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We study the motion of a Brownian particle in a fluid from a dynamical point of view, i.e., without the
a priori introduction of purely stochastic elements. The Brownian particle is distinguished primarily by hav-
ing a mass M which is much greater than the mass of the fluid particles 7. Our method consists of rewriting
the Liouville equation for u, the joint distribution of fluid and Brownian particle, as a pair of coupled equa-
tions for the distribution function of the Brownian particle f and the conditional distribution of the fluid
P=(u/f). The equation for P is then solved formally in a perturbation series in the square root of the mass
ratio (m/M), which is then substituted in the equation for f to obtain a collision term &f representing the
effect of the fluid on f. We consider two situations: (1) A constant external force acts on the Brownian
particle and f is stationary, the external force being balanced by &f, and (2) a general time-dependent f.
We find in both cases, as expected, that to lowest order 5f has the form of a Fokker-Planck type collision
term, though in the second case this only holds for times much larger than the fluid relaxation time after
an initial time at which p is arbitrary. The next order terms in &f differ for the two cases. Furthermore,
because of the limitations on the times at which §f is valid in the second case, f(f) does not really obey a
Markoffian equation to this order when the initial state is arbitrary. In the Appendixes we consider the
formal structure of §f, the form of fin the stationary case, a “quasistochastic” model of Brownian motion,
the motion of a composite Brownian particle, and the motion of a Brownian particle in a crystal. The latter
makes contact with the work of Hemmer and Rubin.
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I. INTRODUCTION

HE explanation of “Brownian motion” by

Einstein and Smoluchowsky!? in terms of the
kinetic theory and their quantitative prediction of its
features did much to establish the molecular theory of
matter. A more complete description of Brownian
motion was given later by Langevin and others.? Since
the dynamics of the motion of the fluid atoms, which
cause the Brownian motion in the heavier, micro-
scopically visible, particles was not introduced ex-
plicitly, their effect could only be represented sche-
matically. Thus, all descriptions of Brownian motion
were of a stochastic nature ab imitio. Despite this
indeterminacy in the motion of an individual Brownian

*This study was supported by the U. S. Air Force Office of
Scientific Research Grant No. 62-64 and the National Aeronautic
Space Agency, Grant No. NSG 227-62.

T Present address: Department of Aeronautics and Astro-
nautics, New York University, University Heights, New York,
53, New York.

i Albert Einstein, Investigations on the Theory of the Brownian
Movement, edited with notes by R. Furth (Dover Publications,
Inc., New York, 1956).

28, Chandrasekhar Rev. Mod. Phys. 15, 1 (1943); this article
gives a complete review of the theory of Brownian motion and
contains references to earlier work.

particle (B particle), it is still possible when there are a
very large number of such particles to give a deter-
ministic equation for the time evolution of their spatial
and velocity distribution f(R,V,f). Here f(R,V,t)dRaV
represents the fraction of B particles in the macro-
scopically very small volume element dRdV which is
sufficiently large though to contain many particles.
As is well known, it is more convenient mathematically
to work in terms of an ensemble of systems each con-
taining one B particle (since we are assuming that in
the real system the B particles move independently)
with the distribution function defined in terms of
probabilities, assumed to satisfy the same equation as
the “coarse-grained” f defined above.?

When use is made, in devising the stochastic proper-
ties of the interaction between the fluid and B particles,
of the central fact that the heavy mass of the B particles
makes the fractional change in their velocities small
(on a molecular time scale) and results also in their

3H. Grad, in Encyclopedia of Physics, edited by S. Flugge
(Sprmger-Verlag, Berlin, 1938), Vol. XII, p. 205. H. Mori, 1.
Oppenheim, and J. Ross, in Studies in Statistical Mechanics, edited
by J. de Boer and G. Uhlenbeck (North-Holland Publishing
Company, Amsterdam, 1962).

2381
Copyright © 1963 by The American Physical Society.



2382 J.

moving (on the average) at speeds far below those of
the fluid molecules, there results the well-known
Fokker-Planck equation for f(R,V,z),>4
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Here X is the external force acting on the B particle,
M its mass; { is the friction and D the diffusion constant
in velocity space, of the B particles in the fluid. We
have eliminated the friction constants ¢ from the second
part of this equation through use of the Einstein

relation,?
D=(kT/M). (1.2)

fo is the equilibrium distribution function of the B
particles whose velocity part goes as ¢ #M7V?; 8= (7)1
is the reciprocal of the temperature of the host fluid.
The right side of (1.1) represents the effect of the fluid
on the B particles. It is a special case of a collision term
which will be generally denoted by 4f.

The purpose of this note is to dispense with the
a priori introduction of a stochastic interaction. We
shall, therefore, start with the Liouville equation for
the distribution function u of the whole system con-
sisting of host fluid and B particle. A transport equation
for f will then result, after integration over the
variables of the fluid particles, in certain limits involving
the size of the fluid and the time scale. Such limits are
clearly necessary to derive an irreversible transport
equation from a reversible Liouville equation and have
been discussed extensively in the recent literature on
irreversible processes.5:¢

The equation that we shall arrive at for f will be of
the same form as (1.1) to the lowest order in mass ratio
of fluid and B particle with an explicit, if unevaluated,
molecular expression for D. We shall, however, also
find higher order correction terms to (1.1). These higher
order terms have relevance to the Kirkwood theory of
liquids”® which uses the Fokker-Planck equation to
describe the time evolution of the low-order distribution
functions of a liquid. We shall also consider the case
where the B particle has internal structure.

( ‘i\g) C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323
1945).
5L. Van Hove, Physica 21, 517, 901 (1955); 22, 343 (1956);
23, 441 (1957); 1. Prigogine, Nonequilibrium Statistical Mechanics,
(Interscience Publishers Inc., New York, 1962). E. Montroll,
Suppl. Nuovo Cimento 16, (1960).

8 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957).

7J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946); J. Ross, 7bid.
24, 375 (1956).

87, L). Lebowitz, H. L. Frisch, and E. Helfand, Phys. Fluids 3,
1 (1960).
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We shall consider first the case where the B particle
is subject to some external force, such as a constant
electric field E, which does not act on the fluid particles.
This will enable us to look at the equation satisfied by
the stationary nonequilibrium distribution f, to terms
linear in E. This distribution represents a balance
between the effect of the acceleration by E and the
scattering by the fluid particles. It will thus contain
the collision term representing the effect of the fluid
but will avoid some of the difficulties encountered in
deriving the general time-dependent equation for f.6°
Our method here will be similar to that developed by
Kohn and Luttinger® for deriving the quantum trans-
port equation of an electron moving in the field of
stationary impurities. Discussion of the collision term
for the time-dependent case will be left for Sec. V.

II. GENERAL FORMULATION

The Hamiltonian of our system, consisting of host
fluid and B particle, exclusive of the external field, will
have the form

H=3MVEHE 30+ 60 u(R)

=1 i< i=1
=H1+HZ+U, R,‘=1‘1'~R, (21)

where r; and v; are the position and velocity of the ith
fluid particle. The three terms in H are, respectively,
the kinetic energy of the B particle, the Hamiltonian
of the N fluid particles (of unit mass), and the inter-
action between them. The whole system is enclosed in
a periodic box of volume Q. The joint distribution
function of the whole system will obey the Liouville
equation

(a:u (xay;t)/ai)‘*" (:U:H)+M_1E' (6,u/aV) =0, (22>

where (u,H) is the Poisson bracket between u and H
(expressed in terms of the velocity variables) and we

have used x and y as abbreviations,
x=RYV), y=(r; - rty,vi---vy). (2.3)

Since we want to consider only terms which are linear
in E, we write

p=potu’, (2.4)
where
w=Z7lFE 7= / e FHdxdy,
and p/ is linear in E. u’ will satisfy the equation
(0u’/ 88)+ (u',H) —BE- Vuo=0. (2.5)

The distribution function of the B-particle f, nor-
malized to unity, is given by

f= /#dy=fo+f’- (2.6

9 1. Prigogine and P. Resibois, Conference on Irreversible Ther-
modynamics held at Brown University in 1962 (unpublished).
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Since we are dealing with a uniform system, f will be
independent of R, and will contain a normalization

factor @71,
=2 Leo(V)+¥(V) 1,

where (po+y) is the velocity distribution of the B
particle,

2.7

po= (2nkT/ M)~/ 4MV?

¢=9/p’dy= /u'dydR.

Integrating Eq. (2.5) over y and R yields

(2.8)

(2.9)

d BE-V 19 (/ FdydR 2.1
——BE-Vop= —— —( [w’ , (210
Py p=—y [ # Ty ) (2.10)

where
B dR = dR;

(2.11)

It is clearly the right side of (2.10) which will become
the collision term, &y.

We introduce now the conditional distribution
function P(x,y,l) which gives the probability density
of finding the fluid at y given that the B particle is at x,

M (x7yrt)
P(x:y7t)= =P0(1+£) ’ (212)
(x,0)
where
Mo (x;y) e P
= - =Ce AU (2.13)

fo / oudy

and C is a constant for the uniform system. We also
define

’ ’

© ©
Py(1+n)= =— (2.14)
e
w'dy
From normalization we find
/Pody= 1, (2.15)
/Poﬂdy=0. (2.16)

Substituting (2.14) into (2.5) yields

dy On
77'_+¢'__+‘!/ (ﬂ,H) = (IP,H) -n (‘)b;H)
at ot

1 9
—¢(n+1)(InPo, H)+— —< / p’dedR) . (2.17)
Mav
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where Eq. (2.10) has been used to eliminate the field
term from above. Now from (2.13)

1 9
(InPy,H)=pF-V=——F-—Inp, (2.18)
M 9V
and

Dividing (2.17) by ¥ and writing out explicitly some
of the Poisson bracket expressions, we finally find

dlny oy 19
——F—+ (0,Hs) = ————In(/po) - F
o ot M oV

! 61 i F F
74'[5 n<¢/po>+5]~[ 1 (Fn)]

L] e

(---)=/P0---dy,

where

and H, is the Hamiltonian of the fluid in the presence
of a fived B particle which thus serves as a source of
external potential,

H2=Hl(y)+2u(ri—R), (221)

with R treated as a constant number (not a canonical
coordinate). The Poisson bracket (1,H2) in Eq. (2.20)
thus contains derivatives only with respect to the fluid
variables (r;,v;). Use has also been made here of the
relation

0
V- / p(,g%dy= —gV- f PFndy.  (2.22)

Had we kept the term V-d7/9R on the left side of
(2.20), H, would have corresponded to the Hamiltonian
of a fluid with a umiformly moving Brownian particle
in it. We may now rewrite Eq. (2.10) in our new
notation,

) 1 9
——BE-Vpy= —— — (Y<Fn)). (2.10")
ot M aV

III. STATIONARY DISTRIBUTIONS

The set of coupled equations (2.20) and (2.10") for
¢ and %, which describe the linear deviation of u from
wo, caused by E, are completely general. We would like
to specialize these equations now to find the final
steady-state value of ¢ in the presence of a constant E,
It is clear that in order to get a ‘“‘sensible” result we
will have to eliminate effects coming from the finiteness
of the system, The latter effects will be of O(N=13),
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for any fixed time interval, and can be formally elimi-
nated by going to the limit of N — 0,2 — o, N/Q=n,
remaining constant, In this limit v would become a
function of infinitely many variables. We are, however,
not interested in 7 itself, but rather in its integral which
appears in (2.10"), which we expect to approach a value
dependent only on %. Thus, in order to get a transport
equation for ¢, we shall somehow have to solve for g
(formally at least) before going to the limit of an
infinite system, substitute that in (2.10’), and then go
to this limit. In order not to get any spurious volume-
dependent terms which would disappear later anyway,
we will have to consider carefully the times at which
we look at the system after some initial time at which
the system was in equilibrium.

There are two, essentially equivalent, formal ways
of setting up the steady-state problem in a way con-
sistent with the conditions discussed above. These
forms were discussed by Kohn and Luttinger® and we
shall adopt their methods here. One is to consider the
electric field to rise adiabatically from zero at = — oo,
to its final value E at ¢=0.

E(t)=e'%E, t<0. 3.1)

If the system was in equilibrium at ¢=— o,
u(— ®)=uo, we would expect u’ to have a time de-

pendence of the same form as E,

H',(x7y7t) =et/toﬂ,(x7y) ) tSO (3'2)

where we have kept the symbol p’ for the time-
independent distribution. It follows from the definition
of ¥ and 7 that ¢ will have the same time dependence
as ¢/, and 5 will be time-independent. Equations (2.10")
and (2.20) would then become for <0,

¥/to—BE-Voo=—M(3/3V)- @(Fn)), (3.3)
[ —|—¢L:|7 M—A-F+M-B- [Fn—(Fr)]
[ror(] o
where L is the Hermitian operator,
’L'L("')=(("‘),H2), (35)
A= —% lni,

; :" , (3.6)

B-(-- .):[—a—\; ln;;_’-:'ﬁ]. (---).

Now if £y is chosen so as to be large compared to the
relaxation time of the B-particle ¢,, then ¥/% is very
small compared to the right side of (3.3); the term
¥/to may then be neglected and ¢ treated as a function
independent of # where it appears in (3.4). On the
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other hand, we may not, for reasons discussed above,
let £y go to infinity in Eq. (3.4). Rather we must have,
as we shall see later, ¢, small compared to the time ¢,
which it takes a particle to cross the whole container,
t,~Q13; we solve for 7, substitute n in (9F), then first
let N and @ — oo, and then let £g— .

An alternative formulation of the problem (see Ref.
6, Appendix 3) is to consider the system to be in
equilibrium at =0 when the full electric field E is
turned on. We now consider the Laplace average of the
distribution w (%),

1 00
ﬁao=—/'ewmxm#=m+ﬁ«m, 3.7)
0

0
and define the function 7 by the relation

B'=/QPs(1+7), (3.8)

where

1 00
J== / ety (f)dt. 3.9
toJo

The functions ¥ and 7 then obey the set of Egs. (3.3)
and (3.4) with (+--)— (- --)ay [see (3.12)7], and we
may drop the bars and tildes. It is seen now that the
neglect of the term y/f on the left side of (3.3), for
to>t,, is equivalent to saying that for such values of
¢y the right side of (3.9) is equal to the final stationary
value of ¢, which is what we want. We also see that
we will get the same value for » if we replace 7/t in
(3.4) by 9n/dt, solve for o as a function of ¢ with the
initial condition =0 at {=0, and then take its Laplace
average, treating ¥ as a time-independent function
throughout. Equations (3.3) and (3.4) now become

—BE-Vpo=—M7(3/0V)- W(Fn)av) , (3.10)

é]
6_77+1'L,7= M7A-F+M-B-[Fp—(Fn)av ]
t

[v—_v< >],@M>
IR/ o
where
1 po 1
>av=<, f fmu...dt>=_ / et Nt (3.12)
t(] 0 tO (1]

and the initial condition is =0 at ¢{=0. Equations
(3.10)-(3.11) are then essentially equivalent to Egs.
(2.17) and (2.10) if the time variation of ¥ is neglected
there on the basis that for £>¢,, ¢ has already achieved
its stationary value. For the quantities whose average
we will be interested in, it will be possible in (3.12) to
go to the limit of an infinite system, with ¢, fixed, ther
for to>>t,. the averages will be independent of ¢, and we
can go to the limit #p — o making (- - Jay={(" ).

All our considerations so far have been completely
general, assuming only the existence of a stationary ¥.
In principle, we could now solve (3.11) for 5, which
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would be a functional of ¢, substitute that into (3.10),
and obtain the desired solution. But this is no more
than saying that given the Hamiltonian the time
evolution of any system is solved in principle. What we
desire is an explicit equation for ¥ which will contain
as few as possible parameters depending on the fluid.
The form of ¢ will then be determined even if these
parameters cannot be computed exactly on a theoretical
basis. Knowing the form of ¢ will also tell us how these
parameters may be determined experimentally from
the properties of the steady state. For this to be the
case, we need some iteration procedure for solving the
above equations. When the interaction between the B
particle and the fluid is weak, an expansion in F is
appropriate. This would lead to a generalized form of
the Kohn-Luttinger procedure (classically). We shall
consider that separately.!® Here we are interested in an
expansion in M<1. To accomplish this, we shall
scale the velocity of the B particle to its root mean
square speed in equilibrium (BM)'2 ie., we shall
treat V as of order M—'2 in the ensuing expansion. This
will give us the correct result for the most important
part of the distribution function which is the part for
which linearization in E is useful. It will, however, not
necessarily tell us correctly the behavior of very fast
B particles. We shall investigate this further later.
Introducing now the velocity v,

V=v/A/M=vyv, y*=M1, (3.13)

into Egs. (3.10)-(3.11) yields
—BE-vpo(v)=(3/0v)- W(v){Fn}av),  (3.14)
(0n/38)+iLn=~A(v)-F+~I'(V)n, (3.15)

where

I‘(V)n=B(V)‘[Fn~<Fn)]—|:V'§%~ <V'%>] , (3.16)

po(v) = (2m/8) 346, (3.17)

IV. EXPANSION IN POWERS OF ¥

It is seen from Egs. (3.14)-(3.15) that, for small
values of v, 7 will be:Of order v, while ¥ will go as v
We therefore write 5 as a power series in v,

n=ym+yne+- . (4.1)
The 7; will satisfy the equations,%
((9171/6t)+'iL1]1= A('IJ) N F y
(0mi/dt)+iLn;=Tnj1, j>1. (4.2)

10 See also R. Brout, Physica 23, 959 (1957). R. W. Zwanzig,
Phys. Fluids 2, 12 (1958); I. Prigogine and M. Toda, Mol. Phys.
1, 48 (1958).

108 Note added in proof. The n; will themselves also be dependent
on v, due to the dependence of A and T on v, nj=50+yn;O+- - -,
but this will come out in the final form of & and doesn’t have to
be written out explicitly.
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When these 7’s are substituted in (3.14), we get suc-
cessive approximations to the equation satisfied by .
The time-dependent solution 7:1(f) of (4.2) may be
written in the form

¢ d v
m)=— / e"'L(“")F(R,r)dt’-—ln<——)
0

av Po

¢ F) ¥
=— f e LuF (R r)di - — 1n<—> .
0 av pPo

Now eiZt is the translation operator in the phase space
of the fluid, whose motion is governed by the
Hamiltonian H,,

(4.3)

el (x,y)=g(xy(9), (4.4)
where y(#)=y:(y,¢; R) is the phase-space point to which
the point y will have moved, under the influence of
the Hamiltonian H,, during the time interval ¢ H; is
the Hamiltonian of the fluid particles in the field of a
fixed B particle and contains R as a parameter. Thus,

/YN [t
m(t)=——1n(—>'/ F(—t)dt,
v \po/ Jo
where

d
F(=)=FRr(=0))=2 -gﬁu(ri(-t)—R)- (4.6)

=1

4.5)

The expectation value (Fp) will be given to lowest
order'® in «, for fy— o,

1 = ¢
(Fp)ay=—7 lim {— / dte—tit / dt, (FF (—tl))}
e {fgJo 0
9 12
)
av Po
0 9 ‘p
= —v lim { / dt e~mo<FF(—z)>} — m(—)
tg—0 0 v po

9 (¥
=—yD-— ln(———)
v Po

with
®=lim / /0(FF (— 1))dt
to—0 0

4.7)

=lim / /(FF (£))dt
t0—0 °

=} ‘lim { / e~t/o(F-F(t))dt {5=Ds, (4.8)
0?0 0

where the second equality follows from the time re-
versibility of the equations of motion and the last
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equality follows from the isotropy of the fluid; & is the
unit tensor. When (4.7) is substituted into (2.14), the
right side will be recognized immediately as the usual
Fokker-Planck equation, Eq. (1.1), with the diffusion
tensor D3 (here a multiple of the unit tensor) defined
in terms of the molecular variables,”!* D=M"%D. As
mentioned before, the limit #,— < is to be taken after
the size of the system has been made infinitely large
which itself is done after the ensemble average is taken.
Proceeding in the same fashion yields

t
N2 (t) = / 6_”‘”?11 (t*— lz)dt2
0

t (t—t2)
—_—f dtz e—““zI‘[/ F(—Ifl)dtl'A . (49)
0 0

Now P, commutes with H, and is thus a constant of
the motion,

et LPy=P,. (4.10)
Similar expressions will also hold for A and B which
do not depend on R (but only on v). Equation (4.9)
may, therefore, be written in the form

t (t—t2)
7)2(1)—’:/ dtzf dtl {F(—tz—'tl)F(—tg)

—(F(—t,—t)F(—1))} :BA

t (t—t2) a
“—‘/ dtz/ dtl e_iLtZ['—F(—'tl)
0 0 dR

_<%F(_t1)>]:Av. (4.11)

When this expression for 5, is substituted into (Fyy),
the latter vanishes. This follows from consideration of
the transformation of variables upon reflection of all
the fluid particles through R and simultaneous reversal
of their velocities,
Ri=r¢—R g R—r¢’= -—Ri’, V;—> —Vi/. (412)
This transformation leaves Py unchanged, but changes
F(—¢) and (Fy.) into their negative. We may therefore
conclude that (Fp;) vanishes. The same will be true
for all even terms (Fra;).
The first correction to the Fokker-Planck equation
will thus come, in a uniform system, from %; which

11 See also E. Helfand, Phys. Fluids, 4, 1 (1961). For the general
use of autocorrelation function expressions in irreversible processes
see M. S. Green, J. Chem. Phys. 20, 1281 (1950) and the second
reference in Ref. 3 and references cited there.

12R. W. Zwanzig, Lectures in Theoretical Physics (Interscience
Publishers Inc., New York, 1961), Vol. 3, p, 106,
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will consist of four terms

ma(l)= /0 'ty T 1= 1)
[l el e ]
(GO ]
+d :l:aiv(i:;)vv] }% , (4.13)

where a, b, ¢, and d are third rank tensors which are
independent of v,

a=F(""t3‘“t2—t1)F(_ta—t2)F(_t3)
—(F(—t3—ta— ) F(—t3—12))F (—1t3),

b= g—iL(tstt ”:%F(—tl)— <5%F(-—t1)>]F(fz) Jl )

= ¢—iLt 9 F to—1t1)F 2
e=c {5[ (—ta t)F(—1)]

_<aiR[F(—t2—t1)F(—f2)]>} :

a a
d=¢ilts { —l:e_““z——F(— tl):l
R aR

(afetren

It is seen from (4.13) and (4.14) that when values of
7; up to 73 are used in (3.14) the resulting equation will
still be linear in ¢, albeit it will be of fourth order in
the velocity gradients. Part of the terms coming from
(Fns) may be combined with those obtained previously
from (Fni) to obtain again a Fokker-Planck equation
with new values for the friction force and the diffusion
tensor. The remaining terms lead to higher derivatives.
More precisely, the term proportional to 4 on the right
side of (3.14), which represents the effect of the fluid,
may be written in the form

(4.14)

1 1
=V (A (AP v ()

1
+ZV4:(A sy) . (415)

Here v=09/9v; the superscript indicates the rank of
the tensor and the subscript the power of v involved.
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The velocity dependence of the A’s which is of O(2?)
may be written out immediately in terms of the various
tensor invariants since the only vestor available is v:

A0 = (@ OF-ay, 02y,
A3® =a;Ovv+ (@ @2+ )5,

A3 =ay[ 5 XV],,
A3 =a8Xd];.

(4.16)

Here the o’s are constants independent of v, & is the
unit tensor of rank two, the cross indicates the direct
product, and the subscript s indicates that the tensor
be symmetrized in all indices. The numerical values of
the o’s and B’s are linear combinations of the time
integrals of the expectation values of F times the tensors
a, b, c and d appearing in (4.12). Thus,

1 1 0 ¢ 3 t2
Q4= lim l—/ dt 6—‘”0/ dts/ dtz/ dh
4! w4y S 0 0 0

X[(Fx(_t3)Fx(—t2)Fy(—tl)Fll>
_<Fz("t3)F:c("t2)><Fy(_t1)Fy>]>

where x, y stand for components of the vector (whick
are not summed over), x%7y.

(4.17)

V. TIME-DEPENDENT DISTRIBUTIONS

We now come to a discussion of the effect of the
fluid on the time evolution of f(R,V.:). In the absence
of time-dependent forces, we expect that starting from
an arbitrary initial state f(R,V,0), collisions with fluid
particles will cause f(f) to approach, as t— o, a
stationary value. There will be some changes, however,
in the form of the collision term §f, when f is a function
of ¢; therefore, it differs from that arrived at in the last
section for a stationary f. This will come from the fact
that, as f keeps changing with time, the distribution
of the fluid is not able to adjust itself to the instan-
taneous f(f), as it does when f is stationary, but
depends on the value of f(#) over a time interval r,
the liquid relaxation time, prior to ¢ It is only when =
is small on the time scale in which f changes appreciably
that a Markoffian transport equation in which the
df(¢)/dt depends only on f(#) itself is possible. In our
case 7 is essentially the time interval over which
(FF(#)) is significantly different from zero, while
(0 Inf/0¢)~* will be of order ¢,={'~y27 for a uniform
system, f(R,V,)=f(V,#), in which V~v. When f hasa
slowly varying spatial dependence it is possible for the
system to come to a ‘“‘quasistationary’’ state in which
f() will be a “normal distribution” whose rate of change
will be determined by the hydrodynamic equations and
may be made very small.#:® In either case, there will be
corrections to the collision term 8f appropriate for a
stationary distribution of order [7(d Inf/df)16f. For
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the uniform case, these corrections will start as +3,
while in the quasistationary state they may be neglected
to lowest order in the density gradient. In addition to
these changes in 6f, it is clear from the above discussion
that for ¢S there will be no §f which can represent
the effect of the fluid in terms of f, since for such times
the fluid distribution will depend on its initial value at
t=0, which is independent of f.

Let us consider first the spatially uniform case in the
absence of an external field, where p is only a function
of R; and 7;; and fis thus independent of R, f= f(V,).
The ensemble density u(x,y,) will satisfy Eq. (2.2)
with E=0. Defining the conditional distribution
P=Py(14£) as in (2.12), we find the following coupled
equations for f and £:

af(v,5)/at=—~(9/9v)- ((FE)),
(0¢/0t)+iLt=~A-F+yTt— (3 Inf/00)E.

(5.1)
(5.2)

L, A, and T are the functions defined in Sec. IIT except
that f and fo replace ¥ and p, there.

Proceeding as before with an expansion of £ and
df/dt in powers of v, we obtain to lowest order in v,

af(v,0)
at

0
= — ’y——(f(FE (x,y—!;0)>)
av

+72~;; . { h / t dll[(FF(—h»

%(f (‘;mﬂ} . (5.4)

We shall assume that #(x,y,0) is a function only of the
7i; and R; and that its dependence on R; is significant
only for R; in the range of F, i.e., the fluid is homo-
geneous away from the B particle. Thus, when £>r
the first term will be (presumably) exponentially small
and the integration in the second term may be extended
to infinity with an error of order exp[—¢/r]. Also
f(t—1t) may be expanded in a Taylor series about &.
This yields again to lowest order in vy the Fokker-
Planck equation

e oI

=42%.f4+0(e ). (5.5)
[The transition from (5.4) to (5.5) can also be accom-
plished by introducing formally the variable s=+v%,
then going to the limit v — 0, s remaining fixed.5:?]
To obtain further terms in §f we will have to take
into account terms coming from the expansion of
f(@—t) in (5.4) in addition to the terms obtained
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previously for the stationary state. Thus, to order ¥4,

af(v,0)

= 251f +‘Y453f

_74.;:- 1 afo(%'[ff‘%' (f"%(%))]]
+0(e "), (5.6)

where 8sf is given by (4.15), with f replacing ¢ and
(for normalization) fo replacing po. The last term is the
new one and & is defined as

8=/w S(FF(—s))ds= (1/3)/°° (F-F(—s))dss. (5.7)

The integration in (5.7) has been extended to infinity
on the assumption that this, like the transition from
(5.4) to (5.5), produces an error of order ¢~%/7. We must
remember, however, that if we want to integrate equa-
tion (5.6) to obtain f(¢), for times of order f.~vy~?r,
starting from some initial f(v,0), then the terms which
are of order %7 will also make contributions of order v.
Hence, if the collision terms are taken to order v* we
must not neglect these terms either. The evaluation of
these terms though unfortunately requires a knowledge
of £at t=0. Thus, unless fis known at some time ¢, £>7,
i.e., at a time when the fluid distribution has already
had a chance to adjust itself to f, the transport equation
giving the effect of the fluid in terms of a time-inde-
pendent collision operator &f is only useful to lowest
order in 7.

When the distribution of B particles is not restricted
to be uniform and we allow also the possibility that
there is an external force X acting on them, the equation
for f(R,V,?) will have the form

9 9 9 i}
o x ¥ ey,
at oR v 9v

(5.8

and the equation for £ will remain the same as (5.2).
An expansion in v will yield to lowest order,

d d 9 I¢]
—f+7V‘—f—+7X-—f = —y—- (fF&(x,y-,0)))
ot dR v v

+7256;. { fo /0 ‘ dtl[(FF(~tl))-%(f (‘f:t‘)ﬂ} . (5.9

When the dependence of £(x,y,0) on R; is limited to the
vicinity of the B particle, R;~0, the first term will
again vanish for £>7. Similarly, the integration can be
extended to infinity for £>7 and the integrand expanded
about ¢ to yield Eq. (1.1) to lowest order in 1.

When X is derivable from an external potential
®(R), X=—09%/9R, then the final stationary state will
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be the equilibrium state,

lim f(R,V,)=fo=Ce=f*®po(v),  (5.10)
t=c0

where C is a normalization constant. (The requirement
X= —9®/9R excludes constant fields in a periodic box.)
Now since the collision term does not affect the density
n(R,?) at all, there will be a new time scale T, for changes
in 7, determined by the density gradient and X (which
we shall treat as quantities of the same order). When
T>>t, there will develop for #£>t, a hydrodynamic
domain in which f is a function of #, i.e., f will be a
normal distribution f(R,V,5)= f(V,z(R,)).48 The solu-
tion for f will then have the form of the Enskog solu-
tions to the Boltzmann equation (though here # is the
only conserved quantity),

f=fO4fO4 .., (5.11)
The lowest order term in this solution is
fo=n(R,)po(v), (5.12)

while f@ will be proportional to the jth power of the
density gradient (again X is treated as of the same order
as dn/9R). If we are interested in f©, to all orders in 1,
then f(¢—#) in (5.9) may be replaced by f(t) and, in
general, 6f will have the same form as it has for the
stationary state discussed in Sec. IV.®

VI. DISCUSSION

We have shown in this paper that the effect of the
fluid on the distribution function of heavy particles,
of mass M, and small velocities, V~M~'2 may be
described to lowest order in M, by a Fokker-Planck
type collision term with a friction constant ¢ defined
in terms of molecular variables,

¢=M-16} / (F-F(—1))dt. 6.1)

In order for this to exist we must go to the limit N — o,
Q — o, N/Q constant, before extending the integration
to infinity. This expression is to be compared, when
applicable, with the hydrodynamic expression for the
friction coefficient of a sphere of radius o, Stokes’ law,'

{=M"16m0, (6.2)
where 9 is the viscosity of the fluid. For the hydro-
dynamic expression to be valid o has to be much greater
than the mean free path of the fluid particles (it is
thus not valid for the Rayleigh model in which a
sphere moves through a gas of noninteracting
particles').

13 See Ref. 1, note 6.

14 T, L. Lebowitz, Phys. Rev. 114, 1192 (1959), and references
cited there.
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In order to compare (6.1) with (6.2), it is convenient
to define a relaxation time 7 by the relation

/ i (B-F(—1))dt=1(F-F). (6.3)

After some manipulation the average value of (F2) may
be put in the form

(F)=4xB1p / GR[VRU(R)IR%GR, (6.4)

0

where p is the density of fluid particles and G(R) is the
radial distribution function between the B particle
and a fluid particle, i.e., pG(R) is the density of fluid
particles a distance R from the B particle.

The “size” o of the B particle enters into our analysis
through the dependence of U(R;) on o. If we assume
that U (R;,0)=U(R;/s) (an unlikely situation for true
Brownian particles), then (6.4) becomes

0

(F2) =473 po / G(z,0)V2U (2)2%dz, (6.5)

0

where we have introduced the dimensionless variable
z=R/o. Comparison of (6.2) with (6.3) and (6.5) yields
for 7,

T=—gﬂ7[ / oG (2,0)V2U (z)zzdz:l—1 . (6.6)

We generally expect G(2,0) to depend only weakly on
o. When p is small, ie., in a gas, G~e ¥V, and
n~%pCl, where C is the mean speed and ! the mean
free path.!® Thus, in this case,

~(9/4)CI |: / e BUV (z)zzdz:lv1

18 1
=—B[/e—ﬂUV2Uz2dzI 7o, (6.7)
T

where 7,=1/C is the mean time between collisions of
gas particles. The difference between = and 7. may
perhaps be understood by considering that the density
of gas particles and, hence, 7. is changed in the vicinity
of the B particle and also that the correlation of F
persists for more than one mean collision time.

The scaling of the potential with ¢ as U(R;/0) is
appropriate for an atom and might be useful for dis-
cussing the motion of a neon atom in helium for example
(though in this case Stokes’ law would certainly not
apply). In a true Brownian particle (i.e., colloidial
particles of size ~50uyu or larger!+?), the potential U (R;)
is more likely to be of the form U(R;—o), becoming

16 S, Chapman and T. G. Cowling, The Mathematical Theory of
Nom)miform Gases, (Cambridge University Press, New York,
1958).
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rapidly infinite for negative values of R;—¢ and zero
for positive values of R;—o¢. In the limit in which U
becomes a step function at R;=o, i.e., the B particle
is a hard sphere of radius o, it might be possible to use
quasihydrodynamic methods, i.e., a fluctuating pressure
tensor,'® to evaluate (6.1). We are currently considering
this as well as “many-body” diagram techniques for
the evaluation of the force auto-correlation function.
(Its evaluation in a one-dimensional crystal is presented
in Appendix E.)

We may note here that the expression for the average
force acting on the B particle, F,,=(F£), which is
central in the derivation of the Fokker-Planck equation,
can be put in the interesting form [cf. Egs. (4.7) and
(5.4)]

P (5) == 05 (0)— 50(0)] [i] 6)
aviD —k ap P oP dtp ) .

av
where p=MYV is the momentum of the B particle and

8(p)=—kInf(p,R) (6.9)

is a kind of entropy density in the phase space of the
B particle whose average value is the usual entropy.
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APPENDIX A: FORMAL STRUCTURE
OF THE COLLISION TERM

According to the analysis of this paper, the effect of
the fluid on the distribution of B particles may be
represented in some cases to all orders in v, in the form

5f= fl v, [A® ()], (A1)

where A™ is an nth rank tensor independent of f. The
right side of (A1) may be formally replaced by an
integral operator acting on f,!47

6f= /[K(V,VI)f(V',R,t)—K(V/,V)f(V,R,t)]dV,. (A2)
The A™ are related to K by the relations,

A (v)=(— 1)"/K(v',v) V' —=v)rdv'

= (—1)" [ K(z; v)z"dz, (A3)

18 L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon
Press, Inc., New York, 1959), Chap. 17.

7 H. A. Kramers, Physica 7, 284 (1940); J. Keilson and J. E.
Storer, Quart. Appl. Math. 10, 243 (1952).
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and we have set
KW —v;v)=K('v). (A4)

The function K is not uniquely determined by (Al)
or (A2). This corresponds to the fact that A©®@ does
not appear in (A1), or equivalently that we can modify
K (v',v) by adding to it an arbitrary function,

B W)=KWv)+g0s(v—v), (AS)

without changing (A2). Choosing A©(v) arbitrarily
for the moment, we may write

KW ,v)=2n)"3 / dk[e=C"—")]

x[i " A (v)} . (A6)

n=0 7!

Alternatively, we may first use the A® k<%, to find
the value of the integral of the #»th Hermite polynomial
H™, which is an »th rank tensor,®

B(")=[K(z V)H™ (z)dz. (A7)

The H( (z) are orthogonal with a weight factor po(z),
pole)= (2m) 32621,

/ HO@QH® @po(@)dz=nlb.  (A)
We thus have
1
K(z;v)= E;,B ® (v)po(2)H® (2) (A9)
with ‘
z=82(v'—v). (A10)

The right side of (A2) has the structure of the usual
linear transport equation when K (v',v)dv’ is the tran-
sition probability per unit time from v to dv’. That
such an interpretation of the K constructed here be
possible, it is necessary first, that the series (A6) or
(A9) converge, and, in addition, it is also necessary that
K be non-negative for all values of its agruments. This
requirement on K sets up conditions on our choice of
A®© (p) which it may or may not be possible to meet.
The further requirement that K(v,v') not contain
8(v—v’) insures that the choice of A©, if at all possible,
will be unique. If such a K can be found it will have
the features of a stochastic kernel representing the
effect of a heat bath, here the fluid, on the B particle.
The distribution f will then satisfy some kind of H
theorem which would assure the approach of f to a
stationary state. As is well known, when 6f is taken to
lowest order in v, i.e., the Fokker-Planck term, then f
also satisfies an H theorem. We have not investigated

18 H, Grad, Comm. Pure Appl. Math. 2, 325 (1949).
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whether there exists such an H theorem when the series
for 6f is terminated at some higher power of v.!?

APPENDIX B: STATIONARY SOLUTION OF 4

In order to get the form of the steady state ¢ to the
order in +y that we have been considering in Sec. IV, we
write Eq. (3.14) in the form

—BE-vpo(V) =70+t - -, (B1)
and write ¥ as an expansion in v,
v=7"rt+rvst--- 1. (B2)

When (B2) is substituted into (B1) and equal powers
of v are equated, we obtain

=D [mi ln(‘f)]= —8E-vpo(e), (B3)

av av Po
9 9 (Y3
dp1= —0nfs=—D—- l:‘p-"s“‘ ln<—):| . (B4)
av av Po

The solution of (B3) is®

Yi(V)=DE-voo(v), (BS)
or in terms of the velocity variable V:
Y1(V)=¢BE-Vpo(V)+o0(y), (Bo)

where ¢ is the friction constant [cf. Eq. (1.2)],
§=7*0B1=t"1. In order to evaluate the term &/,
which is the inhomogeneous part of (B4), it is most
convenient to look at (4.13) which already contains
all the velocity dependence of §;. When ¢ is substituted
into the curly bracket of (4.13) the term multiplying
a and c is seen to vanish and the rest becomes

D [b:Es+d:Evv]. (B7)
The collision term 6sy; can then be written in the form
dsp1=woE-vpo(v)+ri[360°— 5 ]E-vpo(v), (BS)

where »o and »; are two velocity-independent constants
which can be expressed in terms of the force correlation
functions. When (B8) is substituted in (B4) we obtain8

¥s(V) =D [rot3601(32*—3) JE-vpo(v) . (BI)
The mean velocity of the B particles is
W= [ Ve aV=/ M ()09
=BD/(1+7%0)+0(v%). (B10)

APPENDIX C: QUASISTOCHASTIC MODEL
OF BROWNIAN MOTION

In this Appendix we shall consider a model which is
midway between the usual model of Brownian motion,
that of a stochastic force acting on the B particle, and

18 A, Siegel, J. Math. Phys. 1, 378 (1960).
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the analysis in this paper, where the motion of the
B particle and fluid are governed by a definite
Hamiltonian. We shall assume that the B particle
interacts via a definite potential with one fluid particle
but represent the effect of the rest of the fluid on this
particle in a stochastic fashion. This model is of interest
to us because the distribution f(R,V,) obeys equations
formally similar to those developed in this paper with
coefficients which may be evaluated explicitly in some
cases.

The Hamiltonian of the B particle and one fluid
particle, which together we shall call the system, has
the form

H=1MV+3ve+U(R—1), (C1)

where we have again set the mass of the fluid particle
equal to unity. The joint distribution of B particle and
fluid particle u(R,V,r;,v1,¢) will now obey a generalized
Liouville equation which will take into account the
effect of the rest of the fluid, the ‘“reservoir,” on the
system,!4:20

af

du
—+ (u,H)+ME-—
ot A%

=/[K(I'l,Vl,l'l,,Vll,R,V)[.L(R,V,l’]_',Vf,i)

— K(rl',vl’,rl,vl,R,V)u (R,V,l‘l,vl,l)]dl'lld\ﬁl . (C2)
In writing down the stochastic kernel K we have used
explicitly our assumption that the reservoir does not
act directly on the B particle but only on the fluid
particle interacting with it. The form of the potentials
U and of the kernel K are still at our disposal and we
shall choose these to be as simple as possible. For U
we will take a harmonic potential,

U(|R—11]) =30 (R—r)?=3wiR, (C3)
and K will be assumed to have a simple relaxational
form

K(rl,vl,r'l,v’l,R,V)= T—lpo(R,V,rl,Vl) . (C4.)

K tries to bring the conditional distribution of the
fluid particle relative to the B particle, characterized
by P, to its equilibrium value Pq. It does this with a
characteristic time, the fluid relaxation time, 7. The
quantities P, Py, and ¢ are defined as before,

u
P=}=P0(1+E);
(CS)

SRV, )= / LRV, v d)dradva,

2P, G. Bergmann and J. L. Lebowitz, Phys. Rev. 99, 578
(1955); J. L. Lebowitz and P. G. Bergmann, Ann. Phys. (N.Y.)
%, 1 (1957), J. L. Lebowitz and A. Shimony, Phys. Rev. 128, 1945

1962).
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) =—= =

- o
fo / 6._‘8 Hdy 1dV1 ’

Xexp{—B[3vi+iw(R—r)?]},
fo=27po(V).

An alternative interpretation of our model is that
there is a probability per unit time, 7%, that the fluid
particle which interacts with the B particle is removed
and replaced by another particle from the fluid. The
probability distribution of this new particle is given by
P,

Equation (C2) now assumes the form

o e FH 2 )“3

(Co)

9 ) 0 9 9 9
W e L
ot oR or; <} vy A%
(C7)
= flPo—P]/7
= —Poff/fy

where, as before,

F=—9U/dR=0we(r;—R)=weR;. (C8)

We shall now again consider the stationary distri-
bution to terms linear in E. It is not necessary to worry
here about the system size going to infinity since that
has already been accomplished by introducing the
time-independent stochastic kernel K.2° Consequently,
it is also not necessary to introduce #o, it may be con-
sidered as infinite from the beginning. Introducing u’,
¥, and 7, as before, ¥ and n will obey a set of coupled
equations similar to (3.14)-(3.15),

—Byv-Epo(v)=—~(8/0v)- @ (v)(Fn)),
(9n/8t)+iLn=~A(v)-F4++Tn—n/7.

(C9)
(C10)

The symbols have the same meaning here as before
(though referring to one, rather than N fluid particles),

. 9 an
tL")(Vl,Rx,t)EV1'6——-—w02R1'——— 3 (Cll)

1 vy

and we need the solution of (C10) for ¢=o. The
dissipative nature of the fluid is now lumped together
schematically in the term 77, i.e., it is the operator
(4L4-771) which “corresponds” to the operator iL used
previously. Expanding 5 as a power series in vy, we
obtain as in (4.2), for =,

m=—(8/3v)-In(¥/po) / ) ds esI"F(—s). (C12)

Due to the simplicity of the operator L we can find
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here F(—1) explicitly. Indeed,
et —R)=r1(—#)—R=Ryi(~1)

=R, coswit—viwit sinwet, (C13)
ety =v,(—1)=v; coswoi+woR; sinwet.
Thus,
TWo IR ] (7] | l:z//] (
m=— —7Vi|-—Inf — 1, C14
' 14 72w¢? ' ' av Lpg )
Tw02 1 i) \b i) lﬁ
(Fpi)=— —ln[~]=—@—ln[-—], (C15)
1472w v Po av Po
a9 /¢
by=D— [¢— In(—>] . (c16)
av av pPo
In a similar fashion we find
) oo
n2(t)=
T (o) (1 wr?)
po\ 9 /¢
X{7[vivi—wiRiR ]+ viR,} <~) <—> . (c1n
Y/ 3vav\pg

We see here that (Fp) will vanish [cf. discussion
following Eq. (4.11)7]. The next order contribution to
the collision term will come from (Fz;) and will be

7w’ 1+ 377w
sib= () (s
14-72w?/ \14-47%0¢

92 ® Iy
X :[:po (—):l (C18)
avov avav \ po

We note here that the terms in (Fg3) corresponding to
b and d in Eq. (4.14) do not appear here because, as
seen from (C13), d0F(—)/dR is independent of R so
that (Fb) and (Fd) vanish. This means that in an
expansion of ¥ in powers of v, according to the method
of Appendix B, 6z, and thus ¥s; would be zero. The
same will be true for all other y;, I>1. This can be
verified directly for we can solve Eq. (C7) for the
stationary state to terms linear in E, without any
expansion in v,

1 v(v'(—s))
f— 0 l /_ 0 — d *‘S/T
pT R TR {1 T./o ' l:po(v’(—s))

vrsBv(=9 |}, (19

:,bz/u’dvldrldR, (C20)

where v/(—s) has the same meaning as v(—s) except
that the motion now takes place under the influence
of the whole Hamiltonian H, not just H,; i.e., the
position of the B particle is not held fixed. We find
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V(=)= v+ym*[ (vi—yv) (1— cosws)

—wR;sinws ], (C21)
where m* is the reduced mass,
m*=(14y)"1 (since m=1), (C22)
and
w=wo(14+2)12, (C23)
It can now be verified that
YV =[yDIE-vpo(v)=91(v) (C24)

is a solution of Egs. (C19)-(C20).

We can also work out for this model more explicitly
the form of §f(v,t) for a uniform distribution in the
absence of an external field,

foo
s(x)—[f(w]e Irt(vi(—1), Ra(—1), v, 0) -
C25

R S

and for £2>7, we find
31() (8'7%) " (wir) (1—ais?)
ot (1+wer2)3

o bl [ o o

where 8;f and §;f are given by Egs. (C16) and (C18).
The relaxation time ¢,, which is the inverse of the
friction constant ¢, is given in terms of 7 and w,,

T 7'2(.002
s
VL1470

It is also possible for the model considered here, to
write out more explicitly the exact equation satisfied
by f(v,), for an arbitrary F,
af '(v’t) - 9 ¢ )
=— ds 6_8/7/P0(V1,R1)F(R1)
at T OV 0

Xexp{—B[v*—v2(—s)]} f(¥v'(—s), I—s)dR.dv,

i)
__e*z/r,yg. /Fp,(vl’(-—l), Ry (—1),v'(—1),0)
t J XdRidv,, (C28)
ds e‘s”/FMod“[f(V,(‘s): t—s)/
s

fo(v' (—5) JdR1@vi+[ye 7]

=7251f+'y4[6sf—

(C27)

a
:7~——--
av 0

aJ
x { - / Fuot (v (— ), Ry’ (=), v/(—1), 0)
SO0
S (=)

)
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where the definitions of v/;(—£) and R’;(—¢) are similar
to that of v/(—{) given following Eq. (C19) and have
the value, for F given in (C8),

vi' (=) =vi—m*[ (v1—yv) (1—cosws)

—wR; sinws], (C29)

R/ (—s5)=R; cosws+w[yv—vi] sinws. (C30)

When (C21), (C29), and (C30) are substituted in
(C28), there results an expression for 8f(v,t)/d¢ whose
expansion in powers of vy for £2>7 we have obtained in
(C26).

APPENDIX D: COMPOSITE BROWNIAN PARTICLE

In this Appendix we shall consider the case in which
the B particles are not simply mass points, but have
some structure. For simplicity of notation we restrict
ourselves to B molecules composed of two equal simple
particles, ‘B atoms,” having mass M, M>m and
interacting via a potential ®. The distribution of the
B molecules, assumed independent of each other, will
be characterized by a distribution function f which is
a function of the coordinates and velocities of both
B atoms and the time ¢,

f=f@5)=fRO,R® VOV 7, (1)

The Hamiltonian of the full system will have a form
similar to that given in Eq. (2.1),

N
H= le+Hz+Z [u(Rtl)'*_u(Riz):] ) (Dz)
=1
where H; is the same as in (2.1) and
Hyp=1MVO LIV 4 3(R2),
2=r,—Re, a=1,2. (D3)

The joint distribution w will obey Eq. (2.2) (with
E=0). The conditional distribution P is again defined
by (2.12). However, unlike (2.13), P, will now depend
on R

Po=exp{—G[H,+U—¥(R?)]}, (D4)

where

e BY= /g_ﬁ [HH'U]dy. (DS)

It is seen from (DS5) that ¥+ is equal to
(—B7) Inn?(R*)+constant,,

where #5? is the equilibrium value of the configurational
distribution of the B particle. The equation for £ and
f may be written in a form analogous to (5.2) and (5.8)
by letting R and v stand for the six-dimensional position
and reduced velocity vector of the B particle,

R; v)= Ry,Ry; vO v®)

y(@ =y-12V (@

(Do)
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We then have

af(vat)

—+(f%)= —7—~(f(%€>) ; (D7)

d¢t dlnf
—+iLE=yUA-F+TE——E. (D8)
at 9t

We have defined here an effective B-particle Hamil-
tonian 3¢;, and an effective force &,

3C1=H1+¥(RY?),

F=—(0/oRWLU—y].

(D9)
(D10)

The “effective” force (six-dimensional), ¥, acting on
the B molecule is the direct product of the effective
forces @1 and - acting on the B atoms. Proceeding
now according to our method in Sec. V we obtain, to
lowest order in v, a generalized Fokker-Planck equa-
tion for f,

—+ (fie) =4*D®- —[f—é; 1n(j; )] (D11)

where D©® is the six-dimensional tensor,

DO = },}Eﬁ f i e (FF (—1))ds. (D12)

In writing down the equation for f we have neglected
the term coming from the initial value of ¢ as we have
done previously in going from (5.4) to (5.5). We are
therefore assuming here, and this assumption is also
made in treating v as being of order unmity, that f
changes on a time scale which is long compared to the
fluid relaxation time. This may become unrealistic in
cases where the internal velocities of the molecule are
comparable to those of the fluid particles.
The tensor D® will generally be of the form

Du Do
DO = ( ) , (D13)
®12 gll
where D is the three-dimensional tensor
D= [ @l-0m
0
=Aaﬂ(R12)5+Baﬂ(Rl2)|:R12R12_%(Rl2)28] ,
o, B=1,2. (D14)

Here A and B are scalar functions of R,
It is possible now to introduce four relaxation times
7; in analogy with the 7 defined in Eq. (6.3). We define
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the diagonal relaxation times 7, and 72 by the relations,
1 0
e Rk
0

=37F1- &)
n(3)° (RI,R2,I‘1)d1’1

—-vzqz(Ru)] , (D15)

Bu=Bu=3n:{(@3)—Aul) RERY/ (R4, (D16)

72 can also be expressed in terms of 73;° Relaxation
times can also be assigned to the off-diagonal elements

of Dag:
Ap=An= %T:a(%l'%z): - % (1-3/,8)V2\I/ ’
Biy=Bu=47i{(F:§2)— Bual} RERY/ (R2)".

Using this notation, the Fokker-Planck equation for f,
may be expressed in terms of the 7;’s and the equilibrium
distributions #(;)° and 7 (s)°.

The system we are considering might correspond to
a dilute solution of heavy diatomic molecules, such as
I,, in a gas like helium. The equation we shall obtain
for f may then be suitable for discussing the dis-
sociation rate of such molecules. Alternatively, we
may consider f to represent the pair distribution
function of Brownian particles in a fluid interacting
with each other via a pair potential ®. The equation
obeyed by this f will be of the same form as in the first
case if the density of the B particles is sufficiently low.
Finally, in the Kirkwood theory, f would be the two-
particle distribution in a liquid, the “host fluid” repre-
senting the influence of the other particles. Kirkwood
made the further approximation of setting 73=74=0
and 7= 2=, 7 being defined by (6.3).

(D17)
(D18)

APPENDIX E: BROWNIAN MOTION
IN A CRYSTAL

We shall discuss here the motion of a heavy particle
in a crystalline lattice. This problem was investigated
and solved in a very interesting series of papers by
Rubin.?2 Rubin considers an #-dimensional cubic crystal
with nearest neighbor harmonic forces in which one
particle has a mass M, which is larger than the masses
of the other particles m, m=1. The forces between the
B particle and the other particles is assumed to be the
same as the force between two crystalline particles.
Since this system has purely harmonic forces, the
equations of motion can be solved exactly and one can

20T, Bak and J. L. Lebowitz, Discussions Faraday Soc. 33, 189
(1962) ; Phys. Rev. 131, 1138 (1963).
22 R, J. Rubin, J. Math. Phys. 2, 373 (1961).
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find the B-particle distribution for the case where the
remainder of the lattice is initially in equilibrium.
Rubin finds that in one and three dimensions the B-
particle distribution f obeys a Fokker-Planck equation.
In one dimension the equation is that appropriate to a
free particle and in three dimensions that appropriate
to a harmonically bound particle. The one-dimensional
result was also obtained by Hemmer.?? In two dimen-
sions the situation is more complicated and somewhat
paradoxical®* and leads to the result that the B-particle
distribution f does not obey a Fokker-Planck equation.

We will show first how the method developed in this
paper for fluids can be generalized to include crystals.
The formal application of our method always yields a
Fokker-Planck equation for f to the lowest order in
v, y=M"2, In one and two dimensions this will be the
equation appropriate for a free particle. In three
dimensions the equation will be that appropriate to a
harmonically bound particle with a restoring force
equal to that found by Rubin. We shall also evaluate
the friction constant in one dimension and show that
it agrees with that obtained by Hemmer and Rubin.
The failure of our expansion in two dimensions is not
too surprising since in order to make our proofs rigorous,
we would need (see Sec. V), the existence of an expo-
nential relaxation for the light particles. This is believed
correct for fluids, while for the simple crystals considered
here the correlation functions decay essentially as
a(t)i—™?, where a(f) is an oscillatory function of the
time (with a characteristic frequency of the crystal)
and m is the dimensionality of the system.?® We are
currently carrying through the detailed computations
for two- and three-dimensional lattices.

The main difference between the treatment of a
fluid and a crystal is that in the latter there is an
underlying lattice. The potential energy of the system
is a function of the displacements r; of each particle
from its own lattice point and of the displacement R of
the B particle from its lattice point which is not sym-
metric in the indexes 4. Also the equilibrium distribution
of the B particle fo(R,V) is no longer independent of R
even in the absence of an external field. This latter
situation is similar to that encountered in Appendix D
and the modification in the general treatment of Secs.
IT and VI will be similar to that done in Appendix D.

We write the Hamiltonian of the whole system in a
form analogous to (D2),

N
H=3MV*4-3 30243 (ts, - -1n)+U Ry, - -xy)

i=1

=H+HA4U. (E1)
The equilibrium distributions of the whole system o,
of the B-particle fo, and the conditional distribution

% P. C. Hemmer, Det. Fysiske Seminar ¢ Trondheim 2, (1959).
2 See Sec. VC in Ref. 22,
2 P. Mazur and E. W. Montroll, J. Math. Phys. 1, 70 (1960).
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P, are written as

po=Z"le PH (E2)
fo=/yod1‘1' cedrydvy- - -dvy
=Z exp{—B[H:+¥[R)]}, (E3)
Po=po/ fo=exp{—B[H+U—¥]}
=exp{—B[H,—¥]}. (E4)

Proceeding now as in Appendix D we obtain, to lowest
order in v, a Fokker-Planck (F.P.) equation for
TRV,

ARVD o of e O
at dR dR
i (D], @
N v v " };) ¢
where

F/(R)=— 0¥ (R)/0R=6"19 Infy/dR  (E6)

is the average force acting on the B particle, at R, in
equilibrium and @ is given as in (D12) by

= f g OB, (E7)

with
§=—(89/0RU Ry, - -ty)—F(R)].  (ES)

(1) is to be computed as before from the evolution of
the crystal under the influence of the Hamiltonian
Hy,=H +U with R kept as a fixed parameter. ® can
thus depend on R.

It is seen from (ES) that when F’ vanishes, i.e., fo
is independent of R, the evolution of () is determined
by a F.P. equation appropriate for a free particle while
if fo is a Gaussian in R, f obeys a F.P. equation appro-
priate for a harmonically bound particle. Now it has
been shown by Peierls?® and Montroll?” that in the
limit of the crystal becoming large, i.e., N — » (the
limit in which we are interested), fo will be independent
of R in one and two dimensions and will be Gaussian
in three dimensions. Equation (ES) thus agrees with
the results of Rubin in one and three dimensions. [ The
value of the force F’ given by (E6) is correct in all cases
where the F.P. equation is valid since it is determined
by the requirement that f(¢) approach foast— o.]

We shall now evaluate ® for a one-dimensional
lattice with nearest neighbor forces. The displacement
of the particles from their equilibrium positions will be
denoted by x;; 1=0, -+, 2L+2, and with xz1=X,
the displacement of the B particle. We shall choose the

26 R, Peierls, Suppl. Helv. Phys. Acta 2, 81 (1936).

27 E. W. Montroll, in Proceedings of the Third Berkeley Sympo-
sium on Mathematical Statistics and Probability (University of
California Press, Berkeley, 1956), Vol. 3, p. 209.
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boundary conditions to be such that the end particles
are fixed, £o=2%s7+2=0. (This avoids the problem of the
motion of the lattice as a whole which has to be taken
account of in a rather cumbersome way when periodic
boundary conditions are used.) Thus, N=2L, and H
is given by

2141
H=3 > [1—(M—1)br41,;]0?
i=1
2L+1
+3k 2 (wia—ay)?, (E9)
7=0
where £ is the force constant and

Xo=x2r42=0, (E10)

X141, Uz+1 being the position and velocity of the B-
particle X, V. It will be shown that

()G

X expl — %ﬁl:M V2

(L_H)X?:” ., (E11)

OV/0X =—2kX/(L+1)

so that

(E12)
and

F=k{ (wro— X)+ (x1— X)+2X/(L+1)} . (E13)

We have to find §(¢) when X is kept fixed. It is clear
that keeping xz41=X fixed separates the lattice into
two parts of L particles each with fixed ends. Intro-
ducing the variables #; and y;,

J
“j=xf+(L+1>—X<1*;I> )

o, L+1, (E14)

J
y I x o — X———~—— ,
;=% I+1
we may write H,, the Hamiltonian of the lattice with
X141= X ,

L L
Hy={3 2 y+3k ZB (Yi1—y:)*
=1 7=

L L
+{F X upt3k 2 (ui1—u;)?)
=0

=1

+EX2/(L+1), (E15)

with the boundary conditions
Yo=Y r1=to==2r13=0.

Equation (E11) for fo follows immediately from (E15).
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The force § will now be

T=k(ur+yL) (E16)

and

OB =k Lua () +y®) Loty D)
= 26wy (). (E17)

The second equality follows from the fact that the y’s
and #’s are independent of each other. The evolution
of #,(¢) proceeds according to the Hamiltonian in the
second curly bracket on the right-hand side of (E15).

We can evaluate (E17) by introducing the normal
coordinates® 7,

N
uj=2_ s sin(wjs/L+1),

(E18)
=1
which satisfy the equations
s
s=—4k Sin2( >11,,= —wss. (E19)
L+41
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This yields, using the independence of the 7,,

2671 1L mS \ COSw,t
(u1 (t)M1> = Z [sin"’( )
(L+1) s=1 L41/ g
s \Sinw,t
+ sin( > :' ,
L+1/ wd
(E20)
1 T
—> —— [ cos?(3®)[cos[ 24/ k+sin(3®) ]
L—w T 0
+sin[24/k+sin (3®) ] 1d®,
and
D=2k, (E21)

which agrees with the result of Hemmer and Rubin.
We note that the relaxation time 7 defined in (6.3) is
given here by

r=k12,

(E22)



