PHYSICAL REVIEW

VOLUME 131,

NUMBER 1 1 JULY 1963

Structure of the He® Nucleus*t

H. Corrarp aND R. HOFSTADTER
Department of Physics and High-Energy Physics Laboratory, Stanford University, Stanford, California
(Received 18 February 1963)

The He? nucleus has been investigated by means of the elastic electron scattering technique. Experi-
ments were carried out in the energy range 110-650 MeV. Absolute differential cross sections were measured
at angles lying between 40° and 135° in the above energy range. Form factors were observed for both the
charge density and magnetic moment density of the He? nucleus. The results indicate that the charge cloud
may be represented best by a model similar to a hollow exponential I type of rms radius 2.05 F. The mag-
netic moment cloud can be represented approximately by a Gaussian model of rms radius 1.66 F. There
appears to be a difference between the gross features of the charge and magnetic moment clouds, and the
magnetic moment cloud appears to be the more compact of the two.

I. INTRODUCTION

HE two important elements permitting an
investigation of the nuclear three-body problem
are the mirror-nuclei ;H® and .He®. The electron-
scattering technique is highly suitable for the study of
the simple combinations of nucleons in these elements.
Information about the ground-state wave functions
can be derived from the elastic scattering results.
Inelastic scattering cross sections will yield comple-
mentary data on the momentum distribution of the
nucleons in the ground state as well as on transitions
to excited states of varying stability. Time-coincidence
investigations between ejected protons or neutrons and
the residual fragments of the initial nuclei can furnish
important clues to relative correlations of the particles
in these nuclei. Proton and neutron form factors can
be investigated in the bound state in the relatively
simple nuclei of H® and He?. In addition, electroproduc-
tion of neutral and charged pions can be examined
under the relatively simple conditions prevailing in
these light three-body nuclei. Finally, the series of
nuclides ;HY, ;H? H3, .He?, .He? offers an unrivalled
opportunity to study the relative changes occurring
when the number of nucleons changes by one and two
units, thus allowing tests of the charge-independent
nature of nucleon forces to be scrutinized under care-
fully controlled conditions. All the above information,
when available, will certainly help to throw light on
the question of whether there is or is not an intrinsic
nuclear three-body force. The richness of this field of
study is evident to us and we have selected the nuclide
He® to begin such a series of investigations. At the
present time, in collaboration with the Los Alamos
Scientific Laboratory, we are also preparing a parallel
series of experiments on H?3. In this paper, we discuss
our recent work on the nucleus He?.

* This work was supported in part by the U. S. Office of Naval
Research, the U. S. Atomic Energy Commission, and the U. S.
Air Force Office of Scientific Research.

t A preliminary account of this work was presented at the
Seattle Meeting of the American Physical Society [Bull. Am,
Phys. Soc. 7, 489 (1962)7].

II. APPARATUS

The present experiments have been carried out on
gaseous He®. We have employed a technique similar to
one used previously’? in numerous experiments on He?,
The target consists of a thin cylinder made of stainless
steel carrying thin end caps through which the main
beam enters and leaves the cell. Because of the relative
scarcity of He? gas we used a target with walls suffici-
ently thick to guarantee the safety of the gas in the
target. Hence, we used 20 mil as wall thickness of the
cylindrical part of the target and 10-mil end caps made
in the form of hemispheres. A diagram of the target
and scattering chamber is shown in Fig. 1. Pressures
of He? gas up to 1125 psi were used.
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Fic. 1. The He?® target and scattering chamber.

1 R. McAllister and R. Hofstadter, Phys. Rev. 102, 851 (1956).
2 G. R. Burleson, Phys. Rev. 121, 624 (1961).
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Fi1c. 2. A schematic diagram of the filling system
of the target vessel.

To make it easier to obtain absolute cross sections a
companion target of ordinary hydrogen gas was used
in an identical target cell. In this case pressures up to
1800 psi were used. Alternate measurements were made
in which the He® data were observed under the same
conditions as those of the comparison Hj target. Gas
pressures in both targets were monitored continuously.
Known proton cross sections® were used as calibration
data to calculate He?® cross sections. The He® gas target
was filled by means of a Toepler pump. The schematic
diagram of this apparatus is shown in Fig. 2. Filling
of the He? target to pressures of 1000 psi from two 6.5
liter cylinders at 1.0 atm took but six “pushes” and
involved about 2 h of filling time.

Both the 36- and 72-in. spectrometers® were used
independently to take data on cross sections. Samples
of the results are shown in Fig. 3.

In many cases it has been necessary to extrapolate
the inelastic continuum underneath the elastic peak in
order to obtain the area under the He® peak. An
example is shown in Fig. 3. We have been aided in
this procedure by the appearance of the right-hand side
of the peak, which should be affected very little by the
inelastic continuum. The errors placed on experimental
points have been chosen to be large enough to take
care of the uncertainty in this extrapolation procedure.
It is seen below that the errors are reasonably small
except in the case of the analysis of the magnetic
scattering from He?.

Because the radiative effects are so similar for He?
and H! we have not made any relative corrections in
obtaining absolute cross sections. We estimate that no
errors larger than two percent are introduced by
neglecting such corrections.

3TF. Bumiller, M. Croissiaux, E. Dally, and R. Hofstadter,
Phys. Rev. 124, 1623 (1961).

4R. Hofstadter, F. A. Bumiller, B. R. Chambers, and M.
Croissiaux, in Proceedings of an International Conference on
Instrumentation for High-Energy Physics (Interscience Publishers,
Inc., New York, 1960), p. 310.
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III. ANALYSIS OF THE EXPERIMENTAL RESULTS

He? is a nucleus light enough so that the scattering
from its magnetic moment can be observed easily. It
has been possible for us also to study the dynamic
behavior of its magnetic moment. By this we mean that
the form factor of the magnetic moment of He® can be
measured under nonstatic conditions (momentum
transfer > zero).

A first Born approximation phenomenological theory
of the elastic scattering of high-energy electrons from
He? can be stated in terms of a Rosenbluth-like expres-
sion for the cross section:

do (Ze2)2 cos?(8/2) 1 .
d@/ \2E/ sint(6/2) 1+ QE/M&) sin2(6/2)
h? 2
=Pt [2(Fr+KFo)? tan?(8/2)+K2F#], (1)
4M3c2

when F; and F3 are “Dirac” and “Pauli” form factors
which are functions of the momentum transfer, #g,
given by

(2F/#c) sin(6/2)

T 0t /M) sinr6/2) 1
In this equation the parameters for He? have the values
Z=2,
Mc*=2808 MeV,
K=—4.20 He® magnetons.
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Fic. 3. Two examples of He® data and of comparison H data.
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F1G. 4. He?® elastic cross sections.
For the proton the corresponding parameters are
Z=1,
Mc*=938 MeV, 4)

K =1.79 nuclear magnetons.

The use of the Rosenbluth equation is justified since
Yennie et al.® have shown that this equation applies to
any particle having a spin of 3%. The spin of He® is
indeed %7%. It is possible to express the results for He?
in terms of the form factors Fo, and Fp,e given belows—8:

Fen=F1— (W*¢*/4AM?**)KF,, (5)
P‘mag"= (F1+KF2)/(1+K)- (6)

These form factors are very similar to F; and F; because
M2 is very large for He? and K is also quite large
compared with unity. Cur results are given below both
in terms of F; and F2 and in terms of F¢p and Fpag.

It remains, of course, for experiment to determine
whether Eq. (1) can be applied consistently and
successfully to the data. It is desirable for this purpose
to make consistency checks to determine whether F
and F are functions only of ¢ as they are required to
be in the formulation of the phenomenological theory
underlying Eq. (1). Such tests can be made by plotting

5D. R. Yennie, M. M. Lévy, and D. G. Ravenhall, Rev. Mod.
Phys. 29, 144 (1957).

8 R. G. Sachs, Phys. Rev. 126, 2256 (1962).

7J. D. Walecka (private communication).

8 L. N. Hand, D. G. Miller, and R. Wilson, Phys. Rev. Letters
8, 110 (1962).
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G, i.e., the elastic cross section divided by the Mott
point cross in Eq. (1), against tan?(6/2). A straight
line passing through the experimental data points
would prove the internal consistency of the theory. As
is well known, a straight line in this type of plot is
equivalent to a single point of intersection (or a small
region, within experimental error) in the “method of
intersecting ellipses.””®® We comment below on the
results of such tests.

In actuality the exact phase-shift method™ should be
applied to the scattering process which would be an
improvement over the first Born approximation. Esti-
mates of the small errors involved in using the first
Born approximation can be made by using the Fesh-
bach-McKinley theory? which indicates errors of 29,
at 135° and 19 at 40°. These errors are small compared
with the present experimental error and are neglected.
However, they should be kept in mind for subsequent
measurements which no doubt will be made with higher
precision.

IV. RESULTS

The cross sections for elastic scattering of high-energy
electrons from He® gas were measured at incident
energies lying between 110 MeV and 650 MeV. Labo-
ratory scattering angles varied between 40° and 135°.
The complete set of measured points is shown in Fig. 4.
Table I gives the values of the numerical results. The
appropriate values of ¢2 vary between 1.0 and 5.0 F—2

In Fig. 4 the solid lines represent empirical fits to
the data made by a visual analysis. On semilog paper

0.48
LEAST SQUARES FIT OF
GvsU FOR He’ FORM
0.40*——{ /{ il FACTOR CALCULATION
2 032 1} /}’(’
1
h\ L \q2=l.00 F2
Py
2
—~ 0.24_{ —
b|¢=
p
? o6 F—»— 1] 7
e Tq:—z.oo F2
0.08[% —
o
° 0.008 0.016 0.024 0.032

ofe (L e g)

AMp3c

Fi1c. 5. Straight-line plots of tan2(9/2) data at ¢?=1.0 and 2.0 F~2.

9 R. Hofstadter, in Proceedings of the Ninth International Annual
Conference on High-Energy Physics (Academy of Sciences,
Moscow, USSR, 1960), Vol. I, p. 355.

10 R. Herman and R. Hofstadter, High Energy Electron Scattering
Tagées (Stanford University Press, Stanford, California, 1960),
p. 37.

11, R. B. Elton, Proc. Phys. Soc. (London) A63, 1115 (1950);
D. R. Yennie, D. G. Ravenhall, and R. N. Wilson, Phys. Rev.
95, 500 (1954).

(1”4%;. A. McKinley, Jr., and H. Feshbach, Phys. Rev. 74, 1759

943).
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TasLE I. Hed cross sections for elastic scattering of electrons.

Ly (MeV) O1ab ¢ (F?) do/dQ (cm?/sr)
300 40 1.06 (3.2140.32) X 107%
350 40 143 (1.6540.17) X 10~%
400 40 1.86 (7.8040.78) X 1073
450 40 2.35 (3.5940.36) X 10~3
500 40 2.89 (1.924-0.19) X 103
500 40 2.89 (1.814+0.18) X 10731
550 40 3.48 (9.404-0.94) X 1022
600 40 413 (3.38£0.34) X 102
650 40 483 (1.8540.19) X 1072
200 60 0.99 (1.90+0.19) X 1030
250 60 1.54 (6.2740.63) X 10731
300 60 2.20 (2.164:0.22) X 10~
350 60 2.96 (7.954-0.80) X 1032
400 60 3.84 (2.69+0.27) X 103
450 60 482 (1.0340.10) X 1072
150 80 0.92 (1.224-0.12) X103
200 80 1.60 (2.6740.27) X 10731
225 80 2.02 (1.3540.14) X103
250 80 248 (6.3740.64) X 10~
300 80 3.52 (1.76+0.18) X 10—
125 100 0.90 (6.794-0.68) X 1031
150 100 1.28 (2.4340.24) X103
183 100 1.88 (9.4540.95) X 1032
198 100 2.18 (6.1340.61) X102
200 100 2.23 (6.1540.62) X 10732
214 100 2.54 (3.65+0.37) X 10—
228 100 2.86 (2.3640.24) X 10~
250 100 3.42 (9.324:-0.93) X 1073
275 100 410 (5.4240.54)X10-%
300 100 4.84 (2.284-0.23) X 103
125 120 1.12 (1.624-0.16) X 10—
150 120 1.60 (7.324+0.73) X 1032
175 120 2.16 (3.08:£0.31) X 10~
200 120 2.78 (1.34+0.14) X 103
225 120 3.50 (6.87+0.69) X 10—
250 120 4.26 (3.254:0.33) X 10738
275 120 5.0 (1.03£0.11) X 10-5
110 135 1.00 (1.01:0.10) X 10~
140 135 1.58 (4.67+£0.47)X 1072
153 135 1.88 (3.17+0.32) X 10~
166 135 2.20 (1.6540.17) X 10—
178 135 2.51 (1.05+£0.11) X 102
190 135 2.84 (7.13£0.70) X 103
214 135 3.56 (3.32+0.33) X103
237 135 4.31 (1.3140.20) X 10738
250 135 4.77 (7.64+1.15)X 103

the fits to the cross sections are given essentially by
straight lines.

In Figs. 5-8 we give the results for G of Eq. (1)
obtained from Fig. 4 or Table I. The solid lines refer
to least-square fits to the experimental points. It may
be noted that, by and large, straight lines can be used
to fit the data. However, there does seem to be a small
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but systematic deviation of the measured values away
from straight lines. The experimental points tend to
show a slight bulge above the mean square fits in all
cases. Whether such deviations are real or not cannot
be determined definitely at the present time. It would
be interesting to know in which direction the phase-shift
results would modify the behavior of the tan?(6/2) plots.

The data in Figs. 5-8 yield values of Fy and F» (and
also Fon and Fiag). The results are given in Figs. 9
and 10 and in Table II. The errors in F, are rather
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large at small values of ¢ for in this region the magnetic
scattering is relatively small compared with charge
scattering. To see how well these calculated form
factors fit the original experimental observations, we
show in Fig. 11 the cross sections calculated from Egs.
(1), (2), and (3) by employing the experimental form
factors of Figs. 9 and 10 and Table II. The triangles
show the recomputed values and the circles (with
margins of error) the actual cross sections. As observed
previously the fit is quite good but not perfect. Perhaps
the deviations from the straight lines in the tan2(6/2)
plots are responsible for the imperfection of the fit.
The principal results of the experiment are summarized
in Figs. 9 and 10 and in Table IT.

TaBLE II. He? form factors.

(F—z) Fy Fs

1.0 0.527+0.013 0.759+0.118
1.5 0.39040.009 0.57140.060
2.0 0.2984+0.008 0.401+£0.042
2.5 0.22740.006 0.314-£0.026
3.0 0.178+0.005 0.23340.020
3.5 0.138+0.004 0.1864-0.014
4.0 0.109+0.004 0.1524-0.013
4.5 0.083+0.003 0.1194-0.011
5.0 0.07240.002 0.091+4-0.008

Fch

0.531+0.013
0.3954-0.009
0.302--0.008
0.2314-0.006
0.1824-0.005
0.142+0.004
0.1124-0.004
0.0914-0.003
0.075+:0.002

Frmag

0.832+0.146
0.628-£0.076
0.43340.053
0.341+4-0.032
0.2444-0.021
0.194-+0.018
0.165+0.016
0.129+4-0.013
0.0970.010

It may be noticed that F; is larger than F,. This is
at first sight an unexpected result because one usually
thinks of noncancelling currents as spread out over
the surfaces of nuclei. The fact that Feo (or Fumag) is
larger than F; (or F.h), on the other hand, suggests
that the distribution of magnetism is less spread out
than the charge. This result is borne out by the inter-
pretive studies made in the next section.

Before going to those studies, the result that Fo>Fy
may indicate that the magnetic moment associated
with the neutron appears in an orbit somewhat more
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restricted than that of the protons. In making this
hypothesis we assume that the magnetic moment of
He? in the ground state is mainly associated with the
neutron. We wonder also whether the fact that there
are {wo protons to account for the charge and only one
neutron to account for the magnetic moment may not
be connected with the observation that F> F. Perhaps
the spin-spin forces can account for such a result. In
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any case we should like to call attention to the difference
between Fp and F; and hope that theory may soon
yield an explanation of this interesting phenomenon.

V. INTERPRETATION OF FORM FACTORS

We have attempted to fit our observed form factors
by using the usual first Born approximation formula
which gives the form factor as a Fourier transform of
the charge or magnetic moment distribution. Many
models have been tried but we report here only on the
more successful fits that have been obtained.
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Figure 12 shows a comparison between experimental
data for F; and one of the simplest of successful models,
the Gaussian model. The solid lines in Fig. 12 corre-
spond to Gaussian models with the rms radii indicated.
Though the fit is not perfect the general tendency
appears to be correct. Figure 13 gives the corresponding
results for Fy for Gaussian models of the appropriate
rms radii. Again the fit is not perfect, but the general
behavior of the model is correct. Note that the radii
for the “successful” Gaussian models for charge and
magnetic moment distributions differ and that the
rms magnetic radius ¢:=~1.68 F is smaller than the
rms charge radius ¢,=21.86 F. The corresponding results
for Funa.e and Fo, differ very little from the above
results and yield @mae~1.66 F and a.n=1.85 F.

In Figs. 14 and 15 we show similar results for a
hollow exponential I model® for the He® nucleus. In
this case the fits for F; and F., show some improvement

NUCLEUS 421
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with respect to a Gaussian model and the appropriate
rms radii are close to ¢;=2.07 F, and a.»,=2.05 F. For
Fs and Fy,e the hollow exponential I does not fit as
well as in the case of F; or F¢, but the rms radii are,
respectively, ~1.85 and ~1.82 F. Thus, we see a
reflection of the same fact in this second model that
the charge cloud is larger in extent than the magnetic
moment cloud. In fact, relatively good fits are given
by the hollow exponential I for the charge and by the
Gaussian for the magnetic moment.

Other phenomenological models have been tried and
the results are shown in Table III. Among all the
models we have examined the hollow exponential
appears to fit the best in the case of the charge distri-
bution. Of course, we do not take this model literally,
and any model that is not too highly peaked in the
middle (r=0) will suffice if the rest of the model is
approximately like that of the hollow exponential. We

Fic. 13. Gaussian
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TasLE III. Rms radii (in F) for various successful® form factor models.

Model a Qch Cmag
Gaussian 1.86 (mediocre fit) 1.68 1.85 (mediocre fit) 1.66
Harmonic well e 1.65 (@=3) e 1.63 (a=1%)
Hollow exponential I 2.07 1.85 (poor fit) 2.05 1.82 (poor fit)
Hollow exponential IT 1.75 1.73

Modified harmonic well  2.04 (a;=0.93, a2=0.40)

1.66 (@1=0.87, aa=0.54)

2.03 (@1=0.93, s=0.40) 1.64 (c;=0.87,05=0.54)»

a Unsuccessful models tried were the uniform, exponential, shell, Yukawa I*, Yukawa II*, hollow Gaussian, modified exponential I, and Clementel-Villi.

(See reference 10, pp. 16-23 and 116-181.)

have commented on this type of result before when we
studied the lithium nucleus.®® We illustrate the above
remarks by plotting (in Fig. 16) 4mr% against » for the
two models discussed above.

VI. CONCLUDING REMARKS

Our results in He® show a general agreement with
the phenomenological Rosenbluth equation but not
perfect agreement. The magnetic radius of He? is
smaller than the charge radius. A reasonable value for
the charge radius is ¢;n=2.05 F (hollow exponential I
model) and a reasonable value for the magnetic radius
1S @mag=1.66 F (Gaussian model). The errors in the
above determinations are difficult to estimate but we
believe that a =109, error on each radius is generous.
The above values are not corrected for the finite size
of the proton. When such a correction is made the
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13 G. R. Burleson and R. Hofstadter, Phys. Rev. 112, 1282
(1958).
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Fic. 15. Hollow exponential I fit to F.

appropriate radii are reduced by approximately 8 and
129, respectively.

These results make a comparison between He? and
H? most attractive for further investigation.
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A theoretical calculation of the charge radius of He?
was made recently by Pappademos* which is in
reasonable agreement with the experimental rms values
found in our studies. Some theoretical work on the
electrodisintegration of He® has been carried out by
Haybron'® and this will be compared subsequently
with the experimental inelastic continua now being
studied at Stanford.

14 J M. Pappademos, Nucl. Phys. (to be published).
156 R. M. Haybron (private communication).
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Variational methods are considered for the solution of the vector wave equation describing the field due to
an arbitrary source placed in the neighborhood of an inhomogeneous absorbing medium. Variational principles
for the tensor Green’s function satisfying the point source equation, VX VX I (r,t") — &2 (t,t') +U () ' (r,1r)
= —15(r—r’), have been obtained in linear and exponential forms, analogous to the Altshuler principles for
the scalar wave function. Stationary forms for the wave function and the scattering amplitude in the
standard scattering problem (incident plane wave, outgoing solutions) are recovered when the point source
recedes to infinity. For the special case of a spherically symmetric scatterer, the analysis leads to variational
principles for the two independent /th-order phase shifts. The method is illustrated by a calculation of the

fields internal to an axially symmetric potential.

I INTRODUCTION

EW methods of obtaining approximate solutions

to the vector wave equation, based on variational
techniques, are presented. The development of varia-
tional principles for electromagnetic scattering is, of
course, not new, but most of the earlier methods have
applied only to surface scattering!=5; i.e., the scatterers
have been assumed to be perfect conductors. In spite
of the considerable interest in scattering by dielectric
obstacles, there exist relatively few variational prin-
ciples applicable directly to the vector-potential-scatter-
ing problem. Those that do apply, notably the station-

*The research reported in this paper was sponsored by the
Air Force Ballistic Systems Division, Air Force Systems Com-
mand, under Contract No. AF 04(694)-1 with Space Technology
Laboratories, Inc.

I The literature on the theory and applications of the variational
method to problems of electromagnetic surface scattering is
quite extensive, and no attempt will be made to provide an
exhaustive list of references. Numerous additional references may
be found in those cited in this article.

( 2 H. Levine and J. Schwinger, Comm. Pure Appl. Math. 3, 355
1950).

3 R. Kieburtz, A. Ishimaru, and G. Held, University of Washing-
ton, Department of Electrical Engineering, Tech. Rept. No. 45,
1960 (unpublished).

4R. F. Harrington, Time-Harmonic Electromagnetic Fields
(McGraw-Hill Book Company, Inc., New York, 1961), Chap. 7.

5J. R. Mentzer, Scattering and Diffraction of Radio W aves
(Pergamon Press, Inc., New York, 1955).

ary forms based on the “reaction concept” of Rumsey,®’
may be useful in the calculation of cross sections but
provide little information on the fields themselves at
an arbitrary space point.

The objective of this paper is to present variational
principles for the vector-scattering problem which are
formal analogs of principles which have been found to
be particularly useful in the scalar-scattering theory.
In Sec. II, variational principles based on both the
differential and integral equations for a generalized
tensor Green’s function are discussed, and in Sec. TIT
variational principles for the field and dyadic-scattering
amplitude are developed. The special case of a spher-
ically symmetric scatterer is considered in Sec. IV,
with the analysis leading to amplitude-independent
variational principles for the two independent phase
shifts required in the vector-scattering problem. An
application of the formalism to the scattering of a
plane wave by a complex axially symmetric potential
is given in Sec. V.

As a slight notational simplification, the following
convention is adopted throughout the paper. Unless
otherwise specifically indicated, the product of a dyadic

6 V. H. Rumsey, Phys. Rev. 94, 1483 (1954).
( 7M. H. Cohen, IRE Trans. Antennas Propagation AP-9, 193
1955).



