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The study of a two-level system (TLS) coupled to a loss mechanism (LM), the fiuctuations of which are
taken into account, is motivated by relating the problem to spin-lattice relaxation, radiation damping, and
Brownian motion. A TLS of the electric dipole type (coupled to the LM through one variable only) is
discussed erst. The problem is formulated in terms of the Pauli spin matrices, and the Langevin equations for
Brownian motion of a TLS are derived. Their solution —made possible by taking expectation values in LM
space —contains the Weisskopf-signer exponential decay formula of radiation theory, as well as a second-
order shift in frequency of the TLS produced by the {nondispersive) LM. A driving force is added to the
problem and expressions are obtained for a driven lossy TLS of the electric dipole type. The same analysis
is applied to a TLS of the magnetic dipole type and differential equations for the spin matrices —for which
the expectation values in LM space has been taken —are obtained. Taking expectation values in TLS space
converts these equations into the Bloch equations. Unlike the electric dipole case, no frequency shift is
present.

INTRODUCTION
' 'N two previous articles' the concept of dissipation
- ~ in a quantum-mechanical system was discussed and
an analysis was made of a lossy harmonic oscillator.
The harmonic oscillator is, of course, one of the simplest
as well as one of the most important systems in physics,
and the analysis of its behavior has wide application.
Another fundamental system is the two-level system
(TLS), which is also an oscillator, and, like the harmonic
oscillator, is described by a single frequency. It is,
however, dissimilar to the harmonic oscillator in many
other respects. Thus, the harmonic oscillator is one of
the most important systems in classical as well as in
quantum mechanics, while the TLS does not exist in
classical mechanics; the harmonic oscillator is a linear
system, while the TLS is a nonlinear system; the
harmonic oscillator is related to Einstein-Bose statistics,
while the TLS is related to Fermi-Dirac statistics.

The importance of the TLS lies not only in the fact
that there are two-level systems in nature, but that
any system with only one pair of levels spaced in
correspondence with a given frequency (and a non-
vanishing transition probability between these two
levels) responds, approximately, to a perturbation
having this frequency as though it were TLS. It is the
purpose of the present article to discuss dissipation in
the TLS.

It was easy to motivate the consideration of dissi-
pation in a harmonic oscillator, even though one may
think of dissipation as a macroscopic phenomenon, by
pointing to a macroscopic system such as the electro-
magnetic field of a resonant cavity mode which needs,
for certain purposes, quantum-mechanical treatment.
There exists no macroscopic TLS and one does not,
normally, think. of lossy two-level oscillators. It was
noted in I, however, that dissipation involves the weak
interaction between a simple system and a large complex
system that is described very incompletely, as in

' I. R. Senitzky, Phys. Rev. EE9, 670 (1960); 124, 642 (1961);
referred to as I and II, respectively.
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thermodynamics for instance, and is affected only
slightly by the interaction. From this point of view a
two-level oscillator with dissipation represents a two-
level system in interaction with a thermal-reservoir
type of environment. A good example of such an
environment is a crystal lattice; another example is the
radiation field of a large multimode cavity, or, in its
limiting form, the radiation fMld of free space. We
may also include among the examples a system which
subjects the TLS to su~4.:ciently frequent weak collisions
having random characteristics. Such a system will

produce Brownian motion of the TLS. In II it was
shown that the theory of the harmonic oscillator with
dissipation is identical with the theory of Brownian
motion of the harmonic oscillator, the fluctuations of
the dissipation mechanism producing fluctuations of
the harmonic oscillator coordinates. In the same
manner, we can develop a theory of Brownian motion
of a two-level system. Of course, there exists no position
coordinate for a two-level system, so that the theory
must be regarded as one of Brownian "motion" in a
generalized sense. ' The applicability of the theory of a
TLS with dissipation is illustrated by the fact that in
the following analysis there will be found a derivation
of the Langevin equations for a TLS, of interest in the
theory of Brownian motion; the Weisskopf-Wigner
formula, of interest in radiation theory; and the Bloch

2 The fact that the large complex system with which the TLS
interacts is described very incompletely does not mean that more
information about the system is not available. It merely means
that this additional information will not be utilized, and certain
detailed aspects of the interaction with a specific loss mechanism,
which might serve to distinguish the effect of one loss mechanism
from another, will not be considered.

3In Brownian motion of the TLS, the state of the TLS is
considered to be changed at each collision by a random, but
small, amount, so that the state after collision di6'ers only slightly
from that before collision. These are the weak collisions. There
can also be, of course, strong collisions, after which the state of
the TLS is unrelated to that before collision. If the strong collisions
have a sufficiently low rate of occurrence, then the average behavior
of a TLS in a large group of systems is also described by the
present theory. R. Karplus and J. Schwinger /Phys. Rev. 73,
1020 {1958)g have considered the strong collision case.
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equations, of interest in the theory of spin-lattice
coupling.

Our discussion will proceed, initially, in a manner
somewhat similar to that of I, especially as far as the
loss mechanism (LM) is concerned. Those considera-
tions which are found in I will be summarized brieQy
for the sake of completeness; the earlier article should
be consulted for a more detailed treatment of them,
if such is desired. Section I is the basic part of the
present article; it is an analysis of a TLS of the electric
dipole type coupled to a loss mechanism, and includes
the main ideas of the article. Section II contains the
addition of a driving force to the problem under
consideration, and Sec. III contains the consideration
of a TLS of the magnetic dipole type.

We consider a TLS coupled to a LM. The temporal
development of the combined system will be described
by the time-dependent operators of the Heisenberg
picture. The representation will be that in which the
energy of the uncoupled systems is diagonal.

The dynamical variables of the TLS are represented
by 2)&2 matrices, and it is well known that any 2&(2
matrix can be speci6ed as a linear superposition of the
Pauli spin matrices together with the unit matrix.
There are, therefore, only three linearly-independent
dynamical variables available with which to describe
the system, and the characteristics of the system
determine their choice (as well as the relationship
between them). Thus, if the TLS is an electric-dipole
oscillator, it is usually described by its energy and
dipole moment, the coupling to other systems taking
place through the dipole moment. One need not refer
to a third variable, but the time derivative of the
dipole moment, or the current, which is proportional
to the commutator of the above two variables, enters
significantly into the calculation. On the other hand,
if the TLS has a magnetic moment, it is described by
the three components of angular momentum.

We will consider erst a TLS of the electric dipole
type, in which the coupling to the loss mechanism takes
place through a single dynamical variable. 4 This
variable and the energy of the TLS may be expressed
as multiples of the Pauli spin operators o- and 0„
respectively. For our purposes, it is important to
realize that the well-known properties of Pauli spin
matrices, '

0'x =0y =0'z = ~
p

2 2 2

f~.,~„}= f~„~,}= I~„,~,}=0,
L040 &j= 2io

(ia)

(ib)

(1c)

' Although the electric dipole moment is a vector operator that
consists of three components, these components are multiples of
one another, and may be combined into a single operator in the
description of the behavior of an electric dipole type of TLS.
In the magnetic-dipole type of TLS, however, the three compo-
nents of magnetic moment are linearly-independent (and non-

apply not only when these matrices have their familiar
time-independent form in the Schrodinger picture, but
also when these matrices are time-dependent operators
in the Heisenberg picture, the initial values being

0 1 (0 —iq
~*(0)= ~.(0)= I

0 Ii oi

fi 0)
~*(0)=

I

EO —1)

The proof that Eq. (1) applies in the time-dependent
case follows from the observation that the Heisenberg
operators are all derived from their initial values by the
same unitary transformation, and Eqs. (1) clearly hold
for the initial values.

The Harniltonian for the coupled TLS and LM is

V=ELM+ ,'A(oo, +,'k-F0„-
where F is the coordinate (in appropriate units, and
includes the coupling constant) through which the LM
couples to the TLS, and where the two levels of the
TLS are situated symmetrically about zero.

An important restriction of the situations considered
is the requirement that the coupling between TLS and
LM be weak. The condition of weak coupling may be
expressed in several forms. One form is the statement
that the forces exerted by the LM on the TLS be
small compared to the internal forces of the TLS. This
is a qualitative statement, since the internal details of
the TLS are usually unknown. (Frequently, the con-
sideration of a TLS is an idealization used to avoid
involvment with internal details. ) Another form, of
phenomenological nature, is the requirement that the
relative changes produced in the TLS by the LM in a
single cycle (of the TLS) be small, or that significant
changes in the TLS take place only during a time which
is long compared to a period of oscillation of the TLS.
In quantitative terms, this requirement means that
the numbers associated with Ii be small compared to ~.

The LM is the same as that considered in I. It has
many energy levels, closely spaced, and is aGected
only slightly by the TLS. It is described, for our
purposes, by HLM and Ii. In the uncoupled state, the
diagonal matrix elements of F vanish. (This is a
consequence of the requirement that the LM not exert
a constant, or time-independent, force on the TLS.)
The initial state of the LM is described by a diagonal
density matrix

(4)

commuting). It should be borne in mind that the components of
e in the electric dipole case are not related to spatial directions.

5 The notation used is (A,B}—=AB+BA, and k, l, m stand for
the cyclic permutation of x, y, s.
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it is evident that y+ and q are constants in the absence
of coupling to the LM (which means F=O), and the
requirement of weak coupling implies that &+ varies
much more slowly than exp(&&A). Substituting from
Eq. (17) into Eq; (13), we have

F())=F(0) (])+ dti d(0' &(o)')

)& {q+ (ti) Lexp(i(o'i —i {«' —(0 }ti)

—exp( —i(o't+i {(0'+(o}&!i))

+(& (ti)Lexp(i(a't —i {a)'+(o}ti)
—exp( —i(o't+i {co'—a&}t,))}. (18)

i$
F (~) —F(0) (~)+

21/2~
dt» de'

0

)& {p+(ii) expLzco't —i(&d' —«) ti)
—y (ti) exp{ —i(0't+i(co' —«)ti) }

i(=F(0) (~)+
oo

dt» dv

y {~+(~i) expLi~t —iv(ti —t))
—y (ti) exp{ —i«/+i) (ti—3))}, (20)

where the substitution a=co' —c has been made. Since
the main contribution to the integral comes from v 0,
we change the lower limit of the u integration to —00,
obtaining,

F (&)=F«) (t)+2'&2ig Ch, 5(t,—t)

&(Ly (&!i)&,
'" —y (&i)8 '"i) (21)

which, from Eq. (15), gives the simple relationship

F(i) =F'"(~)—$~.(~) (22)

It is useful to examine further the approximations by
which Eq. (22) is derived from Eq. (18). In the latter,
we have an integration over both co' and tl. The co'

integration selects those values of t» that are near t,

If the tl integration is considered erst, it is seen that
the main contribution to the integral, for

t&)co ',
comes from those values of co' that are in the neighbor-
hood of ou. Based on this fact, several approximations
can be made. We drop the terms in the integrand
containing the factor exp{ &i(M'+co)ti), since these
terms oscillate rapidly, and we take $(«') outside of the
&d' integral as $(«)=—g, assuming that $(«') changes
little in the significant range of ~'. The result is

and the t» integration selects those values of co' that
are near co. Neither selection, or localization, is infinitely
sha, p, , in the sense of a 6 function; this is fortunate,
for the two localizations work against each other. If
there were complete localization in co' there would be
no localization in t», and vice versa. Thus, a small
region about co and a small region below t contribute
to the double integral in Eq. (18). The &) function in
Eq. (21) is obviously an idealization of alocalized
function which has both finite (rather than infinite)
height and finite (rather than infinitesmal) width. It
is reasonable to consider this width, which we label v,
and which may be regarded as the memory time of the
LM, to have an order of magnitude large compared to
co ' but small compared to the times during which
secular changes take place, that is, times during which
significant changes occur in the slowly varying quanti-
ties. If such a function is used in Eq. (21) instead of the
6 function, theo the term containing the integral goes
continuously from zero to f~„(—t) in a time of the
order of r. We write therefore, instead of Eq. (22),
the relationship

F(~) =F'" (~)—5(~)~.(~), (23)

where $(/) is a (c-number) function (multiplied. by the
unit operator in LM space) that increases continuously
from zero to $ in a time r and remains constant after
that. Although, for most purposes, the difference
between Eqs. (22) and (23) is insignificant, the latter
satisfies the initial conditions for the 0's and will make
it possible to satisfy the ot'her initial conditions of our
problem. (The initial conditions that have been im-
posed on P and the 0-'s imply that the coupling between
the TLS and LM is turned on at 3=0.)

There will be need later for an evaluation of
(F&"(ti)F")(t2)). Using the same methods as those
employed in going from Eq. (9) to Eq. (13), we obtain
in Appendix 3

2
(F(0) (ti)F&o) (t2)) =— d«' Li) (or') cos(0'(ti —f2)

where

ig(co') sin—co'(ti —t,)), (24)

i) (4&') = -', ~&Z—'& (~') L1+ exp( —A«'/kT)) . (24a)

)It is to be noticed tha, t ))(«') differs from $(«') only
in the sign of the exponential. ) In most of the later
applications of Eq. (24) (F&')(t.,)F&"(t2)) is one factor of
an integrand, the other factor being approximately an
oscillatory function of t& (or t2) with angular frequency
«, and the integration being over t) (or t2). As in the
case of Eq. (13), the time integration localizes the
region of co' which contributes to the integral on the
right side of Eq. (24). Using reasoning similar to that
employed in going from Eq. (18) to Eq. (20), we have,
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for purposes of the above applications,

(P
&P&o&(t,)P&o&(t,))=2 zS(t,—t,)——P, (25)

7l

and
(26)

where &I stands for &)(&a) .
If the expression for F(t) contained in Eq. (23) is

substituted into the equations of motion for the TLS
LEqs. (5a)—(5c)j, a complete set of equations of motion
for the TLS alone is obtained, since the LM enters
into resulting equations only through F&"&(t), which

may be considered as a prescribed function (or oper-
ator), given by Eqs. (8) and (24) or (25). (Additional
properties of P"&(t), not needed for the present discus-
sion, are given in II.) However, while F(t) commutes
with the TLS operators evaluated at time t, F&'& (t) does
not necessarily commute with these operators, and to
make full use of the equations, the commutators for
F") and the 0's are needed. These commutators may
be obtained from Eq. (23) together with the relationship

where k, l, and m stand for the cyclic permutations of
x, y, and s. These equations may be combined to give

(d/dt)ak2 ——0, (d/dt) { a„a,}=0,
(d/dt){ ak, a,j=2ia .

(31)

a', = —&a2o,+-,'&a {F"&,a,},
a = —&a'o —-'(d/dt){P&0& a }

(32)

(33)

Now, Eqs. (31) are just the equations obtained by
differentiating both sides of Eqs. (1). This means that
if the solution of Eqs. (29) satisfy Eqs. (1) at time t,
they will also satisfy them at time t+At. Since the
initial values of the a s, as given in Eqs. (2), satisfy:
Eqs. (1), the a's must satisfy Eqs. (1) for all values
of t. The solutions of Eqs. (29) having initial values
given by Eqs. (2) are, therefore, true spin operators.
It should be remembered, however, that they must now
operate in both TLS and LM spaces. If the expectation
value is taken in either space, these operator properties
will be destroyed.

The solution of Eqs. (29) will now be considered.
Equations (29a) and (29b) yield

Lp (t),ak(t))=0,

where k stands for x, y, or s. The result is

(27) These equations may be rewritten as integral equations.
We have

L.,(t),p"'(t) 3=0,

{0,(t),p&'& (t)(= 2i pa„

La, (t),F&0&(t)3= 2i &a, . —

(28a)

(28b)

(28c)

For the equations of motion of the TLS alone, we
obtain

0~= M(Ty )

a. =&do —-'{F&'& a }

a, =p&a&a„

(29a)

(29b)

(29c)

In the language of the theory of Brownian motion,
Eqs. (29) are the Large&&i&t eqmations for a TLS, with
F"& being the randomly fluctuating force (in appro-
priate units) acting on the TLS (see II). Equations
(29), together with the initial conditions given by Eqs.
(2), are sufFicient, in principle, to determine the a' s.
It is seen that the 0. s, while being initially operators
in TLS space only, become operators in both TLS and
LM spaces as t increases, since the derivatives of the
0's contain P(0).

Before considering a solution of Eqs. (29), it is of
interest to look at certain properties of the solutions
which may be obtained easily from these equations.
Using Eqs. (29) as the expressions for the time deriva-
tives of the a' s, we obtain by means of Eqs. (28) and (1)

a.(t) =-a.&"&(t)+-', dti sin&a(t —ti) {F&'&(ti),a, (ti) }, (34)

a„(t)=a„&'&(t)——,
' dti cos&a(t —ti) {F'&(ti),a, (ti) }, (35)

where a,&'&(t) and a„"&(t) describe the free TLS (and
satisfy the initial conditions):

p
a*'"(t)=

irut p
(34a,)

0 —ie'"'~
au'"(t) =

~

~

~

se-'"' 0 i
(35a)

a,= —$——'„dti cos&a(t —ti) 'F"&(t), {F"'(ti),a, (ti) })

+ dt F"&(t )&r„"&(t). (36)

Substituting from Eq. (35) into Eq. (29c) (where
F&'~o.

y is rewritten as a symmetrized product for
convenience), we obtain

aka'k+ a'ka k 0|
akal+ akal lam y

akam+ akam

(30a)

(30b)

(30c)

This is a diGerentio-integral equation for 0, In order
to be able to solve it, we take the expectation value of
both sides in LM space. The last term drops out, since

&F"'(t ) .'"(t )) =&F'"(t )) ."'(t )=o (37)



2832 I. R. SEN ITZKY

according to Eq. (8), and the result is

t

(rz
———$—4 dti cos(a (t ti)— (1 (—ro)e &'+ao

0'z =
0

0
(43)

(—1—oo)e o'+ooX((&' (t), I&'(t ), .(t ) I)) . (38)
where

The solution is then, in view of the initial conditions
of Eq. (2),

2(I~Ni(t)P (t ) I)-.(t ). (40)

(The factor 2 comes from the dropping of one sym-
metrizing bracket. ) This approximation consists of the
neglect of the noncommutativity of 0., and the P&'&'s,

and the replacement of the expectation value of the
product of r, and the LM variables by the product of
the expectation values. It should be noted that the
noncommutativity of the LM variables themselves
has not been neglected and that the expectation value
of the product of the LM variables is sot split into a
product of expectation values. The approximation of
Eq. (39) is similar to—but less drastic than —the first
essential approximation that was made in going from
Eq. (7) to Eq. (9), the latter containing, in addition
to the present approximation, the replacement of F by
F"~ and the replacement of an LM operator by its
expectation value. Replacing the expectation value in

(38) by the expression (40) and making use of Eq.
(26), we obtain

a.= —$—it(r, . (41)

This is an operator equation. o., is no longer an operator
in LM space, but it is still an operator in TLS space
(or spin space). It is, therefore, a 2X2 matrix. The
first term on the right side of Eq. (41) is a multiple of
the unit matrix. The equation for the matrix elements
is thus

(d/dt) (a,);;=—&8;;—it (a,)~J. (42)

As illustrated by the form of Eq. (37), no special
notation will be used, in general, to denote the expec-
tation value of the 0's in LM space, in order not to
give the impression that expectation values are taken
in TLS space. When not evident from context and
necessary for clarity, the notation ( )LM will be used
to indicate expectation value in LM space only.
Without subscript, the brackets will indicate expec-
tation value in both spaces when enclosing the 0's, and
expectation value in LM space when enclosing the
P(o)'s.

An approximation will now be performed that may
be regarded as the second essential approximation of
the present theory. It is expressed by

&P'"'(t), I~"'(t ), .(t )I))
=2(I~"'(t)P'"'(t ) I) ( *(t )) (39)

which, according to the above notation convention,
may be written as

1—exp (—A(a/k T)

1+exp (—A(a/k T)
(43a)

a,=a, (0)—pt+ dt F(oi(t )a.,(t ).

Substituting from this expression into Eq. (35), we
have an equation for a, that is the analog of Eq. (36)
for 0-,. Performing the same operations as those which
led from Eq. (36) to Eq. (41), we obtain

a-„(t)= a „(o~ (t) —it dt, a „(ti) cos(a(t —ti) . (45)

This integral equation may be rewritten in more
familiar form as a differential equation,

(rg+rta o+(0 (ro= 0
q (46)

with the initial conditions being determined by Eq.
(45). Equation (46) is, of course, the diA'erential

equation for a damped harmonic oscillator, with
solution

a„=a,(0) exp[Wi(at ——',hatt],

where

~=~[1 4(n'/~')]-"",
so that, in matrix form,

0
a
—(I/oi o t~

ki exp( —i(at)

i exp (i(at)—
(48)

0

The solution for 0- can now be obtained most directly
from Eq. (29a), which holds both for the operator form
and for the (LM) expectation values of a, and a.„.
The result is

~ZOO —~g
a.=~, (0)+(ao „(0) [1—exp(Wi(a ——,'it)t]

~i+1~i

=a..(0)Wio „(0)[1—exp(ai~ ——',it) t], (49)

which becomes, in matrix form,

It is not possible to substitute this solution into
Eqs. (34) and (35) in order to solve for a, and a„. The
reason is the fact that in Eqs. (34) and (35) a, must
still be an operator in LM space, since it enters there
into 6rst-order terms. From Eq. (29c) we have

In solving this equation, we approximate by ignoring
the short initial time variation of $, and replace $ by $.

0—~
—(1/2) g t

exp( —i(at)
(5o)

exp(~ t))'
0
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Equations (43), (48), and (50) are the solution of
our problem. It can be veri6ed directly that the 0's
given by these equations are not true spin operators
satisfying Eqs. (1), in accordance with previous
discussion. They are, however, sufhcient to yield
answers to certain signi6cant questions. In particular,
"complete" expectation values (in both TLS and LM
spaces) can be obtained immediately. We proceed to
consider these.

Let the initial state of the TLS be given by

where
elg 1+n2 &p2 )

I
nil'+

I
ns I'=1

(51)

(51a)

which is in accordance with the Boltzrnan distribution
law for a system with energy levels at ~A~ and —-,'A~.

The expectation value of the "electric-dipole mo-
ment" (in dimensionless units) is, from Eq. (50),

(o,)=2
I aiasl e &'"»' cos(cot+n),

where we have set

at=
I ail e'~', a..= I asl e'"', n=—ns ni ~ (54a)

Similarly, the expectation value of the "current"
is obtained from Eq. (48) as

oi(o „)=— 2laoia—lie s~' "~' sin(&ut+n) . (55)

We see that the dipole moment and current expectation
values decay one half as fast as the energy. It is also
interesting to note that the LM shifts the TLS fre-
quency slightly, the shift being given by Eq. (47a).'

A comparison of the above results with those for the
harmonic oscillator, found in I, shows some similarities,
The ratio of the decay constant of the TLS energy to
that of the dipole moment or current may be compared
to the same ratio of the decay constant of the harmonic
oscillator energy to that of the position or momentum.
It is to be noted, however, that the energy decay
constants themselves have a diferent dependence on

' It should be borne in mind that the LM properties are non-
dhspersive. This is implicit in the assumption that the variation
of P(ca') and g(cu') in the significant neighborhood of ru is suffici-
ently small to be neglected Pin going from Eq. (18) to Eq. (20)g.
Dispersive characteristics would produce a lower-order shift than
that given by Eq. (47a). In the language of electrical circuits,
the LM of the present article acts as a pure resistance (without
reactance) .

and where p& and y2 are the upper- and lower-energy
states, respectively. Then the expectation value of the
energy is given by

s&~(n.)= s&~l (lail' —lnsl')e "'+«(1—e ")3 (52)

It is seen that the energy expectation value decays
from its initial value with a decay constant p to an
equilibrium value

1—exp (—Ate/k T)
g AGD0'0 = —

~ Aco

1+exp (—Ato/k T)

the temperature. If the coupling between the harmonic
oscillator and LM is such that the decay constants are
the same at low temperature (kT((Ao&), the ratio of rf

to the harmonic oscillator (energy) decay constant P is

1+exp (—Ate/k T)

P 1—exp (—Ate/k T)
(56)

Iai'(t) I'=e &' (59)

which is essentially the result of Weisskopf and Wigner'
for the time dependence of the wave function of a
"two-level" atom radiating into space.

We come now to the problem of a driven TLS. The
Hamiltonian of Eq. (3) is supplemented by an addi-
tional term and becomes

6=ELM+ ', hollo I+ ', Aa gF+-',ho ~f,--(60)

where the c-number f(t) is the driving force (in appro-
priate units), and obviously couples to the TLS through
the same coordinate as the LM. We impose on f a
condition of weak coupling similar to that imposed on
Il. This condition is expressed by the requirement

(61)

and implies that significant secular changes produced
by the driving force can occur only in a time large
compared to a period. Quantities which previously were
slowly varying compared to exp(i&et) continue to be
slowly varying.

The relationships referring to the LM derived

V. Weisskopf and E. Wigner, Z. Physik 63, 54 (1930); see
also W. Heitler, The Quantum Theory of Radiation (Oxford
University Press, ¹wYork, 1954), 3rd ed. , p. 182,

It is interesting to note that the ratio of the loss
constants is the inverse of the ratio of the corresponding
thermal-equilibrium energies when the ground-state
energy of both systems is taken to be zero. Another
similarity between the TLS (of the electric dipole type)
and harmonic oscillator is the frequency shift introduced
by the loss

I Eq. (47a)$. In terms of the energy decay
constant, this shift is identical for both systems.

As mentioned in the introduction, the radiation 6eld
of a large cavity —and in the limit, free space—may be
represented by our LM. Consider now zero temperature
and the TLS initially in the upper state. Then

as ——0, I ail =1, g=rf, and (o,)=2e &'—1. (57)

In the Schrodinger picture, using superposition con-
stants at*(t) and as'(I), we have

(n )= I
n '(&) I' —In '(&) I'. (58)

Equating the right side of Eqs. (57) and (58), and
making use of the normalization condition of Eq.
(51a), we obtain
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previously remain unaRected. In particular, Eqs. (8),
(24), (25), and (22) are unchanged. Instead of Eqs.
(29) (the Langevin equations) we now obtain in
exactly the same manner,

0~= GOO' ) (62a)

o'v=cocr — IFCo& cr } fo (62b)

cr, =FC"o„+fcr„ (62c)

The commutation relationships of Eq. (28) are un-
changed and Eqs. (31) still apply, so that the solutions
of. Eqs. (62) are true spin operators in accordance with
Eqs. (1).

As in the case of the solution of Eqs. (29), we proceed
to solve Eqs. (62) by taking expectation values in LM
space and making the same type of approximation in
the second order terms as those used in the previous
solution. From Eqs. (62a) and (62b) we have

which is substituted into the Fco&ovterm only. (and not
into the fo„ term) of Eq. (62c). Writing Fco&cr„as a,

symmetrized product, this term is

t

o'v=0 vt i
2 dti «sco(t ti)—

&& IF"'(ti)+f(ti),o*(ti) } (63)

where, as an approximation for computational pur-
poses, f has been repla, ced by g. (For f=0, we have
here, of course, the case previously treated and the
transforma, tion of Eqs. (29) into those for expectation
values in LM space. ] Equations (67), subject to the
initial conditions given by Eqs. (2), are now the
equations of motion in TLS (spin) space only. They
are equations for three 2)& 2 matrices, or twelve
equations for the twelve matrix elements. The first
two equations L(67a) and (67b)] have the same form
for all the matrix elements, but the third equation has
a different form for the diagonal elements than for the
off-diagona, l elements, since the ( term is a multiple
of the unit matrix. We can convert Eqs. (67) into three
equations for three unknowns by taking expectation
values in TI.S space. Since the equations are linear in
the 0's they remain formally unchanged, and now all
the 0's stand for the corresponding expectation values.

The solution of Eqs. (67) depends, of course, on the
driving field f(t). If we consider the situation in which

f(t) =f, cos(.t+0),
then the (approximate) solution of these equations
poses no problem. in principle, but is tedious for arbi-
trary v and t. The result consists of transients (expo-
nentially damped) and a steady-state term. It is shown
in Appendix C that for the case of resonance (v=co)
we have, approximately,

dt, cosco(t —t,) 'Fc'&(t), jFc'i (t,),cr, (t,) I }

t

dti cos~(t —t ) I F'"(t),f(t )~.(t ) I (64)

(o.,)=(o,(0))e col"&c)cosQt—(rt/4Q) sinQtj

sinQt
+ rt+e &or 4&"' —it cosQt —-'(fo'+-', rt')

n'+o fo' 0

+2
~
aiao

~
sin(cc —0) —( t/f r)e—c'»&«

The last term on the right side of Eq. (64) is treated
as a second-order term, since both Fco' and f are small
quantities of erst order. In accordance with our
approximation scheme, this term vanishes when expec-
tation values are taken in I-M space. The first term
also vanishes in this process (without approximation),
and the second term is approximated according to
Eq. (39), yielding

rt fo +ort slnQt)
+e '"4'"' —cosQt+ i, (68)

fo Q i
where

Q= l Lfo' .'n'3""';—— (68a)

—,'(I Ft'& (t),o „(t)})LM ———ita, (t),
in the more general case v& co but

~

v —co
~
&&co, we have

(65) for the steady-state solution

where use has been made of Eq. (26). We similarly
substitute from the expression for 0, obtained by
integrating Eq. (62c) into the ioIFco&,o,} term of Eq.
(62b) to obtain in exactly the same manner where

rt'+ 4 (Aco)'
0

rt
',fo'+rto+4(hco)o—

(69)

—.(IF"'(t) *(t)}) = .(t). (66) (69R)

0'~ — Q)0'y )

crv= cocr~ rtcrv —fcr~,

o,= $ rtcr,+fo„, ——-
(67a)

(67b)

(67c)

Equations (62) therefore become, in terms of expec-
tation values in LM space,

Equations (68) and (69) give the expectation value of
the TI S energy in units of ~fico. The approximations
used in obtaining these equations remove the distinction
between co and co.

It is seen from Eq. (69) that the steady state value
of the energy is a maximum (for constant driving field

amplitude) when v= co, and approaches the arithmetic
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We consider now a TLS of the magnetic dipole type.
This means that the coupling to the LM takes place,
in general, through all the 0's (rather than through one,
as in the electric dipole case). The Hamiltonian is
given by

where

H =H LM+ g A(z)0z+ 2 Ao"z Q'

g=F+f,

(70)

(70a)

Ii, Ii „,F, being dynamical variables of the loss mecha-
nism, and f„f„,f, being the components of the driving
field actirig on the TLS. The same condition of weak
coupling is imposed on the problem as previously: The
numbers associated with g are small compared to cu.

In addition, we assume that there is no correlation
among the different components of F; that is F„F„,F,
behave as though they referred to independent loss
mechanisms. For the sake of simplicity, these mecha-
nisms are taken to be identical, so that $ and i) are the
same for all. The independence of the Ii's means that
for i~ j,

I P' F~j=Lp' P~3=o (71a)

(F;(ti) F,(t.)p;(t.) F,(t.))
=(F'(t )" F'(t.))(p;(t )" F,(t-)) (»b)

mean of the two levels as the driving 6eld increases.
This is the usual saturation phenomenon. If the TLS
is initially in an energy state, then the change from
the initial value to the steady-state value at resonance
can be one of two types: A monotonic approach if
fo'&~i~i)2 and a damped oscillatory approach if fo') 4'
The last term in Eq. (68) gives the effect of the phase
relationships between the initial TLS oscillation and
the driving field. [u determines the phase of the TLS
oscillation, according to Eqs. (51) and (54a), and
t) determines that of the driving field. ]

This equation leads, in the same way as Eq. (13) led
to Eq. (23), to

P —F (o)

p —p (0)+ g(r

(74)

(75)

p p {o) (76}

From Eqs. (74)—(76) we obtain the commutation
relations

[0.„F(')j=2ijo,i,

[0„,F(0)j 2;((r

E~., F'o' j= 2ig(o,—i+a„j),

(77a)

(77b)

(77c)

where i, j, k are unit vectors in the x, y, s direction,
respectively. The substitution of Eqs. (74)—(76) into
the equations of motion [Eqs. (72a)—(72c)] results in

As far as F, is concerned, the analysis is diferent. o,
has only a slowly varying time dependence, and the
main contribution to the integral of Eq. (73) comes
from the low values of &v' (rather than from co' ~, as
in the case of 0., and 0.„).This brings us to a matter
that is encountered more than once in the analysis of
a TLS of the magnetic dipole type, namely, the eGect
of the LM at very low frequencies. Since we now have
coupling through o-„secular effects due to this coupling
will come from the low-frequency properties of the
LM. For present purposes, we assume that we are
dealing with a LM the effect of which vanishes as the
frequency approaches zero. [The vanishing of the
diagonal matrix elements of F('), which led to Eq. (8),
is required by this assumption. ] This assumption

implies that &(co') and i)((0') become negligible for very
low frequencies, and we approximate by dropping the
integral in the s component of Eq. (73). We therefore
have, in addition to Eqs. (74) and (75),

O~= —(dO y
— sOy yo'z

p

&y = (z)&z+ Qzo'z Qz(rz z

Og= ~op go~ ~

F= —(i/t't) [F,HLM j,

(72a)

(72c)

(72d)

The equations of motion for the combined system are
now

where

0,= —(0o —'-I5,(') 0 }+-'IQ (') 0,}

~.=~~.+2 I 6 "' ~*}—k I B."),~*}

~.= l I 6."',~.}—l I 5'."', .}—2k,

Q(0) —F(0)+f

(78R)

(78b)

(78c)

ELM =—2Z[HLMzFj ' (r. (72e)

g eo

F= F —— dti d(z)' g(u') sin&a'(t —ti)e(ti). (73)

Because of the independence of the components of F,
we obtain a relationship identical to Eq. (13) for each
component of I' in exactly the same manner as that
in which Eq. (13) was obtained:

and where symmetrized products are used for the sake
of uniformity even though the factors may commute,
For f=0, Eqs. (78) are the Langevin equations for a
TLS of the magnetic dipole type. By means of Eqs.
(77) it can be shown easily that Eqs. (31) are satisfied,
so that the 0 s determined by Eqs. (2) and (78) are
true spin operators.

We proceed now, as previously, to obtain equations
for the expectation values in LM space. Equations
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(78a) and (78b) may be combined to give Not oscillate with approximate frequency (0). Thus,

t

a.(t)=a.('&(t) ——,
' dt, cos (t—t,)[{g.(')(t ),a„(t ) }

—{g„(')(ti),a, (ti) }j—s dti sin(o (t—ti)

({F."',a.})LM=
23/2~

dti d(z) r&((z) ) coRd (t ti)—
0

X[@~(ti)e'"'—(o (ti)e—'"'$. (82)

a„(t)=a„«)(t)+-,' dt, cos~(t —t,)[{g,(')(ti),a.(tr) }

The main contribution to this integral, as far as the co'

integration is concerned, comes from small values of co'.

In accordance with our previous assumption about the
magnitude of rt((0) as (0 approaches zero, the right
side of Eq. (82) is negligible, and we obtain

—{5',(') (ti),0, (ti) }j——,
' dti sin(o(t —ir)

({F.'",0.})i,M ——0.

In an identical manner we have

(83a)

X[{5."(t) „(t)}—{5„'(t,), .(t,)}j, (79b)

and Eq. (78c) gives

a, (t) =a, (0)—2]t+-,'dt, [{$,(s)(t,),a„(t,) }

—{5'"(t ) a.(ti) }1 (79C)

These expressions are now to be substituted into the
F,"&0; terms of Eqs. (78) and LM expectation values
taken. Making use of the independence of the F"'s as
given by Eqs. (71),and of previously discussed approxi-
mations [those employed in going from Eqs. (62) to
Eqs. (67)j we obtain, in analogy with Eqs. (65) and

(66),
&l{p."', .}) =—

n ~

&s {F'",a.})~=na„

&s {F."&,a.})~=—
n .,

&s {F."',a.})~=ra'

(80a)

(80b)

(80c)

(80(l)

({F,"',a.})iM

dt, {P (())(t) P,((0(ti) })

X[coso) (t—ti) a„(t,)+sino) (t—ir) 0,(ti)]

dtl & {F*'"(t)p."'(t() })
21/2

X[((+(ti)e'"'—q (ti)e ' '). (81)

The expression to be inserted for ({F,'"(t),F,'"(ti)})
in Eq. (81) is that of Eq. (24) rather than Eq. (25),
since the square-bracketed expression in the integrand
of Eq. (81) varies slowly with respect to t, (and does

The evaluation of &F,"',0,)LM and ({F,"',a„})LM re-
quires some additional consideration. From Eqs. (79a),
(15), and (17) we have

({F,('&,0.,})LM ——0. (83b)

The substitution of Eqs. (80) and (83) into Eqs. (78)
gives, for the expectation values in LM space,

Og= O)ag rtag fzog+ fZlaz z (84a)

ag=()a zgrtag+ fzag fgo z z (84b)

0.= 2$ 2—rta.+—f,o „f„o„—. (84c)

where $ has again been approximated by ]. These
equations are the analog of Eqs. (67), and like those,
are operator equations in TLS space. The discussion
concerning the matrix elements and expectation values
of Eqs. (67) applies also here.

If the TLS is a magnetic dipole and the separation
between energy levels is due to a dc magnetic Geld ~
(in frequency units) along the s axis, then Eqs. (84)
may be written as

(r= (f+(0)Xa—rt(a, i+a„j)—2r&(a,—a())k, (85)

where as is defined by Eq. (43a). If we now take
expectation values in TLS space, Eq. (85) remains
formally unchanged, and the 0's represent their expec-
tation values. In this last form, Eq. (85) is equivalent
to the Bloch equations, '

q
' being the transverse

relaxation time Ts, (2rt) being the longitudinal relax-
ation time T~, and 0-0 being the equilibrium value of 0.,
in absence of a driving field. (The ratio of the two
relaxation times is that to be expected when the
relaxation mechanism has the properties of our LM.
Spin-lattice coupling refers to such a mechanism, but
spin-spin coupling is, in general, a more complicated
problem. )

We will not discuss the solutions of Eqs. (84) or (85)
in detail, since the solution of the Bloch equations is
available. "It is, however, of interest to compare some
aspects of the behavior of a TLS of the magnetic
dipole type with those of a TLS of the electric dipole

9 F. Bloch, Phys. Rev. 70, 460 (1946); R. K. Wangsness and
F. Bloch, ibid 89, 728 (1953). .

"H. C. Torrey, Phys. Rev. 76, 1059 (1949); see also A. Abra-
gam, The Principles of Nuclear Magnetism (Oxford University
Press, New York, 1961), Chap. III,
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(A1p(E,;)dF; p(E,»)dF, »',

he f the electric dipole-e case oh there, assn t e
ither 0 or a„,

~ ~

0, decays twice
f oscillation of 0,,
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APPENDIX 3

Eqs. (4) and (10) we

—i e Eq /»T—
~

P'.
» j

oe(~ j»(/a —t2Pioi(t )P(o)(t ))—Z—i g e—; . oe';»(/ —t

0
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{F'"(t)F'"(t ))

(E ) d&'» p(&'»)dE, p
00

f, —ts)ljr' jIe(t. l—t &.Ej/»TFo(F Ii —„e', . t —i).
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0
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is t e
' '

of Eq. (24). Froniis the derivation of q.Our purpose is t e
have

setting

we obtain

IE= oi (E,+E»), (o =(d.„»
' 'cos(o' ti —to)/exp( —A(o'/kT)+1=—AZ d(o 8((o ) Icos(o ti t» exp

+/: sin(d' (—, x A(o'/kT) 1j—,'. (AS)—+/: sin(d'(t( —to) )exp( —A(o'

0

cKk ~ Mcv
~ (1//2) &o7 '

M ' dE. (A3)dj' = Mu
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((o') = om. AZ '8((o') [1—exp—

(1//2) A~ '
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band which may be approximated y

A12~» ~~ [o] Q~z 8o, =o ' — a "t'&~" '» cosG&(t —ti) f(ti)o, (ti), ( )
0

TLS (f=O) and iswhere a„&" refers to the undriven
(48). The substitution from Eq. (A12,

into Kq. (67c) followed by integration yie

Th double integral term thus becomes

t t1

fo dti dh2 0'~ h2 e &"@«" '» cosv(ti —t2) (A15)
0 0

where
P—:V—CO.

o tarn forCarrying out t e & inb t integration erst, we obta'
Kq. (A13)

t

o =o,(0) Pt+ —dti f(ti)o„"'(ti) 7f dhi og(tl)o.,—o., 0 t
0

t t1

dhi dh2 o, (t2)f(ti) f(t2)e-""'&'" '"

where

o, (h) =y(t)+ dh, K(h t,)o,—(h,),
~ 0

(A16)

t

P(t) —=o, (0)—(tP dt, f(t,)o„t'~(h, , A16a

Xcos~(hi —t2) . (A13) K(t) = —
&

1 2

—(I/2) i1 $ ( OS p$2 g—g'QC

v'+ 'Pi-

i
v—co i(((u. (A14)

'd sinusoidal driving field, f(t) = fo cos vt

+8), with the driving frequency near
frequency, so that

+ve "t'&&' sinvt). (A16b)

'on A16 is an integral equation o to the Volterra
L 1 transformation.d ma be solved by ap ace

s) the solution isUsing the notation Z{y(t) =—p s, . e
given by

U d these conditions, the doub gle inte ral term in
E . (A13) may be approximated y r pp'
h t +t2 term in combining ~ ~t„an

sillt wltll cosy(ti —t2 .the &u+ v term in combining the res

o.(t) = 2—'

1—K(s)

Some calculation shows that

(A17)

[1—K(.)]-'=
s[(-'rt+s)2+ v' j[4v'+rt2 j

[('n+s)'+-" j[s(4"+n')+n(4"+n')+info']+fo'»' .n— (A18)

s(2n+s)

1—K(s) s'+2ns+ (2n'+ufo')
(A19)

ro erties of the inverse Laplace transform,
it is c ear a1 th t the steady state solution averag

is iven by 2~i times the residue o g ( )[of s 1
01 h — i P(),—K s ' at the pole s=O. ny e-

[or the —$/s' term in s cP(s)$ contributes at this pole
E . 69).

at is P=O, q.
and the result is given by q.

In the case of resonance, that
'

simplifies to

~ ~

term of. the integrand, obtasnsng

P(s)v 0
——
(,(0)) $ ~

aia,
~
f, sin(a. —0)——+

s s' (s+-', g)'
(A20)

A19 and A20) into Eq.The substitution of Eqs. (A19) an
ma beA17 leads to q. 68) Once o, is known, o.„may e

. qA12~ and o may be obtained fromobtained from Kq. an 0

a corresponding equation, namely,

A21
~ ~ ' ~ ~

of — f0] a &'"»" '»sin~(t —ti)f(ti)o, (ti). ( )arr in out the integration in the last termAlso, carrying out t e sn eg
Eq. (A16a), we utilize Kq. ~, an r


