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Momentum Autocorrelation Functions and Energy Transport in
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The effect of isotopic defects on the decay of the momentum autocorrelation function and on the trans-
port of energy in a harmonic crystal is investigated. A spectral representation is obtained for the classical
momentum autocorrelation function of particle j, o;;(t). The spectral density is directly related to the
normal mode frequency spectrum of the crystal. The recent investigations of p;;(t) in a perfect one-dimen-

sional crystal and a one-defect one-dimensional crystal are discussed as special cases of this general Wiener-
Khinchin formula. The quantum mechanical momentum autocorrelation function of the defect particle
in a one-defect crystal is treated in detail for the case in which the defect particle is very heavy. The explicit
results obtained are of interest in the theory of Brownian motion. A formal relation expressing the average
momentum autocorrelation function in an isotopically disordered crystal as the cosine transform of the fre-
quency spectrum of the crystal is derived. The energy transport property is studied in terms of (p (j,tj),
the time-dependent ensemble average dispersion of the momentum of lattice particle j when the crystal
is divided initially into two regions characterized by diferent temperatures. A simple identity is derived,
which expresses (p'L j,tg) in terms of the solution of a particular initial value problem of the crystal lattice
equations of motion. The local temperature at lattice site j, which is related to the momentum dispersion

by means of the defmition (psL j,t])=M;k&T[j,tg, is determined analytically in the case of the perfect
and the one-defect one-dimensional crystals. The local temperature is determined numerically with the aid
of an IBM-7090 computer for 6ve isotopically disordered 100-particle one-dimensional crystals.

INTRODUCTION representation is a version of the Wiener-Khinchin
relation between an autocorrelation function and its
spectral density. In the present application, the
spectral density is directly related to the normal mode
frequency distribution of the lattice. In Sec. A1 the
recent investigations of the classical momentum auto-
correlation function in a perfect one-dimensional
crystap ' ' and a one-defect crystal' ' are discussed as
special cases of the general Wiener-Khinchin formula.
A formal relation between the average momentum
autocorrelation function in an isotopically disordered
crystal and the frequency spectrum of the crystal is
obtained in Sec. A2. The quantum mechanical momen-
tum autocorrelation function of a very heavy defect
particle in an otherwise perfect one-dimensional
crystal is treated in Sec. A3. The results in this section
are of special interest in the theory of Brownian motion.

In Sec. B a particular energy transport problem is
treated. Except for the familiar result that the thermal
resistance of a harmonic crystal is zero, very little is
known about the energy transport properties of such
systems. The purpose of Sec. B is to formulate and to
study in detail an energy transport property of a one-
dimensional harmonic crystal and compare the results
obtained for (1) the perfect crystal, (2) the crystal
containing one isotope defect, and (3) the isotopically
disordered crystal. The energy transport property is
defined for a spatially nonuniform ensemble. The
nonuniform ensemble is prepared by dividing the
crystal lattice into two regions and clamping the
particles in the surface between the two regions in

HE purpose of this paper is to unify and extend
the investigation of the e8ect of isotopic impuri-

ties on the statistical dynamical properties of harmonic
crystal lattices. The crystal model considered is a
perfect periodic lattice in which one or more of the
lattice particles has a mass M which is diGerent from
the mass m of the remainder of the lattice particles.
The forces between particles are linear in their relative
displacements. Two problems are considered in detail.
The first is concerned with the e8ect of isotopic impuri-
ties on the rate of decay of the classical and the quantum
mechanical momentum autocorrelation function in a
crystal characterized by a uniform temperature. The
second problem is concerned with the effect of isotopic
impurities on the transport of energy in a lattice which
is characterized by an initial nonuniform temperature
distribution. The former problem, which deals with
Quctuations in an equilibrium ensemble, has received a
great deal of attention recently' '; the latter problem
has not. Section A of this paper is devoted to the study
of the momentum autocorrelation function and Sec. B
to the energy transport problem. In Sec. A, a spectral
representation of the momentum autocorrelation func-
tion is obtained for a canonical ensemble. In such an
ensemble, the momentum of a lattice particle is a
stationary Gaussian random variable and the spectral
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MOMENTUM AUTOCORRELATION FUNCTIONS

their equilibrium positions so that no dynamical
disturbance in one region can be communicated to the
other. The two isolated regions are characterized by
different canonical distributions of coordinates @nd
momenta, i.e., the temperatures in the two regions are
different. In such an ensemble, when the clamped
surface particles are released, the momentum of each
particle is a nonstationary Gaussian random variable.
Thus, the momentum distribution function for a lattice
particle is a simple Gaussian function; and we identify
the time-dependent dispersion in the momentum of the
particle with a local temperature.

A formal expression is derived for the time-dependent
dispersion of the momentum of a lattice particle which is
valid for a one-, two-, or three-dimensional harmonic
crystal. The associated local temperature in the middle
of the hot region of the lattice is studied analytically in
the case of the perfect one-dimensional lattice in Sec.
81 and in the case of the one-defect one-dimensional
lattice in Sec. 82. In Sec. 83 it is studied numerically
with the aid of an IBM-7090 computer for several
isotopically disordered one-dimensional crystals con-
sisting of 100 particles, 50 of mass m~ and 50 of mass
m2. In all three cases it is clear that energy propagates
at the speed of sound, a result which is related to the
infinite thermal conductivity of the crystals. However,
the tails of the temperature-time curves are significantly
different in the three cases.

Formal Solution of Classical and Quantum
Mechanical Equations of Motion

We now obtain a formal solution of the classical and
quantum mechanical equations of motion of a lattice
of harmonically coupled particles which is used in
Secs. A and 8.The solution of the classical equations of
motion expresses the momenta (or positions) of the
lattice particles as time-dependent linear combinations
of initial normal coordinate positions and momenta.
The solution of the quantum mechanical equations of
motion in the Heisenberg representation can be obtained
from the classical solution by replacing the normal
coordinate positions and momenta by their operator
equivalents. "

The kinetic and potential energy quadratic forms for
a harmonic crystal lattice can be written most con-
veniently in matrix notation as

—,'xrMx and -,'xr Vx,

respectively, where M is a diagonal matrix whose ith
diagonal element M; is the mass of the particle at
lattice site i (particle i). V is the positive semidefinite
potential energy matrix, and x and x are column vectors
whose ith components xt i,t] and x[i,t] are, respectively,
the displacement from equilibrium and the velocity of
particle i in a given lattice direction. The superscript T

' A. Messiah, Quantum Mechanics (Interscience Publishers,
Inc. , ¹wYork, 1961),Vol. 1, Chap. 12.

denotes the transpose of a matrix. The classical equa-
tions of motion in this notation are

Mx« ———Vx.

To solve Eq. (1), introduce the vector y=M'"x, and
obtain y«= —Wy, where W=M "'V—M ".Then de-
fine the new vector Q=Sry where the jth column of
S is the jth normalized eigenvector of the symmetric
matrix W associated with the frequency &o;. LS is an
orthogonal matrix and P, S,l,' ——Pi S;i'= 1.] The
equation of motion in the new variables is diagonal in
form

(2)

where the jth equation of motion is QLj,t]= a&,'Q—Pj,t]
The general solution of Eq. (2) is

Q(t) = Q ' sin(Qt)P(0)+cos(Qt)Q(0) (3)
and

P(t) =cos(Qt)P(0) —Q sin(Qt)Q(0), (4)

where P(t)=Qi(t) and the matrix functions sin(Qt)
and cos(Qt) are

( 1)mt2 n+1 ( 1)nt2n,

~2n+1 and g ~2m

(2m+1)! n=o (2~)!

respectively. Consequently, the general solution of
Eq. (1) is

x(t) =M '"SQ ' sin(Qt)P(0)+M '"S cos(Qt)Q(0) (5)

and

p(t) =M'"S cos(Qt)P(0) —M'I'SQ sin(Qt)Q(0), (6)

where the particle momenta are represented by p(t)
=Mx(t).

The corresponding solutions of the Heisenberg form
of the quantum mechanical equations ofmotion can
be obtained very simply from the classical solutions in
Eqs. (5) and (6). Consider the case of a harmonic
oscillator with the Hamiltonian -,'(P'+aPQ'). The
Heisenberg equations of motion for the operators C}
and Q are

where LGg)] denotes the commutator —(i/A)(V@—@D). Due to the special commutation properties
of Q and D with the Hamiltonian @, the Heisenberg
equations of motion are identical with the classical
Hamiltonian equations of motion of the oscillator.
Consequently, corresponding to the classical solution in
terms of the initial values Q(0) and P(0),

Q (t) = cosratQ (0)+&a 'sinu&tP (0)—
P(t) = —~ sin&AQ(0)+cos&otP(0),

one can write the quantum mechanical solution'0 in
terms of the initial values of the operators G, (0) and
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@(0),
Cl, (1)= costuiG, (0)+a& ' sinrdtQ (0)

Q(t) = —a& sincAG, (0)+cosa&1@(0).

This correspondence is also valid for a system of
coupled oscillators. Thus, the solution of the Heisenberg
equations of motion for a harmonic crystal lattice can
be obtained from the classical solution by a simple
substitution

g(t) =M 'isSQ ' sin(Qt)g(0)+M 'l'S cos(Q1)Ct(0) (7)

and

p(t) =M'"S cos(Qt)Q(0) —M'l'SQ sin(Q1)G (0), (&)

where the components of the vectors g(t), P(i) and
Q, (0), Q(0) are the operators associated with the
corresponding classical components of x(t), y(t) and
Q(0), P(0).

A. THE MOMENTUM AUTOCORRELATION
FUNCTION

Time-correlation functions play a central role in the
theory of Brownian motion, " in studies relating to
irreversible behavior ~ 8' '3 and in the calculation of
transport coe%cients'4" in many-body systems. In
view of these general theoretical connections and the
intrinsic interest in the properties of harmonic lattices
containing defects, many different aspects of the
calculation of correlation functions in harmonic crystals
have appeared in the literature recently. For example,
Klein and Prigogine, ' Mazur and Montroll, ' Hemmer, '
and Garcia-Colin have investigated the time-dependent
behavior of the momentum autocorrelation function in
perfect crystals. These authors place particular emphasis
on irreversible or ergodic behavior in the limit in which
the number of lattice particles E is infinite. Rubin, ' ' '
Hemmer, ' and Turner' have studied the time depend-
ence of the correlation functions of a single heavy
isotope particle substituted in an otherwise perfect
crystal. Kashiwamura' has considered the behavior of
a light mass defect in an infinite, one-dimensional
crystal and has noted that the momentum autocorrela-
tion of the light isotope does not decay to zero, but is
instead a periodic function of the time. In the general
case of harmonically coupled systems, formal expres-
sions for correlation functions have been obtained by
Turner, " Magalinskii, ' and Kogure. " In addition,
there are several investigations of the time-dependent

"S.Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943).
'2 A. I. Khinchin, Mathematical Foundations of Statistical

Mechanics (Dover Publications, Inc. , New York, 1949), pp.
66—69. See also P. Mazur, Rend. Scuola Intern. Fis. Enrico
Fermi, 10, 283 (1959).

u J. Meixner, Z. Naturforsch. 16a, 721 (1961).
'4 M. S. Green, J. Chem. Phys. 22, 398 (1954).
'5 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957)."R.E. Turner, Physica 26, 274 (1960).
' V. B. Magalinskii, Zh. Eksperim. i Teor. Fiz. 36, 1942 (1959)

)translation: Soviet Phys. —JETP 9, 381 (1959)].
's Y. Kogure, J. Phys. Soc. Japan 16, 14 (1961);1?, 36 (1962).

Vi'[P(0) ) Q(0)]=+(2sk&T)—"' exp{—P'[j,0]/2k&T)

)&g(2sknT(o ') "' exp( —(v'Q'[y, 0]/2knT) . (Al)

From this expression, it is clear that

(P[j,0]Q[k,0])=0, (P[j,0]P[k,O])= k&To&, ,

and

(Q[j,0]Q[k,0])=to; 'k&Tb;,

where 8I„ is the Kronecker delta; and the expression
for (P[i,i]P[j, 1+r]) is"

(P[,1]P[,~+ ])
=M 'l'M '"kg T Qs Sg S,t-' cos (cost) cos[tos(t+ r)]

+sin(~st)sin[tss(1+ r)]}
=M'"M'"knT Ps S,I,S,I, cos(cukr)

=M'"M'"knT(S cos(Qr)S ) ".
(A2)

(A3)

' W. R. Hamilton, Proc. Irish Academy 1, 267 and 341 (1839);
See also A. W. Conway and A. J. McConnell, The mathematical
Papers of Sir Willian Roman Hamilton (Cambridge University
Press, New York, 1940), Vol. 2, pp. 451—582, 599.

20 T. H. Havelock, Phil. Mag. 19, 160 (1910)."E.Schrodinger, Ann. Physik 44, 916 (1914).
s' E. Terarnoto and S. Takeno, Progr. Theoret. Phys. (Kyoto)

24, 1349 (1960).
"Relations of this type have been obtained by Turner, Ref. 8.

behavior of particle coordinates in perfect" " and
imperfect" lattices. All of these investigations are
closely related. In this section we will study in some
detail a formal spectral representation of the momentum
autocorrelation function which has been obtained by
Turner. " This representation serves as a convenient
starting point for all of the above-mentioned work on
the one-defect problem. In addition, the same represen-
tation can be used in a formal investigation of the
momentum autocorrelation function of a particle in an
isotopically disordered crystal, i.e., a crystal in which
the two masses 3f and m are distributed in an aperiodic
manner on the lattice sites.

Consider the general problem of calculating the
ensemble average value of the product of p[i,t] the
momentum of particle i at time t and P[j, t+ r] the
momentum of particle j at time t+ r, (P[i,t]P[j, 1+r]).
The momentum of particle i expressed as a linear
combination of initial conditions, is given by the ith
component of p(t) in Eq. (6)

P[i,t]=P, M,'~'S,; cos(cu;t)P[j,0]
—Q; M,'"S;;to sin (ts, t)Q[j,O] .

In calculating the ensemble average (P[i,t]P[j, t+r]),
it is assumed that particle coordinates and momenta
are distributed in phase space as in the canonical
ensemble. The equivalent expression for the canonical
distribution in the phase space of the normal coordinates
1s
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then
"( )=&P[,t]p[ t+ ])/&P'['t])

p, ,(r) =pi Sa,s cos(ceer)

= [Scos(Qr)Sr]...
(AS)

(A6)

a diagonal element of the propagator matrix

S cos(Qr)Sr.

An analogous definition of the cross correlation between
the momenta of particles i and j is

p' (r) =(P[t «]P[2, t+r])/&P'[s, t])'"&P'[j t])'"
Consequently, the expression for p,;(r), which is

p,;(r) = [Scos(Qr)Sr];, ,

is syrznnetric in the particle labels i and j, i.e.,

pV (r) =p~"(r)

(A7)

Expressions for &x[i,t]x[j, t+r]) and &xfi,t]P[j, t+r]),
which are analogs of the cross correlations in particle
momenta, can be obtained in an identical manner.

A second interpretation can be given to Eq. (AS) due
to the linearity of the equations of motion. For the
special initial condition in which

x(0)=0 and p(0)=4;, (AS)

where all components of ch„are zero except the ith
component which is equal to unity, we denote the
solution of the equations of motion by p(+- i, r) and
x(~ i, r) It follow. s from Eqs. (5) and (6) that for this
special initial condition Q(0) = 0 and P(0)=SrM '"4
The expression for p(~i, r), the set of momenta of
the lattice particles for the special initial conditions
Eq. (A8), is then

p(~i, r)=M I S cos(or)S M ~ a (A9)

The ith component of p(~—i, r) is

P[s~i, r]=p;;(r),
the momentum autocorrelation function of particle i.
This identity between a dynamical and a statistical
quantity for an arbitrary mass distribution and lattice
structure is a generalization of a result obtained in the
case of a simple cubic lattice containing a single isotopic
impurity. '4

There is a general dynamical reciprocity relation
which is implicitly contained in Eq. (A9) and which
was noted in the special case of the single defect
problem. ' ' This relation between P[j &—i, r] and
p[i ~ j, r] follows from the symmetry of the propaga-

The ensemble average is independent of t as it should be.
For r=O, Eq. (A2) reduces to

&p[i,t]p(g, t])=M;"'M;"'Ieger T5„(A4)
because the matrix S is orthogonal. If we define the
momentum autocorrelation function of particle i as

tor S cos(Qr)Sr. It is

Similar kinds of relations are well known in the theory
of electric networks and the theory of acoustics. '4

The cross correlation p,; (r) which measures the
average response at lattice site i resulting from an initial
disturbance at site j is intimately connected with the
energy transport properties of these lattice systems
which are discussed in Sec. B. In the remainder of this
section we first discuss the properties of the autocor-
relation function p,,(r) for the infinite one-defect one-
dimensional lattice. With these results as background,
we next consider some formal properties of p;; (r) which
are pertinent in the problem of the isotopically dis-
ordered lattice. Finally, we consider the quantum
mechanical modification of p;;(r) and obtain some
explicit results for the quantum mechanical momentum
autocorrelation function of a very heavy defect particle
in an infinite, one-dimensional crystal.

(Al) The One-Defect Crystal:
Classical Mechanics

In this section the properties of the momentum
autocorrelation function in the one-defect one-dimen-
sional crystal are discussed from the point of view of
the spectral representation Eq. (AS)

p,;(t) =Ps S;s' cos (ceit) . (AS)

Consider a one-dimensional crystal consisting of 21V+1
particles with nearest neighbor forces and periodic
boundary conditions. The particles are labeled from
—X to X, and particle 0 has a mass M which is different
from the mass m of the other lattice particles. The
equations of motion are

with x[—X—1, t]=x[X,t] and x[iV+1, t]=x[ iV, t]—
Rather than determine the normal-mode frequencies
and vectors for use in Eq. (AS), we solve the equations
of motion (A11) for the initial values in Eq. (AS) by
introducing the Laplace transform of the particle
displacements x[r,t]. This procedure, which provides a
direct approach to the problem of calculating the
rnornentum autocorrelation function p;J(t) has been
used' ' 4 to determine pcs(t), the autocorrelation of the
defect particle. Expressions for both p,;(t), jAO, and
pw(t) are derived and are given in Eqs. (A20) and (A21).
These expressions are particularly well suited to treat
the limit in which the number of lattice particles
approaches infinity.

Equations (A11) are solved by introducing a generat-
ing function. Multiply the equation for i[r,t] by

e4 H. F. Olson, Dyaamicat Aaatogies (D. van Nostrand Co. ,
Inc. , Princeton, 1943), Chap. 10.
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(21V+1) "' exp[27risr/(21V+1)) and sum the resulting
set of equations to obtain

mG[s, t)+ (21V+1) "'(M—m)x[0, t)
21r{1 cos[2ns/(21V+1)]}G[s~t] ) (A12)

and summing over all values of s,

m& ga'{.[—1, a){.[j,a]
mpag[l, a]=—a{[j—l, a]—

1+ga2{'[O,o )
(A17)

where the generating function G[s,t) is

G[s,t]= (21V+1) "' P x[r,t) exp[2nisr/(21V+1)].

g=m 'M —1, I'[s,a]= e
—"G[s,t)dt

Equation (A12) is to be solved for the special initial
condition Eq. (AS) in which x(0)=0 or G[s,O)=0
and y(0)=cL; or G[s,O)=(21V+1) '"M ' exp[27risr/
(21V+1)].Two cases must be treated separately, jWO
and j=0. In case j/0, M;=m and the Laplace trans-
form of Eq. (A12) is

—(21V+1) '"m ' exp[2nis j/(2&V+1)]+a'I'[s, a]
+ga2(21V+1)-rt~~[o, a)

=—2~m '{1—cos[2ns/(21V+1)]}1'[s,a], (A13)

where

m(/m

2' Z g

Z 't[—l a]Ã2 a)e" af[j l, —o.]— do.
1+Qo'{'[O,a)

(A18)

When j=0, the corresponding expression is

p[l~ 0, t]=
m(/m

2%i

a{[ l, a]—
e" do . (A19)

1+ga'f [O,o)

2 is a line parallel to the imaginary 0. axis and to the
right of all singularities of the integrand. The momen-
tum autocorrelation function p,,(t) is obtained by setting
l=j in Eq. (A18) and can be written as

An integral representation of P[l+- j, t) for jWO is
given by the standard inversion integral of the Laplace
transform"

p[l~a t)

and

P[r,a) = e "x[r,t)dt. - p (t)=
2' 2 g

ga'{'[j,a]/{'[O,a]e" a{[0,a]— do.
ga+{af[0,a]} '

(A20)

Solving Eq. (A13) for I' [s,a],
I'[s,a]= (21V+1) "'

m ' exp[2vris j/(21V+1)]—ga'/[0, a)
X . (A14)

a'+2~m '{1—cos[2rrs/(21V+1)]}

Equation (A14) is an implicit equation since $[O,a]
still appears on the right-hand side. However, )[0,a]
can be determined by multiplying both sides of Eq.
(A14) by (21V+1) 't' and summing over all values of
s, —E&~s&~l'lt. The result is

5[0, )= '{[j,]—0 '{[0, )([0, )

The corresponding expression for the defect particle is'

The remainder of this section is devoted to (1)
developing explicitly the relation between Eqs. (A20)
and (A21) and the normal mode or spectral representa-
tion of the momentum autocorrelation function, Eq.
(A5); and (2) determining the form of the spectral
representation of poo(t) and p,;(t) in the limit of an
infinite lattice as well as the asymptotic time depend-
ence of pw(t) and p,;(t).

or

)[0,a)=m '{[j,a]{1+go't[O,a)} ', (A15)

(1) Relation Between the Laplace Transform Solutions in
Ec1s. (AZO) and (AZ1) and the SPectral

Representation of the Momentum
A utocorrelati on FNrlcti orI,

where

{[ia)=(21V+I) '

exp {2nisj /(21V+ 1)}
=—n o'+2~m '{1—cos[2ns/(21V+1)]}

(A16)

The Laplace transform of the momentum of particle
l, m&a)[l, a), can now be determined from Eq. (A14) by
multiplying by nota(21V+1) 'I' exp[—2nisj/(21V+1)],

The equivalence between the expressions for pop(t)
and p;, (t) in Eqs. (A20) and (A21) and the normal mode
or spectral representation in Eq. (A5) is a necessary
consequence of the uniqueness of the solutions of the
crystal lattice equations of motion. This equivalence is
easily exhibited in the case of the perfect crystal where
/=0. Equations (A20) and (A21) are then identical

25 P. M. Morse and H. Feshbach, Methods of Theoretical Physics
(McGraw-Hill Book Company, Inc. , New York, 1955), Vol. 1.
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and the expression for the momentum autocorrelation
function is

1
p, , (t) = of(O,o)e 'do.

2x'$ g
N 1 0

=(2/+1) ' P ~o'tj'~
=& 2s-i e o'+ ca&"'

—(2K+1)—t+2(2%+1)—t P cos(& &o&t) (A22)

where ca iaaf=2(~/m)'~'sinLs. s/(2%+1)), s=1,
Equation (A22) has the same form as Eq. (AS) and has
been obtained by Mazur and Montroll. ' The calculation
of p;, (t) in Eq. (A22) for the perfect crystal serves as a
model for the calculation of p;;(t) and pss(t) for the one-
defect crystal. The integrands in Eqs. (A20) and (A21)
have simple poles on the imaginary 0 axis arranged in
symmetric pairs, 0.= &nvI, . The sum of the residues of
the integrand at a pair of poles, ~mI„constitutes the
term S,ss cos (tost) or Sss' cos (&an't) in the spectral
respresentation. These assertions, which are based on
the fact that Eqs. (A20) and (A21) are unique solutions
of the equations of motion of a conservative dynamical
system, can be verified by direct examination of the
integr ands

Zo+{oK0,aj} '
ga'f'[j, a)/{ [O,o]

and o{.)o,o)
Qo+{afg0.,o j} '

(A23)

"I.M. Lifschits, Suppl. Nuovo Cimento 5, 716 (1956).
sr M. Lax, Phys. Rev. 94, 1391 (1954).
28 G. F. Koster and J. C. Slater, Phys. Rev. 95, 1167 (1954).
s9 E. W. Montroll and R. B.Potts, Phys. Rev. 100, 525 (1955).

The problem of locating the poles of the expressions in
Eq. (A23) is equivalent to the problem of determining
the vibration frequencies of locally perturbed systems.
This last problem has been discussed extensively by
Lifschitz, " La~' Koster and Slater" and Montroll
and Potts."In the perfect crystal, there are E doubly
degenerate normal-mode frequencies and one zero-
frequency mode. In the case of the one-defect crystal,
Lifschitz" and Montroll and Potts" have shown that
aside from the zero-frequency mode, each pair of
degenerate modes splits. As a result, two distinct groups
of X normal modes are formed. In the first group of g
normal modes, the amplitude of the defect particle in
each mode is zero, and the associated normal-mode
frequencies are the unperturbed perfect-crystal fre-
quencies ~,&", s=1, X. This group of frequencies
corresponds to the poles of of$0,a) and o'p$j, rrj/f $0,a)
in the integrand for p;, (t) in Eq. (A20). It is noteworthy
that these poles are absent in the integral representation
for ppp(t) Eq. (A21), because this group of normal
modes is orthogonal to the special initial condition
x(0)=0, y(0)=As.

In the second group of S normal modes, the ampli-
tude of the defect particle is different from zero. The
associated perturbed frequencies are either all increased
or all decreased depending upon whether the mass of
the defect particle is, respectively, greater or less than
the mass of the other particles. "The maximum possible
frequency shifts are all limited by the spacing of the
unperturbed frequencies, except for the maximum fre-
quency in the light mass case (g(0). These properties
of the perturbed frequencies can be verified by compar-
ing the location of the poles of /So+{of[0,o)} ') '
with the location of the poles of of$0,o). In the limit as
the number of lattice particles approaches infinity, a
continuous band of frequencies is formed with the same
limiting frequency distribution g"&(ca) as that of the
perfect crystal. In addition, in the light-mass case, the
maximum frequency mentioned above persists as an
isolated or discrete point whose separation from the
band is proportional" to 2(lr/m)'t'L(1 —g') 'I' —1).
The normal mode of vibration associated with this
isolated frequency is called a "localized" mode because
the amplitudes of the motion of the lattice particles
decrease rapidly with increasing distance from the
light-defect particle. This behavior can be understood
physically in terms of the band pass characteristics of
the perfect crystal when regarded as a mechanical
Alter. "The frequency associated with the light particle
is greater than the band maximum. Any attempt to
propagate waves through the crystal with a frequency
higher than the band maximum results in a rapid
attenuation of the impressed disturbance with increas-
ing distance from the point of application. Thus, the
light impurity behaves very much like a self-sustaining
high-frequency disturbance. Recalling that the weight
of the jth normal mode in the momentum autocorrela-
tion function of the defect particle Lor the special
initial condition Eq. (A8)] is proportional to Ss, ,
then it can be anticipated that the localized mode will

be heavily weighted. In fact, there is a large periodic
component in pss(t) even in the limit X= oo."'

(8) Spectral Representation and Asymptotic Time
Dependence of pss(t) and p;;(t) in the Limit

of an Infinite Crystal

In the discussion of the explicit relation between the
integral representation for p;, (t) in Eq. (A20) and the
spectral representation, the central problem is the
location of the poles of the integrand. In the case of the
factor /go+ {af $0,o)} '] ', th. e problem of the location
of the poles involves the solution of a transcendental
equation. This difficulty can be circumvented by

'e Lord Rayleigh, Theory of Sound (Dover Publications, Inc. ,
New York, 1945), Vol. 1, pp. 119—122. Rayleigh's general inves-
tigation is applied specifically to the isotope defect problem in
A. A. Maradudin, P. Mazur, E. W. Montroll, and G. Weiss,
Rev. Mod. Phys. $0, 175 (1958); and in Ref. 29.

3' L. Srillouin, S"ave Propagation in PerioChc Structures (Dover
Publications, Inc. , New York, 1953), p. 19.
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exp(22ri j8)(c'+2K2/2 '(1—cost/)) 'do

=o. '(o'+4K2/2 ') "' 2(K2/2 ')"'
(A24)

1r+ (c2+4K2/2 —1)1/2

considering the physically interesting limit in which
the number of lattice particles approaches infinity.
The simplification, which is obtained, is due to the fact
that the limiting density of poles (frequencies) is the
same as for the perfect crystal. Because the momentum
autocorrelation function describes a local property of
the lattice, and because signals propagate with the
speed of sound, (K/2/2)r/2, it can be expected that there
will be a negligible difference between the autocorrela-
tion functions of the 6nite and infinite systems in the
time interval 0&~t((2%+1)(K/222) '/', where (2Ar+1)
)& (K/222) '/' is the time required for a signal to travel
completely around the finite system. "Thus, information
about the relaxation behavior of the momentum auto-
correlation in a large finite system can be obtained from
the behavior of the infinite system. It should be
emphasized that the expressions for ppp(t) and p, , (t),
which will be derived for the infinite crystal limit,
follow directly from Eqs. (A20) and (A21). The purpose
of the preceding discussion of the connection between
the Laplace transform and spectral representations of
the momentum autocorrelation function was to remove
some of the mystery associated with this limit.

In the limit g ~ ~, the summation in the definition
of 1'$j,o $, Eq. (A16), can be replaced by an integration,

lim iI joj
N—+oo

obtained by using Cauchy's formula for the closed
contour shown in. Fig. 1. It follows from Cauchy's
formula that the line integral along 2 is equal to the
line integral 8 around the cut joining +ip/p to i—o/p

plus the sum of the residues at the poles &ice' corre-
sponding to the localized mode frequency co' in the
light defect case (g(0). The value of co' is determined
from the condition

g&+ (&2+~ 2)1/2 —0 (A27)

It is easily verified that in case Q(0 there are two roots
of Eq. (A27), one at p =ico'=icop(1 —o)2) ' ' and one at
o-= ico—'= —i/dp(1 —Q') '/'. The final result is

pop(t) = 22r
—'(/+1)

"o (p/o2 —ro2)"' cos(pot)

(g2 1)ro2+p/ 2

+e(g) cos(co't), (A28)
1+ III

Alp

where e(g) is a discontinuous factor which equals one
if g(0 and zero if g~&0.

The spectral representation of ppp(t) in Eq. (A28) is
a special case of Eq. (AS) in the limit of an infinite
one-dimensional crystal. The summation over normal
modes in Eq. (AS) has been replaced by a weighted
integral over normal-mode frequencies in Eq. (A28).
For example, in case all masses are the same (/=0),
ppp(t) becomes

and

f I
0 ~] ~—1(p2+4K20—1)—1/2

N—+&e

(A25)
Ppp(t)=22r ' (&op' —rc ) '/' cos(&ut)dho. (A29)

In this expression the quantity 22r '(p/o2 —pP) '/' is the
Using this limiting expression for &I O,o.] in Eq. (A21),
the autoco relation fu ction of the defect Particle in

erfect one-dimensional crystal In the general case
an infinite crystal is

/pop(t) =
2'j

d0 )
go.+ (rr2+oop')"'

(A26)

where p/o ——2(Km
—')'/', the maximum frequency of the

perfect crystal. In the limit .V~ ~, the poles along
the imaginary axis, which correspond to the in-band
vibration frequencies of the crystal, have merged. In
their place, the integrand in Eq. (A26) contains two
branch-point singularities, one at either end of the line

segment of the imaginary a. axis over which the poles
were densely distributed. If the branch-point singular-
ities at +in/p and —icop are connected by a cut along
the imaginary axis, then the integrand in Eq. (A26) is
analytic everywhere in the r plane; and the spectral
representation of the autocorrelation function can be

FIG. 1. O--plane.

22 J. C. Slater and N. H. Frank, Mechueics (McGraw-Hill
Book Company, Inc. , 1947)) p. 167.
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QWO, Eq. (A28) can be written as asymptotic formula for Poo(t) is

Ppp(t) =
"(0+1)(~o' —~')

g
"i (po) cos(tot)dos

~ s+. (gs 1)ops

2IZI

1+I@I
cos(oo't) . (A30)

Equation (A28), (A29), or (A30) has the general
structure of a Wiener-Khinchin relation" between an
autocorrelation function and its spectral density. In
the present example the spectral density is

poo(t) sr(2/srcopt) st' sin(toot —sr/4) . (A36)

There are two different possible asymptotic formulas
for p,; (t) when particle j is far from the defect particle
0, i.e., j))1.The two possibilities are

p,; (t) (2/srcopt)' ' cos (osot sr/4—), j»coot))1 (A37)

(/+ 1) (oops —po') 2IZI
gism (co)+«(g) 5 (co—co'); (A31)

co 2+ (gs 1)~s 1+I@I

and in the special case /=0, the spectral density is
gtoi(to). The coeKcient of gt i(co) in Eq. (A31) is the
limiting form of SOI,' as X—+ ~ for frequencies in the
band.

It is clear that the cosine transform in Eq. (A28)
approaches zero as t ~ ~. Therefore, the autocorrela-
tion ppp(t) approaches zero if M&&no and it approaches

I 2
I QI /(1+ I gl )j cos(to't), if M &nt. Thus the localized

mode gives rise to a persistent periodic component in
the momentum autocorrelation function of the defect
particle. A complete investigation of the time depend-
ence of Ppo(t) has been carried out by Mazur and
Montrolis (g= 0), Hemmer' (g= 0, g»1), Rubins 4

(@=0,/= 1, Q»1), and Kashiwamuras (/&0). Since
Ppo(t) is related to a special initial value problem, there
are a number of dynamical investigations which are
also pertinent: Teramoto and Takeno" (/&0), and
Hamilton, "Havelock, "and Schrodinger" (/=0). The
latter two authors rediscovered the results obtained by
Hamilton in 1839. There are only two values of g,
/=0 and /=1, for which poo(t) and P,, (t), Eqs. (A20)
and (A21), can be evaluated in closed form. The results
for /=0 are'4

p (t)=p "(t)=~p(toot)

and for /= 1 are'4

ppo(t) = 2(~ot) '~i(~pt)
and

pss(t) = Jp(pipt) cop J4'+i(coot),
dt

(A32)

(A33)

(A34)

~ M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323
(194S}.

~ A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Tables of Integral Transforms (McGraw-Hill Book Company, Inc. ,
New York, 1954) Vol. 1, p. 240.

where J„( ) denotes the Bessel function of the first
kind of order e. The asymptotic time dependence in
these cases is diferent. In the perfect crystal for t —+ ac

Pps(t) (2/sr(dot)'t' cos(coot —sr/4) . (A35)

However, in the single defect crystal (with /=1), the

and

~o (oo
s ops)1/s

2sr '(/+1)
(g —1)co +cop

cos (cot)dec

2 'sr/ '(/+1)(2/srcopt)s ' sin(coot sr/4). —(A39)

Equation (A39) agrees with the result obtained by
Rubin' in the case Q»1, and t —+ ~.

This variety of asymptotic decay formulas for P;;(t)
in the one-dimensional one-defect lattice serves to
emphasize the significant changes in time-dependent
behavior accompanying the loss of the translational
symmetry of the perfect crystal.

(A2) The Many-Defect Crystal:
Classical Mechanics

We now consider the momentum autocorrelation
function in a lattice with an arbitrary number of
defects. According to Eq. (AS), we require a knowledge
of the normal-mode amplitudes and frequencies in the
limit as the number of particles 97, approaches infinity.
This problem can be simplified formally by introducing
the average value of the momentum autocorrelation
functions of all lattice particles at time t, P(t),

P (t) =X ' Q, P;;(t)
=K ' g; cos(to;t). (A40)

The simpler structure of Eq. (A40) which is due to the
orthogonal property of S, has been obtained at the
expense of introducing a second average. The average

s'A. Erdelyi, Asymptotic Expansions (Dover Publications, Inc.,
New York, 1956), pp. 49—50.

p;, (t) 2 'srL2(4j+1)' —1 I(2/sr(opt)sts

Xsin (coot—sr/4), o:pt))j. (A38)

In the former case, Eq. (A37), the decay of P;;(t) is
characteristic of a perfect crystal. However, after
sufhcient time has elapsed for the defect particle to
interact with particle j, the decay law is altered to
t 't' as in Eq. (A38).

For any value of g& —1 (0&nt 'M) in the limit of
an infinite system, Ppp(t) in Eq. (A28) always contains
a decaying component. Only in the case of a light
defect —1&/&0, is there a periodic component as
well. The asymptotic time dependence of the decaying
component, the cosine transform in Eq. (A28), can be
obtained in a straightforward manner. "The result is
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autocorrela, tion p(t) no longer corresponds to a partic-
ular solution of the equations of motion. However, in
the limit as X~ ~, when the normal-mode frequencies
form a continuum (plus possible discrete points),
Eq. (A40) can be written as

p(t) = g(te) cos(tot)dto, (A41)

(A3) The One-Defect Crystal:
Quantum Mechanics

The time-dependent behavior of the quantum-
mechanical momentum autocorrelation function of a
defect particle in a one-dimensional crystal in thermal
equilibrium is treated in this section. The outline of the
calculation is identical with that of the classical calcula-
tion. There is, however, a difference in detail due to
the noncommutativity of p[j,0] and +[j,0]. Our
primary interest is in the case in which the defect
particle is very heavy (g»1) because it has been
shown' ' that in the classical limit the heavy particle in
a one-dimensional crystal behaves like a free Brownian
particle. " That is, all moments of the joint position-
momentum distribution function for the heavy particle,
except for additive corrections of order g—', have the
same time dependence as the corresponding moments of
the distribution function for a free Brownian particle.
It is shown in this section that the classical exponential
form of the momentum autocorrelation function of the
heavy defect persists down to temperatures far below
the Debye temperature of the crystal. Eventually,
however, as the temperature decrea, ses toward zero,
there is a change in the behavior of the autocorrelation
function. The change becomes significant when the
mean-square thermal momentum of the heavy particle
ceases to be large compared to the mean square zero-
point momenta of the perfect lattice normal-mode
oscillators to which the heavy particle is coupled. The
precise condition for Brownian-like behavior of the

This general result is stated in J. Hori, J. Math. Phys. 3,
382 (1962). Hori attributes the result to Teramoto and Takeno,
Ref. 22; but these latter authors treat one- and two-defect lattices
only."P.Dean, Proc. Roy. Soc. (London) 254, 507 (1960).

where g (to) is the limiting form of the frequency distribu-
tion for an arbitrary ma. ss distribution. " Fq. (A41)
has the Wiener-Khinchin form, and the spectral density
of p(t) is g(ce). The only detailed information concerning

g (or) for a disordered crystal is provided in the numerical
calculations of Dean' for one-dimensional crysta, ls
containing as many as 32 000 particles. The fine struc-
ture (numerous peaks) which he observes in g(te) near
the high frequency end of the spectrum should give rise
to a complex behavior of p(t) [assuming that the
observed form of g(to) is maintained as K ~ ~ ].

heavy particle is $»1 and

or
Mk&T&&,'-A, m

Q»-,'0/T,

Ates/kB is the Debve temperature. In this
section, the limiting zero-temperature form of the
momentum autocorrelation function of a heavy defect
particle is also derived, "i.e., when g»1, but g((st 0/T.

The momentum of particle j, expressed as a linear
combination of initial independent normal-mode co-
ordinate and momentum operators is given by the
jth component of Kq. (8)

We then define the momentum autocorrelation function
of particle j as

rtt(t) =(sp[j,&']p[j,t'+t]+-', p[j, t'+t]p[j t']) /( ps[j 't]),

where

(p[j t']p[j, t'+ t])= trace{p[j t']p[j, &'+t](p)

and (P is the density matrix

(P=exp( —@/knT)/trace{exp( —@/knT)) .

@ is the Hamiltonian operator for the system. In the
Q, Q, variables, @ is a sum of independent oscillator
Hamiltonians, and 6' is a product of independent factors

(P=g exp(Ate, /2knT)[1 —exp( —Atd;/kttT)] '

&& exp{—(~tJ'[j0]+to,'&'[j,0])/2krt T)

Consequently, the average (p[j,t']p[j, t'+t]) can be
simplified with the aid of the relations':

tr {/[j,0]$[k,0](P)=8,s ', Ates coth(duos/2knT-),

tr{V[j,0]&[k,0](P)= 8;srsAtos ' coth(Ates/2kttT),

"A preliminary account of this calculation was given in R. J.
Rubin, Bull. Am. Phys. Soc. 7, 16 (1962)."There have been a number of investigations of the uniqueness
properties of different prescriptions for associating operators with
classical dynamical variables, see J. R. Shewell, Am. J. Phys.
27, 16 (1959).Since the operator associated with ppj, t'gppj, t'+tg
only involves products of the form QLj,0)QLk, O], $Lj,ojQ, [k,ojand CtLj,O)Ctpk, Oj and since the prescriptions are unique for
these simple products, we will not consider this question any
further.

P[j,t]=g {~;"'S;.cos(~&t)$[k,o]
—M,'t'Ststos sin(&est)c[k, 0]}.

In order to determine the quantum mechanical analog
of the momentum autocorrelation function, we first
form the operator corresponding to the classical
quantity P[j,t']P[j, t'+t]. It is's

-'{p[j,t']p[j, t'+t]+ pLi, t'+t]p[j, f'])
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anl

tr{G[j,o)g[k,o)6 }= ti;,—,'iA

= —tr {g[k,O)C.[j,O)/P}.

The expression for (lp[j,t')p[ j,t'+t)) is

(PLj,t')s[j,t'+t))
=pp M;S,22{[cos (popt') cos {pop (t'+ t)}+sin (a&pt')

Xsin{~2(t'+t) }]-',Ap» coth(A~2/2k21T)
—

2 iApo2[Sin(M pt') COS (~2(t'+ t)}
—cos (capt') sin{ cop (t'+ t)})}

=M; Qp 2Ap»S/22{moth (Ap»/2412T)

X cos (&opt)+i sin((opt) }. (A42)

This expression, Eq. (A42), is independent of t'; and
the imaginary part of (p[j,t')p[j, t'+t)) is an odd
function of the time displacement t. Thus, a similar
calculation of the trace of (p[j, t'+t)p[j, t')) leads
to the result

(l1[j,t'+t)O[j, t')) =(l1[jt')l1[j, t'+t))*.
where * denotes the complex con&ugate. Consequently,
the quantum mechanical momentum autocorrelation
function of particle j is

r;;(t)=Re{()[j,t']p[j, t'+t))}/()2[j,t']), (A43)

where Re{ }denotes the real part. The result for r,, (t)
in Eqs. (A42) and (A43') is a generalization of the
perfect lattice result of Mazur and Montroll. '

The discussion of the time dependence of the quantum
mechanical momentum autocorrelation function r;, (t)
will be limited to the system studied classically in
Sec. A1, namely, a one-dimensional lattice [with
periodic boundary conditions) containing a single
isotope defect at lattice site zero. As a further restric-

g+
da. .

22«i z go+{o([o,o)} '
grat

(A21)

By suitably modifying the path of integration and the
integrand in Eq. (A21), an integral representation can
be obtained for the more complicated sum, pq 2A~2Spp

Xcoth (A~&/2k 2/T) cos (o»t), appearing in Eq. (A44).
Deform 2 into a closed curve 8, which encloses all
the zeros of 6/o+{of[o,o I} ' but excludes all poles of
1Ao cot(Aa/2kl/T). T.hen we have the identity

Re{(y[O,t')y[O, t'+t))}

=Qp M2'ApopSp22 COth(Ap»/2k11T)COS(p»t)

27ri

-,'Ao COt(Ao/2k/1 T)
e tdo-.

go+{of[o,o)} ' (A45)

In the limit in which the number of lattice particles
approaches inanity, the procedure used to transform
Eq. (A21) to (A26) and then to (A28) can be used for
the integral in Eq. (A45). The limiting forms of Eq.
(A45) for. i@~ pp are

tion, we consider only the momentum autocorrelation
function of the defect particle,

«„(t)=Re{(0[O,t')0[0, t'+t))}/()2[0,t')&
=Q 2 -2'A(opSp22 COth(Aport/2k//T)

X cos (popt)/p 2 -'2ApokSpp2 coth(Apop/2k/1 T) . (A44)

In the classical limit where Ar 2/2kl/T approaches
zero pand -'2Apo& coth(Aa&2/2k/2T) approaches kI/T), rpp(t)

approaches ppp(t). In this limit an explicit integral
representation has already been obtained for ppp(t); it
is given in Eq. (A21) as

Ppp(t) =QL Spy cos(capt)

/+1
Re{(y[o,t')y[0, t'+t])}=M

27ri

—,'Ao cot(Ao/2k/1T)
~o'td~

go+ (o 2+~ 2)1/2
(A46)

2
=—M(/+1)

"2 ((gp' —o)2) 1/22'Apo coth(Ace/2k//T) cos(a) t) MIZI
d(a+p(g) A(o' coth(Apo'/2k~T)cos(po't). (A47)

(g2 1)~2+~ 2 1+III

"' (pop' —aP)' 'cv COth(Ap1/2k21T)
dM

(Q 1)p/ +Mp

Mly. l+p(g) Apo'. (A48)
1+IxI

=Mor 'A(/+1)

In addition to the parameter Q which appears in the
classical momentum autocorrelation function ppp(t), the
quantum mechanical momentum autocorrelation func-
tion rpp(t) depends upon a second parameter as well,
Asap/2k2/T. The mean-square dispersion in the momen-
tum is given by

(y'[O, t'])

This result has been obtained recently by Maradudin,
Flinn, and Ruby4' and by Rubin. "We list for later use
the value of trace{)2[0,t')/P} in the case g&)1 when
T=O

asap ~ (~ 2 ~2) 1/2

(F2[0,t'])=M2«
—'A(/+ 1) dpo

p (82—1)po2+cop2

—[ln(2$) —1)2/2A2« '(op,

and note that the corresponding classical value [when
Puo /2k2/T«1) iS (p'[o, t'])= (/+1)r/2k/2T.

40A. A. Maradudin, P. A. Flinn, and S. Ruby, Phys. Rev.
126, 9 (1962).
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The asymptotic time dependence of Re', (p/O, t']
Xp/0, t'+t])) in Eq. (A46) is similar to the asymptotic
time dependence of (pLO, t']pl 0, t'+t]} in Eq. (A26).
Rather than embark on a complete discussion of the
time dependence of Re.,'(liLO, t']PLO, t'+t])) for all
combinations of values of g and Appp/2kiiT, we will

confine our remarks to the case of a very heavy particle
g))1 and either g))'20~/T or g&&'20'/T.

g»1 artd Q»-'2 0~/T.

I'irst, consider the case where the crystalline medium
with which the heavy particle interacts is not too far
below its Debye temperature (T(0~ but 210~/T&&g,
for example, g= 10' and T= (0'/20). The time-
dependence of the momentum autocorrelation function
rpp(t) can be estimated using the integral representation
for Re{()I/O,t']liLO, t'+t])), Eq. (A46). The expression
for rpp(t) is

/+1
r pp (t) = ()I'LO, t'])—'ke TM

27'

Ps cot(gs)

Qs+ (s'+1)"'
X exp(p1pts)ds, (A50)

where &=Ac /2pk Te= 022/T. In Eq. (ASO) the closed
path of integration includes the cut extending along
the imaginary s axis between +i and i but excludes-
all poles of Ps cotgs). The method used in estimating
the integral in Eq. (A50) is essentially the same as the
method used in treating the classical limit (&=0).
Details of the analysis are given in Appendix I. The
final result t Eq. (I.11) in Appendix I],which is identical
in form with the classical result, is

rpp(t) = exp( —g 'cppt)+&(t), (A51)

where ~8(t)
~
(cQ in&)+' and c is of order unity. This

upper-bound estimate of the deviation of the autocorre-
lation function from exp( —9 'p1pt) in Eq. (A51) is
valid for values of p which are greater than 2r/2 but
still small compared to g. For values of p(2r/2, the
corresponding estimate of ~8(t) ~

is ~8(t)
~
(cg '; and in

the classical hmit, /=0, the value of c is' 2't2. Thus, we
have the result that the exponential behavior of the
momentum autocorrelation function of the heavy
particle persists, in the approximate sense of Eq. (A51),
down to temperatures appreciably below the Debye
temperature of the crystal.

The classical exponential behavior of the integral in
Eq. (A50) is associated v;ith a zero of the denornina, tor
gs+ (s2+1)'t2 at s= —($2—1) 't' which is close to the
origin, but on a different sheet of the Riemann surface.
As the temperature decreases, the poles of the function
Qs cot(ps) ats=&2rf ', &22rp ', move in along the
real axis toward the origin. At a sufKciently low tem-
perature, the contribution to the integral from these
poles overwhelms the contribution from the pole at
s= —(g' —1) '". The significant parameter which is

involved is pg
—'. This parameter is the dominant factor

in the estimate of
~
8(t)

~

in Eq. (A51). So long as Pg '
satisfies the condition gg '«1, the exponential in
Eq. (A51) is a precise approximation for rpp(t). The
physical parameters which make up the ratio Pg ' can
be rearranged as follows:

2tekcoo
1

MkgT
(A52)

It is seen from Eq. (A52) that the condition pg '«1
for the persistence of the exponential form of the
autocorrelation function is equivalent to the condition
that the mean square zero-point momenta of all lattice
normal-mode oscillators, ~mkco, are small compared to
the mean-square momentum of the heavy particle,
MkgT.

It should be pointed out that the system consisting of
a heavy isotope defect in a three-dimensional crystal
can be analyzed in an identical manner. The classical
result4 that the heavy particle behaves like a Brownian
oscillator holds true in the quantum mechanical case
down to temperatures well below the Debye tempera-
ture. The condition which must be satisfied is

where coo('D' is the maximum frequency of the three--
dimensional crystal.

1 y(1 y2)1/2

rpp(t) = [ln(2$) —1] cos(p1pty)dy. (A53)
y2+ g—2

In Eq. (A53), the factor y in the numerator of the
integrand, which is the limiting zero-temperature form
of y cot(1t y), significantly alters the classical exponential
behavior of the integral. The details of the complete
determination of the time dependence of the integral
in Eq. (A53) are given in Appendix II. The principal
unit of time which appears in the zero-temperature
momentum autocorrelation function is /pip ', the same
as in the classical autocorr elation function. The
expression for rpp(t) in the time interval 0.01/pip '(t
(100$p1p ', which is obtained in Eq. (II.11) in Appen-
dix II, is

r pp(t) ——2' pin (2$)—1] 'Lexp (+'p1pt) Ei(g—
'c;gt)

+exp( —g 'p1pt)Re(E1(g 'p1pte
—'~))], (A54)

where Ei(s)= J',"22 'e d22 is defined as real for real
s)0. The function rpp(t) in Eq. (A54) is plotted as a
function of g 'p1pt in Fig. 2 for the case /=10 . It is

g))1 a22d g«-20~/T

Next consider the zero-temperature limit of the
momentum autocorrelation function in which pg '))1.
The expression for rpp(t) is obtained by combining
Eqs. (A47) and (A49) in the limiting case Q&)1 and
T=O (or y= ~)
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FIG. 2. The zero-tempera-
ture quantum-mechanical
momentum autocorrelation
function rpp(/) is plotted as a
function of g 'capt for the
case $=104, and is denoted
by the dashed line. The
classical momentum auto-
corr elation~function

exp( —g 'coot)

is denoted by the solid line.

l.O

.8

4,
t

.2

B. ENERGY TRANSPORT

In this section v e first formulate an energy transport
problem for a harmonic crystal, and then obtain
explicit solutions in the case of three one-dimensional
crystals: (1) a perfect crystal, (2) a crystal containing
one isotopic defect, and (3) an isotopically disordered
crystal. The particular energy transport problem which
we consider 4'4' has been tailored to resemble a standard
initial value problem for the partial differential equation
of heat conduction, i.e., a conducting medium divided
into two regions with different uniform temperatures,
The solution of the partial differential equation yields
the temperature distribution as a function of time with
the thermal conductivity of the medium as a scaling
parameter for the time. In our investigation, the energy
transport property is defined for a spatially nonuniform
ensemble, which is prepared by dividing the crystal into
two noninteracting regions. This division is accom-
plished by clamping the particles in the surface layer
between the two regions in their equilibrium positions
so that a disturbance in one region cannot be com-

4' A preliminary account of the work in this section was given
in R. J. Rubin, Bull. Am, Phys. Soc. 5, 422 (1960).

42 E. Teramoto„Progr. Theoret. Phys. (Kyoto) 28, 1059 (1962).
Professor Teramoto considers some aspects of the perfect one-
dimensional crystal energy transport problem treated in this
section.

represented by the dashed line. The initial value of
res(t) is one, by definition. The function res(t) goes
through the value zero in the vicinity of t= 0.875$ 'otst,

assumes a minimum value, which is —0.1558[in(2$)
—1) ', in the vicinity of t = 1.85gces ', and then
approaches zero from below as —[ln(2$) —1j '
)&(&esp 't) '. In the transition region, where t))re,—'
but t(&go&s ', r«(t) is given by [see Eqs. (II.10) and
(II.17) in Appendix II)

oo(t)—=Ll (2z) —1j '[—7—»(z ' ot)3.

As can be seen in Fig. 2, rse(t) rises very rapidly toward
the value one in this range. The approximate expression
for res(t) in the time interval 0.1&os '(t(10to,—' is
obtained by combining Eqs. (II.9) and (II.14). For
purposes of comparison, the classical momentum auto-
correlation function exp( —Q '&est), is plotted as a solid
line in Fig. 2.

municated to the other. If there are only nearest
neighbor interactions, the layer of surface particles is
one particle thick. It is assumed that the coordinates
and momenta of the lattice particles in the two
regions are characterized initially by independent
canonical distributions with different temperatures. We
consider the set of all possible initial conditions weighted
according to their probability in the nonuniform
ensemble. When the surface particles are released, there
is, on the average, a net Qow of energy from the warmer
to the cooler region. Since the momentum of lattice
particle j at subsequent times is a time-dependent.
linear combination of two independent sets of normally
distributed variables (the initial particle coordinates
and momenta), the probability distribution for the
momentum of particle j is a normal distribution for
all values of the time. 4' Taking advantage of this
Gaussian property of the momentum distribution of
particle j, we complete the analogy with the heat
conduction problem by defining a local temperature
T[j,t] at lattice site j as

T[j,tl= (&.~')-'(f '[j,tj), (B1)
where (P'[j,tf)=M, k&T[j,t) is the ensemble average
dispersion of the Gaussian momentum distribution of
particle j at time t.

The ensemble average (p'[j,tj) for the spatially
nonuniform ensemble is determined in a straightforward
manner. The final result, Eq. (B18), is similar to the
result obtained for the momentum autocorrelation
function in that (P'[j,t$) is related to the particular
initial value problem for the lattice equations of
motion Eq. (A8). In the case of the perfect crystal
Sec. B1,and the almost perfect crystal (single impurity)
Sec. 82, explicit expressions for the time dependence of
(P'[j,t]) are obtained. In the case of the disordered
crystal Sec. B3, we have calculated (p'[j,t$) by integrat-
ing the equations of motion numerically for a one-
dimensional system of 100 particles for the particular
initial condition. The numerical results are qualitative
in nature since we compare (p'[j, tt) for a perfect
monatomic crystal with (p'[j,t$) for several isotopically
disordered crystals. However, a pronounced difference
in behavior between the ordered and the disordered
systems is observed.

According to Eqs. (5) and (6), the initial positions
and momenta are, respectively,

x(0)=M—'t'SQ(0)

y(0) =M"'Sp(0)

Consequently, the momenta at time 3 can be expressed
in terms of x(0) and p(0) as

p(t) =M"'S cos(Qt)S M—'t'y(0)
—M't SQ sin(Qt)SrMrt'x(0) . (B2)

4'T. gl. Anderson, An Introdlction to Metttivaria/e StaA'stoical
Artatysts (John Wiley tk Sons, Inc. , New York, 1958), Chap. 2.
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Now separate the components of x(0) into three
groups. The first group includes the coordinates of all
particles in the hot region, the second group includes
the coordinates of all particles in the clamped surface
layer, and the third group includes the coordinates of all
particles in the cold region. For an arbitrary initial state
in the nonuniform ensemble, we then have

xh(0)
x(0) = 0

x,(0)
(83)

and

x(0)=

p(o) =

Mha "'SahQh(0)
0

M„'/'S„Q, (0)

Mhh'/'ShhPh(0)
0

M„'"S„P,(0)

where Shh is an orthogonal matrix whose jth column is
the jth normalized eigenvector of the symmetric
matrix Whh ——Mhh '/'VhhM/, h '".The matrices Mhh and
Vhh are, respectively, the mass matrix and the potential
energy matrix for the hot region whose surface particles
are held 6xed in their equilibrium positions. The jth
normalized eigenvector of Wha is associated with the
frequency coh(j).Thus, we have the relation Shh WhaShh
=Qhh', where Qha' is a diagonal matrix whose (j,j)-
element is coh2(j), the square of the jth normal-mode
frequency of region h when the surface particles are
held fixed. There is a similar definition of S., involving
M„, V„and Q„2.

As already indicated, the normal coordinates and
momenta for the hot region and the cold region are
canonically distributed with temperatures T~ and T,
)see Eq. (A1)], respectively. The mean values are
(PhLj0]QhLk, O])=0, (PhL j,0]PhLk, O])=k&Tht/h; and

(Qht j,O]QhLk, 0])=coa 2(j)k/2Th'» in the classical limit,
with similar relations for Q,Lj,0] and P,Lj,0]. Clearly,
there is no correlation between the h and c components.
Combining Eqs. (82), (85), and (86), we can express
the momentum of particle j as

Pa(0) Qa(0)
pLj,t]=& v(t) 0 +t(t)

I.P (0), Q (0), $

where the subscripts h and c label the coordinates of
the particles in the hot and cold regions, respectively.
There is a similar expression for the momenta, namely,

pa(0)
p(0) = 0

p. (o).

These expressions for x(0) and p(0) can be written in
terms of the normal coordinates Q, (0), Qh(0) and
P, (0), Pa(0) for the two isolated regions with clamped
boundaries,

The matrix y(t) is a propagator matrix which governs
the development in the crystal of normal-mode excita-
tions in the hot and//or cold regions. The ensemble
average (p'L j,t]) is

ksThlhh 0 0
0 0 0
0 0 kl/T. l„

kBTh+hh
0 0 0
0 0 k~T,O,.-2

(p'Lj, t]&= ~,' ~(t)

+t(t) ~'(t) &, . (»)

In Eq. (88), we can set T. equal to zero with no loss
in generality and obtain
(p'Lj, t])

laa
=kf&ki/Taker& cos(W'"t) 0

0

Wah' 0
+ sin(W'/'t) W'/ 0 0

0 0

0 Q

0 0 cos(W'/'t)
0 Qg

0
0 Wi/2 sjn(W1/2t) &. Q ~

0

(89)

In order to develop the connection between Eq. (89)
and a special initial state of the lattice, we rewrite the
matrix product appearing in the second term of Eq. (89)

Wha
—' 0 0

Wi/2 Q 0 Q

0 0 0

M 1/2V 1M 1/2 0 0 I

=W"-'W 0 0 0 WW'"
0 0 0

Vaa '
=W-'/'M —"'V 0 0 0 VM —'/2W-'/2. (810)

0 0 0

The matrix V has the form

Vaa
V= V/,

0

Va.
$$ $C

Vcc Vccg

where Vhh and V„are the potential energy matrices for
the two regions h and c when the surface particles are
held fixed in their equilibrium positions. The other
elements of V represent interactions involving the

where

S/, a 0 0
y(t) =M"'S cos(Qt)S~ 0 0 0

Q Q S„
Saa

=M'" cos(W"'t) 0 0 0 . (87)
0 0 S„
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surface layer. The combination

Vss-' 0 0
V 0 0 0 V

0 0 0

in Eq. (810) reduces to

Vss
—' 0 0 Vss Vs, 0

V 0 0 0 V= V,s V,sVss 'Va,
0 0 0 0 0 0

Combining Eqs. (81) and (89) and using Eqs. (810) and (811), the expression for TLj,t] is

Lk Was 0 0
T/, 'Tpj, t]= Ap~ cos(W'/'t) 0 0 0 c os(W' »t)+W "' sin(W'»t) 0 0 0 W '/' sin(W'»1) «cL;

0 0 0 O 0 O

Q Vs, 0
+.~,r~W '/'sin(—W/g)M /s V/ V p, Vpp, V/ 0 M /W / sin(W//) «~'. (812)

Now consider the special initial condition in which elements of the matrix

0 V/„0
M/c

—'M—'" V s V sVp„s
—'V/„0 M-'»

p(0) =M,'/s4; and x(0)=0. (813)

From Eqs. (5) and (6) it is seen that Q(0)=0 and
P(0)=DE»'S M—»'a" and the coordinates and mo-
menta at time t are are of order unity or less. Here M is the average mass

and k is the average force constant. That these matrix
elements are of order unity follows from the facts that
(1) the elements of V,s and Vs, are of order /r; (2) the
diagonal elements of M '/' are of order M '"; and (3)
the elements of Vzz ' which have been obtained by
Montroll and Potts for a simple cubic lattice in the
form of a cube, are of order F& '. The Montroll-Potts
result is

x (/!) =M,i"x(~j, t) =3E;"'M "'W "' sin (W"'t)M i/'4;
=M—i/sW —t/s sin(Wi/&g) / (814)

and

p(t) =M,'/sp {~j,t) =M'/'cos(W'/'t) 4;. (815)

It is readily seen that if we compute the energy in
region h at time 3, Bph+- j, t] using Eqs. (814) and
(815) assuming that the boundary particles are
clamped in their equilibrium coniguration, then the
result is

hh m, m'

I
mjs~m m; s~g

sin sin
( IE" XII
E/V+ 1// a&=1 s„=l i 18Lh&—j, t]

1ss 0 0
= tsck/ri cos(W"'t) 0 0 Q cos(W'»t)

0 0 0

Vss 0 0
+W '/' sin(W

Spar

2 2 /r'I 1—cos
/V+1 j

Upon comparing Eqs. (816) and (812), it is seen that
T@ Tt j,t]=2bl h ~g, t]+M;x (~j & t)M '/

o V., o'

X V.s V.sVss 'Vs. Q M-'/'x(~ j, t). (817)
0 0 0,

T&-'TLj,t]=2hLh~ j, t], (818)

where bLh~ j,t] is simply the energy content of
region h in the case of the special initial condition
x(Q) =0 and p(0) =M /s4;. The relation between
Tz 'T$j,t] and 28/h ~ j,t] was derived under the as-
sumptions that the number of particles in the convex
region h is large compared to the number of surface
particles and that particle j is far from the surface.
Clearly, under the above assumptions, the energy con-
tent of region A', is insensitive to the boundary conditions

In the present model, we assume that region h is
convex, that the number of particles inside region h is
large compared to the number of surface particles, and
that particle j is located in the interior of h and far
from the surface. In this case, the last term in Eq.
(817) involving surface layer particles can be neglected
in comparison with 2hfh+j, t] provided -that the "E.W. Montroll and R. B. Potts, Phys, Rev. 102, 72 (1956).

'»t)M-'/' 0 0 0 where g is the number of particles in a cube edge and
0 0 0 n is the dimensionality of the lattice.

Thus, the final result for Ts 'T/j, t], the re—duced

XM t/sW t» sjn(Wi»&) «&&. (816) local temperature at lattice site j, when region h is
initially at temperature TI, and region c is initially at
temperature T,=O, is
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assumed in its calculation. The fixed boundary condition
used in obtaining Eq. (89) for (P'fj,t]) was introduced
only in order to treat the matrix Vi, i, '.

In the remainder of this section the application of
Eq. (818) to the classical mechanical energy transport
problem in several one-dimensional crystals is con-
sidered: a perfect crystal, a one-defect crystal, and an
isotopically disordered crystal. The quantum-mechan-
ical analog of Eq. (818) can be obtained by replacing
kiiTi, l~p and kiiT, l„by —',AQpi, coth(-,'AQpp/kgT[, ) and
-', AQ„coth(-,'AQ. ,/k&T, ), respectively H. owever, we
will not treat these modifications in this paper. We
merely observe in this case tha't (1) there is no simple
relation between (p'f j,t]) and an initial value problem;
and (2) there will be a dependence of the cooling curve
on the initial temperature di8erencq T~—T, when

Ap»/kiiT& is of the order of magnitude of unity, or less.

(81) The Perfect One-Dimensional Crystal

inverting the Laplace transform, one obtains

p[l, t]=m"'ir '
x/2

e '"'& cos(pppt sing)dQ

=m t
Jp[i[ (pipt) .

The position of paxticle l at time t is

xfl, t]=no—' p[l,s]ds

t

Jp[i[(Mps)ds.

The expression for the energy 8[k+—O,t] is

8[k+—O, t]
L

p 2 J&l&l (pipt)

(820)

(821)

To illustrate the general result which has been
obtained for the reduced time-dependent local tempera-
ture, we will treat a perfect infinite one-dimensional
crystal for which particles I 1and L—+1 —are held
initially in their equilibrium positions. The portion of
the crystal between L 1and L+—1 is—characterized

by a canonical distribution (temperature Tp). The rest
of the crystal is at T. ,=o. In this case, as well as for the
one-defect one-dimensional crystal, we obtain an
explicit expression for the ensemble average dispersion
of the momentum of the particle in the middle of the
hot region. This dispersion, which is related to a reduced
local temperature, can be determined from h fh+—0, t],
the energy contained between particles —L—1 and
I.+1 at time t for the special initial condition in the
infinite lattice, x(0)=0 and p(0) 3fp'"=ch p The p. osition
x[l t [and momentum Pfl, t] of particle l at time t, which
are associated with the above special initial condition,
were first determined by Hamilton" and subsequently

by Havelock' and Schrodinger. " The momentum

P[l,t] is also obtained as a special case of Eq. (A18)

+ p~ 2 ~ fJ2[l[ (p~ps) —Jp[i i[ (p&ps)]ds
l =—L+1

+~m ' Jpl. (cups)ds

2L coQ 8

=
p Jp'(~pt)+2 Ji'(~pt)+-

l=j 4 o

Jpr, (s)ds . (822)

Jp'(p»t)+2 P JP(pppt) =1.
l=l

(823)

The last term in Eq. (822), which is a surface energy
term, is negligible in comparison with hfk ~O, t]. gt
follows directly from the properties of Bessel functions
that the initial and final values of the reduced local
temperature are 1 and 0, respectively. Furthermore, if
the hot region consists of the entire crystal (L,= ~),
the constant value of the temperature follows from a
special case of a well-known addition formula for
Bessel functions, 4'

o f'[—l,o]e"do, (A18)

where in the present case Mo=M;=m. In the limit
AT —+ ~, the expression for ff l,o], E—q. (A16),
becomes

Our principal concern in this example is to determine
the time dependence of the reduced local temperature
(the cooling curve) at particle 0 for the case in which
L is large, but finite. It is convenient to introduce a new
dimensionless time variable 7L, which is measured in
units of 2Lcoo ', the time taken by a signal moving at
the group velocity of very long waves to go from lattice

ff—l,o]=—
2~

o
—'"[o'+2~m '(1—cosg)] 'dl[ (819)

e "'~fo'+pro' sin'tt] 'dp

TI = t/2LG»

In terms of this new time variable, the expression for

x/2

Substituting this last expression in Eq. (A18) and

4' W. Magnus and F. Oberhettinger, Formulas and Theorems for
the Spectra/ Functions of Mathematic/ Physics (Chelsea Publishing
Company, ¹wYork, 1949), p. 19.
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the reduced. local temperature can be written as

t 2L
r„—'T[0, I]=/ '(2r )+2 p apl l I). (824)

l 1 =~ t

In evaluating the sum in Eq. (824), we utilize a uniform
asymptotic expansion of Bessel functions (with error
estimates) which has been developed by Giver. 4'4'

The expansion, although expressed in a complicated
parametric form, ultimately leads to a remarkably
simple result for the sum in Eq. (824). Details of the
analysis are given in Appendix III. The expression
obtained for the reduced local temperature, which is
exact except for correction terms of order (2L) ', is

1, if rr, (1—(2L) '»
T/, 'T[0,rr,]=

(2/2r)sin (1/rr), if rl,)1+(2L)
(825)

In Eq. (825) the reduced local temperature or mean
local kinetic energy drops abruptly from its initial
value as soon as signals, which originate when the
boundary particles L 1and—L+—1 are released, reach
the middle of the hot region. For large values of rL the
asymptotic formula for Ts 'T[0,rr,] is

TK 'T[O, rr,] 27r 'rr, '.
It will be seen in the next section that the time depend-
ence of the result in Eq. (826) is determined only in
part by the dispersion relation between normal-mode
frequency and wavelength. The time dependence of the
reduced local temperature for ~L)&1 should be compared
with the analogous result in the classical heat conduc-
tion problem ' for the case of an infinite one-dimensional
rod with the initial temperature distribution

0, x& —L
T(x,O)= Ts, —L~&~~&L

.0, L(x.
The reduced local temperature in the middle of the
hot region in this latter case is

Case I. The I[/Iass of the Defect Particle at Lattice
Site Zero is 3f=2m

When the mass of the defect particle is 2m, the
particle positions and momenta for the special initial
condition, x(0)=0 and p(0)=(2m)1/2%(), can be ex-
pressed in terms of Bessel functions of the 6rst kind;
and consequently, the analysis of the last section can
be utilized.

The momentum of particle l corresponding to the
initial condition x(0) =0 and p(0) = (2m}'/2&k() is, accord-
ing to Eq. (A19),

ml/m
p[l, t]= (2m)'/'

27ri

of[—l, o]
e"do (827)

1+a'i [O,a]-

The value of |'[—l,(r] can be obtained from Eq. (819)
as follows:

{[—t,o]

e "'[o'+2Km '(1—cos8)] 'd8

exp ( 2K2)2 'u—o2u—)—

(82) The Single Defect One-Dimensional
Crystal

In this section we treat the energy transport problem
for the single defect, in6nite, one-dimensional crystal
lattice. Although the introduction of a single defect
particle cannot be expected to alter the sound speed
in the crystal, we 6nd that the time dependence of the
reduced local temperature can be profoundly altered
for 7L&1. For purposes of illustration, we will treat
two cases in which the defect particle is located at
lattice site zero: the mass M of the defect particle is
either iV=2m or M&m.

TK 'T(0 t) = (22r) '/'
L (2D t)—1/2

L(2Dt)
exp (——',r/') dr/,

(22r) ' exp( it8+2u—Km ' cos8)d8 du

where D is proportional to the thermal conductivity. For
large values of the time, the expression for Ts 'T(0,t)
reduces to

T/, 'T(0t) 2r 'L(2Dt) '"
a result which is entirely different from Eq. (826).

"F.W. J. Diver, Phil. Trans. Roy. Soc. 247, 307 and 328 (1934).
4'Explicit error estimates of the asymptotic series derived in

Ref. 46 are given in F. W. J. Olver, Tables for Besse/ Functions of
moderate or Large Order, Mathematical Tables, National Physical
Laboratory (Her Majesty's Stationery OfBce, London, 1962),
Vol. 6.

A. Sommerfeld, ParA'a/ Differentia/ Equations in Physics
(Academic Press Inc. , New York, 1949), p. 58.

exp( —2Km 'u —o'u)II[[(2Km 'u)du

—(2Km
—1) I 1 [ [(2Km

—1+(r2)2 4K2m —2]—1/2

z {2Km
—1+(r2+[(2Km—1+(r2)2 4K22/2

—2]1/2}—)l[

f [—&,.]
—~ 2[2[o—1(o2+~ 2)—1/2{~+ (o2+~ 2)1/2) —2[ l[ (P28)

where I„( ) is a modified Bessel function of order 22

of the first kind. The result of substituting tips expres-
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sion in Eq. (827) for p[l, t] is

r/21/r/2 ooo2) " exp (o.t)
p[l, t]= (2r/2)a/2 do

[a+ (a2+~ 2)1/2]2) 2)+1

= (22/2)'/2(2221/222) (coot) '(2
I
i

I
+1)J2) 2)+1(o)ot) (829)

The corresponding position of particle l at time t is

t

x[l,t]= (2/222)"'(2
I
i I+1) (o)os)

—'J2) 1)+,(coos)ds. (830)

(.0

.8"

w. .6"
C)

.2"

2

FIG. 3. The reduced
local temperature in the
middle of a hot region is
plotted as a function of
rI, for two cases. The
dashed curve corre-
sponds to the case of the
perfect crystal. The solid
curve corresponds to the
case in which the mass
of the central particle is
twice the mass of the
other particles.

The energy h[h~ 0,t] is

b[h~p, t]
' ~~ (2lll+1)'

~2) &)+1 (+ot)
~=L m ~p't'

+~222 ' Q
l —L

' -2IlI+1
J2) 2)+2 (o)os)

%ps

cops
A)1)—1(o)os) ds

+22:212 '
' 2L+1 2

1 2L+1 (o)oS)dS
Mps

2L+1
=2&oo 't ' g PJ2'(o)ot)

tap t

+—
2 p

(2L+1)s 'J2L+1(s)ds . (831)

For L))1, the expression for the reduced local tempera-
ture is

2L

T„'TLO, Ij=3 I 'Q (2/2L)'Tp~ 2 ). (B32)

4~ '~L '

Tp, 'T[p,rL]—, if rL)1+(2L)—"'
(r 2 y2) 1/2

1, if rL(1 (2L) "'—

With trivial changes, the analysis of the last section can
be used to obtain the following result in the limit I.))1,

To 'T[0,rL]

1, if rL(1—(2L) '"

with the reduced local temperature in the perfect
crystal case (dashed curve). The asymptotic value of
Ty, 'T[p, rL] when Mo ——2222 is

To 'T[p, rL] (4/32r)rL ', for rL))1.
The rL ' dependence of To 'T[p, rL] should be expected
whenever the mass of the defect particle is greater than
the normal value; it is associated with the
dependence of the momentum found in Eqs. (A36),
(A38), and (A39). Of course, if the defect particle is
located far enough away from lattice site zero, perfect
crystal behavior, Eq. (825), should be observed. We
next consider the case of a light defect particle in
which a diferent type of behavior is found.

Case Z. The Mass of the Defect Particle at Lattice
Site Zero is Mp(m

When the mass of particle zero is less than m, a
localized mode is present. Consequently, in the cal-
culation of the mean local temperature at lattice site
zero, the position of the defect, it can be anticipated
that the partial energy 8[h ~ 0, t], and therefore
To 'T[O,t], will not decay to zero. This behavior
results from the large localized mode component
contained in the initial condition x(0)=0 and p(0)
=Mp'"h, p. The energy associated with the localized
mode, which is a constant of the motion as for the
other normal modes, is concentrated permanently in
the vicinity of particle zero. In this section we will

calculate the energy of the localized mode in the energy-
transport problem when the light particle is at lattice
site zero.

The momentum of particle 1 corresponding to the
initial condition Eq. (813) is, according to Eqs. (A19)
and (828)

M2/r/2

p[l t] M 1/2 ~ 2) [2g)~ +(a2+~ 2)1/2]—1

2' Z g
[1T+(2T2+o)o2)l/2] 21&leatd2T

22T '[sin '(1/rL) rL 1(1—rL 2)12],

if rL)1+(2L) '/'

The reduced local temperature in the present case is
plotted as a function of rL (solid curve) in Fig. 3 along

In the present case, with /=222 'M —1(0, the localized
mode component of p[l, t] which comes from the isolated

(833) poles at 2T= &igloo(1 Q') '/'= &—io)' is

2(M2/222) 1—
I gI 3l

~')

Mo" (—1)'
I

cos(o)'t) . (834)
I+I@I ' 1+I@I&
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The coefficient of cos(a&'t) in Eq. (834) is proportional
to the displacement of the lth particle in the localized
mode and exhibits the k11own properties of alternation
in sign and decrease with increasing ill. The localized
mode component in the position of particle l is

(835)

If we calculate the energy 8'Lh+ —O,t) associated with
these periodic components when L,))i, we obtain the
result

&'l It ~0~ t3=
I Zl/(1+ I Zl) ~ for —1(/~&0. (836)

Consequently, the mean local temperature at the site
of the defect particle, which is defined in Eq. (81),
approaches a limiting value greater than zero as
t -+ ~, namely, 28'Lh ~ 0, t5,

T~
—'TLO, ~$=2lgl/(1+ lQl), for —1(/&~0. (837)

(83) Energy Transport in an Isotopically
Disordered Crystal

We have shown in the preceding sections that the
introduction of single isotopic defects into a harmonic
crystal lattice can alter greatly the time dependence of
the local temperature defined in Eq. (81). The cases
considered were extreme. Clearly, the behavior of the
local temperature at a point far removed from an
isotope defect will resemble that of the perfect crystal.
However, an interesting question which still remains
is how this local temperature will vary in a completely
disordered. crystal composed of equal numbers of
particles of mass ms~ and m~. In attempting to answer
this question, we have resorted to a direct numerical
evaluation of hLh ~ O, t] in Eq. (816). Using the
IBM 7090, we have solved the initial value problem,

Mx„= —Vx

with x(0)=0 and y(0) =Mo'"ch 0 and. periodic boundary
conditions, in a series of one-dimensional isotopically
disordered 100-particle crystals in which there are 50
particles of mass m~, and 50 particles of mass m2. The
only differences in the series of calculations lie in the
order of the mi's and m2's along the diagonal of M and
in the numerical value of the ratio of the particle
masses mg/mi. Having calculated x(t) and y(t) for
each of several different mass distributions, we then
determined reduced local temperatures from Eq. (818)
and compared them with the corresponding reduced
local temperature computed for the perfect monatomic
crystal composed of particles with the harmonic mean
mass m=2(mi '+m2 ') '

The method used for generating the solution of the
equations of motion Eq. (1) from the initial condition
x(0) =0 and p(0) =Mo'I'40 is an iterative one which is

based on the general solution Eqs. (5) and (6),

x(to)=M '"SQ ' sin(Qto)SrM '"y(0)
+M '"S cos(@to)S M"'x(0)

=M—'i'W —'~' sin(W"2to)M —"'p(0)
+M—u2 cos(Wi12t, )Mi12x(0) (5)

and

p(to) =M"' cos(W'"to)M '"y(0)
M'"—W" sin (W'"to) M'"x(0) (6)

where W=M "'VM '" The series expansions of the
matrices cos(W"'to) and W+"'sin(W"'to) in Eqs. (5)
and (6) involve only integer powers of the matrix W, e.g.,

cos(W'~'to)= P (—1)" W
~=0 (2m)!

For values of to of the order of p~z(mi '+m2 ')j '"
which is the time required for a long-wavelength
disturbance to travel one lattice spacing, the first
eight terms in the series expansions of the matrices
cos(W"'to) and W+"'sin(W'I'to) are sufficient to give
values of their elements correct to eight significant
figures. Thus, for a given arrangement of the masses m~

and m2, it is possible with the aid of the IBM 7090
to calculate the elements of the propagator matrices in
Eqs. (5) and (6). Values of x(to) and y(to) can then be
computed from the initial conditions. This process, when
repeated n times, produces the values of x(nto) and
p(nto) from which 8Lh~O, nto) can be calculated.
Provision was made in the computing program for
generating random mass distributions" consisting of
equal numbers of m&'s and m2's.

The results of the calculations for a series of five
different isotopically disordered 100-particle crystals
are presented in Fig. 4 for the case in which the mass
ratio is m~/mi=5/4. The reduced mean local tempera-
ture at the middle of the initially hot region is plotted
as a function of the time 7.1. which is measured in units
of the time required for sound to travel from the middle
to the boundary of the hot region. The partial energies
were computed for hot regions consisting of a total of
21, 31, and 51 particles (1,=10, 15, and 25, respec-
tively); and the curves shown in Fig. 4 are those
pertaining to the case of 31 particles. For purposes of
comparison we have also plotted (open circles) the
corresponding cooling curve for a perfect monatomic
100-particle crystal in which the sound speed is the same
as in the regular diatomic crystal composed of particles
of mass m& and rn&, namely, one in which the force
constant to mass ratio is ~/m, where m is the harmonic
mean of mi and m2, m=2(mi '+m2 ') '. All of the
disordered crystal cooling curves lie above the one for

'O. Taussky and J. Todd, in Symposium on Monte Carlo
3fethods, edited by H. A. Meyer (John Wiley R Sons, Inc. , Neer
York, 1956). These authors describe the congruential multiplica-
tive method used in our calculations.



ROBERT J. RUBIN

I.O:

.2"

FIG, 4. The reduced local temperature in the middle of a hot
region is plotted as a function of 7-1, for five different isotopically
disordered 100-particle crystals containing 50 particles of mass m1
and 50 of mass (5/4)mq. Different isotope arrangements are
denoted by the number used in their generation, e.g. , 11, 12, ~ ~ ~,
15. For the cases shown, L is 15. The corresponding reduced local
temperature is plotted for a perfect crystal (open circles) consisting
of 100 particles with the harmonic mean mass m= (10/9)mI ~ The
solid curve represents the analytic result for the perfect crystal,
Eq. (B25).

the perfect crystal. The cooling curve for the perfect
crystal for I.))1,Eq. (825), is shown as a solid curve in
Fig. 4, and is remarkably close to the computed values
in the present case, 1.=15 (open circles). It should be

emphasized that for the range of 7.1, covered in I ig. 4
the shapes of all the cooling curves are independent of
the nature of the crystal boundary conditions, or, what
is equivalent, independent of the finite size of the
system. This statement is based on the fact that the
minimum time required for a sound signal originating in
the center of a 31-particle hot region of a 100-particle
crystal and traveling through one side of the hot
region to reach the other side (or be reflected back
from particle number 50) is r1,=5-', , and the maximum
7& in Fig. 4 is less than 4. We have tested the accuracy
of the procedure used for integrating the equations of
motion by reversing all particle velocities at 7-1.=2. It
was found that at rr. 4, the initial con——dition Eq. (813)
was reproduced with an accuracy of 1 part in 10'.
This accuracy was obtained using truncated matrix
representations of cos(W"sos) and W+'~' sin(W'~'I, )
which were accurate to one part in 10'. The total
number of iterations with these matrices was 60,

Plots of the reduced local temperature vs 71, for the
cases L=10 and A=25 for the same crystals show the
same general features. There is an abrupt fall-off at
vL, =1, and there is a considerable spread among the
cooling curves for 7.I.&1. However, one noteworthy
difference between the cooling curves for the perfect
and disordered crystals is apparent when the cooling
curves for the cases 1.= 10, 15, and 25 are compared on
the 7L, time scale. The cooling curves for the perfect
crystal practically coincide in the three cases, X=10,

15, and 25, whereas the cooling curves for any one of
the disordered crystals do not. The magnitude of the
differences is illustrated in Fig. 5, where the three
cooling curves for the perfect crystals and the three for
disordered crystal P 14 are plotted. Disordered crystal
/14 is typical in the sense that similar plots for the
other disordered lattices show both larger and smaller
differences.

The calculations for the same mass distributions
considered in Fig. 4 with a mass ratio ms/mt ——5/4 have
been repeated for the mass ratio ms/mt ——2. The results
for the reduced local temperature in the middle of the
hot region, with I=15 are plotted as a function of 7.1.
in Fig. 6. As in the previous case, the cooling curve for
the perfect monatomic crystal composed of particles
with the harmonic mean mass rn is indicated by open
circles. The increase in the mass ratio from 5/4 to 2
has the effect of enhancing the differences among the
disordered crystal cooling curves and between the
disordered crystal and monatomic crystal cooling curves
noted in the ms/m~= 5/4 case. It is to be expected that
in the limit in which the number of particles in the
crystal and in the hot region are very large, differences
between cooling curves for different random isotope
arrangements will be negligible. Even though the time
required for the generation of a random mass distribu-
tion and the calculation of the cooling curves for I.= 10,
15, and 25 is only 2 minutes in the case of a 100-particle
crystal, it is not now feasible to verify this expectation.

The principal conclusions which can be drawn from
these numerical experiments are that a significant
fraction of the energy in the hot region propagates
away at the speed of sound of' the regular diatomic
crystal and that the tail of the temperature-time curve
for a disordered crystal decreases more slowly than that
for the perfect crystal in which the sound speed is the

)C
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Fio. 5. The reduced local temperature denoted by crosses is
plotted as a function of v I, in the case of random mass distribution
+ 14 for a hot region consisting of 21, 31, and 51 particles (L= 10,
15, and 25) when m2= (5/4)mI. The corresponding reduced local
temperature denoted by dots is plotted as a function of 7L, in the
case of the 100-particle monatomic crystal with rrr= (10/9)m&.
The solid curve represents the analytic result, Eq. (B25).
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transport problem were obtained for the perfect and the
one-defect crystal. Numerical solutions were presented
for a set of five different isotopically disordered 100-
particle crystals.
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FIG. 6. The reduced local temperature in the middle of a hot
region is plotted as a function of rL, for the five isotopically dis-
ordered 100-particle crystals considered in Fig. 4. In the present
case m2= 2mi and I.= 15. The corresponding reduced local
temperature is plotted for a perfect crystal (open circles) consisting
of 100 particles with the harmonic mean mass m, = (4/3)mr. The
solid curve represents the analytic result for the perfect crystal,
Eq. (B25).

same. The precise nature of the decay law for TI, '
XTt0,«z,j in an isotopically disordered infinite crystal
when L))1 is of particular interest, but remains to be
determined.

SUMMARY

In Sec. A we treated the problem of obtaining the
momentum autocorrelation function of a lattice particle
in a system in thermal equilibrium; and in Sec. 8 we
treated an energy transport problem in terms of the
time dependence of the ensemble average kinetic
energy of a lattice particle in a spatially nonuniform
ensemble. As a consequence of the linearity of the
equations of motion, it was possible in each case to
solve the problem formally for an arbitrary mass
distribution and lattice structure. Furthermore, a
relation was established in each case between the
statistical property of interest and the solution of the
same initial value problem of the lattice equations of
motion, Eq. (A8) or Eq. (813). The formal solutions
were studied in detail for a series of infinite, one-
dimensional crystals with nearest neighbor interactions:
(1) the perfect crystal, (2) the one-defect crystal, and

(3) the isotopically disordered crystal.
In Sec. A, explicit analytic expressions were obtained

for the momentum autocorrelation function of particles
in a perfect and a one-defect crystal. In addition, in the
one-defect crystal, the quantum-mechanical momentum
autocorrelation function of a very heavy defect particle
was studied. In the case of the isotopically disordered
crystal, an identity was established between the
average momentum autocorrelation function of all the
lattice particles and the frequency spectrum of the
crystal.

In Sec. 8, explicit analytic solutions of the energy-

«„(t)= Re{(yl o, t jPLO, t +th))/(l)'I O, t j)
=(p'[O, t'$)—'&ATM

Pi+1
X

27ri

ys cot(ys)
exp (rests) ds (I.1).

P)s+ (s'+1)'"

In estimating the time dependence of rpp(t) when Q»P
and $&)1, we distinguish two cases: 0«p~&s./2 and
s/2(g((g. In the first case 0&&&&~or/2, the method
used in estimating the classical momentum autocorrela-
tion function' can be used directly; and in the second
case ~/2(P((Q, a slight modification is necessary.

First Case: 0&& &~pe/2

This case includes the classical limit &=0 where the
factor Ps cot(Ps) is equal to unity and Eq. (I.i) for
rpp(t) is identical with the expression for ppp(t) in
Eq. (A26)

/+1
p-(t) =(p'Ã, t'j)-'~.T~

exp (repts)
ds. (I.2)

ps+ (ss+1)1/s27ri

In this classical limit, the integral appearing in Eq. (I.2)
is transformed by replacing the vertical cut connecting
+i and —i by a semicircular cut in the left half plane
connecting +i and —i (see Fig. 7a). In the process, a
pole of {Qs+(s'+1)"') ' at s= —(g' —1) '"=—g 'is
uncovered. The integral in Eq. (I.2) can then be
expressed as the sum of two quantities: the residue of
the integrand at the pole s= —(Q' —1) "' and the line
integral around the semicircular cut. In the classical
limit when g&)1, it is easy to show' that the magnitude
of the integral around the cut is less than K2g '. Con-
sequently, a very precise estimate of the classical mo-

APPENDIX I: DETERMINATION OF THE TIME
DEPENDENCE OF THE MOMENTUM

AUTOCORRELATION FUNCTION
WHEN g»fl

The expression for the quantum-mechanical momen-
tum autocorrelation function is
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expressed as

-2ii(' Xcot[g(g' —1) ' 'j exp[—oio(g' —1) ' 'tj

= exp[ —~'coot]+&r(t), (I.6)

FIG. 7. (a) The form of the cut used in estimating the classical
momentum autocorrelation function ppg(t). (b) The form of the
cut used in estimating the quantum-mechanical autocorrelation
function roo(t) for p in the interval ~/2&y&& g.

1

mentum autocorrelation function is obtained, namely,

Second Case: oo/2 &g«g
The function gz cot(pz) has poles at z=&zg ',

&2ztt '; and for values of p in the range s (p«g,
there is at least one of these poles inside the semicircular
cllt sllow11 111 F1g. 7(a). To avoid t111s colIlpllcatloll we
use the cut shown in Fig. 7(b). This cut consists of a
semicircular portion whose radius is —smp ' and two
vertical segments connecting +i and s The—tr.ans-
formed expression for the quantum-mechanical auto-
correlation function of the heavy particle is the sum of
two quantities...(t)=(ll [o,t ])-u.T~ y($2 1)—its

1

p o(t) =exp (—& oiot)+~ (t),

where (8(t)
~

~&K26i '.
For all values of tt in the range 0&~&~&~/2, the same

arguments used in evaluating the integral in Eq. (I.2)
can be used for roo(t) in Eq. (I.1). The residue of the
integrand in Eq. (I.1) at z= —(g' —1) '" can be
expressed as exp( —g 'oiot)+hi(t), where ~BI(t)

~
&cg ';

and an upper bound of the integral around the cut,
Bs(t), is ~hs(t)

~
(V2(g cothp)g ',. Therefore, in the case

0 ~&tt ~&s./2, for g&&1

r o(t) = exp( —+'toot)+5(t),

where
( B(t) (

(c+'.

where
~
hi(t) f &crag ' and ci is of order unity.

Next, consider the problem of estimating the contour
integral in Eq. (I.5). It splits into two parts; and each
part is equal to the difference of two line integr als
along opposite sides of a portion of the cut

27ri

Qz cot($z)
exp (oootz) dz' Qz+(z'+1)"'

/+1 ' py coth(py)
(1—y') 'i' cos (testy) dy;.o- (g' —1)y'+1

—,'z cot(-', m e")
[1+1~2'—2csio]l/s

(gs 1)1y 2~2c2,—8

XeXp[2S8+szP Ioiote"js'ng 'de. (I.7)

y[(Z' —1)y'+1] 'dy

coth(g/2) [1—ts.sy

t'44P — 4qP~
—'—1-

X in~ —ln 1+

In the present case where g»p, a simpler (and weaker)
version of the inequality in Eq. (I.S) is

2g 2Q
~

d 1 (t) j
&coth (s /2) —ln—g '. (I.9)

The first integral on the right in Eq. (I.7) di(t), which
represents the contribution from the vertical portions
of the cut, satisfies the following inequality

~
di(t)

~
(2z '(/+1)p coth(~/2)[1 —srwsp 'j'i'

Xcot[P(Q' —1) '"j exp[ —coo(g' —1) '"t]

~
ds(t)

~
& (/+1)—[1+—'m'p ']' coth(vr/2)

The second integral on the right in Eq. (I.9), ds(t),
which represents the contribution from the semicircular

/+1 pz cotgz) portion of the cut, satisfies the inequality
exp(rootz)dz . (I.5)

2s.s e' gz+ (z'+1)'n 7r2

The first term in braces in Eq. (I.5) is the residue of the
integrand at z= —(o)'—1) '" and the second term is
the line integral around the cut shown in Fig. 7(b). In
the present case where g»P)n-/2, the residue can be

X[-:(Z'—1) '~-'-1]-'

&[1+—'s'p 'j' ' coth(vr/2)pg ' For g»Q (I.10)
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When t«a&p ', the expression for I,(t) reduces to

Ii (t)—1ng+

When t ppp ', the expression for Ii(t) is

Ii(t)=—y —ln(g 'pipt) —Re{Ei(—ip~pt) }. (II.9)

Values of Re{Ei(—ipipt) }can be obtained from tables. "
When t»p~p ' but t&&gp/p ' (g '~pt is still small

compared to one), the approximate expression for Ii(t)
obtained from Eq. (II.9) is

Ii(t)——y —1n(g—'pipt)+ ((opt) ' sin(a)pt) . (II.10)

In the range 0.01 gp/p '(t(100$ppp ', the expression
for Ii(t) is

Ii(t)=-,' exp(g '/dpt)Ei(g 'rept)+-', exp( —Q 'p~pt)

XRe{Ei(g 'pipte ' )}+(/dpt) ' sinp~pt. (II.11)

Useful numerical tables of the combination of exponen-
tials and exponential integrals in Eq. (II.11) are given
by Miller and Hurst. " The last term in Eq. (II.11) is
very small compared to the first two terms in our
application, g»1.

Finally, when t»gp» ', the expression for Ii(t) is

original form of Ip(t), one can obtain

Ip(t) = y 'L(1 —y')'/' —17cos(p~pty) dy

y cos(p/pty)
dy.

(I—yP) '/P+ 1
(II.15)

sin (p~pt)

+ (&apt)
' (1—y') ' ' sin(copty)dy

Capt

—(~pt) ' L1+(1—y')'/'7 'sin(p/pty)dy. (II.16)

The first integral on the right in Eq. (II.16) can be
evaluated. "The procedure of integrating by parts and
isolating the singular factor can be repeated twice more
starting with the second integral on the right in Eq.
(II.16). The final result is

After integrating Eq. (II.15) by parts and after some
rearranging to isolate the singular factor (1—y') '/'

which is introduced, one obtains

Ii(t)=—(g 'pppt) '.

Approximate Expressions for Ip (t)

(II.12)
I,(t)=(1+(up 't ') ' sin(p~pt) cos(pppt) sin(p~pt)

+ +
apt mp2t2 orpst3

When t«pip ', the expression for Ip(t), Eq. (II.3),
reduces to

Ip(t)—ln2 —1.

( 1 2
+ i

— —H p (p~pt)
ppp t kp/pt ppp t 2

In the interval 0.1cop '~& t~&10cop ', a more convenient
expression for Ip(t) can be obtained by replacing
—jp""(1—cosa.)o. 'do. by" where the magnitude of the last term A(t) in Eq. (11.1'7)

(II 13)
is less than Spppy+ln(capt)+Re{Ei( —ip/pt) }.

I,(t) = ln2 —1+y+ln(p~pt)+Re{Ei( —ip~pt) } The expression for the reduced local temperature
given in Eq. (B24) is

H p (o')do —H i((opt) . (II.14) 2L
Tq iTt0, r/7= JpP(2Lr/)+2 P JP t rr,

~

. (B24)
L It=

Upon substituting Eq. (II.13) in Eq. (II.3), one obtains AI'I'E&'DIX III:EVALUATION OF THE REDUCED LOCAL
TEMPERATURE IN A PERFECT LATTICE

In the interval 0.1Mp '~&t~&10~p ', tables of numerical
values of all the functions in Eq. (II.14) are available. "

In the range t) 10p~p ' where values of Jp "Hp(o)dp.
are not tabulated, a more useful expression than Eq.
(II.13) can be derived for Ip(t). From Eq. (II.3), the

52 Tables of the Exponential Integral for Complex Arguments,
National Bureau of Standards Applied Mathematics Series (U. S.
Government Printing OfFice, Washington, D. C., 1958},Vol. 51."J.Miller and R. P. Hurst, Math. Tables Aids Computation,
12, 187 11959).

~4 Ref. 5I, Vol, 2, Sec. 9.8.
55 G. N. Watson, A Treatise on the Theory of Bessel Functions

. (The University Press, Cambridge, England, 1944), 2nd ed. ,
p. 752; and M. Abraniowitz, J. Math. Phys. 29, 49 (1950}.

In evaluating the sum in Eq. (B24), we make use of a
uniform asymptotic expansion of Bessel functions (with
error estimates) which has been developed by Olver. 4'"
The expansion is

Ji(tpp)~t "&0){A'(t"{)E1+2 t "A (f')7

+$—
4/8Ai~($2/pf ) P $

—28II Q-) } (III 1)

."Ref. 34, p. 69.
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where

1+(1 x2)1/2

—,
' ln ——,'(1—x')"'

2/3

For r~ not too close to unity, P—"f is large ( L'/') for
all values of 3, l ~&2L. Consequently, all of the functions
Ai(P/3t) and Ai'(P /3t') can be replaced by their asymp-
totic formulas, for large negative arguments. '~

and

—{$(x—1)'/ —$ sec 'x}3/3, x&~1 (111.3)

0(x& 1 (III.2) 3r

Ai(p () '~ ( P"—() ' cos +2L—(.—P ~
'/'

4L3)

Ai(x) =3r cos(-', t3+xt) dt,

and the functions A, (P) and B,(l ) are defined by recur-
rence relations. "The recurrence relations are

B.(i )=!r "' r'"f&(f')A. (f ) A."(f)}«—

4 (0)= (4I (1—x') ']"'. (III.4)

Ai(x) and Ai'(x) denote the Airy integral and its
derivative"

sec (III.5)

P 1/2

Ai'(P"l) 3r '"(—P"l)'" sin ——+2I
4L i

2L,
sec ' r/. . (III.6)

l

The use of these asymptotic formulas for every t,
8~& l~&2L, is justified if —

3(
P/~31 ~)3/3 is large compared

to one, i.e.,

and

A., 8') = ——',B.'0.)+-', F0-)B.O)dl, or

2L7 L/l

(x'—1)'/'x —'dx»1 (111.7)

where
A3(f)=1

P 1/2

2I 7g2—
2L

sec ' 7 ~ ))1. III.8

and

A O)

Bo(f)=
24' i'/' 48' (3

81ri3+462r i'+ 385r i3 7 (3ri+5 r i3) 455

1 i52 1152/33/' 4608'.i3

where 1'i= l and —ri (x'—1) '"——
Olver has shown47 that if terms up to and including

l 'B3(l) and l—'A3(f) are retained in Eq. (III.1), then
the remainder or error term is less than one unit in the
8th significant figure wh en I &~ 8. Consequently, in the
sum in Eq. (B24) from l=8 to 2L, J(Ll(2L/l)rz] can
be replaced by Eq. (III.1) with r=3. For rr. &1, the
sum of the terms in Eq. (B24), which are not included
in Pi~'~, is negligible (of order L '). The Airy functions
introduced into Eq. (B24) have the argument

2 L7- L/l 2/3

5 f' x'(x'+4)
P8') = +-

16'.3 4 4 (x' —1)'

and x=x(f) is defined implicitly by Eqs. (III.2) and
(III.3). When x&~1, the expressions for B3(f) and
A, (f) are

3ri+5ri3 5

(*'—1)'"x 'dx& (2L)'" (III.9)

where (2L)"' is assumed to be large. Because the
integral in Eq. (III.9) is greater than 23/'(rz, —1)"/3rz, ,
the inequality in Eq. (III.9) is satisfied if r/, 1&2 '3"'—
X (2L) '/3. Thus, except for a very small time interval
1(rz, (1+(2L) "/', the asymptotic formulas in Eqs.
(III.S) and (III.6) can be used.

Substituting these asymptotic formulas and the
definition of @(l), Eq. (III.4), in Eq. (III.1) for
J(D(2L/l)r/], one obtains

(2J) i/ (2/3r)1/ (r 2 y2) U4 cos 2I(r/, 2 y2) 2

The condition expressed in Eqs. (III.7) and (III.8) is

clearly satisfied, except when v- z, is close to 1 and, at
the same time, l is close to 2L. We can determine the
lower limit of rz, such that the inequality in Eq. (III.7)
is satisfied over the whole range of values of /, from the
condition

7L

P/3f (x'—1)'"x 'dx —2Ly sec '(y ir/. )——L1+ P (2Ly) 3'A, (l)]
8=1

3 P '/3 3 l 2L
= —(2L)'/' — rr, ' — sec —' r/. (

2 4L' 2 2L l )
'7 J. C. P. Miller, The Airy Integru/, British Association for the

Advancement of Science, Mathematical Tables (The University
Press, Cambridge, England, 1946), Part —Vol. B.

+sin 2L(r/3 —y')'/3 —2Ly sec '(y 'r/) ——

XL P (2Iy)—"—'(—1)'/3B, O)], (III.10)
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where the variable y=l/2L ranges from 8/2I. to 1.
There is a final simplification of the expression for
J3(ly 'rL) in Eq. (III.10) which depends upon the
properties of (2Ly) "A.(t'), s&~1 and (—t')'"(2Ly)-'* '
XB,(g), s&~0. These terms constitute corrections to
the leading term in the asymptotic series and were

retained in order to have a uniform accuracy of one

part in 10' for Bessel functions of all orders between
l=8 and l= 2I., independent of the value of 2Lr gl

In the present application, the magnitudes of these
additional terms are negligible for all values of l, 8 ~& l
~& 2L, for one of two reasons. Either the factors (2Ly) "
are negligible or the coefficients A, ts(y)), s&~1 and
P
—f'(y)]'/2B, D (y)), s &~0 are negligible.

These assertions concerning the magnitudes of
A, D'(y)), s&~1 and L

—{(y))1/2B, L{(y)7, s~&0 can be
veriled as follows. When x &~ 1 or 2Lr~l '

&~ 1, and
f= —{2 $(2L/l)'r L2—1)'/' —2 sec 'L(2L/l) rL))"' the
expression for (2Iy) 2A1(|) is"

(2Ly) 'A1({)=(2Ly) '

)2 ——1

81 rL~ —1
)2 ——2

+462 rL
~

—1
)

-)2L
+385

i rL
i

—1

—
f 2L )2 ——1/2 — 2L )2 ——3/2

ri
~

—1 +5 rL~ —1

1152(—{)3/2

81(rL2—y2) 1+462y2LrL2 —y2] 2+385y4LrL2 —y27= (2L)—'
1152

455
+ (—{)'

4608

7{3LrL2 y2)—1/2+5y2LrL2 y2]—3/2) 455 p4
+

~

— {PrL —y ) / —y sec 1(y rL)) . (III.11)
1728{LrL'—y']' '—

y sec '(y 'rL)) 4608(9

385 (2L) ' 385
(2L) '

t 2(2L) '/'+(2L) 2'3) '=
1152

(1+1 (2L)—1/3]—3

4 1152

In Eq. (III.11) the largest term (i.e., the one with the most singular dependence on LrL2 —y'] ' is —(2L) 'y4

&&(385/1152)(rL2—y') '. In the most unfavorable circumstance, when rL 1+(2L) "'——and y=1, this term is
equal to

It can be shown that the other terms in Eq. (III.11) are also negligible for L))1 and rL&1+(2L) '/'; and the
same arguments lead to a similar result for the higher order terms, (2Ly) "A,({).

The expression for (2Ly) '(—l)1/2B3({) is"
—~2I

i
(2Z,y) (—{)/2B3(g) = (2Ly) (—|) /

—(2L ) 2 ——3/2

+5 I rL[ —1

24(-{)' 48(-t )'.
1

(2L) 1 3t rL2 y2] 1/2+5y2LrL2 y2) 3/2

24
(III.12)

(rL2 y2)1/2 y sec 1(y lrL).

( 2L y I/2
J1~ f rL, ~~(2L)

~

— (rL y)—(2Ly) '( 1 )"'Bo(f'—) & (5/96)L "
For all rz, &1+(2L) '/' and for all y, 0&&y~&1, it can rL&1+(2I) "', 8(&l(~2L and 2L))1, is
be shown from Eq. (III.12) that when 2L))1,

Similar results can be obtained for the higher order
terms (2Iy) " '(—f')'/'B, Q').

As a consequence of the above estimates of the
magnitudes of A,Lt (y)), s&~1 and $—{'(y))'/2B,Pf (y)),
s~&0 the asymptotic expression for J4pl(2L/l)rL) for

g
)&COS 2L/3(rL, y) , (III.13)——

4

where /3(rL, y)=(rL y')" ysec '(y 'rL). It is—clear
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that upon inserting this result in Eq. (B24) for the
reduced local temperature the summation over l,
(2L) 'pl 8'L, can be replaced by an integration over

y1 J 8/2L dy; and the result is

4 ' COS2[2L/4(r L,y) —2r/4]
T8 'T[O, TL]= - dy

8/2I (TL y )

2 ' 1+cos[4L/4(rz, y) Ir/2 j—
dg.

(T 2 y2)1/2

(111.14)

Furthermore, in the limit of very large values of 2L
and for rz,)1+(2L) "', the integral in Eq. (III.14)
which involves cos[4L/4(TL, y) —2r/2j can be neglected
compared to the first term. The value of the reduced
local temperature obtained from Eq. (III.14) is

expression for J,P(2L/l)TL] becomes

( 2I ) ( P )—1/4

Jtl i rz
I

(2L) '/2(22r)-'"I
i I 4I.2

Xexp{—8l{8 '} (III.19)

for l)~ 2L and rL&1—(2L) '/'. Inserting this expression
for Jl[l(2L/l)TL) in Eq. (III.16), the reduced local
temperature is

1T[0 TLj= 1—7I
1 Q (l72 4L2TL2) 1/2

l=2L+1

Xexp{—4f{' '} (III.20)

for rL&1—(2L) '/'. The sum in Eq. (111.20) can be
shown to be negligible in the following way. A term-by-
term upper bound on

T2
—'T[0,TLj= (2/2r) sin—'(1/r L),

for rL& 1+(2L) 1/8, (III.15)
1S

g= g (P 4I.'rL') "—exp{—-4''"}
l=2L+1

X g exp 21—
l =2L+1

a result which becomes exact in the limit 2L, ~ . ] 2 1/2
The simplest method for obtaining the corresponding
value of T2 'T[O,TL] for rL&1 is to make use of the
identity expressed in Eq. (B23),

'rL

(1—x')'"x 'dx

2L
T8 'T[O,rL]=1—2 Q J12 l rL ~. (III.16)

1 2L+1=

In the sum on the right-hand side of Eq. (III.16), the
parameter (2L/l)TL is always less than one if rz, &1.
In this case, the asymptotic approximation, Eq. (III.1),
for Jl[l(2L/t)TLj is

& (2I ) 1(f—TL2) 1/2 P exp{—1828/2i(f —TL)2/2}
l=2L+1

exp{—82'/'(2L+1) (1 TL) /'—
& (2L) '(1—T ') '"

1 exp {—', 2'"(—1—TL)'"—}
(III.21)

4{.
Ai(P/8{), (III.17) Even in the most unfavorable case, i.e., when rL 1——

l ] (1 4L'rL 'l ') — (2L)-/8 the uppe~ bound in Eq (III 21) is

where

2/3

3 2 '"(2L) '/' exp{—-2'/'(2L)'/2}.

(1—x2)1/2x —1dx (111fg)

The argument of the Airy function P/8{ is positive and
large for all terms in Eq. (III.16) if rz, &1—(2L) '/'.

This last condition on v L can be obtained in the same
way that the condition rz, &1+(2L) '/' was obtained.
Replacing Ai(P/8{) by its asymptotic formula, the

%e now summarize the result for the reduced local
temperature in the middle of an initially hot region of a
perfect, infinite, one-dimensional lattice consisting of a
very large number of particles, 2L,

1, if rL&1—(2L)
(2/2r)sin '(1/rz), if TL)1+(2L) '"

(III.22)


