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A consistent formulation is given for the quantized gravitational field in interaction with integer spin
fields. Lorentz transformation equivalence within a class of physically distinguished coordinate systems

is verified.

INTRODUCTION

HE quantization problem posed by the gravita-
tional field is not that of exhibiting canonical
variables but rather consists in verifying that the
generators of coordinate transformations, which are
only known implicitly, satisfy the necessary commuta-
tion properties. A technique appropriate to this
problem has been devised,! in which canonical operator
variables are combined with mathematical parameters
of a functional-transformation group. We shall apply
this method to construct a consistent formulation for
the quantized gravitational field coupled to matter
fields of spin 0 and 1.

The following is a summary of results obtained by a
heuristic application of the quantum action principle to
the gravitational field and a spin 0 matter field.? The
operator reduces to

action subject to the constraints

+Te=0, 47°=0,
where

7= —10:q" ™+ 01 (2111 n@* ™) — 0 (21 g'™)
and
¢*r°=1/(26)¢*(3:9:¢"'+Q) — 2«I1q* (¢*'q™"—¢*"¢" ™ [yun,
in which

Q = i(]mna mqkla nqkl"_ %a mqqulnakq mn
—2¢*0,Ing\ 1?3 Ing'2,

We have also included in the definition of 7° an arbitrary
power of the quantity

g=detg*?,

in order to suggest, in a potentially constructive way,
the ambiguity thus far implicit in the discussion. The
corresponding operators of the spinless-matter field are

Tir=—¢"p
=3[ (¢")*+xpq"'0 19+ q"*m¢*].
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They obey the equal-time commutation relations
—i[T°(x),T°(x")]

= — (" (@) To(x)+¢* () T1(x")) 38 (x—X') ,
—iLTx(x),To(«")]

= —T(2)0d (x—x") — T (%) .8 (x—x') .

The generality of these relations can be inferred from
the alternative example of a unit spin matter field.

SPIN-1 MATTER FIELD

We consider only an Abelian-gauge field. The action
operator in a prescribed metric field g, is

W= [ D= AP B (o],

where
Hy,=0,4,—8,4,
and F,, is a tensor density. The constraint equations

obtained by variation of 4o and F*' are, respectively,

9, P =0
and
Hia=(—g)Pgngul™.

The latter appears in the time gauge as?
e(m* ey Hir= €)' g 2 (my€e () F™,
and two algebraic consequences are given by
Hqu—lqkmanHm"_: (_g)—-lF[wgP)‘gw‘F)«_*_ 2Fcqulp()l
— e(o)ng-—llekl(Fkl__zeo(o)e(o)kpm) .

The resulting canonical variable form of the action
operator is

W=/(dx)[—-F"’caoAk—eo(")e(o)’“Tk—eo(‘”g“l/?T"],
where
Typ=Hu P,
Tu:_%[Fokqllzqklpol_,_%H“q-l/ﬂqkmqlnHmn]_

With the aid of the canonical commutation relations,
effectively given by

—i[Hu(x), Fm(2')]= (8:™9,—8,70,)8 (x—X') ,

# Notation: (—g)= —detgu, g=detgy, and (—g) V2= %12,
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one verifies that 7 and 7° obey the previously stated
commutation properties.
EXTENDED OPERATORS
The significance of ¢** and II;; is obtained by writing
¢*t=g""T+1(0rqiF9:1gk) — 6110 mgm+0191q
OgH T =T =0,
and, similarly,
M= i T+ 5 3k 1140, 10x) — 6310 mIL 039,11
One also recasts the constraint equations in the forms
0Ly — 0T ;y=30;0,11,+5 V21T, = 365,
3x1g* = (V?)2g=— 26",

with the aid of the definitions

Te=1ti—2(0: e —ully),

TO = t0+ 1/ (2x)6k8 zqkl,
and
Or=tr+T%, =470,

As a result we have, to within an additive total dif-
ferential,

/ (dX)Hmqul: f (dX) [szqule
+0:d(—3q) —6°d(—2ID) ],
which is the sum of a generator of operator variationsand

the generator of an infinitesimal transformation param-

eterized by
—-%(]k= fk s '—2KH= EO.

This description is conveyed by the operator commuta-
tion relation

_i[qle(x)wH”mT (x,)] = (8mnkl5 (X— XI))T

and the differential-state-vector equation
8| =4(¢| f(dx) (0108 —6%¢") .

Equivalent versions of the latter are

—i(8/08 ()| = (¢]6k(v)
i(3/88 () X(E| = (&|6° (=) ,

L—1(8/08(x))—6k(x) K| =0,
[(6/08 (x))—0°(x) K| =0.

In the last form a representation of the field operators
by means of eigenvalues and functional differential
operators is understood.

We can now interpret ¢® and IIx; as extended
operators by introducing the functional differential

and
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operator constructions of II; and ¢,
= (64 D1+20:0,9: 116/8%,,
= (—2k) Deid/080—3x2.

These are written in a symbolic notation with the aid of
the functions defined (apart from boundary conditions)

by
— V2D, (x—x")=6(x—x'),

—V2Dy (x—x') = D, (x—x).
Thus,
V= GOUT — (34k1+ 0 18x) - 20510 mE m— 301— 24020, D)/ 550

and

Hkl= HHT %i®1(6k5/5£l+615/5£k”%5klam5/6$m)
+20010, 020 mb/0E m— 1/ (26)0:0,8°.

As one can verify, with the aid of the explicit con-
struction,

(Omn*to (x—x"))"
= 818 (X— X') — 16415 1,3 (X — X')
3 (62'010 m+8,5010 81010 0+ 8 1n*010,) D1 (x—X')
—1 (640 pO -8 mndr91) D1 (X—X') .
+%akazaman®2 (X—-X') B

these extended operators obey the simple canonical
commutation relation

— Lg% (2), M () ] = B k6 (x—X') .

CONSISTENCY

The fundamental problem in formulating, the theory
has now resolved itself into verifying, or imposing
consistency on the four functional differential equations
that govern the states (£,

(7e(%)+Ti ()| =0
(7 (%) + T (x) X[ =0.

Let us consider first the extended operator
G.= f (@x) (7t T%)dx*

and observe that it generates the transformation
accompanying the arbitrary infinitesimal spatial co-
ordinate transformation éx*. Thus

—i[ ¢*,G )= —085™0 ug"'+ g™ n00F
+¢*™9 dxt— 26519 0™ |
—i[I11,G 2 ]= — 8™ Tty— I yu1Osdac™
— I 00 ™+ 110 bz ™
and, for the example of the spin-0 matter field,
—i[¢,Gs]=— 05"
— i[9Gz = — 8™ yup®— ¢°0 dx™.
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These are infinitesimal transformation laws of the
various three-dimensional tensor densities. (We speak
of a tensor density of degree 6 if the object is obtained
from the corresponding tensor by multiplication with
(g2)%). Indeed, ¢** and II;; are tensor densities of degree
+2 and —1, respectively, while ¢ and ¢° are scalar
densities of degree 0 and -1, respectively. The com-
mutation properties of the set of operators G, corre-
sponds to the composition law of successive infinitesimal
transformations for the group of general coordinate
transformations. Two successive infinitesimal coor-
inate transformations, performed in alternative order,
are connected by another infinitesimal transformation,

B1121k = 53 19 5D ok — W 519 S o+
and correspondingly
—i[G,®,G,®]=G,2,
The implied commutation relations are

—i[ (r1+T) (), (re+T2) («)]
= (Tl+ Tl) (x)aké(x—x’)—— (Tk+ Tk) (x’)azé(x——x’) y

which can also be derived from the transformation
properties of 74+ T%, a vector density of degree +1,

- iI:Tk+ Tk, G:] = 6xm6m(rk+ Tk)
— (Tt T ) 010%™ — (75 T1)0 mbx™.

It will be noted that the commutation relations are
obeyed separately by 7 and T%. The group structure of
these commutators confirms the consistency of the
three functional differential equations,

(ritTa)(E| =0.

The various contributions to 7%+ 77 are, individually,
scalar densities of degree 42. (It should be recalled
that 9:9:¢**+Q=g@R.) The corresponding commuta-
tion relation,

—iL(""+ 1) (%), (ntT) (') ]
=—((7"+T1°) () + (7*+ 1) (+))3:d (x—x) ,

shows the consistency between the functional differen-
tial equation

(r*+TO)KE[ =0

and the set of three referring to spatial coordinate
transformations.

All this reflects the automatic way in which three-
dimensional covariance is assured by the formalism.
The essential problem is contained in the commutation
properties of the operator set (7°4-7°)(x). Let us note
first that 7°(x), for both examples of integer spin fields,
involves ¢*!(x) without spatial derivatives. The con-
tributions to [(x),7°(x’)] will then come entirely
from the terms in 7°(x) involving II;;(x), and thus are
proportional to §(x—x’). Such a result is symmetrical
between x and #’, and

L7 (), T () I+ [T (), («) ]=0.
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Hence,

L+T0) (), (°4+T9) ()]
=[(),7 (") I+ [T (), T (+") ],

and the necessity of a resulting group structure demands
that the 7° commutators have the same form as those
of 7° in relation to 7 and T%, respectively.

It is more convenient to consider ¢°7°. We first
note that

Lg*7"(%),¢°7° (') = [¢* (040294 Q) (),
Mg® (g*ng m— g™ ™) Iy () ]— (x> &),

where the last term indicates the interchange of « and
' in the preceding commutator. The result is a linear
function of the IIx; symmetrically multiplying a function
of the ¢*', and it is not difficult to verify that

—ilg*r(x),g*r°(+')]
== (@¢"(x) . Tu(2)F+g*¢* (") . 72(a"))0sb (x—x)

in which the dot appears to indicate the symmetrization
of multiplication. Symmetrization is also applied to the
extended operator expression for 7; but this is not
significant if it is agreed that

—1[95¢" (%), ma (%) ]= lim 8,,45'9,8 (x—x')=0,

as will be the result of any symmetrical approach to the
limit. It must also be remarked that there are various
equivalent ways of writing the coefficient of V6(x—x’),
since

(f()g(+) 4 f(x)g (x)) Vo (x—x')

= (f(2)g @)+ f(=")g (@) Vé (x—x') .
Thus,

—i[g*7°(x),¢°7° (') ]
=—(g2¢" (%) . 71(x")F g2 g* (2') . 71(%))ud (x—X) .

The ¢ factors can also be included in the 7° commuta-
tion relation and the result will indeed have the anal-
ogous form. There is one basic difference, however.
Although symmetrization with g2¢* is trivial for T,
it is not for 7, since the latter does not generally com-
mute with its factor. But the verification of consistency
for the equation

¢ (7*+ 1) (x)(&| =0,
which is equivalent to
(7°4+1°) (x)(E| =0,

demands that the commutator of two such extended
operators yield the combination 7,7, on the right-
hand side only, in position to annihilate the state
(¢]. Thus, all depends on the commutation relation
between ¢2*¢* and 7.
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The product ¢**¢*! is a tensor density of degree 8542,
—_ i[qhqkl’Gz] = —§x™J . (q2sqkl) _I_ q2aqml6 maxk
+qzsqkma m5xl_ (8S+ 2)qzsqkla mox™ ,
which asserts that
—iLg*q" (x),7m(x) ]
= —g¥g"(2)8 0 (x—X') + ¢2°" (28,50 .6 (x—X)
+¢22¢%" ()8.,,'0 10 (x—x')
— (8s+1)¢%*¢* (x)9.,0 (x—x') .
The commutator of interest is
—ilg*g" (%),m(x)]
= —°q"(2)91d (x—x) — (85— 3)¢?*¢*! ()91 (x—X')..
It can now be seen that there is a unique value of s for

which the right-hand side is an antisymmetrical
function of x and «’, and

Lg*q* (x),7:(x") ]+ [g*¢* ('), 1 () ]=0,

namely,
S=

=

With this choice, we have

i (T (@), ¢+ T ()]
= = (@ (e T) @)+ (e T) ()33 (x—X)

and all consistency tests are satisfied.
The addition of an arbitrary numerical multiple of
¢i?=g to

=1/ (20(001g"+Q) = 2eq P TTag *(gH'g™"— "4 T

will not alter this conclusion. This is also true of the
additive term ¢%¢*Il;;, in any multiplication order.
But if one uses the particular combination

% (q1/4qklnkl+ q—IIZHqu3/4qk1)

that term can be removed completely from 7° without
affecting 7%, by the canonical transformation

Iy (%) — exp[—i)\ / (dx)g”{lﬂu(x) exp[z‘)\ / (dx)glﬂ]

= Hkl (x) —}—%)\ql/“qkz(x) .
LORENTZ INVARIANCE

The coordinate conditions ##=ux*(&F=%, &= —§&))
define a physically distinguished class of Lorentz
transformation equivalent coordinate systems. The
explicit verification of Lorentz invariance, in its
four-dimensional aspects, concerns volume integrated
properties of the energy density equal-time commutator.
The energy and momentum density operators 9#(x)
are to be obtained through the reduction of the extended
operators 6*(x) by means of the four functional differen-
tial equations

(0+(x)—6(2))X¢| =0,
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in which we have written

- 1/(2x)6k¢91g’°’= V= — @o
9,2 (sz—aklnmm) =Er= @/c .

We first note the equal-time commutator equation

[(® =) (x), (0°—) (2') K| =0,
where
—i[0°(x),0°(x") ]= — 27%! (x/)340 8 (x— x')
and

Akl = (qkmqln_qqumn)nmn
+ q~1/211 mnq1/2 (qk'mqln_ qklgmn) .
Accordingly, we have

{—3[6°(%),0°(«") ]+-2(8 .+ ()
3/ ()b (x—x') ) (g | = 0.

It should also be observed that

29t = ®k+alfkl ,
where

fklzj‘lkz (qlchln__gqumn)H”m
+q~1/2Hmnq1/2(qkmqln__qqumn)
—2(5kmaln—5klamn)nmn,

and a further rearrangement of the commutator equa-
tion yields

{—=1[0°(2),9°(«") ]+ (9* () +-0* (2*))01d (x—x)
—iL (=) (x), ©°(+") J+i[ (") (+"), ©°(x)]
+(@ufF () +04 4 ('))aud (x—x')}(£] = 0.

Extended operators have spatially-localized com-
mutation properties. But the reduction of extended
operators is a nonlocal process, and, consequently, the
individual commutators in the preceding equation will
not vanish for finite |x—x'|. This effectively denies
physical significance to the detailed specification of
energy distributions by means of the operator ¥°(x).
The situation differs with regard to integral aspects,
however, since

fv (@06°=—1/(20) /S dodng®

and

/ ()20 = —1/(20) / doy(20 gt — g0
v s

refer to extended operators localized on the boundary
surface. It is reasonable to presume that the nonlocal
commutators connecting surface and internal points of
a region tend to zero asymptotically, with increasing
volume. The resulting integral commutators will
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involve the combinations

/ (dx)(gk_*_alfkl)zpk_{,/ do.lfkl
14 s

and
/ (@)L (10, ™) — (O f8)]
Vv
—_ ]k‘l+/ do.m(xkfml_.xlfmk) .
S

The asymptotic vanishing of these surface integrals is
in the nature of a boundary condition characterizing a
physically closed system. This property can be verified,
if one retains only the slowly decreasing terms in the

asymptotic behavior of the fields,

[x| = 00 g~ Byt (k/4m) PPOidi|x]
i~ —-1/(81r)P,,,[6;,,,8k[x[“‘+5km6;[x|—1
—-%}'&czale'_l—%akazam!XI:].

The outcome of these considerations is the commuta-
tion properties
— i[:P",J""] =Pk,
_.i[_fokr]ol]= — Jkl ,

which completes the formal verification of Lorentz
invariance. But a much more careful examination will
be required to test whether the loosely stated physical
boundary conditions can be maintained as assertions
about operators in relation to a class of physical states.
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In an earlier paper by the author, examples of the motion of a point charge were found to be consistent
with the hypothesis of Abraham that the mass of an electron (or positron) is entirely electromagnetic.
Further consequences of this hypothesis are developed. It is shown that the conservation laws of the electro-
magnetic field and Maxwell’s equations require that the total Lorentz force (including the self-force) on
the charge should vanish. This result can be expressed as a Lagrangian equation of motion. The canonical
four momentum of the charge is the product of the magnitude of the charge by the four potential of the
field at the position of the charge. When the dissipative form of the potential for an unconfined point charge
is used, the integro-differential equation of motion of the earlier paper is obtained for a particle with zero
“bare” mass. A mechanical momentum and mass are defined; these are associated with the singular part
of the Green’s function for the D’Alembert equation. The rate of change of this mechanical momentum is
equal to the sum of the external force, the radiation damping force (with the correct sign obtained by the
use of the retarded fields), and the gradient at the position of the charge of its Coulombic self-potential
energy. For a particle assumed to follow a continuous trajectory, the integrals in the integro-differential
equation of motion are evaluated by a procedure in agreement with, but much simpler than, that of Dirac.
The result is the unrenormalized equation of Dirac for a particle whose mass is the divergent Coulombic
self-energy. The effective momentum and mass in this equation are reduced to half of the mechanical
momentum and mass by the force term arising from the gradient of the Coulombic self-potential energy.

1 NOVEMBER

INTRODUCTION

N a previous paper, I!, an integro-differential equa-
tion for the motion of a point charge was described
and applied to the examples of motion of a free particle
and of a nonrelativistic simple harmonic oscillator. The
equation was obtained by assuming the validity of the
Lorentz force equation in addition to Maxwell’s field
equations. The force on the charge at the field point
was taken to be the Lorentz force produced by the
fields of a source charge in the limit where the field
charge is identified with the source. It was pointed out
that the motion of the charge in the examples considered
was consistent with the Abraham hypothesis that the

1 B. Leaf, Phys. Rev. 127, 1369 (1962). Referred to as I in this
paper.

mass of the electron (or positron) is wholly electro-
magnetic. In the present paper further consequences
of this hypothesis are developed. It is shown in Sec. 1
that the conservation laws of the electromagnetic field
and Maxwell’s equations require that the total Lorentz
force (including the self-force) on a point charge vanish.
In Sec. 2, it is shown that this result can be derived from
a Lagrangian function, similar to the usual Lagrangian
for a particle in an electromagnetic field, but with the
bare mass suppressed. The canonical momentum of the
charge obtained from this Lagrangian is p,=ed.(z)
where A, is the four potential of the field at the position
z of the charge e. When the dissipative form (3.1) of
the potential for an unconfined point charge, plus the
potential of the external fields, is used for 4,, theintegro-



