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The Gor’kov equations are solved approximately for various geometries to obtain information about the
pair wave function A*(x) in the vicinity of plane boundaries. The approximation method consists of assum-
ing a model A,,*(x) taken constant within the superconductor, and assuming it to be close to the correct
A*(x). The equations are then solved and a new A*(x) is calculated. An* is then chosen in a self-consistent
manner. The problems considered are the finite and semi-infinite superconducting slabs, and semi-infinite
superconducting and normal metals in contact. The effects of the boundary conditions are discussed.
The calculations are performed both at zero temperature and near the critical temperature.

I. INTRODUCTION

HE properties of an infinite homogeneous super-
conductor have been reasonably well described

by means of the theory of Bardeen, Cooper, and
Schrieffer,! and variations of it.2 However, because of
the nonlinearity of the equations involved, it is rather
difficult to apply the theory to less trivial geometries.
It is therefore desirable to develop various approxima-
tions which allow the equations of the theory to be put
in more tractable form. One successful approach has
been that of Ginzburg and Landau® which Gor’kov* has
shown can be derived by taking advantage of the fact
that the energy gap approaches zero at the critical
temperature, and the assumption that the distance
over which the magnetic field varies (the penetration
depth) is much longer than the coherence distance near
the critical temperature. We should like to consider
another approach which is not restricted to the critical
temperature region and hence does not depend on the
smallness of the energy gap. We shall restrict ourselves
to the simplest possible problem by assuming that the
interaction potential between two electrons is given by

V(r—r)=—gf(x)(x—r), g>0 1)

where f(x) is one or zero depending on the type of
metal we have at point x:

f(x)=0 Normal metal @)
=1 Superconducting metal.

(Our use of x rather than r is because we shall only
consider geometries which vary in one direction.) We
will, as usual, introduce a cutoff at the Debye fre-
quency wp, whenever necessary. With this assumption,
the system may be described by the Gor’kov equations

* Research supported in part by the U. S. Air Force Office of
Scientific Research.

1J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
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for the imaginary frequency Green’s functionst:

[iwat+V2/2m~+u]G,, (1,1)
+f@)A@)F., (1) =6(r—1),

[ iourt VY 20, (5) @
— f(®)A* ()G, (1,1) =0,
where the frequency w, ranges over discrete values,
wn= Cn+1)wkT 4)
and
A*(x)=gkT 2. Fo,t(r,r). ®)

One usually refers to A(x) as the energy gap because in
an infinite homogeneous superconductor it is inde-
pendent of position and corresponds to half the mini-
mum energy necessary to break a correlated pair. In
our case, where A(x) will vary with position, this is
probably not good terminology, as the energy of a given
pair will presumably be the same no matter where you
find it, so we shall refer back to the definition, (5), and
call A(x) the pair wave function, the probability of
finding a correlated pair at point x (multiplied by g out
of deference to convention).

Now, we don’t want to assume that A(x) is small.
However, if the geometry is such that we can make a
reasonable guess at a model An(x), then we might be
able to assume that A, (x)— A(x) is small. If this is the
case, and if we can solve the, now linear, equations with
A(x) replaced by An(x), then, to the extent that An,(x)
— A(x) actually is small, we shall have a useful approxi-
mation. For the geometries we shall consider, we will
find it convenient to choose

independent of position, whenever we are in a super-
conductor. Since A(x) always occurs multiplied by f(x),
we need say nothing about A,(x) in a normal metal.
The choice (6) guarantees that we can always solve the
equations.

In Sec. IT we shall treat a finite superconducting
slab. We shall see that our approximation gives excel-
lent agreement with the numerical calculations of Blatt
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and Thompson.® We will discuss the effects of the
boundary conditions on our results, and will also con-
sider the limit as the slab becomes infinitely thick, that
is, the semi-infinite superconductor. In Sec. III we will
consider the semi-infinite superconductor in contact
with a semi-infinite normal metal. We will examine the
behavior of the pair wave function both at zero tem-
perature and near the critical temperature. We will
also examine the effects of varying the effective mass
and the Fermi momentum independently in one metal,
as well as the boundary conditions at the interface
between the metals.

II. FINITE AND SEMI-INFINITE SLABS

Since we will be considering geometries which vary
in only one dimension, the x dimension, we can im-
mediately make a Fourier transformation with respect
to the y and z variables. Thus, we let

dk,
Guter)= [

ik,
F””T(r"')=/ (2n)

exp[ik. (r.— 1) 1Go, (%,%',k1)
(M
eXp[ikf (rl'-' rL'):]Fw"T(x,x’,kl) ’

where the subscript | indicates a two-dimensional
vector in the yz plane. We introduce the abbreviations

EJ.= 12/27”/—'# 5 (8)
a=[2m(— & +iw,) /2, and
a*=—[2m(— t1—iw,) /2. (9)

(We shall use the convention that the phase of a com-
plex number lies between 0 and 2, hence any square
root lies in the upper half plane. For this reason we
must have the minus sign in ¢*.) Then (3) becomes,
with (6),

(1/2m) (a*+d?*/dx?)G., (2,5 k1)
+ f(®)AF ., (xx' k) =06(x—2"),
(1/2m) (a*2+-d?/dx*)F,,, T (x4 ky)
— f(®)A*G,, (2,2 k1) =0.

(10)

For the case of a slab of superconductor between x=0
and x=d, we must take f(x)=1 in this region.

Solution for Ft and G

We shall take as boundary conditions the vanishing
of the wave functions, and hence both FT and G at the
boundaries x=0 and x=d. Later we will see how some
modification of these will affect the results. The solu-
tion of (10) is then straightforward; one simply solves
them in the regions x>x’ and x<x’ subject to the van-

(15g. )M. Blatt and C. J. Thompson, Phys. Rev. Letters 10, 332
963).
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Fic. 1. Behavior of
A¥*(x) in slab of thick-
ness d, showing region
d’ over which A*(x) is
to be averaged to calcu-
late A¥,

ishing of FT and G at the boundaries, and then demands
continuity or the appropriate discontinuity at x=z".
If we introduce the notation

b=[2m(—i+ie) ]2, b*=—[2m(— t1—ie) ],

en=[wn2+|A|2]2, (11)

the solutions are

Fwnf(x;xl)kl) =

A*(2m)? { sind(d— %) sinbx<
(B2—b*2) b sinbd
sinb*(d—x>) sinb*x< )

H

b* sinb*d

(12)
2m % (a*2—b?%) sinb(d— x>) sinbx<

(62— 0*?) b sindd
(a*2—b*?) sinb*(d—x>) sind*x< }

b* sinb*d

Gwn (xyxlykl) =

where x> is the larger of x and «', while x< is the smaller.
g

Self-Consistent Evaluation of A*

We must now evaluate A* in some self-consistent
manner. Our approach will be to calculate A*(x) by
means of (5). If A*(x) were a constant, then we would
simply equate that constant to A* and obtain an
equation for A*, Since, in fact, A*(x) will not be con-
stant, we will equate A* to the average value of A*(x).
Now, we expect that A*(x) will go to zero at the bound-
aries, because of the boundary conditions, but will rise
as we get away from the boundaries and remain rela-
tively constant in the interior of the superconductor
(see Fig. 1). We should like to equate A* to the average
interior value of A*(x), hence we should only average
over the region d’, rather than over d. Thus, our self-
consistence equation will be

A*=%‘/; A*(x)dx. (13)

As A*(x) is essentially zero outside of d’ we have ex-
tended the integration to the surfaces of the super-
conductor without introducing any appreciable error.
We will return to the specific evaluation of d’ after we
see what the surface behavior of A*(x) actually is.
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It is convenient to perform the averaging immedi-
ately on F,, ' (x,2,k.). Thus we get

1 d
Pi(B)=— / PRORIETTS
0

A*2m)? (1 d 1 d
= ———{——-—— cotdb——+— cotdb*} . (v
2d' (B2—b*) L b b*2  p*

Now, according to (5), we need F,, '(z,r) in order to
evaluate A*. Thus we must integrate over k;. Since @
and b only depend on k, through £, we may change the
variable of integration to £. Thus let

kidk,

dk, ©
F,. t= /EE;)ZFMT(I&):ZW,/O (27'.)2Fwn1(k1)

m 0
2_/ dgFo, (k). (15)
2m)

Then noting that
b2—b*2=4mie, ,

* dwn
A*=g/ —F, !

o 2T

(16)

gmiA* *

DAVID S.

FALK

which is independent of &, and that

db/dt,=—m/b, db*/dti=—m/b*, %))
one gets
A*mi 1 b* sindb| tr=>
Fo,t=— _ ln[ ] (18)
4rd’ e, Lbsindb* 1]y,

Since b — i as £, — o, there is no contribution from
the upper limit and we have

A¥*mi 1 b* sindb
= —_ n[ J, (19)

W T I
dnd’ e, b sindb*

where it is now understood that we are to replace & by
— . Finally, according to (5) and (13) we have

A*=gkT Y., F,,t. (20)

We shall confine ourselves now to zero temperature.
In this case, the summation in (20) becomes replaced
by an integral®

20200 ) (| A2

Or, letting w,= 1w,

dwn ln[{Zle—i(w,,?-*-IAI2)1/2]}1/2 sin{d[Z?ﬂ[u+i(wn2+|A|z)1/2]]1/2}:| on
i+ | Al)VE sinfd[2m[p—i (04| A2V .

gmpoA* 0 do [1+ (wz_ IAlz)llz/ﬂ:ll/z sin{l[l—— (wz_ lAlz)llz/”]IIZ}
A¥= / ln[ - ]1
[1___ (wz__ lA | 2)1/2/#]1/2 sm{l[l-}- (w2— lAlz)l/z/l‘]m}

C202m)Wi) i (—| A2

where we have introduced the dimensionless measures
of the slab thickness

l=pud, V=pd, (23)
where o is the “Fermi momentum”
po’/2m=p. (24)

It should be pointed out, as Thompson and Blatt?
have emphasized, that for fixed density, po is a function
of the thickness d. In the Appendix we show that it is
the same function as in the case of the normal metal,
in agreement with Thompson and Blatt. The integral
in (22), as written, diverges, so we must make the usual

F1. 2. Complex w plane
showing distorted contour
for evaluation of (22).

.

6 A. A. Abrikosov, L. P. Gor’kov, and I. E. Dzyaloshinskii,
Zh. Eksperim. i Teor. Fiz. 36, 900 (1959) [translation: Soviet
Phys.—JETP 9, 636 (1959)7.

7C. J. Thompson and J. M. Blatt, Phys. Letters 5, 6 (1963).

(22)

cutoff at the Debye frequency, wp. It is convenient
here to introduce the cutoff by distorting the contour
of (22). To do so, we assume that there actually is
some cutoff function which goes to zero as |w|— in
the right-hand half w plane. Then we may distort the
contour as shown in Fig. 2, to a line integral running
below the real axis, around the point w=|A|, and back
above the real axis. The only branch points in the
integral of (22) lie along the real axis and to the right
of w=|A|. In general, there is no branch point at
w=|Al, but it is convenient to always cross the real
axis to the left of that point. Computing the difference
of the integrand above and below the real axis,
introducing

e=(w?—|A[2)12, (25)
and explicitly introducing the cutoff at
e=wp<p (26)

(so that (1==¢/u)!® never vanishes), we get
gmpoA* oD de
e
202ayrily  (e4] A

In[j;+(,e7: (0], (27)
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where
sin[J(1e/u)V2—inl]

(€)= , (28)
7 sin[l(1a=e/u)2+inl ]
and 7 — 04. Now
Ing,*(},e)= —2i tan~'[cot! (1= ¢/p)"/2 tanhyl]. (29)

As I(12=¢/p)"? increases through #m, the inverse tan-
gent makes a jump of —m, otherwise it is constant.
Hence, we may write

Inj,2(,e)=2mi 3 0[H (1= ¢/w)—n],  (30)

where
6(x)=1,
=0 )

The original branch that j,*(l,e) starts on is deter-
mined by the fact that (14) vanishes as d and d’ ap-
proach zero. This makes the summation in (30) begin
with #=1. With this result, and using the usual notation

N(0)V=gmpo/2n> (32)

we may rewrite (27) as

vor i, wramEadn) )

+0<l(1—£>1/2—n1r>:|. (33)

This is the gap equation for a slab of thickness d=1/p,."2
To see what the solutions of this look like, let us first
neglect terms of order wp/u compared to unity. Further,
let us write // in the form

U'=l—r.

x>0

x<0. (31)

(34)
Then (33) becomes

T $0 [ )
NOV e )y @k lape’

which has the approximate solution (taking A real)

A=2wp exp[— f()/N(O)V], (36)
where
1) = (l—\m)/x z‘:,la(l-—nr)'. (37)

The function f(!) increases linearly in / whenever I n.
At l=nm, f(I) decreases discontinuously from (#—M\)/
(n—1), for I=nwr—, to (n—\)/n, for I=nw+. The be-
havior of A(l) is sketched in Fig. 3 for values of A

78 Note added in proof. The effect of finite temperatures is
simply to introduce the usual factor, tanh[ (- |A|[2)1/2/2kT], in
the integral in (33). This modification, the same as in the infinite
superconductor, then results in the usual relationship between the
critical temperature and the zero-temperature energy gap, except
just at the resonances.
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F1c. 3. Behavior
of A as a function of
thickness of slab for
various values of A
and for N(0)V=0.3
and wp=100°K.

A () (Degrees Kelvin)

equal to 0, 1, and 0.82, the last value being the one
that gives agreement with the results of Blatt and
Thompson.? We must, of course, examine the small dis-
tance behavior of A*(x) to see what value of A is reason-
able. We will return to this point later.

We note that the resonances all occur at /=#unr (or
po=nm/d, the usual condition for standing waves of
wave number poin an infinite square well of width d).™
If we make explicit the dependence of po on d (see
Appendix), we see that the resonances occur at

d=[n(n+3) (n—1)xV/3N B~ (n—1) (xV/3N)",

where IV is the number of electrons and V' the volume,
and the approximation is valid for all but the smallest 7.

That the resonances occur at /=#»= is a direct conse-
quence of our choice of boundary conditions: the vanish-
ing of the wave functions at the surface. One should
like to see the effect of a change in the boundary condi-
tions. The usual alternative to specular reflection, dif-
fuse reflection, does not have immediate applicability
here. That is, no matter how rough the surface, as this
is a time-independent problem, it will be the eigenstates
corresponding to the actual surface which will form the
pairs.® Hence, the surface can’t serve to break up the
coherence. We can, however, instead of invisioning the
system to be in an infinite square well, treat it as a
finite but deep square well, corresponding to the finite
probability of escape with sufficiently large energy. If
the depth of the well is ¥ then the resonances occur,
for sufficiently large V,, at

1 2 1/2 2 1/2
e/ [ T
d mVu mVo

That is, we have changed the effective size of the
sample. We can simulate this kind of effect by every-
where replacing /! by /4-am, where a will depend on the
detailed nature of the boundary conditions. The only

™ Note added in proof. These discontinuities are related to the
passing of a single-particle energy level through the Fermi energy,
much the same as in the de Haas-van Alphen effect.

8P, 'W. Anderson, J. Phys. Chem. Solids 11, 26 (1959).
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change then is that f(J) is replaced by f(/+aw), which
has the same behavior as f(J) except that the reso-
nances are shifted to /= (n—a)w. If V, is large enough,
then the distance between resonances remains . Since
the boundary conditions may well vary throughout a
realistic sample, we would not expect to see these reso-
nances ; their positions would be averaged over.

To see the effects of the terms of higher order in
wp/u, which we dropped, we refer back to the gap
equation (33). The first § function begins to contribute
as [ increases when I/(1+wp/u)?=nr, and contributes
over the whole range of integration when /=#wr. The
second 6 function starts to contribute at /=#w but
doesn’t contribute over the entire range of integration
until /(1 —wp/p)2=nr. Hence, the effect of these terms
is to replace the sudden jump in f(/) at I=#7 by a
more gradual change spread out over the region

nr nr
<l< .
(1+wp/u)" (1—wp/u)

Thus the resonances have a width é/~#nrwp/u. When #
becomes sufficiently large (z~u/wp), the resonances
begin to overlap. Figure 4 shows the detailed behavior
near the »=4 resonance.

(38)

Small Distance Behavior of A*(x)

To estimate the value of A we must return to (12)
and evaluate A*(x) for small x. By small, we mean
x~1/po, and we will assume the slab is sufficiently
thick that d>>1/po. We write

dk,
F‘,,,,T(x)=/———Fw,,’f(x,x,k1)
(2m)?

m ]
=— [ d&F,, (xak). (39)

2w
Now, ’
Fw"T (xax)kl)
A*(2m)? (1
= W{ —I;[sinbx cosbx— cotbd sin?bx ]

1
—g;[sinb*x cosb*x— cotd*d sin"’b*x]} . (40)

Before attempting to evaluate (39) it will be convenient
to break up (40) into various terms. First it will be
useful to remove that part of (40) which corresponds to
the semi-infinite superconductor (d —), and we shall
further want to remove from that part the part corre-
sponding to the infinite superconductor. That is, we
shall first want to return to (10) and solve it for the
case f(x)=1 in all space. This solution is easily ob-
tained by taking Fourier transforms with respect to x.
If we denote this solution by a superscript «, it is

DAVID S.

FALK

F1c. 4. Detailed
behavior of A(J) near
l=4rfor A\=0.82and
N(0)V=0.3, plotted
as a function of x,
where

Il=4r(1+xwp/2u).

atd (Degrees Kelvin)

easily seen to be
Fwan(xyxlakl)

A*(2m)% 1 1

=___~_|:_eib|x—z’l+___ —ib*[z—-zq:,_ (41)
2(0*—0b*)Lb b*

Now, noting that, since Imb>0 always,

lim cotbd=1/1,

d->0

(42)

and that
sinbx cosbx— (1/7) sin?bx=3i[1—e*®*7],  (43)

we may rewrite (40) as

Fwnf(x:x:kl)=Fwnwf(xyx;kl)
+Fwn,f(x,x:kl)+Fwn”T(x:xrkl) ’

A*Qmppl 1
_e2¢:c|b*o—1 z R

2(2—*)Lb

A*2m)2 (1 1

~—————{ l:cotbd——':l sin2bx
7

st o

(44)
where

Fwn’T(x)x’kl) =

(45)
and

Fwnllt(x;xakl) =

1 1
+—[cotb*d+—] sinzb*x} . (46)
b* 2

When we insert F, *f(x,x,k) in the expression for
A*(x), (5), the result will be of the same form as one
ordinarily gets for the infinite superconductor. [The
numerical value will, of course, be different because the
A* in the right-hand side of (40) is the solution of (13).
That is, the A* in the right-hand side of (40) will be
A(l) rather than A(«) (see Fig. 3)]. However, if we
define

A% () /wv de
A*(0) o (e+|Aa@)|r)2

then F, *t(x,x,ky) will just‘yield A*(l). Of course, as
l—w, A*(]) — A*(»). To evaluate the contribution

=NV ~f@), (47)
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of F,'t(x,x,k.) we insert (45) in (39):

m -]
Fo, 1 (x)= E— d&F,, t(x,x,k)

TS —p
1(2m)2A*  p= db  db*
=____~—f dgl{._ehba:_‘____e—ﬁb*z} , (48)
2dmien)2r) _,  ldE, &
where we have made use of (16) and (17). Thus
7 *
F(.,,,"f(x)= _[e2ibz_ —2ib*z] , (49)
8% €n

where £, is now set equal to —pu.

To evaluate the contribution of (49) to A*(x) [which
we shall call A™*(x)], we shall want to sum (49) over
wn, as in (5). Since we are here concerned only with
zero temperature, the sum becomes an integration, as
in (21), yielding

imA*() 1 = dwn
@ — [
8rx 21/ _o (a2 |AQ) D2
X [e2ib:c_ e—2ib*z] .

Again, we must cut off the integration at wp. Now
recall from (11) and (24), for £,= —u, that

b=po(1+ie/u)?, b*=—po(l—ies/w)'*, (51)

and, since ¢, can be at most on the order of wp, we may
expand the square roots in (51) to order wp/p:

(1kien/w) 22 1446,/ 2u.
To this order, (50) becomes
gmA*(0)

(50)

A*(x)=~—

sin2pox
wD dw,.
%), wrriaom
o (w2+]|AQ)]2)

Since we are interested in x~1/po, we may take
povwp/uK1 and replace the exponential in (52) by
unity. Then, using (47), we have

A (i)~ — B*() sin2por/2pox, #<K(1/po)u/wp. (53)

—pozen/p

(52)
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m ]
Fo'{(@)=— d&Fo,"1(a,x,k1)

TS —p
A*¥(2m)? 1 1= 1
= —l / dbl:cotbd——] sin?bx
dmie, 2w\) -y i
EJ_=°° 1
- / db*l:cotb*d—i-—] sinzb*x}, (54)
Ei=—n ¢

where we have used (16) and (17). Since the second
integral in (54) is the complex conjugate of the first,
we need only consider

=0 1
I= / db[cotbd—j] sin%bx
3 7

1=
§1=»
dbe?iban gin?px
Ej=—n
ribdn

2 »
7 n=1

1,1

4w n 1— a2/ &

where £, is to be evaluated at —u in the last line of (55).

We are interested in this for the case x/d<<1. Hence,
provided |b|x <, that is pox <, so that sin?bx doesn’t
vanish, we may write

(55)

x x?
l:sin2bx+i- sinbx cosbx———] s
dn a*n?

T~ (1/d) sin®b - (1/m)exivin. (56)

The summation in (56) is easily done by differentiating
with respect to d, summing the geometric series, and

then integrating with the boundary condition that as
d — o the summation vanishes. This yields

~—(1/d) sin®x In[1—e%%], x/d<Kl. (57)
Thus,
Fo,/"1(x) = (A*mi/ 2me,d) {sin%x In[1 — 2]
—sin?*x In[1—e 290" ]}, (58)
To evaluate
* dwn,
A" (x)=g| —Fo,"1(x), (59
—w 2T

we will use the technique used in evaluating (21). We
note that
sin?bx = sin?pox+ O poxwp/2u ],

Finally, we must evaluate the contribution of ~sin®x (60)
F.,"t(xx,k) to A*(x), which we shall call A"*(x). ’
Thus, we shall need Then, letting w,=1w,
gmpoA* i dw 1—exp{2i[1— (w?— | A|2)2/u] 2}
A'* (x) = PO sin”ﬁox 1n{ _ - . ] (61)
(2)2i —io (02— A2 | 1—exp{2il[1+4 (=*— | A|D)V2/u]2}
. sin{i[1— (= | A[9/u]")
= sin?pox {lnl: — ]
@t )i @ AP LG+ @ [A1)/u] )

Hill[1— (= | Al /= 1+ (@ iA|2>1f2/n11/51} . 6
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Distorting the contour we get

*

AI/* (x) = gmpo
Yl

R PP
X/; (62+]A12)”2{ n[],, (15.711 ’5]

—2¢z[(1+£)1/2—<1—£)w:”, (63)

which gives to order wp/p,
A" (x)=2 sin?pox[ (('/D)A*(D)—A*()].  (64)

Hence, combining all our results according to (44), we
have

sin?pox

_ sin2por [V A*()
* ()~ B* (1) | 1— + =
Atm=4 (){ 2o [z A

x/d<1, poaxLu/wp>1.

1]2 sin"’pox] ,
(65)

Thus, if we define Mr as twice (because there are two
surfaces) the value of poxr which gives A*(x)=A*(J)
then (65) suggests that Mr S2(w/2) or NS 1.

The specific value of A chosen will determine (see
Fig. 3) whether A*(J) lies predominantly above or below
the value of the gap in the infinite superconductor,
A*(o). [The reasonable Blatt-Thompson® value of A
=0.82 makes A*(/) predominantly greater than A*(e).]
We shall see later that the presence of a normal metal
at the surface, rather than a vacuum, greatly alters the
rate at which A*(x) rises. Since in practice supercon-
ducting slabs are bounded by various materials (e.g.,
substrates for evaporated films, etc.), and surfaces may
not be particularly clean, it would seem likely that any
given sample would probably have a variety of A’s
associated with different parts of it and the net effect
would be to average out values predominantly above
and below A*(w). Since the resonances themselves will
also be washed out by varying thickness in the sample,
it seems improbable that any value other than A*()
would actually be measured.

Limit of Semi-Infinite Slab

The limiting case of a semi-infinite slab may be ob-
tained easily by taking the limit of (12) as d »«. In
this limit po and p assume the usual values for an in-
finite medium. Since Imbd>0, Imd* <0, we have, in this
case,

FwnT(xix’;kl)
A*(2m)* (1 )
=———-————{—e“”> sinbx«——e= "> sinb*x. ;. (66)
®*—b*2) b b*
Hence,
FamT (xyxykl)=Fwnwf(x:xikl)+Fwn,T(x:x;kl) . (67)
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We have already evaluated the A*(x) produced by
(67) in the course of evaluating that produced by (44).
Thus, we have, at zero temperature, the small distance
behavior of the pair wave function

A*(x) = A*[1—sin2pex/2px], por<u/wp>>1. (68)

We should also like to evaluate A*(x) at large dis-
tances from the surface, both at zero temperature and
at the critical temperature. It is clear from (45) that as
x—oo, F, "T(x,x,k) — 0. Hence, at large distances from
the surface, the behavior is the same as in an infinite
superconductor, and we can reasonably identify A* with
A*(), the energy gap of the infinite superconductor.
To see how A*(x) — A* at large x, we consider first the
zero temperature case, and return to (52).

A*(x) = A*(x) — A*

gmA* wD dwn,
~— sianox/ .———e—poxen/u’
A2 0 (wnz_*_ [ A[2)1/2
wp/uKl. (69)

For large x, specifically x>>u/wppo, the major con-
tribution to the integral in (69) comes from e,<u/pox
<K wp. That is, from w,<Kwp. As the exponential cuts
the integrand off rapidly, we can let the upper limit go
to «, and thus obtain

A*(x)— A*
gmA* 0 den
~— sian)ox/ [ (L
dr’x ) (e— | A%V
gmpo  sin2pox |A| w1
~— A* K olipox—«:l , >>——. (70)
2n 2pex b wp Po

For still larger #, then

in2 1/2
A* (1) — A*~ _ngoA*sm Pox<L L) roslalln
2m? 2pox 2?096 [AI
(71)

Thus, while the exponential dropoff of A*(x)—A* is
only over the coherence distance

Eo=(2/7) (/1 A)1/po, (72)

the sin2pox oscillates with a wavelength «/po and will
in any realistic sample, whose surfaces are surely not
plane to this accuracy, cause A*(x)—A* tp average to
zero. This sin2pex behavior is not restricted to large
distances but is valid, as we see from (69) [and more
explicitly (68)], for all x, down to very small distances.

Hence, we may say at zero temperature that A*(x)
rises very rapidly from zero at the surface to the bulk
value A* in a distance on the order of 1/p,. Different
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boundary conditions may alter somewhat the value at
the surface, but should not change the rapid rise to A*.
‘We shall see however that the presence of normal metal,
rather than vacuum, on the other side of the surface
will alter this quite radically.

To evaluate A*(x)— A* near the critical temperature,
we return to (49) and sum over frequencies according
to (4) and (5). We note that (49), depending on w,
only through e¢,, is even in w,. Hence, we need only
consider w,>0. Further, at T= T, A*~0 and therefore
en=w, for w,>0. Then (49) involves terms like
exp{2ipo[ 1 +iwn/p]'?}. For large x, the major con-
tribution arises from the smallest value of w,, from
wo=mkT .. Hence, to obtain the large  behavior, we need
only replace the summation in (5) by the leading term.
(The contribution of the next term is about 5% for
x=p/mkTpo.) Finally we note that ¥7,/u<1, so that
we may expand

(1imk T /)2~ £ 1+inkT o/ 2u. (73)

This gives us

A*(x)—A*=2gkT 3" F,,'t(x)

n=0
~ 28kT F rir, 1 (%), (74)

or, to lowest order in A* and k7 './u,

gmpo sin2pox

e prﬂ'kTa/ﬂ
21r2 pox

x> (u/7kTe)1/po.

A*(x) =A% 1—

} T (75)

Thus, near the critical temperature, we also see that,
because of the rapidly oscillating sin2pgx, A*(x) effec-
tively rises to A* in a very short distance. That the
sin2pox is correct even at small distances can be seen
by referring to (49) and noting that we may generally
write

b= po(1t-ien/2u), b*=~po(1—ien/2u),  (76)
since only w,Swp<u can reasonably be expected to
contribute to the superconducting solution.

III. SEMI-INFINITE NORMAL AND SUPER-
CONDUCTING METALS IN CONTACT

We want to see how the results of Sec. IT are modified
when the superconductor is in contact with a normal
metal, rather than with the vacuum. We shall consider
a semi-infinite superconductor touching a semi-infinite
normal metal, with =0 the plane of contact, the super-
conductor being on the positive x side. Thus the two-
particle potential will be given by (1) where, according

to (2),
flx)=0(). (77)

WITH PLANE BOUNDARIES
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In order for the normal metal and the superconductor
to be different metals, we shall assume that they are
described by different effective masses and Fermi mo-
menta. All quantities referring exclusively to the nor-
mal metal will be signified by a bar above them: m,
Po= (2m)'? where i=p—U and U is an extra param-
eter (a potential) introduced to further distinguish the
two metals. Thus, for example,
éf—' kf‘/Z?ﬁ-—ﬁ y a= [2m(— él‘l‘iwn)]l/z- (78)

Superconducting quantities will be unbarred: m,
po= (2mp)!2.

The Gor’kov equations for this system are then,
after Fourier transforming them according to (7),

[a<x)-2;<a2+—2)+o(~x)5n-z(a2+—2)]aw,,(x,x',k1)

+0 (x)AFwnT(x7x,;kl) =9 (x'— xl) ’
(79)

[0 (x)———(a*H— ’ )+0( x)——(a*2+——2~)]Fwﬂ’f(x,x’,kl)

—0(x)A*G,, (2% k) =0.

We now consider the boundary conditions at x=0 fol-
lowing a discussion of Harrison.? We must insist that
any current be continuous so that there be no accumula-
tion of charge at the interface. Since the current is
proportional to the velocity, it involves the effective
mass which changes discontinuously at the boundary.
Hence the wave function and/or its derivative must also
change discontinuously. This is not unreasonable, as
the effective mass approximation means we are replac-
ing Bloch waves by plane waves. The Bloch waves, of
course, must be continuous, but the plane waves
needn’t be. Thus, if we consider the wave function in
the effective mass approximation, ¢(x), as a function
of x, we may take as the discontinuous boundary
conditions

dy (0+
YO0—)=op(04), o)

dy
a(o— )=p (80)

If we take o and p real, then current continuity requires

po=1m/m. (81)

The boundary conditions for (79) are then (expressed
in a form which will be useful later)®*

9 W. A. Harrison, Phys. Rev. 123, 85 (1961).

98 Note added in proof. P. G. de Gennes (to be published) has,
for the case of dirty metals, chosen essentially the same bounda.ry
conditions: current continuity and discontinuity of FI, He
chooses a particular value of the discontinuity, derived for the
special case of the critical temperature. and only valid there.
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1 1
—-—G,,,, (0+)x’)k1-) -—--—-—G,,,,. (0— ;x’)kl)
2m 2m
n
=9d4(x)=-4-(z"),
ag

1 dG., 1 dG,,
(0+)x,1k1)_
2m dx

§
=¢B4(x)=-B_(x),
p

2m dx

(O_ :x,’kl)

. (82)
1
——FN"T(O—}-,x’,kl)-——F‘,,”T(O—— :x,’kl)
2m 21
n
=9Cy4 (") =-C_(%'),
ag
1 dF,1 1 dF.t
- (0+’x,7k1)—_ (0—3x,)k1)
2m dx 2m  dx
7 g‘ 7
=§‘D+(x )=—D—(x ) ’
p
where
1 1 1 1
{:—(1—-)) 71‘—'—(1—‘—), (83)
2m T 2m P
and

dG..
AL (8)=Go, (0,2 k1), By(x)= d—(O:I:,x’,kl) ,
. dx
(84)
dF.,
Ce(®)=F,(0%,a",k), Di(a)= T(O:i: k)
%

Solution for Ft and G

It is convenient to define

o0
Gi(Kx)== f dxe®3G,, (w2 k),  (85)
0

4o
Fi(Kx)==+ / dxe’R2F , 1 (x,% k1) . (86)
0

Considered as functions of a complex variable K, F,
and G, are analytic in the upper half plane, F_ and G_
in the lower half plane. If we now multiply (79) by
e'’%z and integrate with respect to x from — o to o,
we get, using the boundary conditions (82),

(1/2m) (a*— K»)G (K ;&')+AF4 (K x') — 0 (+)e?E'
=— (1/2m)(a*— K?)G_(K,x")+60(—x")etE+

+$B4(2')—iKnA.(x), (87)
(1/2m) (a**— K*)F (K ') — A*G,.(K ')
=— (1/2m)(a*— K*)F_(K x")+¢D..(«')
—iKyCy(2). (88)
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The left-hand side of (87) is the limit of a function
which is analytic in the upper half of the K plane. The
right-hand side is the limit of a function which is
analytic in the lower half plane. Hence we may set
(87) equal to P’(K,x"), an entire function of K. Simi-
larly we set (88) equal to Q'(K,x’), another entire
function. Considering only the case %'>0, the right-
hand side of (87) gives

21w

G (Ka)=—
(K—a)(K+a)

XLP'(Kw) =By (o) +iKnd 4 (+)].

By our convention, —a lies in the lower half plane. But
G_(K,x’) must be analytic in the lower half plane.
Hence we must have

P(K ") =By (2')+iKnd(+)= (K+a@)P(K '), (90)

where P(K,x’) is an entire function of K. Then

(89)

G_(K ')=2mP (K ")/ (K—ad). (91)
Similarly, from (88),
F_(Kux')=2mQ(K x")/ (K+a*), (92)

where
Q' (Kx")—¢Dy (x")+iEnCy (2) = (K— a*)Q (K 2"). (93)

Using (90) and (93), the remaining halves of (87) and
(88) may be written

Fo(R )
—2m
T (K=" (K+a¥)
G+ (K,x')

[A*G (K o)+ (K— a*)Q(K )
+¢Dy (") —iKnCr(x')], (94)

[AF(Kx")—e'E*' — (K+a)P(K &)
—§By(«)+iKnA(«')]. (95)

For large K we may, from the definition (85), expand
G_(K%') as

T (K—o)(K+a)

0
G_(Kx)= / dxe’&=G,, (%% k1)
- 1 1
~—A_) B ), (96)
iK K?

where use has been made of the definitions (84) and
the boundary conditions that, for finite «/,

limG.,, (x,0’,ks) = lim (dG.,,/dx) (x,2’ k) =0. (97)

On the other hand, (91) gives

G_(K ') ~2mP(K ' )[1/K+a/K>+---]. (98)
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Thus, comparing (98) with (96), we see that P(K,x")
must approach a constant with respect to K in the
limit of large K in the lower half plane. Similarly by
examining G, (K,x’) from (85) and (95) we find that,
in the limit of large K in the upper half plane, P(K,x")
must also approach a constant with respect to K. The
only entire function with these properties is a constant.
Hence, comparing (96) and (98) we then get

1 o
P(E )= P()=—A_ (&) =—— A, (¥
2mi 2mi
(99)
B (¢)=—B, ().
2ma 2ma

Similarly the asymptotic evaluation of F_(X,x") yields

1 o
QK )=Q(x)=—C_(x)=—C1(x)
2mi 2mz

(100)
-1 —p
B 2md*D_(xl) N Zmd*D+ (®)-
Inserting (95), (99), and (100) in (94) gives
Fy(Kx')
(2m)?

o (gL A R AP )

— (1/2m)(K*—a*) (oK —0a*)Q(x) ],

(101)

anT(x)x’7kl):0(x)0(x,)Fwan(xaxlykl)
+6(x)0 () i

0(x)0 () ———

e v

oa)g ’)4m neA*
+0(x)0(—=x Do

AmmiA
b

+0(—x)0(x)

D(b,6%)

where F,,,*(x,2,k,) is given by (41).

Since @ and b both have positive imaginary parts, we
see as x and ' become infinite with x—2«' remaining
finite, that all terms except the first in (106) approach
zero. This gives the very reasonable result that as we
get sufficiently far from the normal-superconducting
boundary the behavior is either that of a normal
metal (%, 4’ <0, Ft — 0) or a superconductor (x, z'>0,
Ft— F=1). Since this is, indeed, a desired result, we
must choose A* to be the energy gap in the infinite
superconductor.
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where we have used (11), (81), and (83). The condition
that F,(K,x") be analytic in the upper half plane re-
quires that the expression in the square brackets in
(101) must vanish at K=5% and K= —b*. These two
conditions enable us to solve for P(x’) and Q(x’). If
we define

D(b,p*)= (b*—a*) (pb*— @) (pb— 0 G*)

— (0*2—a*) (pb+0a) (pb*+0a*), (102)
then
Nl b —3)es + (pb+od)e =], (103
Q(x)—D(b,b*)[(p —0d)e® + (pb+oa)e~®*="], (103)
P(x)= [ (6*2—a?) (pb*+0 a*)eit=’

D)
+ (B—a?) (pb—a*)e=v"].  (104)

Insertion of (103) and (104) in (101) gives F.(K,x")
for «/>0. Likewise use of (103) and (100) in (92) gives
F_(K,x") for #'>0. To get F,,!(x,2',k.), we note from
(86) that

O(£x)F ot (2,2 kr) =

© dK
-z-—e‘iK’F +(Kx). (105)

o 2

The integrations in (105) are straightforward contour
integrations and F,, (x,%’,k,) is easily obtained.

In a similar manner, (87) and (88) may be solved
for #’ <0. The final result is

{ oo (a"_l_ d*)[(b2_ a2)eibze—ib*x’+ (b*2_ a2)e—-ib*zeibz’]

_ * %
_.D(—b,_b_)eib(z+x’) ;Me—ib* (z+2z') }

2b 20*

[(pb*+a,d*)eibze—iﬁz’+ (pb— o_d*)e—ib*ze—iaz’]

*
[(pb*— a.d)eia*zeibz’+ (pb_{._a,d)eii*ze—ib*x’]

M2A*

+0(—x)0(— x,)D(b,b*)

(b+5¥)e* =3 | (106)

A*(x) at T=T,

We now want to see how the pair wave function,
calculated according to (5), approaches its limiting
values of 0 for x— —w and A* for x— + . We
consider >0 first. Then defining

Fo . (x2,k)=Fo, 2t (x,2,k)+Fo, T (x,2,k)  (107)
and

A*(x)=A*+A™(x), (108)
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2 at large distances from the surface where A¥— A*(x) is
> small, we shall only attempt to evaluate A’*(x) for
£ for large x. From (106) we see that the large x behavior
£ F16. 5. Behavior is determined by three types of exponentials whose
ofb,—b* and (b—b*)  exponents are i(b—b*)x, 2ibx, and —2ib*x. As £, — o
2? ;ﬁ%ﬂ%g’ésﬁffg,tffg we see-from (11) that b—b*, b, and —b* all approach
. 3 correspond to & 2. The behavior of these three functions of &, is
-b \ b =Tk plotted in Fig. 5. The large x behavior comes from the
b-8") points where the imaginary part of these functions is
3 1 2 smallest, that is, from the points 1, 2, and 3 indicated
real axis in Fig. 5. These all correspond to £,=—u. We may
therefore evaluate the coefficients of the exponentials
we have : at the point £,=—pu to get the dominant large x be-
0(x)A™*(x)=gkT0(x) 20 Fo,"t (%), (109)  havior. Noting that
where ik
L — *
Fm.."‘(x)=/—Fw,.’*(x,x,kQ itz — 1 ov* d (i (V)= 111)
(2m)® imax b*—b dg,
m e and
I ’t —1b d
2W£"d£len (x}x,kl) . (110) eZibzz.___ — —glibz s etC., (112)
mx 2 dE L
Since the integration in (110) is rather difficult,
and since the approximation here should only be good we get for large »
2 A ¥ *2__ 42\ (A4 g% * —_— % % .
F‘,,,,’T(x)zZMA rpa(a a*) (a+a*)bb . 1 D(—b,b )Amzi 1 D, —b )p‘“"*”], 113)

xx LD (b,b%) (5*—b*2) (b*—b)

where it is understood that everything is to be evalu-
ated at &= —u.

To obtain the large x behavior at T=T, we use the
same technique used in (74) ; we simply take the leading
terms in the summation (109). In the approximation

kT /ukl, kT./iL1, (114)
this gives
gmpo
0(x)A"™* (x) =~ —0(x)
(=) 1277
TP o Do\?> p—o
XA*{ - [4-@/<1+——°> ]+ sianox]
wkT.L p po p Po pto
X——e=poerkToln  (115)

pox

The last term in the braces in (115), which arises from
the last two terms in the brackets in (113), is an oscil-
lating term with frequency 2p,. When averaged over
any realistic surface this will go to zero, and we may
ignore it. Thus, for large x, we get approximately

0(x)A*(x)

1
ngO ® T *e_poxwch/#] , (116)

=0(x A*[l—
@) 2n? kT, I‘pox

4(B2—b*) D)

4(—b%) D(bp*)

where the only effects of the discontinuities at the
boundary occur in 7', the transmission coefficient!®
evaluated at energy E=u:

transmitted current|?

&
Il

incident current

(117)

m U\ V2 m U\ V2 2
s GIVARECHINE
m E m E
We notice that if the transmission coefficient vanishes
[¢— 0 and/or p — ; we cannot have U=y because
of (114)] then (115) simply gives back the result (75).
In general, the ease with which particles may be trans-
mitted across the boundary only effects the magnitude
of the second term in (116). The range of that term, the
distance from the surface at which A*(x) becomes
essentially equal to A*, is uneffected by the details of
the transmission and is always given by u/wkTpo,
which is approximately the coherence distance.
For <0, one gets by a similar procedure

gMmpPo R 1

Ty
2 wkT,  Po|x|
Xexp(—po|x|mkT./p). (118)

10 For example, Eugen Merzbacher, Quantum Mechanics (John
Wiley & Sons, Inc., New York, 1961), p. 90.

O(—x)A*(x)=0(—x)A*
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Thus, at the critical temperature, the deviation of
A*(x) from its limiting values is quite symmetrical for
positively and negatively large x. The only difference
is that the parameters of the appropriate metal enter.
Correlated pairs are to be found in the normal metal
up to a distance of about i/7kT ;po.

A*(x) at T=0 for x>0

To evaluate A*(x) at 7=0, we must insert (113) in
(109). The summation in (109) becomes an integration
at T=0 as in (21) and (50). Thus,

0(x)A™*(x)= —g—O(x)/w dwFo,, 1(x). (119)
27 —0

As in the T=T, case, the last two terms in (113) give
an oscillating term with frequency 2p, which will
average to zero in a realistic sample, so we will neglect
these terms. The remaining term has the exponential

exp[i(b—b*)x ]

=exp{—[4m[ (W’+ | A|*+w2) 2 —p]]} . (120)
For large x, the dominant behavior is from the neigh-
borhood of w,=0. We may therefore expand everything

about this point to get, after some algebra and taking
ALy and AL,

gmpo u Ty

(%) A" (x) ~ —0 (x) A*
(®)A"™ (%)~ —0(x) 2 2]A] 1R,

1 w
X ——e— ozl Al/n dwn|wa g—wnmal pol Al

POx —o0

(121)

where
R,=1-T, (122)

is the reflection coefficient evaluated at energy pu.
Performing the integration, and introducing the co-
herence distance £, defined by (72), we get, at =0,

0 (x)A*(x)
(23]

(123)

2 4 14R,

T /8N
=0(x)A*|:l—ng ° (-‘E—")

x

The appearance of the reflection coefficient in the de-
nominator indicates the nonlinearity of the problem,
which didn’t appear at T'=T, because that calculation
was performed only to first order in A*. The greater
the reflection, the smaller will be the second term in
(123), and hence the closer to A* will be A*(x). This can
be thought of as an indication of the Bose properties
of the correlated pairs; the more pairs present (by
reflection), the more likely it is to find additional pairs.

Again, as at T'=T,, the range of the second term
in (123) is essentially &. (From 7~T, to T=0 the
range has changed by less than a factor of 2, being
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longer at T=0.) Thus, at a distance of about the co-
herence distance from the normal metal, the super-
conductor behaves like an infinite superconductor. The
presence of the normal metal is felt at smaller distances.

A*(x) at T=0 for x<0

Finally we want to consider the zero temperature
pair wave function in the normal metal. We shall treat
this in a more general way in order to demonstrate
that the qualitative result doesn’t depend on the ap-
proximation (6), or indeed even on the approximation
leading to the Gor’kov equations, but only on the
feature of the two particle potential given by (77).
Thus, with this potential, we have as an exact equation
(suppressing all bars on quantities),

1 @
-(a*'-’—l——)F,.,,,f (2’ ,k)=0, x<0.
2m dx?

The solution of this which goes to zero as x — — o is
Fwnf (x,x’)k-l) = fwn (:’Clsk-|-)eia"‘z . (125}

From the definition? of F, t(x,x’,k.), one can easily
show [recalling that F, f(x,x’,k,) already has its anti-
symmetrical spin properties removed] that

Fot (@ ,k) = F_a, (1,07 k1)
Hence, it follows that
Fo (@2 )= fu, (R)eio*ze=ien",

where

(124)

(126)

x, 2’ <0 (127)

Jon(k)= fu, (k1)

Then, from (5) evaluated at 7’=0, we have

0(—x)A*(x)

(128)

0= [ don [ dirfune)eieoe . (129)
- x41r2_/;°° n/ 1] wp\R1)€ .

—B

We have here recognized that symmetry with respect
to reflections of y or z implies that f.,(k,) must, in fact,
be a function only of %,2 and hence of £,. Using (9) and
(128), we may rewrite (129) as

0

0 =0(— " [ do
0(—x)A*(x)=6( x)zwz/od ,,/— dE1f o, (ky)

Xexp{— || [@m[ (¢2+o.2)+£]172} . (130)

For large |x|, the dominant contributions to (130)
come from £, <0 and from the neighborhood of w,=0.
Hence, we may write approximately

[/} A*(x) =0 )gm od k1) mc'dw
(~ar@=o(—a) = [ &fo(;[o .

Xexp{— || [4m[ (£2+w2)V2+£]1V2) . (131)
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The w, integral is easily evaluated for large |x| and
negative £, to give

0(—x)A*(x)

1 g m 1/2 0
z@(—x)——<~) / dtufolks) (— £, (132)

|%] 272\ 2

Hence, independent of the detailed form of f.,(ky)
(which will depend on the boundary conditions at x=0
and the solutions for x>0), providing fo(k.) is not
actually zero (as would be the case for a vacuum to the
left of x=0), we see that A*(x) does not die off ex-
ponentially as we move into the normal metal, but
rather only slowly dies off as 1/|x|. For the special
case of our approximation, taking unit transmission co-
efficient, we get for x — — o0

S0 gmpoT
0(—x)A*(x) ~0(—x)A*— -
|| 27% 6

(133)

The reason for this failure of the pair wave function
to die off is that there is simply no mechanism for dis-
rupting any correlation that drifts across the boundary.
The only length in the problem is 1/po which is just
too small. On the superconducting side there is the
longer length u/|A| po, and at finite temperatures there
is u/kTpo, but as long as there is no interaction between
particles in the normal metal, the only energy is u and
hence the only length is 1/po. If there were some energy
of interaction in the normal metal, then another
length could be constructed, namely, /, the mean free
path, but in this model which assumes no such inter-
action there is no way to prevent the pairs from drifting
arbitrarily far into the normal metal.

IV. CONCLUSIONS

By replacing A*(x) in the Gor’kov equations by a
model A,*(x) which we take to be constant in the super-
conductor, we have been able to solve the equations and
calculate an improved A*(x). No attempt has been
made here to estimate the errors involved in this pro-
cedure, although such a program is now underway.
Presumably this approach is valid in the case of the
finite and semi-infinite superconducting slab where
A*(x) rises rapidly from its zero value at the surface
to the interior value of A*. The agreement obtained
with the work of Blatt and Thompson® reinforces this
conjecture. In the case of the normal-superconducting
boundary, our results are probably valid at large dis-
tances from the boundary [the asymptotic region in
which we explicitly evaluated A*(x)] where A*(x) is
close to A*; although this should be verified. Since in
essence we are perturbing in N(0)V, (32), about the
infinite superconducting solution, we might expect that
our results would be best for small N (0)V.

The results for the superconducting slab show the
Fabry-Perot resonances in the energy gap as a function
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at slab thickness. The behavior of A* as a function of
slab thickness reproduces the result of Blatt and Thomp-
son, and we can see to a certain extent the role of the
boundary conditions. The pair wave function here
rises rapidly to A* in a distance on the order of 1/p,,
as opposed to the case of the normal-superconducting
boundary, where the rise takes place in a distance on
the order of the coherence distance. These results are
at variance with the somewhat perplexing results of
Parmenter,"! presumably because the Gor’kov theory,
which we have used, involves pairing of eigenstates of
the problem, in keeping with the view of Ref. 8. Our
rise distances are essentially temperature-independent.
In the normal metal, on the other hand, the distance
to which A*(x) extends depends on the temperature,
ranging from about the coherence distance near the
critical temperature to something quite larger at lower
temperatures, presumably u/kTpo or the mean free
path, whichever is shorter. The effect of discontinuities
at the boundary is simply to reduce the deviation of
A*(x) from A* (or 0) in the superconductor (or normal
metal) by a factor of the transmission coefficient near
the critical temperature and a further factor depending
on the reflection coefficient at zero temperature where
the nonlinearities of the theory are more important.
These discontinuities do not effect the rise or fall-off
distances.
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APPENDIX
Dependence of p, on Width of Finite Slab

For a given number density of electrons N/V the
chemical potential x, and hence po, defined by (24),
will vary with the thickness of the slab. To see how this
goes, we calculate the density according to the relation,
valid at zero temperature,

(1) = lim (—3) /_0 doTmG_in(r,y), (A1)

r’—-r T
where the factor of 2 is for spin, and
ImG_;,(r,1")

1
= lim —[G_io+in (1,1)—Gi-in (1,r')]. (A2)
0+ 97

We shall take the limit r' — r by first equating the y
and z components, and then letting " — x. Thus we

1 R. H. Parmenter, Phys. Rev. 118, 1173 (1960).
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shall need
Gwn(x)x,)
dkl m had
- / D Gt )= [ AB Gt ). (A3)
(27r)? 2]y

Using the Green’s function given by (12), as well as
(17), (16), and the relations

a*?— b= —2im(w.+€x),

a*2—b*2= —2im(w,—e€n) ,

(A%)

we get

Gwn(x)x’)

m Wn 700
g (G I
2w €n/ J [omutien))V?
wa\ [T sinb*(d—x>) sinb*x<
+<1~—> / ar*
€n/ J —[am(p—ien)]'/?

sinb*d
Letting

sinb(d—x>) sinbx<

sinbd

(AS)

siny(d—x>) sinyx<

fll (x>;x<) = = _'f—u (x>yx<) ) (Aé)

sinyd

and noting that if w, — —iw, then e, — i[w?— | A|2]2
=1, we get

m %) 30
G_iw<x,x'>=—[(1——> [ e
2w e/ J 2m(u—e)1 2

w\ [*°
+<1+—>/ dyf,,(x>,x<)} . (A7)
€/ J [2m(ute)]'/?

For w <0, when & — w47, we have

e—i(|A|Z—w)2 0>w>—|A|

— Fetin' w<—|Al. (A8)

Hence, since (A7) depends on w implicitly only through
€, we see at once that

ImG_;,(%,2")=0 0>w>—|A]. (A9)
For w <—|A| we have

[2m (03— [2m(uFe T

[2m(u— 17— — ‘(" =

) Comut 9T, (AL0)
ptel
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Using these relationships and (A6), we can write
for w<—|A|

ImG_;, (x,x")

B 1m . w p
——2;.5;{ —(, +Z> /C A3flend

ot Gt | Al2>1f2](1~°—°> / dyf,,<x>,x<>} ,

€

(A11)

where C. are contours ranging from —ie to 44 and
crossing the real axis at [2m (uz=¢) ]2 Having obtained
ImG_;,(x,2") we can now let &’ — x without the di-
vergence difficulties we should have met had we taken
this limit earlier.

Since we are only interested in N/V, rather than the
density as a function of x, we may average over «:

N 14
—=—/ p(x)dx.
V dle

We may perform the x integration at once, the integral
being the same as encountered in (14). This gives

(A12)

ImG_iw

z'—z

1m 13 1 (A13)
2 4 e/Jeyr Lyd

oLt Gt | A|2)w:1(1—-3€) / _dy[;%—cotyd]}.

Then, using

1 d
=— / dx lim ImG_;,(x,%")
dJo $

N 2 0
—=—-/ do TmG_sa,
74 T) -

(A14)

and letting k=[2m(uz=¢) J/2 be the variable of integra-
tion in the integrals along the paths Cy, respectively,
we get

N i (k*/2m— )
—= / kdk[l— }
V. @me [(&/2m—uy+|A|2]"

1
X / dy[———cotyd:l, (A15)
cw Lyd

where Cj runs from —ic to 47w, crossing the real
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axis at k. Now obtain the result for a normal metal simply by letting
A — 0, yielding
1 —2mi
/ dyl:———cotyd]=———n(k) , (A16) N 1 pw»
o Lyd d i / kdkn (k) (A18)
V 7I'd [}

h k) is the 1 t integer contained in kd/wr.
where n(k) is the largest integer co /7 where po is defined by (24).

Hence, To show that (A17) and (A18) are essentially the
N 1 /= same, we must invoke the cutoff at wp. This insures
—=—— | Edk that A is zero whenever e=(k%/2m)—u is greater in
V. 2xd/, magnitude than wp. The only difference between (A18)

and (A17), then, is that the latter involves the integral

{1—[ &/ 2m—) }n(k). (A17)

8/ 2m— -+ | A2

As d —x, we have n(k) — kd/m, and (A17) gives the
standard form for an infinite superconductor. We can  while the former involves

L= f wbdfll—m}n[[bn(we)]‘”]

-[ :de{l—m}nmzm@— )21

wD €
-+ de[l———————
—wp [62+ I A|2:|1/2

I.= 2/ den[[2m(u+€) %] (A19)

(A20)
’{"[[2m(ﬂ+6)1”2]*"[[27%(#—M)]W]}

R A Ly (L e ]

where in the last line we have used the antisymmetry of ¢/[ €4 | A|2]V2 and the symmetry of n[[2m (u— | ¢|) V2],
under e— —e.

Thus we see that I, and I, and hence (A17) and (A18), are the same everywhere except within the regions
where the greatest integers contained in [2m (ud=wp) J/2d/x are different; that is, in the narrow regions about the
resonances. Even there (A17) and (A18) differ only by something on the order of wp/u. If we ignore these small
differences, we may evaluate N/V from (A18) as

N m (/pod\?

== (%) s -wntontoo-+ 4 npo+11] (a21)
or ‘

P m N 3

in agreement with Thompson and Blatt.?
The resonances occur at /= nm, or

d=nr/po=[n(n+%)(n—1)xV/3NJV3, (A23)



