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The asymptotic vanishing of these surface integrals is
in the nature of a boundary condition characterizing a
physically closed system. This property can be verified,
if one retains only the slowly decreasing terms in the

asymptotic behavior of the fields,
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The outcome of these considerations is the commuta-
tion properties
— i[:P",J""] =Pk,
_.i[_fokr]ol]= — Jkl ,

which completes the formal verification of Lorentz
invariance. But a much more careful examination will
be required to test whether the loosely stated physical
boundary conditions can be maintained as assertions
about operators in relation to a class of physical states.
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In an earlier paper by the author, examples of the motion of a point charge were found to be consistent
with the hypothesis of Abraham that the mass of an electron (or positron) is entirely electromagnetic.
Further consequences of this hypothesis are developed. It is shown that the conservation laws of the electro-
magnetic field and Maxwell’s equations require that the total Lorentz force (including the self-force) on
the charge should vanish. This result can be expressed as a Lagrangian equation of motion. The canonical
four momentum of the charge is the product of the magnitude of the charge by the four potential of the
field at the position of the charge. When the dissipative form of the potential for an unconfined point charge
is used, the integro-differential equation of motion of the earlier paper is obtained for a particle with zero
“bare” mass. A mechanical momentum and mass are defined; these are associated with the singular part
of the Green’s function for the D’Alembert equation. The rate of change of this mechanical momentum is
equal to the sum of the external force, the radiation damping force (with the correct sign obtained by the
use of the retarded fields), and the gradient at the position of the charge of its Coulombic self-potential
energy. For a particle assumed to follow a continuous trajectory, the integrals in the integro-differential
equation of motion are evaluated by a procedure in agreement with, but much simpler than, that of Dirac.
The result is the unrenormalized equation of Dirac for a particle whose mass is the divergent Coulombic
self-energy. The effective momentum and mass in this equation are reduced to half of the mechanical
momentum and mass by the force term arising from the gradient of the Coulombic self-potential energy.

1 NOVEMBER

INTRODUCTION

N a previous paper, I!, an integro-differential equa-
tion for the motion of a point charge was described
and applied to the examples of motion of a free particle
and of a nonrelativistic simple harmonic oscillator. The
equation was obtained by assuming the validity of the
Lorentz force equation in addition to Maxwell’s field
equations. The force on the charge at the field point
was taken to be the Lorentz force produced by the
fields of a source charge in the limit where the field
charge is identified with the source. It was pointed out
that the motion of the charge in the examples considered
was consistent with the Abraham hypothesis that the

1 B. Leaf, Phys. Rev. 127, 1369 (1962). Referred to as I in this
paper.

mass of the electron (or positron) is wholly electro-
magnetic. In the present paper further consequences
of this hypothesis are developed. It is shown in Sec. 1
that the conservation laws of the electromagnetic field
and Maxwell’s equations require that the total Lorentz
force (including the self-force) on a point charge vanish.
In Sec. 2, it is shown that this result can be derived from
a Lagrangian function, similar to the usual Lagrangian
for a particle in an electromagnetic field, but with the
bare mass suppressed. The canonical momentum of the
charge obtained from this Lagrangian is p,=ed.(z)
where A, is the four potential of the field at the position
z of the charge e. When the dissipative form (3.1) of
the potential for an unconfined point charge, plus the
potential of the external fields, is used for 4,, theintegro-
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differential equation of I (with the bare mass suppres-
sed) is again obtained. Accordingly, this equation is
derivable from Maxwell’s equations and the conserva-
tion laws for the electromagnetic field.

In Sec. 3, the Fourier transforms appearing in the
dissipative potentials are identified with the singular
and nonsingular parts of the Green’s function? for the
D’Alembert equation. The mechanical momentum and
mass of the charge are associated with the singular part
of the Green’s function, and an equation is formulated
for the rate of change of mechanical momentum (3.13).
In addition to the external and damping forces appear-
ing in this equation, there is a force arising from the
gradient at the position of the charge, in its instantan-
eous rest frame, of the Coulombic self-potential energy
of the charge.

In Sec. 4, the remaining integrals in the equations are
evaluated for the case that the charge is assumed to
follow a continuous trajectory. The method of evalua-
tion as described in the Appendix is in agreement with
the procedure of Dirac® but greatly simplified. In Sec. 5,
a discussion of results is given. The integrodifferential
equation of I reduces for continuous trajectories to the
unrenormalized Dirac equation. The effective momen-
tum and mass in this equation, however, are reduced to
half of the mechanical momentum and mass by the
force term arising from the gradient of the Coulombic
self-potential energy. (This is the usual factor % in the
self-energy of a charge appearing when the charge is
assembled from its elements.) The mass is the divergent
Coulombic self-energy. The correct sign for the radiation
damping is given by the use of the retarded fields of the
charge, in agreement with the causality principle
discussed in I.

1. THE CONSERVATION LAWS AND
THE EQUATION OF MOTION

On the basis of a field theory, the conservation laws
may be expressed in the form

9T /%,=0, (1.1)
where T, is the energy-momentum tensor of the field.
(The notation is suitable to the use of a pseudo-
Euclidean metric in special relativity with the speed
of light, c=1.) We consider the consequences of the
assumption that the electromagnetic tensor,

Tuw= (1/47r)|:FleW_%F77261‘”] ’ (1.2)
when introduced into (1.1) completely accounts for
the dynamics of a point singularity in the field, which is
the model which we adopt for a classical charge.
According to this model, the current density associated

2 D. Ivanenko and A. Sokolow, Klassische Feldtheorie (Akademie-
Verlag, Berlin, 1953), p. 58.
3P, A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938).
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with the charge is?

jc,(:\c)=/nO dre?,04(x—2) (1.3)

where z=x(7) is the position of the charge e at proper
time 7, and 2 is its four velocity. :
As is well known®

aTuv/axvz—Fuvjy, (14)
so that (1.1) implies that
Fujo= /dreF,,,,(x)z',é“(x*z) =0. (1.5)

Integration over a three-dimensional hypersurface
normal to the world line and enclosing the charge gives
the equation of motion of the charge:

Fu(Z)E/' . ~/d“x&“(x——z)eF,,,(x)éy=eF,‘.,(z)z'y=O. (1.6)

Equation (1.6) states that the Lorentz force F,(z) on
the particle vanishes. In this equation, as in (1.2) the
fields F,, are the total fields including the self-field
of the charge. This equation is equivalent to the
equation of motion assumed in I (2.3) or I (5.1), in
which the bare mass has been suppressed.

Dirac® has expressed the conservation laws in the
form

f Ty0dSy=Bu(r)—By(ro) (1.7)
>

where the integral is taken over any tube surrounding
the world line of the charge from 7o to 7. The flow of
energy or momentum out from the surface of the tube
must depend only on conditions at the two ends of the
length of tube. Using Gauss’ theorem to transform the
surface integral into an integral over the enclosed
volume, we find

/ Td‘r f f / dx°0T,,/d%,= / TdTB},(T), (1.8)

where dx? is the element of hypersurface normal to the
world line, so that

//fdxoaT""/axF_eFuv(Z)éu=Bu(r). (1.9)

We see that (1.1) or (1.6) require B,(r)=0, and not
Bu(1)=—[mes—e/2| | T (§—0), (1.10)

*F. Robhrlich, Lectures in Theoretical Physics (Interscience
Publishers, Inc., New York, 1960), Vol. I, p, 241.

8 L. Landau and E. Lifshitz, The Classical Theory of Fields
(Addison-Wesley Publishing Company, Inc., Reading, Massa-
chusetts, 1951), p, 88.
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as assumed by Dirac in his renormalization procedure.
To choose any value other than zero for B, is equivalent
to assuming that T, in (1.1) consists of some tensor of
nonelectromagnetic origin® in addition to the electro-
magnetic tensor (1.2). This is contrary to the Abraham
hypothesis.

2. POTENTIALS OF FIELD AND CANONICAL
MOMENTA
An alternative form of the equation of motion (1.6)
can be obtained in terms of the potentials of the field.
Since

Fo(x)=04,(x)/dx,—04,(x)/0x,, 2.1)
therefore, according to (1.6),
e2,[04,(3)/92,—03A4,(2)/92,]=0. (2.2)
But
d4,(2)/dr=2,04,(2)/93,, (2.3)
so that

deA,(z)/dr=2,0eA4,(2)/0%,. (2.4)

In these equations, the potential at the position of the
particle is’

A”(z)=/dx84(x—z)Au(x). (2.5)

In (2.4) we take 9/9z, to be the partial derivative for
fixed values of Z and 7. Accordingly,

deA,(z)/dr=0[eA,(2)3,]/9z. (2.6)

This is the Lagrangian equation of motion resulting
from the Lagrangian function,

L=¢A4,(2)%,. 2.7
The canonical momentum, accordingly, is given by
pu=0L/32,=ed,(2), (2.8)
so that (2.4) becomes
dpu/dr=2,0e4,(2)/82,. (2.9

The right-hand side of (2.9) represents the four gradient,
at the position of the charge at time 7, of the scalar
potential of the field in the instantaneous rest frame of
the charge. The momentum defined in (2.8) agrees with
the usual definition

Pu——— /Jn’%rr"*'eAa' )

where the bare mass p is suppressed.

The Hamiltonian H=2,p,— L=0. But, in fact, (2.8)
and (2.9) results from letting the mass p— 0 in the
Hamiltonian equations of motion which are derived
from the usual Hamiltonian®

H (z,p)= (1/2p)[ps—eA,(2) P (2.11)

6 L. Infeld and P. R. Wallace, Phys. Rev. 57, 797 (1940).

71t is clear that the procedure followed in I for obtaining the
potentials and fields at the position of the charge, which required
setting equal to zero a parameter e, is replaced here by integration
over the & function, 8 (x—z).

8 H. Goldstein, Classical Mechanics (Addison-Wesley Publishing
Company, Inc., Reading, Massachusetts, 1950), p. 224.

(2.10)
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3. IDENTIFICATION OF MECHANICAL PROPERTIES
OF THE CHARGE

In order that the momentum p, as defined in (2.8) be
covariant, 4, must be expressed in Lorentz gauge. For
an unconfined charge moving along an arbitrary trajec-
tory, the part of the potential arising from the charge is
given by the dissipative potentials which, as shown in
I, are

AM(X;t)
=F (ei/87r3)/~ . -/dkdwk_l[t?; (w—k)— b5 (w+k)]

X/dt’v,,(t’) expi{k-[x—x@)]—w(—1)} (3.1)

(upper sign, advanced ; lower sign, retarded). Separa-
tion into principal-part and &-function terms gives,
respectively,

A,E (1) = (e/4n%)® / e / Akdr (ko)

Xexplzk, (x,—2,)], (3.2)
AL (x)=F (ei/47r2)/. A /d"kdrﬁ (koks)e(w)2,
Xexp[ik, (,—3,)], (3.3)

with the four-vector wave number defined as k,= (k,w),
e(w)=1 for w=0, and x= (x,?).
In terms of the singular function®

D(x)= (1/2#)4(9/- . '/d"‘k (koks)~ exp (tk,x,)

= (1/4m)s(x*), (3.4)
and the Pauli-Jordan commutation function®
D(x)=1/(2m)? / e / d*kd (kok,)e(w) exp (ik,,)

= (1/2m)e(n8(?), (3.5)

the potentials become, with the use of (1.3)
ALK (x)= %e/drépl_) (x—32)

=41r/- . -/d‘*x/j,‘(x’)D-(x—x’), (3.6)
AL (x)= ¢2re/dré,‘D (x—2)

—For / .. / i () D (@—x) . (3.7)

9 N. N. Bogoliubov and D. V. Shirkov, Introduction to the Theory
of Quantized Fields (Interscience Publishers, Inc,, New York,
1959), pp. 649, 653.
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Since D (x) and D(x) satisfy the differential equation,
82D (x)/8x,2=—6%x) and 82°D(x)/dx2=0; (3.8)

therefore, D(x) is the singular part, and F1D(x) is a
nonsingular part of the Green’s function for the
D’Alembert equation.? D(x) is determined by the
initial and boundary conditions of the system, which in
the present case of an unconfined charge is the radiation
condition at infinity. The causality principle discussed
in T determines the choice of sign for FD(x) ; the lower
sign corresponding to the retarded solution gives the
correct sign for the radiation damping. It is readily
verified that 4,%(x) and 4,P(x) satisfy

24,5 (x)/ 02 =— 4w ju(x), 8°4,P(x)/9x2=0, (3.9)

and that each separately satisfies the Lorentz gauge
condition,

94, (x)/dx,=0. (3.10)

In the presence of external fields, the total potential
Au(x) is the sum of the dissipative potential produced
by the charge, and the external potential A,***(x)
which, like 4,P(x), satisfies the homogeneous wave
equation. Accordingly, the total potential becomes

Au(x)= A5 (2)+ 4P (x)+ 4,4 (x).  (3.11)

Corresponding to the decomposition of the total
potential given in (3.11), the total particle momentum
defined in (2.8) becomes the sum,

b= PMK‘{'P#D‘*'PM&“ .

We now adopt as representing the ‘‘mechanical”
momentum of the particle, the kinetic term p,%, which
is derived from the singular part of the Green’s function
for the D’Alembert equation,?i.e., the part independent
of boundary and initial conditions. Justification for
this choice of $,X to represent the mechanical momen-
tum will appear in Eq. (4.5). The equation of motion
(1.6) or (2.9) can now be written as

dp~/dr=2,0e4,% (2) /02,4 F,P (3)+F.*(3)

(3.12)

(3.13)

where the Lorentz forces F,P(z) and F,**t(3) are obtained
from (1.6) by using the fields F,2(x) and F,,*<t(x)
derived, respectively, from the potentials 4,°(x) and
A,°**(x) which are solutions of the homogeneous wave
equation.

4. EVALUATION OF INTEGRALS
According to Egs. (3.4) to (3.7),

A,,K(x)=e/dré,,6 (x—2)2, (4.1)

A,‘D(x)=:Fe/dré,.é(x——z)2e[t——l(7)] ) (4.2)
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where z2=[x(7), {(7)], so that with 2'=x(r"),

puE=e / ar'3,/8(z—3')2, (4.3)
pLl= ¥e2/dr’z}.’6 (z—2")2e(r—1"). (4.4)
As shown in the Appendix,
b =ma,, (4.5)
Dl =e%,, (4.6)
3ed, " (3)/0z,= —m (G2, +323,) (4.7)
9ed,P (2)/ 0z, = F €2 (2,d%,/ di-+2,5,~+ §2.,d%,/dt
+34ddadE,/dt), (4.8)
where m is the divergent quantity,
n—e [d@)=e/t], for £=0.  @9)
Also, (4.7) and (4.8) give
2,0e4,5(2)/0z,=3m3, (4.10)
2,0e4,° (2)/0z,= £ (2¢*/3) (3d%,/di+3%,), (4.11)
so that
F X (z)=—dpS/dr+2,0e4,% (2)/0z,= —mE,, (4.12)
FP(2)=—dp,°/dr+3,0e4,”(3)/03,
=F(2¢%/3)(d3,/dt—%2.22). (4.13)
Equation (3.13) becomes
dp X/ dr="3mz,F (26%/3) (d3,/di—3.2%,) + F .o~ (3) . (4.14)
Equation (2.9) becomes
Apu/dr=3mé,=x (26/3) (3d2,/ di+2%,)
+2,0e4,°%%(2)/3z,. (4.15)
Equation (1.6) becomes
Imé,=F (26%/3) (d2,/dt—22,)+ F,ot(z) . (4.16)

5. DISCUSSION

Equation (4.16) is the unrenormalized Dirac equation
obtained when B,(r) in (1.9) is taken to be zero, in
accordance with the Abraham hypothesis. The integro-
differential equation given in I (2.8) or I (5.1) is
obtained when the dissipative potentials (3.2) and (3.3)
are used to evaluate the self-forces F,X(z) and F,2(z)
in (1.6). When the integrals are then evaluated for
continuous trajectories as described in Sec. 4. the Dirac
equation (4.16) results.

The evaluation of p,X in (4.5) can be taken as justify-
ing the choice of $,X to represent the mechanical
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momentum of the particle. In this intepretation
m(r)=—Z.p,"

=— (62/47r3)é,,/d4x64(x-z)

X(P/- . -/d‘*kdr' (koks)12, explik, (x,—3,")],
(5.1)

is the rest mass of the particle. When evaluated for
continuous trajectories,'® according to (4.9), it is the
divergent value in the rest frame of the particle at time
7 of the Coulomb potential energy of the charge, or
more correctly, twice the Coulomb energy. The usual
explanation of the reduction of the Coulomb self-energy
to half of epo® (where ¢o¥ is the scalar self-potential in
the rest frame of the charge) employs the model of a
distributed charge ¢, where the factor  appears in the
work of creating the charge from its elements. Such an
explanation is not suitable to our model of a point-like
elementary charge e. A different explanation appears in
the equation of motion (4.14). On the right-hand side
we see that a part of the force changing the mechanical
momentum of the particle is the term

tmE,=2,0e4,%(2)/02,= — dedo*/9z,, (5.2)

which is the four gradient of the Coulomb self-potential
energy.!! As a result of this force, the inertial reaction of
the particle to the action of external and damping
forces, F ot and F,P is only $méZ, in (4.16). The effective
mechanical momentum and mass in (4.16) are, there-
tore, $p,X and %m. It should be noted that while
dpK/dr=m3,, the rate of change of mechanical
momentum as given in (4.5), depends on the use of the
Lorentz gauge for 4,X(x) in (3.11), the self-force term
of (4.12) or the inertial reaction of (4.16),

—F X (z)=3ms,,

is independent of the gauge of 4,%(x).

Another point to be noted is that quantities like 4,(z)
which are functions of 2z, and were so considered in the
Lagrangian L(z,2) of (2.7), appear upon evaluation of
integrals to depend on 2, 2, etc. and not on z at all. The
Lagrangian formalism described earlier requires that
these quantities be treated as functions of z.

In (4.16) we see again that the correct sign for the
radiation damping term, F,P=F (2¢%/3)(ds,/dt—3.%,),
is the lower sign, corresponding to the use of retarded
fields, in agieement with the causality principle discus-
sed in I.

(5.3)

10 The integral (5.1) is independent of the particle velocity.
It can be evaluated for trajectories which have jump discontinu-
ities. A jump discontinuity Ax in the rest frame of the particle at
time 7 gives for m(r) the finite value, m=e?/|Ax?|. As Ax? — 0,
continuity of the trajectory is restored, but also the divergence
(4.9) reappears.

1 This term appeared in I(3.3) and I(A2.8) as —lim,y..0(9/da0)
X (e2/a) in the rest frame of the charge. It was there incorrectly
equated to zero. We now see that the only effect of this term is to
reduce the divergent electromagnetic mass in the equation of
motion by half.
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Instead of B,(r)=0 in (1.9) as required by the
Abraham hypothesis, Dirac’s renormalization procedure
assumes

Bu(7)= —mestut+3mi,, (5.4)

according to (1.10). A negatively infinite mass is
introduced to subtract the divergent positive electro-
magnetic mass. In effect, Dirac replaces $mZ, on the
left-hand side of (4.16) with mes 2., where mog is
assumed to be the finite experimental mass. This
procedure disposes of the factor } in the inertial reaction
of (4.16) as well as of the divergence. But Dirac’s
effective mass, m.es (or the negatively infinite term), is
not calculated by the theory, whereas m is given by
(5.1). The fact that (5.1) diverges when evaluated for
continuous' trajectories must be considered a defect of
present theory.
APPENDIX

While the integrals (4.5) to (4.8) can be evaluated by
the procedure of Dirac,? the method is long and tedious.
An alternative will be described here. Note first that
the usual expression for evaluating the integral

/ I f @@ =g @)/ F )], (A1)

where the summation Y ; extends over the zeros of
f(x) (the values of x=u; for which f(x;)=0), does not
hold unless all the zeros are of first order. If «; is a zero
of order #, then f'(x;)=f"(x;)="- -+ = f™D(x;)=0, but
f™ (x;)7%0. The same method used to derive (A1)
can be used to obtain, with {=x—ux;,

/ dxd[ f (%) Jg (x)
ni! 0 g(k) <x1>
- d ni) gk
; lf("")(xi)i I?éo k! / g(Em)E, (A2)

where 7, is the order of the zero of f(x) at x=ux;. Since
8(&") is an even function of ¢ for any value of #;,
therefore, only even value of the integer & will contribute
to the summation.

For the case in which f(x) has a single zero of second
order (n=2) at x=uwx;, (A2) gives

/ 6[ ( ):] ( ) Z g(k)( j)
|f,/(x7')l k=0 k!

for even-integral values of k. Also, with e(x—ux;)
defined as the step function of (3.3),

/ RS

/ Ao (@) g (x)e(i—1)

2 = %)
= 2 dgs (8| E[F (A4)
@) = R Jeacerd

for odd-integral values of k. But since'?

[£]6(8)=06(8), (A5)

2D, Ivanenko and A. Sokolow, Klassische Feldtheorie (Aka-
demie-Verlag, Berlin, 1953), p. 16.
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therefore, (A3) and (A4) reduce to

/ dxd[ f(x) g (%) =[2g(x)/ | £ (x)] ] / a&(&), (A6)

/ a3 () Jg () elo—rzy) =26 &)/ | 7 ()| . (AT)

(A7) is a finite expression, but (A6) contains the
divergence,

/d£6(£2)=/d56(£)/!$l=1/|£i for £=0. (AS)

To evaluate the integrals (4.5) to (4.8) it must first
be noted that §(z—2")? is satisfied at the values of 7/
for which z=x(7") lies on a light cone of z=x(r). Since
z is a point on the world line of the charge, and the
charge is assumed to move at speeds less than that of
light, the only value of 7’ for which the § function is
satisfied is 7/=17. Letting

J(o)=(z=7), g(r")=2/,

where f(7') has a second-order zero at 7'=r, and
)
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applying (A6) and (A7) we obtain directly (4.5) and
(4.6).
To obtain (4.7) and (4.8), we write

eA K (3)/0z,= — ezfdr’éy’a[é (z—2")?]/0z,

:_ez/df'

and similarly,

6eA,,D(z)/az,‘=:Fez/df’ﬁ(z—z’)ze(r—r')g(r’), (A10)

(zﬂ/_ Zu)év, ad
b (2—2')?
(2s'—20)2," d7’

=eZ/dr’5(z—z’)2g(r’), (A9)

where

g(r") = (9/07){(a/—2)e/ / (3’ —2,)3/} . (All)
Expanding g(+') in a Taylor’s series about the point
7'=1 gives
g =— GE43484)+ (245 di+ 3.5+ 35,d5./d

43848805,/ dt) (v — 1)+ 0 (' — 7). (A12)

Applying (A6) and (A7) to (A9) and (A10), we obtain
directly (4.7) and (4.8).
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A finite many-particle system can have collective states for which the off-diagonal matrix elements of
certain one-particle operators are of the same order of magnitude as the diagonal elements. In such cases it
is suggested that the random-phase approximation is in need of generalization. Examples are the uniform
translational motion of any system and the rotational motion of deformed nuclei. The generalization is
suggested after a review and critical analysis of the Hartree-Fock approximation. The model single-particle
wave functions of the latter are replaced by wave functions in a space labeled both by the particle variables
and by the quantum numbers of the collective motion. These generalized amplitudes are defined field-
theoretically, and a self-consistent scheme for their calculation is obtained from the equations of motion.
In addition to the self-consistent potential defined in the enlarged space, the energies of the excited states
also turn out to be given by a natural self-consistency requirement. The new calculational scheme is first
applied to a systematic restudy of the random-phase approximation where the self-consistency requirement
on the energies has previously been overlooked. As a first characteristic application we obtain without
“pushing” the total mass of a system in uniform translation, and a reinterpretation of the Hartree-Fock
average field.

I. INTRODUCTION AND REVIEW

UR aim in this paper is to describe a new method

for the study of certain types of collective motion
characteristic of finite many-particle systems. The
* This work was supported in part through U. S. Atomic Energy

Commission Contract AT (30-1)-2098.
1 A. P. Sloan Foundation Fellow.

method is viewed most naturally as an extension of
the Hartree-Fock approximation (HFA),! and we have
dubbed it the generalized Hartree-Fock approximation
(GHFA). Several of the most fruitful recent develop-

! A recent reference from which the reader may begin to trace
the literature is W. H. Adams, Phys. Rev. 127, 1650 (1962).



