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The predictions of six recently proposed two-nucleon models are compared to 647 pieces of proton-
proton scattering data in the energy range 10-320 MeV. It is found that the value of the goodness-of-fit
parameter, x2, ranges from four to nineteen times its expected value.

I. INTRODUCTION

URING the past two years, at least six models—¢
have been proposed for the proton-proton data
up to 310 MeV. Calculations are reportedly in progress
utilizing one or more of these models for hyperon-
nucleon and nucleon-antinucleon scattering, electro-
disintegration of deuterium, nuclear matter, the binding
energy of tritium, etc. Thus, it may be of interest to
have a comparison of the respective abilities of the
models to fit a fairly comprehensive set of proton-proton
data.

II. THE MODELS

The models differ in significant aspects, as shown in
Table I. The Bryan' model has a hard core, with
phenomenological central, tensor, and spin-orbit poten-
tials added onto the one-pion-exchange-potential
(OPEP). The Hamada? and Hamada-Johnston® (HJ)
models have, in addition to the above forms, a phe-
nomenological quadratic spin-orbit potential. The Yale’
model is of the same general type as Hamada and HJ
except that it excludes the spin-orbit potential for
higher values of the total angular momentum J,” making
comparison with other models difficult.® The Saylor-
Bryan-Marshak? (SBM) model consists of boundary
conditions plus the TMO? second and fourth order
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potentials (central and tensor only). The Feshbach-
Lomon-Tubis* (FLT) model uses boundary conditions
and a potential halfway between the TMO and BW®
potentials (again, central and tensor only). The phase
shifts predicted by Bryan, SBM, and FLT approach
those of OPEP at high-orbital angular-momentum L
and low energy. The other three models contain
quadratic spin-orbit operators, proportional to L2 in at
least some states. The phase shifts for such states
approach the corresponding OPEP values more slowly.
Each of the three quadratic spin-orbit operators was
defined differently.

The potentials are compared graphically in Figs. 1-5.
As previously cautioned,® however, one must not com-
pare the inner region of the Yale central, spin-orbit, or
quadratic spin-orbit potentials with the corresponding
parts of the other models.

III. DATA USED AND RESULTS

We have used 647 pieces of proton-proton scattering
data in the energy range 10-320 MeV. This is all of the
data in the references used by Breit et al."! in obtaining
their YLAM and YRB1 phase-shift sets.

Cross-section angular distributions were treated
relatively, the absolute normalization for each distribu-
tion being treated as a separate experimental param-
eter. Similarly, first target (polarizer) polarization was
treated as a datum separate from the angular distribu-
tion of the relative polarization data. In practice, an
absolute angular distribution was first predicted; then
the predicted normalization was determined as that

TaBLE I. Characteristics of the models. B.C. indicates a
boundary condition at the indicated radius. Qi2 is a quadratic
spin-orbit operator.

Core  Singlet Triplet

Model (ﬁ/M,C) Qm L . S Qn L?
Yale 0.35 x JL2
Hamada-Johnston 0.34 x x x X
FLT .50 B.C
SBM 0.53 B.C
Hamada 0.34 x X x
Bryan 0.28,0.38 x

(13'513% A. Brueckner and K. M. Watson, Phys. Rev. 92, 1032
1 G, Breit, M. H. Hull, Jr., K. E. Lassila, and K. D, Pyatt, Jr.,
Phys. Rev. 120, 2227 (1960).
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value which produced a least-squares (normalized) fit
to the experimental angular distribution data.

Tables II and III display the goodness-of-fit param-
eter,? x2, which we have computed® from the model
paramelers for each of the six models. There is a statis-
tical probability of approximately 0.001 of obtaining
a x2> 760 for the 647 pieces of data used in this analysis.
Smaller probabilities, corresponding to the higher
values of total x2 in Table II, cannot be evaluated from
this number of data.

The models fit the data in various ways. The Yale
model does not fit R(6) at 147 and 213 MeV, whereas
Hamada fits it very well. All models are hard-pressed
by accurate cross-section shapes, but the Yale model a
little less so than the others. However, some predict
cross sections too small at small angles, while others are
too large there. The Bryan and HJ models give much
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too low a polarization normalization for the Harvard
data; the other models less so. Finally, Hamada and HJ
have considerably more difficulty with E(6) at 213 MeV
than do the other models.

The FLT attempt was, in part, concerned with the
phenomenological evaluation of certain constants sug-
gested by field theory. Setting those constants equal to
zero or unity yields the earlier SBM model, except for
differing numerical values for the purely phenomeno-
logical boundary conditions. Thus, the FLT model can
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be thought of as a later and more sophisticated SBM
model, the difference being merely in parameter values.
Table IT shows, however, that SBM is a considerably
better fit to the data than is FLT. In order to under-
stand this, we examined the phases “close to YLAM”
which FLT tried to match. Table IV shows.the x% ob-
tained for each of the models, using as ““data’ the true
YLAM phases and the “close to YLAM” phases used

1 G, 7Breit, Rev. Mod. Phys. 34, 766 (1962)." See especié.lly
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by FLT. The FLT model does indeed fit the FLT-
YLAM phases better than does the SBM model, but
the latter is a better fit to the true YLAM phases. As
a check, we computed the x? fit to the experimental data
from the YLAM phase shifts, and found that the true
YLAM set gave a better fit than did the FLT-YLAM
set.
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TasiLE II. Model fits to the 647 pieces of 10-320-MeV proton-
proton scattering data. The older BGT model® prediction is shown
for comparison. Fits at individual energies are shown in Table IV.
The number of degrees of freedom is the number of data minus the
number of model parameters.?

No. of  x?/deg.
model of
Model x?  parameters freedom
Yale (1962) 2477 31 4.0
Hamada-Johnston ~ (1962) 3061 15 4.7
Feshback-Lomon-

Tubis T (1961) 12 118 12 19.2
Saylor-Bryan-

Marshak (1960) 4454 13 7.0
Hamada (1960) 3763 16 6.0
Bryan (1960) 7900 14 12.5
Brueckner-Gammel-

Thaler (1958) 37678 9 59.0

a K, A. Brueckner, J. A. Gammel, and R. M. Thaler, Phys. Rev. 109,
1023 (1958). )

b The model parameters listed in Table II are those which were adjusted
to obtain a fit to the p-p data. One could define a ‘“‘phenomenological figure
of merit’’ for the models as (xmodel? times the number of model parameters) 1.

- This would place the models in the order: HJ, Hamada and SBM, Yale,
Bryan, and FLT. .

1V. DISCUSSION

The “expected value” .of x?, which corresponds to
equal probabilities of obtaining a smaller or larger value
of 2, is equal to the number of degrees of freedom. The

‘latter, defined -as the number of pieces of data used
minus the: number of free parameters in the model, is
about 630 here. Thus, there is considerable statistical
discrepancy between the model predictions and the
data. A very small part of this could be removed by
eliminating the small-angle data with its uncertainty in

TasLE IIL. Energy distributions of the x? values of Table II.

Lab No.
energy Data Yale HJ H SBM Bryan FLT BGT
9.69 28 41.0 202 200 121.7 283 117 842
14.16 18 1.6 1.5 1.5 2.3 2 6 22
18.2 9 186 161 155 733 27 57 131
19.8 25 259 211 224 548 18 43 334
25.63 24 383 41.6 42.0 201.3 234 430 3887
394 28 1224 289.8 329.0 521.1 1050 1384 6410
44-57 6 108 124 154 2018 17 14 184
66.0 24 363 197.6 232.5 255.6 1055 444 190
68.3 27 2022 933 154.8 4248 776 2090 5350
6842 1 1.8 50 122 833 0 26 39
78 3 2.1 9.7 125 278 33 20 75
95 30 284 3546 744 974 316 486 564
98 41 688.0 754.6 7783 7113 1045 1180 2143
102 8 72 575 921 715 344 216 205
107 8 17.8 231 418 427 181 159 290
118 34 75.7 452 1192 777 163 1166 1831
120 4 2.8 1.1 1.0 7.0 1 13 18
127 8 170 33.7 66.6 557 279 227 354
133 8 226 224 229 196 17 23 32
134 1 53 1.3 0.0 15.0 1 26 62
137 8 74 102 274 231 103 155 320
1405 6 317 10.2 63 173 45 6 199
142 81 391.6 609.3 7544 586.6 755 1496 4801
143 7 104 22,6 287 5.9 4 10 27
147 63 129.2 163.6 205.8 1854 236 1606 4876
164 1 34 14 02 5.7 0 9 41
170 15 383 680 562 60.3 48 62 221
174 14 380 909 678 9.7 26 56 246
210 15 188 198 251 195 48 18 46
213 27 245.5 1029 303.3 1723 464 159 1079
240 19 760 97.6 1270 1034 164 235 1424
250 5 2.7 4.5 2.5 47 6 6 34
259.5 8 355 1014 470 223 53 48 808
276 7 9.5 101 146 22.2 14 16 31
310 27 636 40.6 343 66.5 79 50 553
315 7 33 49 54 141 7 20 18
316 3 60 0.7 26 3.1 6 39 11

TaBLE IV. x2 fit of the boundary condition models
to the YLAM phases.
x* fit to X2 fit to
Model FLT-YLAM true YLAM
FLT 31.5 203.0
SBM 45.6 125.0

the treatment of electromagnetic effects. The major
part of the discrepancy would remain.

It should be remembered, however, that if a two-
nucleon model is to be used for calculations of other
phenomena, one should examine the sensitivity of the
predictions of such calculations to the two-nucleon
model parameters. Only then is it possible to judge the
accuracy with which the two-nucleon model should fit
the two-nucleon data.
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