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Lattice Parameters of Terbium and Erbium at Low Temperatures
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Lattice parameters have been determined for terbium between 300 and 77'K and for erbium between
300 and 10'K; The temperature dependences of the hexagonal c axis for both elements are in qualitative
agreement with a strain-dependent on M M, the scalar product of the moments of adjacent planes of
ferromagnetically coupled spins. Below its temperature of ferromagnetic ordering, 220'K, terbium shows an
orthorhombic distortion similar in magnitude to that observed previously for dysprosium. The distortion cor-
responds to an expansion along b or L1010j, the easy direction in terbium.

INTRODUCTION

HE complex spin arrangements which exist in the
ordered states of the heavy rare-earth elements

have been determined in detail by neutron-diffraction
and magnetization' studies. The large magnetocrystal-
line anisotropy in these metals demonstrates a strong
coupling between the magnetic moments and the
lattice. It is, therefore, to be expected that the lattice
parameters will strongly reRect changes in magnitude
and direction of the magnetic moment. Such coupling
has been demonstrated by dilatometric studies' on
many of the rare earths and by recent x-ray studies on
gadolinium, 4 dysprosium, 4 ' and holmium. 4 The present
paper describes x-ray determinations of the crystal-cell
parameters for terbium and erbium and discusses their
relation to the known magnetic structures.

EXPERIMENTAL METHODS

The x-ray di6raction studies were carried out on
small single crystals. The terbium sample was cut from
a large crystal, consisting of two or three grains, which
had been grown by annealing an arc-melted button.
The erbium sample was formed during reduction of the
metal chloride. Both samples had estimated purities of
approximately 99.9%, with the major impurities con-
sisting of other heavy rare earths. As described4 ' pre-
viously, diGractometer data were taken in the back-
reAection region, with 28 values measured to the
nearest 0.01'. Estimated errors in lattice parameters
are +0.001 A. A major source of error is the tempera-
ture, which was determined by a copper-Constantan
thermocouple placed in contact with the sample. Tern-
peratures are believed accurate to &2' at the higher
temperatures and &4' at the lowest temperatures. The
known magnetic transitions were used as internal
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Er, M. K. Wilkinson, H. R. Child, W. C. Koehler, J. W. Cable,
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and references also on Dy, Ho, and Tm.
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standards to adjust the measured temperatures. Cooling
was accomplished by directing onto the sample a stream
of helium or nitrogen gas resulting from boiling of the
corresponding liquid.

RESULTS AND DISCUSSION

Terbium

The lattice parameters for terbium as a function of
temperature are displayed in Fig. 1. Below the ferro-
magnetic ordering temperature, 220'K, the h00 and
hh0 reflections are each split into two components with
intensity ratios of the lower 20 to the higher 20 peaks of
1:2 and 2:1, respectively. These components may be
indexed on an orthorhombic cell corresponding to ex-
pansion along the b or L1010$ direction and contraction
along the a or (2110$ direction. Such distortion,
although opposite in sign to that found' for dysprosium,
is in accord with the positive magnetostriction' and easy
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Fn. 1. Crystallographic cell parameters for Tb versus tempera-

ture. Above 220'K, a represents an hexagonal cell and b=V3a.
Below 220'K, a and b correspond to an orthorhombic cell.
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Teor. Fix. 43, 31 (1962) (translation: Soviet Phys. —JETP 16,
21 (1963)].
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t 1010) direction' reported in the literature. The data
show somewhat greater scatter than similar x-ray meas-
urements on other rare earths due to a greater degree
of strain in the terbium sample, and due to overlapping
of orthorhombic components in the region near the
ordering temperature. In the case of dysprosium the
erst-order transition, below which the orthorhombic
distortion appears, occurs approximately 90' below the
Neel temperature. The sublattice magnetization has
then become large, and the resulting distortion clearly
separates the orthorhombic components of the diffrac-
tion lines. In the case of terbium the Grst-order tran-
sition is approximately 10' below the Neel temperature.
The resulting orthorhombic distortion is small since the
sublattice magnetization is small, and the orthorhombic
components are less clearly resolved.

The orthorhombic distortion, which amounts to
several tenths of 1% in linear dimension, is in essence a
measure of the magnetostriction which normally is not
large enough in ferromagnetic materials to be observed
by x-ray measurement. The distortions observed here
have been used to calculate single-crystal magneto-
striction constants for the ferromagnetic state of
terbium as a function of temperature. 7 As in the case of
dysprosium, the orthorhombic distortion continues to
increase as the sublattice magnetization increases with
decreasing temperature. The ratio b/a, which is 1.732
for the hexagonal structure, becomes b/a=1. 746 for
terbium at 77'; for dysprosium at 77', b/a= 1.720.

The expansion of the c axis below the Keel tempera-
ture (I'ig. 2) is in agreement with similar Gndings' ' '
for the other heavy rare earths. It may be understood
semiquantitatively in terms of the coupling between the
elastic and magnetic energies described in the exchange
magnetostriction theory of Kittel. ' This approach gives
a lattice constant equal to the nonmagnetic phonon
dimension plus a term proportional to M M. Expansion
in both the antiferromagnetic and ferromagnetic states
corresponds to a, positive value of t)J/t)c, an increase in
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FIG. 2. Crystallographic cell parameter c for Tb versus tempera-
ture. Above 220'K, structure is hexagonal; below 220'K, structure
is orthorhombic.

' F. J. Darnell, Phys. Rev. 132, 128 (1963).
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FIG. 3. Crystallographic cell parameters c and u for
hexagonal Er versus temperature.

the exchange with expansion along the hexagonal axis.
Although c—cz, the difference between the actual
lattice parameter and the lattice parameter in the
absence of magnetic forces, increases rapidly below
220'K and is roughly proportional to M', at the lower
temperatures a contraction term is evident, presumably
due to the continuing expansion of the u-b plane. An
average value for (c'/F) (8J/Bc)Ass in the range 160 to
220'K is =0.04 A. This is in the narrow range 0.036 to
0.042 A found' for Dy and Ho. Here Y is an elastic
modulus, J is the molecular-field constant, and Mo is
the slbtattice magnetization equal 1335 emu/cm' for Tb.

Erbium

The c and a lattice parameters determined for erbium
are shown in Fig. 3. The several states of magnetic
ordering for erbium are clearly reflected in the lattice
parameters; the coupling between elastic and magnetic
forces may again be understood qualitatively in terms
of an M M interaction. Above the Neel temperature,
T~= 80'K, the c axis contracts in a more or less normal
fashion. Between 80' and 52', where erbium exhibits'
a sinusoidally varying s component of magnetization,
the thermal contraction is overcome and the c axis
begins to expand slightly with decreasing temperature.
Between 52 and 20'K, where an additional ordering in
the g-b plane is present, the additional contribution to
the M M interaction gives rise to an increase in the
rate of c expansion with decreasing temperature. With
the 6rst-order transition at 20'K, there is a large dis-
continuous increase in the c dimension corresponding to
collapse of the sinusoidal s variation and formation of a
conical spin con6guration with consequent increase in
the M M interaction. There is believed'' to be no
change in M at the transition. All of these c dimension
changes are reQected inversely in the u axis. Expansiou.
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of the c axis at low temperatures had been previously
observed by Banister et ul."No orthorhombic distortion
is observed in the ferromagnetic state since the sinu-
soidal variation in the u-b plane is retained. Application
in the ferromagnetic state of 6elds sufficient to collapse
the helical component should lead to orthorhombic dis-
tortion comparable to that observed for terbium,

CONCLUSIONS

Expansion of the hexagonal axis with decreasing
temperature observed for terbium and erbium, and for
the other heavy rare earths, demonstrates a positive
sign for the rate of change of the effective exchange
integral with distance. The magnitude of ciJ/Bc for
terbium is of the same order as that found for dys-
prosium and holmium. The temperature dependences

"J.R. Banister, S. Legvold, and F. H. Spedding, Phys. Rev.
94, 1140 (1954).

of the c axes may be semiquantitatively explained by an
interaction of the form M M, in agreement with ideas
of coupling between magnetic and elastic forces pro-
posed by Kittel and by Rocher". The magnitude of
c)J/cia for terbium is found to be comparable to BJ/r)c.

The orthorhombic distortion or magnetostriction of
terbium is found to be easily observable by x rays. The
changes in linear dimensions at 77' are —3.2)&10 ' for
Act/a and 4.6X10 ' for Ab/b.
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The statistical model of the atom is extended within the semiclassical framework to include the correlation
energy of the electron gas, obtained by an interpolation formula which reproduces the known high- and low-
density limits exactly. The basic equations of the model are derived, and general theoretical results valid
for all free atoms and ions are obtained. These include the determination of the electron density at the
edge of the atom, a virial theorem for the atom, and a treatment of the Fermi-Amaldi correction. The
equations of the model are solved in terms of a Thomas-Fermi-Dirac-like approximation, in terms of a
semiconvergent expansion for the potential near the nucleus, and numerically on a computer for the atoms
argon, chromium, krypton, xenon, and uranium. The solutions of the model are illustrated in detail for the
case of argon, including a calculation of the energy terms of the argon atom. Finally, the application of the
extended model is illustrated by a calculation of atomic polarizabilities and diamagnetic susceptibilities
and the results are compared with experiment.

I. INTRODUCTION

'HE so-called semiclassical statistical model of the
atom, originated independently by Thomas' and

Fermi, has proved to be a simplified, albeit fruitful and
versatile approach to the many electron system of the
atom, and has been made the basis for the calculation
of a large variety of atomic properties. Comprehensive
reviews of the theory and applications of the statistical
model have been given by Corson, ' Gombas, and
March. '

*The present paper is based on part of a Doctoral Dissertation
atthe California I, nstitute of Technology, 1961 (unpublished).

' L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927).
2 E. Fermi, Z. Physik 48, 73 (1928).' M. Corson, Perturbation Methodsin the Qstantnnt Mechanics of

n-E/ectron Systems (Hafner Publishing Company, Inc. , New York,
1950).' P, Gombas, Die statist~sche Theoric des Atoms end ihre Anwend-

The model is based on a number of simplifying as-
sumptions which we shall sketch briefly. To begin with,
it is assumed that the electrons surround the nucleus
with a spherically symmetric density distribution. The
basis of the model lies in assuming further that the
volume of the atom can be divided into subvolumes
4mr'dr over which the potential is approximately con-
stant, but which still contain a sufficiently large number
of electrons. Finally, the electrons occupying each sub-
volume at a distance r from the nucleus are considered
to constitute a totally degenerate gas at zero tempera-
ture, whose energy density e depends solely on the

nngen (Springer-Verlag, Vienna, 1949).A more up-to-date, though
more abbreviated version of the same work is contained in P.
Gombas, in Handbnch der Physih, edited by S. Fliigge (Springer-
Verlag, Berlin, 1956), Vol. 36, p. 109.' N. H. March, Suppl. Phil. Mag. 6, 1 (1957).


