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Landau s Fermi liquid theory is used to obtain expressions for the respective T' and T' terms in low-

temperature expansions of the specific heat and magnetic susceptibility of liquid He3 at a temperature T.
Such a calculation is essential toward checking the internal consistency of the Fermi liquid theory above
0.05'K; but previous authors have considered only the zero-temperature limit when working with the
Landau parameter, f. Coefficients of the finite-temperature corrections derived here are specific functions
of f evaluated on the Fermi surface. Existing experimental data on the pressure dependence of the sound
velocity, specific heat, and magnetic susceptibility may be used to assign numerical values to these deriva-
tives under the assumption that f depends only on

~
k —k (. This method of estimation is believed to place

an upper limit to the magnitude of the T' term in the specific heat; and its resulting value is more than
sufhcient to account for the specific heat's deviating from linearity below 0.05'K. The strong curvature
in the specific heat versus temperature curve above 0.05'K is thus concluded to be consistent with the
Fermi liquid theory. The T' term in the magnetic susceptibility contains the same function as occurs io the
T' term for the specific heat plus an additional correction related to derivatives of the spin-dependent part
of f. A reasonable amount of accuracy is expected in the numerical estimate of this latter term. Assuming
this to be the case, this theory is in accord with the susceptibility data of Meyer et al. together with the
specific-heat data of Brewer et al. or Fairbank et al. , but it cannot reconcile the specific heat data of Wheatley
el, al. with any existing susceptibility measurements.

validity of the Fermi liquid theory above 0.05'K.
Although several authors have stated that, because of
finite quasiparticle lifetimes, this theory can have
little if any meaning above 0.05'K, it has been shown

by Balian and denominicis' that, within the limits of
perturbation theory, Landau's general theory is valid-
at least for equilibrium properties —at arbitrarily high
temperatures.

Straightforward application of Fermi statistics is
used to obtain the respective T' and T2 terms in C and

g as the lowest order corrections. These terms explicitly
contain the familiar f(k, tr, k', tr') (9) related to the
quasiparticle forward scattering amplitude, and it is
shown (Sec. IV) how the known pressure dependence
of C, x, and the velocity of sound can be used to
estimate the particular functions of f(k, tr, k', tr') appear-
ing in the formulas. We thereby show that the strong
deviation of the specific heat4 from proportionality to T

I. INTRODUCTION

A. Preliminary Outline

A VARIETY of experiments' have now confirmed
that liquid He' conforms to Landau's Fermi

liquid theory' at the lowest temperatures. However,
since the zero-temperature-limit behavior predicted by
Landau begins to manifest itself only below about
0.05'K, the major portion of experimental evidence on
liquid He' has yet to receive adequate interpretation.
It is the purpose of the present paper to apply the
Fermi liquid model to the specific heat C and magnetic
susceptibility x at "finite" temperatures, i.e., higher
than those for which C and p are, respectively, propor-
tional to and independent of temperature T. In this
manner some insight may be gained on the experimental
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above 0.05'K may be explained entirely within the
framework of the Fermi liquid theory and without
having to introduce any adjustable parameters. The
large curvature in the specific heat versus temperature
curve appears to be completely consistent with the
Fermi liquid theory when account is taken of the strong
variation of f(k,e,k',e') with respect to k and k' as
inferred from the pressure dependence of the sound
velocity.

For what appears to be a reasonable choice of
parameters, however, the results of this calculation
indicate that the magnetic susceptibility and specific
heat should deviate from their zero-temperature-limit
behavior at close to the same temperature. Since the
susceptibility remains practically constant up to about
0.09'K, ' this theory seems to be inconsistent with
results of Wheatley and his group4 which show the
specific heat deviating from linearity above 0.05'K but
is in accord with the specific-heat measurements of
Brewer, ' ' Fairbank, ' and co-authors.

Under the following heading application of the Fermi
liquid theory at Qnite temperatures is discussed, paying
particular attention to how the methods of this paper
differ from other approaches. Sections II and III are
devoted to calculations of the specific heat and magnetic
susceptibility, respectively, and interpretation of the
resulting functions of f(k,e,k',e') is discussed in Sec.
IV. Sections V and VI are, respectively, devoted to
comparison with experiment and a discussion of the
results.

B. Fermi Liquid Theory

Fundamental assumptions of the Fermi liquid theory
are that the quasiparticle excitations of the liquid are
spin ~ fermions, that their number, E, is equal to the
number of He' atoms in the system, and that the state
of a given quasiparticle is completely specified by its
momentum k and spin e. Thus, the entropy S, for a
given distribution of quasiparticles is given by

S=—ir Tr. Q(e(ke)i , n(kne),

+L1—e (k, ir) jlng1 —ts(k, o)g}, (1)

together with the constraint

Tr, P I(k,e) =1V.

Here e(k,e) is the occupation number of the state
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in Proceedings of the Eighth International Conference on Lovr-
Temperature Physics, London, 1962 (to be published).
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Rev. 128, 1983 (1962).

~
k,e) and s is Boltzmann's constant. The energy

e(k,e) of a quasiparticle is defined in terms of the
change in total energy E with respect to a variation
bit(k, e)

bE= Tr, P e(k, (r)bm(k, e). (3)

With e(k,e) defined as in (3), it follows, upon minim-

ization of the free energy, F=E TS, —subject to(2),
that n(k, e) in thermal equilibrium is just the Fermi
distribution

e(k,o) =(expPL e(k,e) —p)11} ', (4)

(P=1/irT) in which p is the chemical (Gibbs) potential
per particle.

Use of (4) in (1) enables one in principle to calculate
the entropy as a function of temperature, and conse-

quently the specific heat, for a given quasiparticle
energy spectrum. It is well known that the low temper-
ature (linear) specific heat can be described in terms of
an effective mass no~ defined by

(d kp—~a'

kdk, s, m*

where e(k,e) is assumed to depend only on &=
~
k~, is

independent of e in the absence of a magnetic field, and
at T=0 is given by ej,o, the zero-temperature limit of el, .
The Fermi momentuin k~ (units are used in which
fs= 1) is given by the familiar

(4s-/3) (4/2s. )' =1V/2 V, (6)

for S particles of spin —,
' in a volume V.

More detailed information as to the nature of eI, is
needed to compute the specific heat at higher tempera-
tures. A natural first choice is to let

k' —kp'
es= es = +ps )

2m*

where po is the chemical potential at T=O, i.e., to .

assume ~1, to be independent of temperature and
quadratic in k. Thence, one immediately concludes the
specific heat to be the same as that for an ideal gas
with mass m*. Experimental evidence, however, clearly
eliminates (7) as a plausible model. Recent measure-
ments4 give for the ratio of m~ to the mass m of a He'
atom, me/m =2.8 from the linear portion of the specific
heat curve. This corresponds to an equivalent de-

generacy temperature,

KTg*=ki '/2m*—, (8)

of about 1.78'K. If liquid He' then behaved as an ideal
gas with a degeneracy temperature of 1.78'K, the
specific heat" would deviate from being linear by only
about 4% at 0.2'K, whereas the deviation is, in fact,
greater than 40% at this temperature.

"(a) E. C. Stoner, Phil. Mag. 21, 145 (1936); (b) Proc. Roy.
Soc. (London) A154, 656 (1936).
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Abrikosov and Khalatnikov" calculated equilibrium
properties at higher temperatures by assuming eI, to
be independent of temperature but to depend on k as
(k —ks)' where ks is arbitrary. More recently, Emery"
has used the concept of a temperature-dependent
effective mass in which e& is given by (7) but with nie

now a function of T. These methods have the advantage
that, because of the quadratic e& versus k relation,
quantities such as the specific heat may be computed for
the entire temperature range by using standard
(tabulated) integrals over the Fermi distribution. "They
have the disadvantage, however, of not being explicitly
related to the Fermi liquid theory, by which the
following is meant:

Landau has given a prescription for computing single-
particle energies at a given temperature,

e(k,e)= es+V 'Tr P f(k, e,k', e')5n(k, o). (9)

Here ~I, is the quasiparticle energy when the Quid is in
total equilibrium, i.e., at zero temperature and pressure
and under the inQuence of no external fields. It differs
from es which, as used in (5), is the single-particle
energy at zero temperature and some given, not neces-
sarily zero, pressure. Because of interactions, e(k,e)
depends on the distribution of other quasiparticles in
the system and, thus, changes from e& when the quasi-
particle distribution changes from equilibrium by an
amount Sn(k,o). The factor V ' is introduced in (9)
to make f(k,o,k',e') identical to that used by Landau;
if f(k,o,k', e') is independent of density, then the
second term in (9) will vary linearly with density. It is
evident from (9) that «(k,o) is, in general, a function of
temperature and that f(k,o,k',e') must enter into
expressions for the temperature dependence of various
quantities. Thus, it is dificult to see how the Abrikosov-
Khalatnikov model of a temperature-independent
quasiparticle energy" may be interpreted in terms of
(9). The concept of a temperature-dependent effective
mass appears quite plausible in this context, '4 and it
would obviously be desirable to know how (9) may be
transformed into an expression such as (7) with nie a
function of T.

In the present paper, the Fermi liquid theory is
used to obtain temperature dependences explicitly
related to f(k,e,k', e') By i.nserting the quasiparticle
energy (9) in (4), an expansion in powers of T may be
derived for a given property of interest in which the
coeKcients are certain functions of f(k,e,k',e') eval-

"A. A. Abrikosov and I. M. Khalatnikov, Zh. Eksperim. i
Teor. Fiz. 32, 1084 (1957) )translation: Soviet Physics —JETP
5, 745 (1957)j."V. J. Emery (private communication).

'3 J. McDougall and E. C. Stoner, Phil. Trans. Roy. Soc.,
London, Ser. A: 237, 67 (1938).

'4 T. Usui (Phys. Rev. 114, 21 (1959)g has also criticized the
Abrikosov-Khalatnikov spectrum and suggested using a temper-
ature-dependent m* in connection with data on the thermal
expansion coeScient.

uated on the Fermi surface. Little, if anything, can be
said about the convergence of such a series; so we are
still restricted to very low temperatures, and only the
lowest order corrections —T' and T' terms in C and x,
respectively, are treated. This method, thus, has an
obvious shortcoming when compared with the tempera-
ture-dependent effective-mass approach. But since

f(k,e,k',e') is the fundamental parameter of the Fermi
liquid theory, it is desirable to see how it sects the
speci6c heat and susceptibility in the region just above
0.05'K where deviations from the zero-temperature
limit exist, and, indeed, to see whether it is at all
possible to explain 6nite-temperature equilibrium prop-
erties in terms of reasonable values for f(k,e,k',e').

where be~, in the absence of a magnetic 6eld, is the
change in eI, that occurs as a result of either raising the
temperature or compressing the Quid or a combination
of both. But for a calculation of the temperature
dependence of the entropy at constant density, as is of
interest here, only changes be& due to temperature are
important. Hence, it is more convenient to write

es es +5es y

in which e&, as used in (5), is the quasiparticle energy
at zero temperature for a given density (es = es at zero
pressure) and

Res ——2V—'Q fj,g8np, , (12)

where fj,q is the spin-independent part of f(k,o,k',o') as
de6ned by Landau, ' and be& now refers only to changes
in the distribution function brought about by changing
the temperature at constant density. Using (11), an
expression for the T' term in 5 can thus be derived at
any pressure.

If V(es) is defined by

V(es) —=ns lnns+ (1—ns)ln(1 —ns) (13)

and an expansion carried out in powers of Res, Eq. (1)

II. SPECIFIC HEAT

The speci6c heat will now be calculated from the
relation

(10)

It is thus necessary to.obtain an expression for the
entropy valid to order T' in order to compute the Te

term in the specific heat. We assume no spin dependence
in this part of the calculation so that the index e need
not be included in the notation; and e(k) and n(k) are
rewritten as e& and n&, respectively, in which c(k) is
assumed to depend only on k, the magnitude of k.

According to (9), es may be expressed as

&s= es+5es y
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may be written as constancy of the number of particles, we find

p(es') V(ei')des'
—2c2 p'(tio)

t4 to—o =

+abel

p,
(3' p( o)

(20)

—2xV p(e„')les 7'(es')des', (14)
a

where the summation has been replaced by an integra-
tion in the usual way,

and

pg —+ (V/Sors) dk,

dk
p(es') —=

2m, 2 d'GAP

and the lower limit 0. is the value of ~I,
P when k=0.

Integrating the first term in (14) by parts and noting
that

V'(")=—P( '—t) '("), (16)

to the desired degree of accuracy, where baal, ~ is beI,

evaluated at eso=tso, i.e., when k=kp. Using (19) and
(20) in (17) then gives the result,

8I(:Vc2 16~
p(po)

P P'

V Lp'(po)j',
c2 p (440)c4

p(t o)

8xVc2 dke,)
p(po)

de& ~ ~o'=po

(21)

where the first two terms are those which would be
obtained for a Fermi gas with energy spectrum eI, = e&P,

and the final term represents the effect of e~ being
temperature-dependent.

The quantity be& is determined in a similar manner,
and is, to order T2,

then gives

with

P'(es') —p(es')&esp(es' —t4)n'(ei, )des' (17)
where

&ap

4c2 Bfss
p (t4o) ....)„.. „

flak~ sinedg,

(22)

(23)

p(ego) —= p(es )des

The integral appearing in (17) is evaluated by
standard techniques. 'P ' In a low temperature expansion
(i.e., in powers of P ') the lower limit may be extended
to —~ and the following general formula established, '

(es' —t ) n'(es')des'

with () the angle between k and k', it being assumed that
fz& is a function only of the magnitudes k and k'.

Using (21) and (22) in (10) gives the desired expres-
sion for the specific heat in terms of the Landau
parameter f~2. For convenience eso is now taken to be
of the form given by (7), presumably a reasonable
approximation near the Fermi surface. One then finds,
finally,

=0, ez odd integer,

—28$
(ns —1)!c, ns even integer WO,

ms=0, (19a)

with
5Ekr2 (82fj,s )

gV.T,*takak'&, =„,, =,. (25)

pTq- 3~2
t T

C= qrr2Er~
~

1— (1+&)~, (24)
(T *) 10 lT,*

where, in particular,

cs——ors/12, c4 ——72r4/720. (19b)

"p(ooo) is related to dr/do as used by Landau and others (Ref.
2) bz I (~k') =5~~(&'

N. F. Mott and H. Jones, Properties of Metals urrd Alloys
(Oxford University Press, London, 1936), pp. 175—178.

Expanding the bracketed term in the integrand of (17)
in powers of ej,'—p then results in an expression for S in
terms of functions evaluated at eI,P= p, . Since p is itself
a function of temperature, an expansion is next carried
out in powers of p —pp, where p, p is the value of p at
zero temperature. From the condition (2) on the

and where use has been made of (6), (8), (19b), and the
relation (7), d/d eso(rn*/k)d/dk. The specific heat
resembles that of an ideal Fermi gas with degenera(. y
temperature Tr* only if ~(1.It, in fact, turns out that
by considering experimental evidence on the pressure
dependence of one and the sound velocity, P may be
expected to be quite large, possibly as big as 70; so C
departs from a linear behavior at a much lower tempera-
ture than would be predicted for an ideal Fermi gas
of mass rn* The numeri. cal evaluation of @ is discussed
in Sec. IVA.

/Pote added in Proof Equation (24.) does not include
any phonon contribution to the T' specilc heat, but this
omission appears to be of negligible consequence: Thy
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ratio of the T'phonon specific heat to the T' term in the
specific heat of an ideal Fermi gas with degeneracy
temperature Ti * is 16(T&*/0&)' where 8D is the Debye
temperature. For particle density and sound velocity
appropriate to liquid He', 0D=15'K. Since T+*=2'K,
it thus follows that phonons should contribute less than
5% to the T' term in (24) even if &=0.]

M=y Q(ng+ —ni ), (26)

where y is the quasiparticle magnetic moment. We
assume that M is linear in II to a very good approxirna-
tion, so only terms of first order in eI,+—eI, are important,
where ei(11) is the quasiparticle energy in zero field.
Further, eliminating all terms of higher order in
temperature than T' results in the expression,

n~+ no = —2A—oyH[n'(coo)+Soon" (eIo)], (27)

where
6y+—Ep = —2' y+Q (28)

(A&= 1 for the ideal gas), and 8ei is given by (12) or (22).
The summation in (26) is next replaced by an integra-
tion, the term in n" (eP) integrated by parts, and, with
the aid of (19) and (20) [Eq. (20) remains valid to
first order in H], the result,

2~o t'~'(~o)x=»'I' ~So)A~.—,I
[~(e~')A~]'"'=-

P' 0 P(po)

dhole)
Q(&~o)Ak] "=~o I u( o)A,~ —I, (29)"') do,o)„„,

established.
For an evaluation of Aj„ the complete expression,

including the spin-dependent part, for f(k,e,k', s')
must be used, '

kk kk+ & j (30)

so eo+—eo becomes, from insertion of (30) in (9),

eo+—og = (2V) ' Q log. (nl, .+—ng
—

)—2yH, (31)

where the second term comes from interaction with the
external field H, which is not included in (9). Substitu-
tion of (27) and (28) in (31) results in an equation for
Ai, which is evidently very similar in form to (29).

III. MAGNETIC SUSCEPTIBIZ ITY

Choosing a representation in which the quasiparticle
spins are individually quantized along the direction of
the applied dc magnetic 6eld H, of magnitude H, the
energy e(k,e) may be written as ei+ or z, according as
to whether the spin is aligned parallel or antiparallel to
H and assuming, once again, ei+ to be independent of
the direction of k. The bulk magnetization of the N
particles then has a magnitude M given by

where AI,' is the value of A~ at zero temperature,

A"=[1+oP(Po)i'E,oz] '[1+oP(l o) O'E, ~E
—r', ~E)], (33)

and where p has been introduced previously (25), and
J, de6ned by

/O'Ap k~' BAgoJ—=k,ol +
(Bk' a A, "(Bk)a, (34)

is zero unless iI, o~ varies with k. [I» is the angular
average defined precisely as in (23).]

In the case J=O, the above result for p is readily
interpreted. First, consider the zero-temperature limit,
which reduces to that derived previously' and may be
written as

where
xo= xo*(1+xo*lo,,o,/4v'&) ',

xo~ =3Ny'/2~T p~ (36)

is the value of y at T=O in the absence of an exchange
interaction (tz& =0). It is then easy to show that if
(35) is assumed valid at all temperatures —i.e., the
subscripts "0"removed —then, to order T', the expres-
sion (32) with J=O is just what would be obtained for

x given as in (35) with

(Tx*=x' 1——
I I

I+-4 I,
12&T.*) 5 )

(37)

the value of x for tqq 0 That ——(37.) is indeed what one
would compute for x in the neglect of tea is seen by
setting A& equal to unity in (29).

Abrikosov and Khalatnikov" assumed (35) to hold
at all temperatures, and Stoner, ' b in his work on
collective electron ferromagnetism, showed such a form
to be justi6able in the case where the exchange interac-
tion reduces to an eGective temperature-independent
Weiss molecular field. The molecular field approxima-
tion is formally equivalent to assuming i'» to be
independent of k and k', as well as being temperature-
independent; and it is in this instance, and only in this
instance, that (35) is valid at all temperatures since,
in general, J will be zero only if i» is a constant.

IV. NUMERICAL ESTIMATE OF FINITE
TEMPERATURE CORRECTIONS

An estimate of the parameters P and J appearing in

(24) and (32) is made from experimental results on the
pressure dependence of various quantities. In part A
of this section, g is shown to be related to the pressure
dependence of the velocity of sound and is estimated to

With eI,
o given by (7), the insertion of (28) and (31)

in (29) thus gives, after soine algebra,

3Ny' ~'/ T '- ( 6 )
, (32)

2gTp* 12(Tp* 4 5 )



PETER M. RI CHARDS

kk'

is sufficient to establish that

(39)

i&'f- &
«'f f f(0)—

(r)kr)k') s sp , s sp 4 dkp. ' 2kp'
(40)

as shown in Appendix A, where f(0) is the value of
f» for k=k'. Hence, apart from the term f(0), P may
be directly related to the pressure variation of f simply
by invoking the reasonable assumption (39). An order
of magnitude estimate is given for f(0) in Appendix A,
and it is concluded that the second term in (40) is
negligible compared with the first; so the appearance of
f(0) is of no iinmediate concern.

We introduce dimensionless units

x—=kp/kp„

y
—

Cs/C s

s*=—(k /psm)/(k p,'/m p*) = Tp*/2'p, *,

(41a)

(41b)

(41c)

in which the subscript "0" indicates values taken at
zero pressure, as well as zero temperature. Assuming
the second term in (40) to be unimportant (Appendix A)
and making use of (6), (25), (38), (40), and (41), then,

5 mcp'- m* d' (y 5x' d' s")

32 )rTpp m dx'kxs 48s*dx' xs/

'r R. H. Sherman and F. J. Edeskuty, Ann. Phys. (N. Y.) 9~
522 (1960).

be about 70 at zero pressure. Part 8 is concerned with
calculating J, which turns out to be about 10 at
equilibrium density. That J is computed as nearly an
order of magnitude less than P stems from the experi-
mental fact that the magnetic susceptibility is much
less dependent upon pressure than is the sound
velocity.

A. Evaluation of p

The parameter P depends on the manner (25) in
which fqs varies with k and k'. Landau and others'
have shown the relation which exists between fspsp, t,he
effective mass m~, and the velocity of ordinary sound c.
It may be expressed as (see Appendix B)

f= (V/Ã) (mc' k—'/3m*), (38)

where f is an abbreviatednotation for fsp, sp Obse.rva-
tion of the variation of c and m* with pressure together
with the known pressure versus density curve'~ for
liquid He' then enables one to deduce how f varies
with kp.

In particular, the quantity d'f/dkp' may thus be
determined experimentally. This is not, of course, in
general sufhcient to give any information about
(& f/r)kr)k )s=sp, s =sp, which is involved in the expression
for P. However, the minimal assumption that f»
depends only on the magnitude

~

k —k'
~, namely,

where T&„ the degeneracy temperature for an ideal
gas with the same mass and density as liquid He' under
zero pressure, is approximately 5.0'K. Since cp=182
meters/sec, "the factor (mess/)rTpp) is 12/5.

The quantities y(x) and s~(x) may be taken from
existing experimental data. Treating s first, it is seen,
(24) and (41c), that se is the inverse of the linear term
in the specific heat normalized to its value at zero
pressure. Anderson et a/. 4 and Brewer and Keyston'
have measured the pressure dependence of the linear
specific heat, and a plot of se/x' as determined from
their data is shown in Fig. 1a. For pressures up to 20
atm, s*/xs is an approximately linear function of g,
from which we conclude that the second term in (42)
is negligible.

Published results" on the variation of c with pressure
below 0.1'K are used to obtain the plot of y/xs versus x
presented in Fig. 1(b). The empirical relation

y/x'=2x'4 —x ' (43)

is seen to give quite a good fit to the experimental
points over the entire pressure range covered (0.1 atm
to 28.9 atm). Since mc' is given by the change of
pressure with respect to density, the strong curvature
evidenced by (43) should not be surprising in view of
the highly nonlinear characteristic of the pressure
versus density curve" for liquid He'. Equation (43)
has been used to compute the required second deriva-
tive, giving Q =70.5 at equilibrium density with
m*/m= 2.8. Since both m*' ' and the curvature of y/x'
(43) increase with pressure, g increases with pressure
and becomes about 270 at 26.7 atm (x=1.12) assum-
ing' ' m~ to increase by a factor of 1.6 in going from 0
to 26.7 atm pressure.

r) 1 cia

l kkp
Bk A g~ 2dkp

(44a)

2k''

are derived in Appendix A, where f'(0) is l» evaluated
at k= k'.

A common practice' is to introduce a quantity T+~*
defined as the eGective Fermi temperature as given by
the low-temperature susceptibility,

x p 31''/2KT p**——(45a)

' W. R. Abel, A. C. Anderson, and J. C. Wheatley, Phys. Rev.
Letters 7, 299 (1961).

B. Evaluation of J
Analogous to the work of the preceding section, J is

determined from a knowledge of how t, the abbreviated
notation for esp sp, varies with pressure. As before, we
assume l». to depend only on the magnitude

~

k —k'
~

so
that, similar to (40), the pertinent relations,
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X
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o Ander son et al.(r ef. 4a)
~ Brewer and Keyston (ref.8)
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1.0

FIG. 1. Experimental quantities needed for theoretical estimate
of 6nite temperature corrections to speci6c heat LEqs. (24) and
(42)j and susceptibility LEqs. (32) and (48)j. (a) Normalized
inverse linear speci6c heat coeKcient z* divided by normalized
density x' as a function of normalized Fermi momentum x. This
quantity is used in both (42) and (48). (b) Normalized square of
sound velocity y divided by x', as needed for (42). (c) Normalized
inverse low-temperature magnetic susceptibility, z*~, divided by
x', as needed for (48). All quantities are normalized to their values
at zero pressure, and are plotted by using results for the pressure
dependence of z*, y, and z** found in the quoted references
together with data of Sherman and Edeskuty (Ref. I/) on the
variation of relative density x with pressure.
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or, equivalently,

A =Tp*/T p**, —(4Sb)
Defining

(45b) in (33) together with (7),

g= (SU/3Ã)z(Tp** TI*). —(46)

where A is an abbreviated notation for AA,~', and, using (47)
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Tanrz I. Values of 6nite-temperature corrections, 4, and J, near equilibrium density. The quantities @(exptl) and J(exptl) are from
data of the sources shown in first column. Further detail may be found in Sec. V.

Source

Brewer and Keyston'
Wheatley et al.b

Brewer and Keyston' and Meyer et al. '
Wheatley et at. and Meyer et al. '
Brewer and Keyston' and Anderson et al.
Wheatley et al. and Anderson et al.

m*/m

2.2
2.8
2.2
2.8
2.2
2.8

Ap

~ ~ ~

5.3
4.1
44
3.4

p (exptl)

8
30
8

30
8

30

@(theoret)' J(exptl)

55 ~ t ~

70
55
70
55
70

~ ~ ~

12.0
7.6
8.7
5.1

~ ~ ~

14.2
9.2

10.4
6.3

J(1.=0)' J(1.=1)'

a See Ref. 8. t Data of Strongin, Zimmerman, and Fairbank (Ref. 9) give similar results. j ~SeeRef. 5.
b See Ref, 4. e See Eq. (42).
o See Ref. 6. f See Eq. t', 50).

where Tpp~~ is the value of T+~~ at equilibrium density,
then results in the following expression for J by use of
(33), (41), and (44)—(47) in (34):

x' - d' s** d'
f

s*q-

4s*s** dx' x' dx'&xs)

x' -d fs**q d
f

s* -'
+ —

/

—
/

—A,—
I
—,(48)

4s*s**Ao dxk x' J dxkx'

(49)

and using the straight-line slopes given in Fig. 1(a)
and 1(c) in (48) then gives

X+
)

(50)
2 42p

Ap —1 4Ap —5.25 '

'P A. C. Anderson, W. Reese, and J. C. Wheatley, Phys. Rev.
127, 671 (1962).

~ It is at first tempting to set 1'(0) = —4f(0) by invoking the
exclusion principle to require f(k,e,k',e') to be zero for equal
momenta and parallel spins. However, this assumption cannot
be made since f(k,a',k',e') is not identically the forward scattering
amplitude, which fs zero for k=k' and e =o'. LSee Eqs. (A1.14),
(A2.14), and (A2.15) of Ref. 2b; see also D. Hone, Phys. Rev.
125, 1494 (1962).7

with the 6rst two terms representing the contribution of
(BsAs/Bks)s=s~ to (34) and the final term that of
(BA&/Bk)'& s~ The=qu. antity Ao is the value of A at
equilibrium density.

Anderson, Reese, and Wheatley" and Thomson,
Meyer, and Adams' have measured the pressure
dependence of the low-temperature susceptibility; so
s**(x) may be inferred from their data. As shown in
Fig. 1(c), s*e/x' appears to vary linearly with x, and
since )Fig. 1(a)j s~/x' is also linear in x, we take the
first term in (48) to be zero.

In the evaluation of P, f(0) was unimportant because
of the very large value of d'f/dk&' Here, how. ever,
d'l/dk~' is zero; so the second term in (48), containing
l'(0), must be included. It seems unlikely however,
(Appendix A) that ~l

—l(0)~ is any larger than the
order of magnitude of l (0).so Introducing a parameter,

P, de6ned by

at equilibrium density, where 'A is of undetermined sign
but should be no larger in magnitude than the order
of unity.

Values of 3 p inferred from experiment are given in
Table I, where corresponding values of J are alsogiven
for both ) =0 and A= 1. It is seen that J, as computed
from (50), may be expected to be of the order of 10 and
that there is at most a 25% difference between J() =0)
and J() =1).

x/xo= 1—H's (51)

V. COMPARISON WITH EXPERIMENT

Experimental results for p and J deduced from the
manner in which the specific heat and susceptibility
depart from their zero-temperature limits are now
examined. Figures 2 and 3 together with Table I
contain most of the information pertinent to this
section.

Wheatley, ' Brewer, ' ' Fairbank, ' and their co-workers
have measured the specific heat of liquid He'. Brewer
and Keyston' (0.04'K) and Strongin, Zinunerman, and
Fairbank' (0.054'K) find m*/m= 2.2 near zero pressure,
the figures in parentheses representing the lowest
temperatures reached. Wheatley and his group, how-
ever, concluded that m*/m =2.8 in their earlier work4'
at 0.12 atm down to 0.008'K and more recently, in
measurements down to 0.015'K, find m*/m= 2.9. These
discrepancies in m*/m make a large difference in the
experimental value to be assigned to p since (Fig. 2)
the data of Refs. 8 and 9 indicate that C is linear to
within 10% up to about 0.13'K, while Wheatley's
results show a departure from linearity by 10% at
close to 0.05'K. This means that, choosing @ so as to
obtain agreement with the lowest temperature depar-
ture of the specific heat from linearity, we find, near
zero pressure, @=8 if m~/m=2. 2 and &=30 if me/m
=2.8. In Sec. IVA, it will be remembered, @ was
predicted to be 70.5 for m*/m=2. 8 and would have
been set at 55 for m*/m= 2.2 since, by (42), it is linear
in m*/m.

There is similar lack of certainty as to the tempera-
ture at which g ceases to be independent of T, as
illustrated in Fig. 3. If y, normalized to its zero-tempera-
ture limit, is approximated by
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with T in 'K, then b=2 from the data of Anderson,
Hart, and Wheatley' and b=i from the more recent
results of Thomson, Meyer, and Adams. ' Given b as
defined in (51), J may then be coinputed from (32)
provided A, T~~, and P are all known. The lower 4 rows
of Table I give results of such an analysis, while values
of J predicted by (50) for the given As are presented
in the last 2 columns of the table.

VI. CONCLUSIONS

The coefficient of the T' term in the specific heat, as
inferred from the experimental variation of C with T,
is significantly less than the "theoretical" value
computed from the variation of sound velocity with
pressure (Sec. IVA). For m%v=2. 8, p is a factor of
2.4 smaller than would be computed from (42), while
if m*/m=2. 2, Eq. (42) gives a figure too large by a
factor of 7. Thus, the Fermi liquid theory together with
assumption (39) actually "overexplains" the strong
departure of the specific heat from a linear behavior at
low temperatures, whereas it might have been supposed
that, because its previous results' gave the same
temperature dependence as an ideal Fermi gas model,
Landau's theory would be incapable of producing so
marked a curvature in the vicinity of 0.1'K.

That (42) appears to overestimate P is, we feel,
encouraging support to the view that the Fermi liquid
theory is applicable above the zero-temperature limit.
This is because Eq. (42) probably represents an upper
limit to p for the following reason: In general fj,s itself,
like e~, will depend upon the distribution of quasi-
particles; or, in other words, the total energy E will
have functional derivatives of higher order than
5sE/bn&he& . This may be expressed, at zero temperature,

7R
Q35-

1.0

0.9—

0.8—
&An

TF

&Th

TF

0.6 — (f

0.5 I

0 0 05 0.10 0 15
I

0.20
I

0.25 0.30 T(oK)

by saying that fss depends upon density; so the
assumption (39) should have been written as

FIG. 3. Magnetic susceptibility p near equilibrium density,
normalized to its zero-temperature limit Xf). Experimental values
for the parameter J appearing in (32) are determined by Gtting
curves of the form x/xo= 1 bT' to the—lowest temperature data,
with T in 'K. From (32),

5 = (~'/12) (m*/5m)'L(5+6') (T~'*m*/m)-r —Jg
with T~0 ——5.0'K and T~**, the equivalent degeneracy tempera-
ture as derived from the low-temperature susceptibility (45),
in 'K. Knowledge of m*/m, Tr*~, and 4 is thus required, together
with 5, to evaluate J (see Table I).

015

010

0 I

0 0.02 OD4 Q06 Q08 Q10 0.12 0.14 0.16 0.18 0.20 0.22
T( K)

FIG. 2. Speciac heat C of liquid He' divided by gas constant R
near zero pressure. Experimental values for the parameter @
appearing in Eq. (24) are determined by fitting curves of the form
C/R=cT —dT' to the lowest temperature data, with T in 'K.
From (24), c= (s'/2) (m*/5m) and d= (3s.4/20) (m*/5m)'(1+&)
since Tzo, the degeneracy temperature for an ideal Fermi gas with
the same mass and density as liquid He' at zero pressure, is
approximately 5.0'K.

to allow explicitly for such a density dependence. It is
then obvious that (40) is no longer valid since f can now
vary strongly with respect to kz without f&s varying
at all with respect to k and k'. Hence if frs. is an in-
creasing function of density, the quantity r)'fez. /r1kr)k'
will be less than given by (40) and thus P smaller than
estimated by (42).

Density dependence of f&z is related to the concept
of rearrangement energy ""in Brueckner's many-body
theory; if there is a rearrangement energy, then f»
is density-dependent, as shown in Appendix B. In the
Brueckner-Gammel theory" of liquid He', the average
energy per particle is —0.96'(."K at equilibrium density
while the single-particle energy at the Fermi surface is

2' K. A. Brueckner, Phys. Rev. 110, 597 (1958).~ K. A. Brueckner and D. T. Goldman, Phys. Rev. 117, 207
(1960).

» K.. A. Brueckner and J. L. Gammel, Phys. Rev. 109, I040
(1958).
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—3.61K'K (quoted in Ref. 21); so the rearrangement
energy can be expected to be positive and perhaps a
factor of 3 greater than the magnitude of the average
energy per particle Lwhich, at equilibrium density, is
the single-particle energy as defined in (3)$. Thus, it
appears reasonable that fq~ is an appreciably increasing
function of density and hence equation (42), which

neglects this density dependence, gives an upper limit
to P which may overestimate the quantity by a con-
siderable amount. Appendix 8 contains a more quanti-
tative discussion of this point.

If fj,~ is a function of the quasiparticle distribution,
then the exchange term, f&z, may likewise exhibit a
density dependence, thus, introducing an error in the
previous estimate for J. The situation is further comp-
plicated by the appearance of additional terms in the
expression for g to order T2 when fj,q and 1qq depend
upon the quasip article distribution (Appendix C).
However, since P» is related to the difference between
scattering amplitudes for collisions involving quasi-
particles with parallel and antiparallel spins, it may be
reasonable to suppose that f qz is very much less depend-
ent upon density than fj,~, i.e., that the dependence of
scattering amplitude upon kp is approximately equal for
parallel and antiparallel spins. Experimental evidence
might tend to support this view since the pressure
dependence of f is much greater than that off Henc. e,
Eq. (44) is likely to be considerably more valid than

(40) and, thus, the estimate for J (50) more reliable
than the corresponding one for g (42). Furthermore, if
the density dependence of gj,q is negligible compared
with that of f~q, then the effect of additional terms in
the expression for x to order T' is to make J, as appear-
ing in (32), smaller than defined by (34). (See Appendix
C.)

Turning now to the results summarized in Table I,
the susceptibility data of Thomson, Meyer, and Adams'
together with m*/m=2. 2, as taken from specific-heat
measurements of Refs. 8 and 9, are seen to be consistent
with the ideas expressed above, namely, that P can be
considerably less than predicted by (42) but that J
should not be much different from the value given by
(50). If, however, C departs from linear by 10/0 at
0.05'K, as indicated by the Illinois results, 4 then the
susceptibility as well should cease being constant at that
temperature since we would expect J to be negligible
in (32) for such a large value of @. Since x appears to
remain constant to within 10%up to at least 0.1'K, the
specific heat data of Ref. 4 cannot be correlated with
susceptibility data except by choosing J an order of
magnitude larger than given by (50)—and such a choice
does not appear reasonable within the framework of this
calculation.

In conclusion, two points may be stressed. First, the
Fermi liquid theory itself explains why the specific heat
does not become linear until very low temperatures:
The variation of f with pressure may be used to predict
an upper limit to the magnitude of the coefFicient of

the T term in the speci6c heat, and this upper limit, at
equilibrium density, is at least a factor of 2 larger than
is needed in order for the C versus T curve to have
significant curvature down to 0.05'K. It may also be
pointed out that since P increases strongly with pressure
according to (42), the temperature at which C becomes
linear in T becomes progressively lower at higher
pressures, which is in agreement with experiment. '

Secondly, with what appears to be a reasonable
estimate for J, this calculation is able to account for
magnetic susceptibility data of Thomson, Meyer, and
Mams' if m*/m=2. 2, as measured by Brewer and
Keyston' and Strongin, Zilnmerman, and Fairbank';
but it is unable to make any existing susceptibility
measurements consistent with the results of Wheatley
and his co-workers' that m*/m=2. 8.

g(&) =go+ E g-&",
n=1

(A1)

where
E= ik —k'i =$k'+k"—2kk' cosgj'i'. (A2)

Performing the angular integration indicated by (23),
gives at once

ao g~
g» g,+ P ——— &(k+k)-+ —(k—k).+ j, (A3)

2kk' m=i ~+2
and

gn
g=go+2 Q (2k~)"

n=i ~+2
(A4)

on the Fermi surface.
Assuming the functions suitably behaved, term-by-

term differentiation of (A3) and (A4) then leads to
the relations (40) and (44) with fj,i, and |i,i, substituted
for gkk"

It is colnmon in the literature to expand g~~ in
terms of Legendre polynomials when k and k' are both
on the Fermi surface

g(0) =P G„P„(cose),

where g(8)—=ga~ (k=kp, k'=km) may be either f» or
on the Fermi surface. From the orthogonality of

Legendre polynomials, we have

g=GO, (A6)
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APPENDIX A

Derivatives of f~k.

We derive here Eqs. (40) and (44) and discuss
other pertinent properties of fi ~ based upon assumption
(39).Consider any function g of

~

k—k'
~

which possesses
a power series expansion,
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and further, since'4 P„(1)=1,

go=2 G-. (A7)

Thus if the first few terms of (A5) give a good approx-
imation to g(8), then it is reasonable to assume go is
of the same order of magnitude as g. This assumption
has been made in all previous calculations and is
made here in order to assert that the second term in

(40) is negligible compared with the large value of
d'f/dkz' and that X appearing in (49) and (50) is no
greater in magnitude than the order of unity.

For an. expansion of fkk on the Fermi surface by (A5),
only the terms with e=0 and e= 1 appear to be directly
obtainable from experiment, as is well known. ' It has
thus been the habit to assume, as a matter of conven-
ience, that these are the only non. zero terms in (AS).
We show that, under such an assumption, 8'fkk /8k8k'
is indentically zero, and hence (25) fkk makes no
contribution to the T' term in the specific heat: From
(A1) and (A2), g(8) is given by

k' ~ U11'
+Q Ukk zzk. +-', Q zzizz(.

2%5 k' & i' 60k
(82)

with Ukk. ——Uk k. The first two terms in (8.2) represent
the single-particle energy as originally defined by
Brueckner (called the "model energy" by Thouless")
while the final term, which is zero in Hartree-Fock
theory, is the rearrangement energy. I.andau's f» is
just (9) the second functional derivative PE/8zz&8zz&

multiplied by the volume:

6 Ukl 5 Uk'1
fkk' Ukk'+2 zzl +

RSk
6'Uii

+-', P zzizzi . (83')
6Sk8Ãk~

where, in arueckner theory, Ukk is related to a reaction
matrix, and is, like E itself, a function of the quasi-
particle distribution $Eqs. (6) and (7) of Ref. 22$. The
single-particle energy ek is given (3) by the first func-
tional derivative 5E/8zzk and is thus

g(8) =g,+ P g (2k~')""(1—cos8)"".
n=l

(AS)

Comparing (AS) with (A5) shows that if only Go and
G& are nonzero, then only go and g2 are nonzero. But,
from (A3), we have

Z'&'gkk

(8k8k k=k~, k'=kip 2kp &=i zz+2

X (2kF)"(zz+1) (zz —2), (A9)

which is zero if only go and g2 are nonzero. Hence, within
the framework of the Fermi liquid theory and assuming

f» to depend on k and Ir' only via
~

k —lr'
~, a strong de-

parture of the specific heat from linear behavior at low
temperatures implies that the angular dependence of fkk
on the Fermi surface is more complicated than describ-
able by a combination of only I'o (cos8) and Pi(cos8).

If U» is a function of the quasiparticle distribution,
then fkk will be as well; and, upon comparing (82) and
(83), we see that a sufhcient condition for fkk to
depend upon the quasiparticle distribution is that the
rearrangement energy be nonzero.

In general, therefore, fkk will be a function both of
density and of temperature. Equations (21) and (22)
show that the temperature dependence of f» may be
neglected in a calculation of the T' term in the specific
heat; so Eq. (25) remains valid. For a computation of
terms of order higher than T', however, the temperature
dependence of fkk must be included.

To discuss how density dependence of f» modifies
previous formulas, we adopt, for simplicity, the follow-
ing model which illustrates the basic points:

fkk (kg) =h(kP)F(E), (84)

where E= ~k —k'~ as in (A1). Equation (40) is then
seen to become

APPENDIX 8

EBect of Density Dependence upon $

8 fkk

k kp; k' =k~&

f f(o)—
', h"F ,'h'E', —(8-5)——

2k''
The manner in which P, as coinputed in Sec. IVA,

must be modified when fkk' is density-dependent will
now be discussed. To see how this density-dependence
arises and its connection with rearrangement energy,
it is instructive to write the total energy (neglecting
spin dependence) as

E=Q zzk+ ', Q Ukk zzkzzl„-
2m

(81)

~4 F. T. Whittaker and G. N. Watson, JIzfodern Analysis (Cam-
bridge University Press, Cambridge, England, 1958), 4th ed.
p. 302.

5$C

Ã~' dek~

Vkg' dkp

"D.J. Thouless, Phys. Rev. 112, 906 (1958).

where primes are used to indicate differentiation with
respect to kJ; and E is the usual abbreviated notation
for the angular average (23) of F(E) over the Fermi
surface. Only part of the story, though, is told by (BS)
since the relation (3S) between f and the sound velocity
and efrective mass is also altered, as shown below.

The dependence of c' upon Fermi energy e» may be
written as'
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at zero temperature. Here ~k, the single-particle energy
at zero temperature and equilibrium density, has been
taken to be of the form (7) in which kp, and mo' are
the Fermi momentum and effective mass at equilibrium
density. At zero temperature the distribution e&

corresponding to a Fermi momentum kp is g(kp —k'),
where e(x) is the step function which is zero for x&0
and unity for x)0. For dekp/dkp, we have then

dekp(kp) kp kp' 1 "P 8—=—+ f+ — fkpk k "dk' (88. )
dkp 7Bp 7l zl k~ Bkp

But since, froni (87),

dek(kp) k

dk mp*

'p &fkk
k"dk'=—

Bk m*
(89)

and, in general,

8
fk k (kp)=

Bkp

~fkk'(kp) &fkk (kp)
+

~kF —k=1c~ — ~k —k=k~
, (810)

Equation (9), written in integral form, shows

k' —kg, ' 1
~k(kp) = +pa(kp, )+— fk'P(kp —k')

25$p 7l

—e(k,—k')]k"dk', (87)

by the empirical formula (43), we see that if h'kp, =-,',
the third term in (814) cancels the first, and g is thus
very much less than given by (42).

Although there is clearly no justification for an
assumption such as (84), this model serves the funda-
mental purpose of illustrating how P could be close to
an order of magnitude less than estimated in Sec. IVA
if, perhaps not unreasonably, kpclf»/Bkp is the order
of f»

APPENDIX C

Effect of Density Dependence upon J
If i» is a function of Fermi momentum, the situation

in regard to the T' term in the susceptibility can be
quite complicated, for not only will (48) require
alteration in a manner similar to (85) but additional
terms will appear in the calculation of Sec. III so that
J itself must be redefined. We discuss here, by drawing
analogy to the Brueckner- Gammel theory" of liquid
He', how such additional terms arise.

According to Eq. (A3) of Ref. 23, if elements of the
reaction matrix are density-dependent, then in comput-
ing, for example, the interaction between two particles
with spin "up" (+), the proper value of Fermi rnomen-
tum to use in the reaction matrix is kg+, where kg+ is
the Fermi momentum appropriate to g+ spins aligned
parallel to the external field:

(88) becomes
(4m/3) (kp+/2m)'= Ã+/ V. (C1)

1 "p Bfkk )
!
=f+ !

k"dk',
3m*) kp' k„akp)k=k

(812)

which, if fkk is a function of kp, reduces to (38) only at
equilibrium density.

Calling f the value of f in the absence of density
dependence,

f= (V/Ã) (mc' kp'/3m*—), (813)

and using (84) and (85) together with (44a) then

yields, after some algebra,

!
(&'fkk

k kpo, k'=kpo

f f(o)———',h'f'
2k' '

'f [3h" 7h" 2—h'-kp, '],—(81—4)

at equilibrium density, where h(kp, ) has been taken as

unity. Assuming the validity of assumption. (84), the
expression (814) replaces (38) and (40) as the proper
relation for computing P. With derivatives of f given

dekp kp kp' 1 'P 8fkk
+ f+ k "dk'. (811)

1l ky 0 ~kF k=kp

Using (811) in (86) together with (6) then gives,
finally,

A similar statement is made for interaction between
spin "down" particles; and for interaction between
antiparallel spins, an average of k~+ and k~=which is
just kp itself to first order in H—should be used [Eq.
(A2) of Ref. 23j. By direct analogy with this prescrip-
tion of Brueckner and Gammel, we therefore write

(9) as

@+=~k+V ' Q f» (kp+, T)8ek +
gl

+V 'P f» (kp, T)beak+
gf

+-', V ' Q ikk (kp+, T)8ek +

—-', V 'Q i» (kp, T)biik~ayH, (C2)

to first order in applied magnetic field H, where f».
and ij k are, in general, dependent upon temperature as
well as spin density.

Keeping only terms to first order in kp+—k& and
second order in T, we have for ok+ —ek

~k"—~k = —2tH+(2V) 'Eh~ (haik+ —
haik )

(&f»'
+V '(kp+ —kp )Q! +— ink.

k' 4 Bkp 4 Bkp

+(2V) 'P gkk'(ek+ n'k ). (—C3)
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so that

N+=-,'N (1&v), (C4)

(CS)

The first two terms in (C3) are the same as in (31);
additional terms arise because f» and f» vary as the
medium is polarized, leading to the coefficient of kg+
—kp, and also because the exchange interaction may
be temperature-dependent, as expressed in the 6nal
term where g'» is the change in t'». to order T'in
going from zero to a finite temperature. The quantity
bnI, is, likewise, the change in eI, to order T' as the
temperature is made 6nite. Repeating the steps of
Sec. III with ei+—e~ now defined as in (C3) leads to a
new expression for x with a modified coefficient of T'.
(The zero temperature limit is, of course, unchanged. )

We eliminate kp+ —k& by noting that if

the value of Aq previously computed from (31), and
A&0 is the zero-temperature value given by (33).

A final expression for p is then obtained by substitut-
ing (C8) into (29). This ma, y be written as

3''At, p' s' T l' 6
1——

~
Agp' 1+—@

2xTp* 12 Tp~) 5

—/+ad), (c9)

similar to (32) where all quantities except hJ' are as
given in Secs. II and III, and 6J is the correction due to
the density and temperature dependence of f» and
|».Assuining, consistent with the discussion in Sec.
VI, that the density dependence of f» is much less
than that of f», only the term in Bf» /Bkp is impor-
tant" in (CS). In this approximation,

and, to first order in v,

kp+ ——kp(1&-,'v)

then, in terms of y,

(C6)
3N k, — a ~of„~-

(c1o)
SV «Tp* Bk'(Bkp ~ a=ip, v. =lp

kp+ kp =2k p—xH/—3yN . (C7)

Thus, from (C3) and (C7), together with the methods
of Sec. III, we have, to order T',

1 x T ) m kp 8 Bfvyl 1 Bivg~)+-
4&2 Tp*J 12 V ak akp 4akp&, »

3E AA,
'

bfpgp (CS)
SV ~Tp*

where Al, is defined in terms of e&+—ez by (28), 2& is

With the assumption (B4) together with other results
of Appendix B and the empirical relation (43), we find
M= —4.5 at equilibrium density and for kp8f»/Bkp
=fj». The eGect of this upon values of J previously
computed (Table I) is not drastically significant. But
it may be noted that since the effect is to decrease J,
it makes it all the more unlikely that J can be of the
order of 10', as needed to obtain consistency with the
Illinois specific-heat measurements. 4

2'lf the density-dependence of p&&' is negligible, then so is
its temperature dependence since both effects are caused by ggg
being a function of the quasiparticle distribution.


