIRICAL SHAPE CURVE

The proposed new shape curve is given by

E(hv) =Es expL —o. (hvp hv) j exp( —x')dx (1)

K. Kobayashi and T. Tomiki, J. Phys. Soc. Japan 16, 1417
(1961).

W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957).
e Y. Toyozawa, Progr. Theoret. Phys. (Kyoto) 22, 455 (1959);

20, 53 (1958); Suppl. 12, 111 (1959).' H. Mahr, Phys. Rev. 125, 1510 (1962).
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with o.= —{r(hvs—hv) —(o./2r)} and o and r two con-
stants which depend on the temperature. It will be
shown first that Eq. (1) has a simple asymptotic
behavior.

At the loto energy absorption tai-l, i.e., for hv(hve,
Eq. (1) predicts an exponential dependence of the ab-
sorption constant on photon energy (Urbach's rule). In
this case, (hvs —hv) is large and positive and, thus, n

large and negative. The error function integral
J'q,",s, e "dx is then a constant and Eq. (1) reduces
to a purely exponential function of the photon energy.
This property of Eq. (1) is asymptotic, that is, the
smaller hv, the better it holds.

At the high-energy side and in the vicinity of the band
Inaxirnnrn, Eq. (1) predicts an approximately Galssian

lo
0

I 1 1 I I I 1 I I I 1 I l I I

-0.5 0 +0.5
Normalized Photonenergy (hg, a„-hv) in eV

FIG. 1. Comparison of the results of absorption measurements
obtained with localized excitons in KCl at 300'K with a proposed
empirical shape curve (solid line) calculated from Ecl. (l). The
data, obtained from a variety of KC1.crystals doped with different
amounts of iodine ions, are plotted on a logarithmic scale of the
relative absorption constant versus the normalized photon energy.
The dashed curve represents an attempt to 6t the data points by
a Gaussian-shaped function )formula (3)g.

shaped function. In this case, hv is larger than hvp

(hvp is only approximately the position of the band
maximum) and, therefore, cr large and positive. The
integral of formula (1) can be approximated by:

+a large

e "t-1 Q2

e "dx= ~1—
2~& 2~s 2n

'

F ((o)= (2hT/h(o) tanh(&co/2kT) .
We will now use the temperature dependence of r

and a of Eqs. (2) together with the proposed shape
formula (1) and hold that this combination will fit the

with increasing accuracy for increasing +n. With
n—'= —r'(hv —

s hv)'+o. (hv~ —hv)+const, we get ap-
proximately: E(hv) exp{—r'(h v—s hv)'}, a Gaussian-
shaped function.

Equation (1) will now be compared with the experi-
mental data of Ref. 9. Figure 1 reproduces the results
of absorption measurements obtained at room tem-
perature with localized excitons formed at iodine ions
in KCl single crystals. The data points shown are taken
from the results obtained with crystals of three di6erent
concentrations. Each single run consists of many meas-
urements done with a great variety of sample thick-
nesses. All the data points were normalized and plotted
versus the normalized photon energy (hv .—hv) in
Fig. 1.Low-photon energies are to the right. The dashed
curve is an attempt to Gt the results with a Gaussian
curve: E(hv) =Es exp{—r'(hvs —hv)'} of parameter
r'= 29.7 eV ' over its entire range of 4—', orders of mag-
nitude. Although this curve fits the measurements
rather well in the vicinity of the band maximum, at low-
absorption constants the agreement becomes increas-
ingly poor. The solid curve is the best fit of the proposed
new shape formula, Eq. (1), with r'=32.6 eV ' and
0-= 21 for these room temperature data. The agreement
is very close over the total range of measurements. The
calculated solid line shows well both features of Eq. (1):
A Gaussian shape around the band maximum and an
exponential dependence of E on hv for low-photon
energies.

The iodine absorption (Ref. 9) in KC1 was also
measured over a wide temperature range —from helium
temperature to 700'K. In all cases it was found that the
absorption constant was described well by an expo-
nential dependence of the absorption constant on
photon energy at the low-photon energy tail: E(hv) =E'
)&exp{—o (hvs —hv) } (Urbach's rule) and by a Gaussian
shaped curve: E(hv)=Esexp{ —r'(hv shv)'} in the
vicinity of the band maximum. The characteristic
parameters for these two regions, 0- and r, were deter-
mined at all these temperatures and are given by
(Ref. 9):

r'=(ro'/hT)F(~i) and o=(op/hT)F(a)s)

where
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The summation gives

P(hv p hv—)

P;(hv;)P((hv()3$(hvs —hv) —hv, —hv(]

TABLE I. Differences (hyo —hv, „) calculated from Eq. (1)
using the experimental parameters of localized excitons in KCl
(Ref. 9).

Temperature 7' (hvo —hv, ) Temperature T (hvo —hv „)
in 'K in eV in 'K in eV

Xdhv;dhv&

(hvp —hv)

exp( —r'(hv;)')

20
77

150
200

0.03
0.03
0.03
0.03
0.04

300
400
500
600
700

0.04
0.05
0.06
0.07
0.07

Xexp( —o L(hvs —hv) —hv, ])dhv,

e
—0 (hvp —hv)

+00 0"

e *'dx; a= — r(hvp hv)—
27

The result is formula (1).Using the special temperature
dependence of r' and o of formulas (3) and (4), postu-
lated and veri6ed singly in previous cases, we arrive
at Eqs. (2).

DISCUSSION

(a) The experimental verification of formula (1) for
localized excitons in KCl seems to suggest that the
exciton formation is simultaneously aRected by lattice
vibrations having a strong linear coupling and by other
lattice vibrations having a predominantly qvadratic
coupling to the electronic transition. In particular the
observation of an appreciable exponential tail of the
exciton band (Urbach's rule) seems to be coupled with
the existence of certain modes around the "point
defect" which are quadratically coupled to the elctronic
transition. Toyozawa argued qualitatively in the case
of excitons of pure alkali halides that longitudinal,
optical, or transverse acoustical modes are of the Q~

type. For localized excitons this type of mode has not
been considered previously. Further experimental work
with localized excitons in other alkali halides and a
theoretical study of localized or quasilocalized modes
around a point-defect in the NaCl-type lattice would
certainly contribute to a deeper understanding of the
nature of these various types of modes.

(b) The assumption that two different types of lattice
modes Q; and Q~ interact with localized excitons has
consequences for the interpretation of the half-width
and the temperature shift of the absorption band peak
position. The position of the band maximum, hv, ,
is different from hvs of formula (1) (see the abscissas of
Fig. 1).The differences are given in Table l for the range
of calculations. The temperature shift of the position
of the band maximum which was found experimentally
is, therefore, different from the corresponding shift of
h Vo.

The half-widths, as determined from formula (1), are

also a sum of the contributions of the "linear" and the
"quadratic" mode. Only the "Gaussian" half-width
due to the linear interaction is related to parameters of
a simple configurational coordinate model (Frank-
Condon model). Therefore, in the presence of an appre-
ciable expon. ential tail in the absorption band shape (as
in the case of localized excitons), one must be careful
in the interpretation of the results obtained from meas-
urements of the half-width and the maximum position
of the absorption band.

(c) Urbach's rule has been found experimentally in a
number of materials' ' "; various theoretical
papers' ' ""have appeared on the subject. Several dif-
ferent physical mechanisms seem to lead to exponential
tail parts of impurity absorption bands, exciton bands
or band to band transitions. For strongly coupled
allowed electronic transitions in ionic crystals, quadratic
interactions due to certain lattice modes seem to be
important.

(d) The Frank-Condon model has been very success-
ful in demonstrating graphically the particular in-
fluence of "linear" modes on the shape of absorption
bands. A calculation of the absorption constant with a
Frank-Condon model, assuming "quadratic" inter-
actions with Q& modes, yields results which are not in
agreement with the experiment. It remains to be seen
if and how the result of Toyozawa's abstract calcula-
tions can be graphically demonstrated in Frank-Condon
plots.
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