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half-widths —decrease. Stark-broadening calculations
have thus made possible a diGerent and very convenient
approach for determining the electron densities in dense
plasmas from linewidth measurements with an accuracy
comparable to other spectroscopic methods. The ad-
vantages of this method are that the temperature needs
to be only roughly determined since the broadening is
mainly a density effect, and that the width (and shift)
measurements are quickly and rather precisely done,
since only relative intensity measurements are required.

It is advisable to determine the widths of several lines
to obtain a smaller statistical error. For example, the
ratio of measured to calculated widths averaged over all
six multiplets is in this experiment 1.00 with a standard
deviation of ~0.06.

In comparing the cesium and oxygen experiments no
significant deterioration in the results is observed, which
means that the use of the Coulomb approximation does
not seem to introduce additional significant errors in the
case of a more complex atom.
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By means of a numerical solution of the Boltzmann equation, elastic and inelastic collision cross sections
have been derived for electrons in H2 and D2 subjected to a dc electric Geld. The cross sections for momentum
transfer, rotational excitation, vibrational excitation, electronic excitation, and ionization are investigated by
comparing experimental and theoretical values of transport coeKcients. The same momentum transfer
cross section previously obtained for H& by Frost and Phelps has been found to be valid for D2. Good agree-
ment is secured between experiment and theory by multiplying the theoretical rotational cross sections of
Gerjuoy and Stein by approximately 1.5, provided the polarization factor of Dalgarno and Mo6ett is used.
The Gnal cross section for vibrational excitation of H2 has a threshold at 0.52 eV and a peak of 7.7)&10 ~~ cm'
at 4.5 eV, whereas that of D2 has a threshold at 0.36 eV and a peak of 6.6)&10 '~ cm2 at 4.7 eV. The derived
electronic excitation cross sections are the same for both H2 and D2. The ionization cross section was taken
from the experimental results of Tate and Smith. Calculated transport coefFicients for electrons subjected
to crossed electric and magnetic fields, and high-frequency ac electric fields are in agreement with recent
experimental and theoretical results.

I. INTRODUCTION

q LASTIC and inelastic collisions of low-energy elec-
~ trons with molecular gases have been the subject

of considerable theoretical and experimental investiga-
tion' ' in recent years. In this paper we extend the cross-
section determinations of Frost and Phelps4 to higher
energies in H2, and to D2. We include the processes of
elastic scattering, and rotational, vibrational, and elec-
tronic excitation as well as ionization. Stated somewhat

differently, we shall take into account both elastic and
inelastic collisions involving electrons with energies up
to i00 eV.

Our method of calculation is essentially the same as
that of Frost and Phelps (hereafter called I). We nu-
merically solve the Soltzmann transport equation for

*This research was supported in part by the Advanced Research
Projects Agency through the Once of U. S. Naval Research.' D. R. Bates, Atomic artd Molecular Processes (Academic Press
Inc. , New York, 1962).

2 H. S. %'. Massey and E. H. S. Burhop, Electronic and Ionic
Impact Phertomerta (Clarendon Press, Oxford, England, 1952).

L. B. Loch, Basic Processes il Gaseogs Etectrortics (University
of California Press, Berkeley, California, 1955).

4 L. S. Frost and A. V. Phelps, Phys. Rev. 127, 1621 (1962).

the distribution function, f, of electron energies taking
into consideration both elastic and inelastic collisions. In
the case of only a dc electric held present the three trans-
port coeKcients' of principal interest are the di6usion-
coefficient, D, the mobility, p, and the Townsend pri-
may ionization coeScient 0.;. These coefficients are
found by taking the appropriate average over f. Cross
sections are determined, by successive adjustments to
initial estimates until theoretical and experimental
values of the transport coefFicients are brought into good
agreement. The results are by no means unique, but
they certainly do represent a consistent and realistic set
of elastic and inelastic collision cross sections.

It is possible to consider separately three distinct
regions of electron energy. In our calculation the elec-
tron energy is characterized by an experimentally
measurable quantity, the characteristic energy ~~, where

etc eD/ts, ——

and e is the electrorn. c charge.

W. P. Allis, in IIandbgch der Physik, edited by S. Flugge
(Springer-Verlag, Berlin, 1956), Vol. 21, p. 383.
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In the lrst region (A), etr ranges from its thermal
value to that where vibrational excitation first must be
taken into consideration. In this region we assume for
Hs the same cross section Q for rnornentum transfer
collisions as previously found in I. The thresholds and
shapes of the cross sections for rotational excitation are
based on the theories of Gerjuoy and Stein (GS)' as
modified by Dalgarno and Moffett (DM).' In particular,
we have investigated the question of whether including
the polarization correction improves the agreement be-
tween theory and experiment. It is to be expected that
this correction, which arises from the polarization of the
Hg molecule and increases the rotational cross section,
would reduce the discrepancy between theory and ex-
periment discussed in I. There it was concluded that
although the shapes and thresholds of the GS rotational
cross sections appeared to be correct, the amplitude had
to be multiplied by a factor of 1.7. Furthermore, we
have performed calculations for electrons in D2 in this
energy range using the same cross sections for elastic
scattering and the same theory for rotational excitation,
as for H2. In the case of rotational excitation, appro-
priate allowance is made for the different atomic mass
and statistical weights of H2 and D2.

In the second region (B), etr varies from the energy
where vibrational excitation first assumes importance to
that where dissociation first begins to become of sig-
nificance. Using previously derived cross sections for
elastic scattering4 and rotational excitation we are able
to derive for both H2 and D2 the rising part of the cross
section for vibrational excitation. Specifically this cross
section is determined by a comparison of calculated and
experimental transport coefficients involving p and D.

In the third and highest energy regime (C), elastic
scattering and vibration, electronic excitation, and
ionization are considered. For both H2 and D2 the high-
energy portion of the momentum transfer and ionization
cross sections are taken from the results of Brode, ' and
Tate and Smith, respectively. Sy a comparison of
calculated and experimental values of 0.;, we have been
able to determine the cross sections for electronic
excitation and to some extent the falling part of the
vibrational cross section. This analysis is based on the
postulate that the electronic excitation cross sections
are the same for both H2 and D2. The analysis in this
energy range is similar in many respects to those of
Lunt and Meek, ' Corrigan and von Engel, "and Heylen
and Lewis. " Our approach differs from that used by

' E. Gerjuoy and S. Stein, Phys. Rev. 97, 1671 (1955);98, 1848
(1955).

'A. Dalgarno and R. J. Moffett, Indian Academy of Sciences
Symposium on Collision Processes, 1962 (unpublished).

s R. B. Brode, Rev. Mod. Phys. 5, 257 (1933).
s J. T. Tate and P. T. Smith, Phys. Rev. 39, 270 (1932).IR. W. Lunt and C. A. Meek, Proc. Roy. Soc. (London) A157

146 (1936)."S.J. B.Corrigan and A. von Engel, Proc. Roy. Soc. (London)
A245, 335 (1958).

~ A. E. D. Heylen and T.J.Lewis, in Proceedslgs of the Foarth
INterrtatsolal Coeferertce ol Iotrtsatsort Phertorrterta trt Gases (North-

these authors in that we choose to ignore the experi-
mental values of ~z for ez& i eV and base our analysis
on the other measured transport coeKcients. As a result
we obtain reasonable cross sections for elastic and
inelastic scattering using electron distribution functions
which are more realistic than the Maxwellian distri-
bution.

As a final check on our results we have computed
transport coefficients for electrons in Hq and D2 sub-
jected to crossed electric and magnetic fields, and ac
electric fields. A comparison of these coeKcients with
recent experimental" and theoretical" findings lends
additional support to the accuracy of our derived cross
sections.

In this equation, e is the electron energy" =-,'nzv',

(where v is the electron speed), S the neutral molecule
density, Q the cross section for momentum transfer
collisions, m and M are the electron and molecule
masses, respectively, and f is normalized by

eusf(, )d, (3)

The energy-dependent effective electric field E.has been
shown by Allis~ to be given by the relation

E,'=Q '(e)E'LQ '(e)+(Q/E)'rtt/2e] ', (4)

where E is the dc electric field. In the case of mutually

Holland Publishing Company, Amsterdam, 1960), Vol. I, p. 156.
See also, A. E. D. Heylen, Proc. Phys. Soc. (London) 76, 779
(1960).

"M. J. Bernstein, Phys. Rev. 127, 335 and 342 (1962); and
%. B. Cottingham and S. J. Buchsbaum, Phys. Rev. 1%, 1002
(1963).See also Ref. 47.

' Q. A. Pearson and W. B.Kunkel, Lamence Radiation Labo-
ratory Report UCRL-10366, 1962 (unpublished). See also Phys.
Rev. 130, 864 (1963).

'~ Rationalized mks units are used throughout. Any exceptions
are speci6cally denoted.

IL BOLTZMANN EQUATION AND
TRANSPORT INTEGRALS

In this section we present the equations pertinent to
this analysis and discuss our method of solution. Since
our technique differs very little from that used in I, we
shall refrain from any derivations, but shall emphasize
the salient points.

The basis of our treatment is the Boltzmann equation
for the distribution function of electrons in a parent
neutral gas. We write it in the form

d(e'Esedf~ 2m df df ~
I+ I

e'&Q f+»
de(3XQ„de) M de( de )

+Z E(+;)f(+;)~Q,(+;)- f()~Q ()j
++[( eej)f(e et)XQ-t(—e—ej)

—ef(e)&Q-t(e) j=o. (2)
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perpendicular or "crossed" dc electric and magnetic
6elds

0=pe p
——eB/m,

where 8 is the magnetic Geld and or~ is the electron
cyclotron frequency. For the situation of a high-fre-
quency ac electric Geld of radian frequency co, 0=or. In
addition, in Eq. (2) Q; is the cross section for electron
energy loss in excitation of the jth level, Q; the cross
section for electron energy gain in the de-excitation of
the j"th level, and e; is the energy loss associated with the
jth level.

This particular form of the Boltzmann equation is an
extension discussed in I of the earlier results of Holstein"
and Margenau" to include inelastic collisions of the
second kind, i.e., the last term in Eq. (2). It is worth
noting from Eq. (4) that in the limit of extremely small
magnetic Gelds E, ~E, whereas in the limit of extremely
large magnetic fields, E, ~E/B.

We can associate with each term in the Boltzmann
equation the gain or loss of energy due to one of the
processes being considered. The first term represents the
eQ'ect of energy input to the electrons from the field, the
second term energy loss and gain (in that order) in
elastic collisions, the third term energy loss in inelastic
collisions of the Grst kind, and the fourth term represents
energy gain in inelastic collisions of the second kind. "
Near thermal equilibrium when the mean electron
energy is close to that of the gas and the distribution
function is Maxwellian, the energy lost in eIastic colli-
sions is balanced by the energy gained in elastic col-
lisions. A similar situation must occur also for inelastic
collisions, viz. , Q; and Q; are related by detailed
balancing. "

Two techniques are employed for solving the Boltz-
mann equation corresponding to two regions of e~.In
region A as defined in Sec. I, e~ is of the order of its
thermal equilibrium value, kT, and inelastic energy
gained by the electrons cannot be neglected, i.e., colli-
sions of the second kind are important. In this case at a
given energy the distribution function has contributions
from electrons which have lost and gained energy by
inelastic processes. Therefore, in order to solve the
Boltzmann equation we write it in Gnite difference form
obtaining a set of linear algebraic equations for f,which
is then solved by standard techniques. '

In regions B and C, e~ is large enough so that the
results are independent of the gas temperature. Under
these conditions a temperature is chosen such that
collisions of the second kind are neglected. The Boltz-
mann equation can then be solved by backward pro-
longation4 ";viz. , by assuming that for sufIiciently high
energy, f is given primarily by the elastic terms, one

"T.Holstein, Phys. Rev. 70, 367 (1946).
'7 H. Margenau, Phys. Rev. 69, 508 (1946).' A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation

urtd Excited Atoms (Cambridge University Press, New York, 1934).
» B. Sherman, J. Math. Analysis Application 1, 342 (1960).

then proceeds to prolong this high-energy solution back-
wards in energy taking into account both elastic and
inelastic collisions.

The determination of cross sections arises from a
comparison of experimental and theoretical values of
various combinations of transport coefBcients all of
which we normalize to the neutral particle density. The
diffusion coefGcient D is given by

DQ= (2/tl)'»/3 f(e)ede/Q~(e) .

The two mobilities of interest p, ~ and p2 are obtained
from the expressions

eQ~ (e) df wi
X —de=, (7)

p Q '(e)+(0/lV)'(m/2e) de E/1V

e0
p2X= ———

3X
df

Q '(e)+(0/S)'(ttt/2e) de
. (8)

E/S

t
2~"'2tm

3f'
p

df(e)
e'cVQ (e) f(e)+AT de

ie 2q"'
+

~ ~ Q ej ef(e) $1VQ; (e) EQ—;(e))de. (9)

This equation states that the power input to the elec-
trons from the field, eEm», is balanced by the power
dissipated by the electrons in elastic and inelastic
collisions, viz. , the Grst and second integrals, respec-
tively, on the right-hand side. Consequently, once the
Boltzmann equation has been solved we can determine
the power input to each of the elastic and inelastic
processes and obtain simultaneously a check on the self-
consistency of the computation. Such a check was made

If &=co&, tet=ter and wi ——w&, the mobility and drift
velocity, respectively, transverse to the magnetic Geld,
but parallel to the electric field. Also, in this case,
p2 pg and m»=@&, the mobility and drift velocity, re-
spectively, perpendicular to both electric and magnetic
Gelds; D is then the diffusion coefFicient parallel to the
magnetic field. Prom Eq. (8) it can be shown that in the
limit of high-magnetic 6elds w, -+ E/B. If co p =0, we can
write tts=ws ——0, and ttz =ts=w/E, where tt and w are
the mobility and drift velocity in the absence of a
magnetic field.

If Eq. (2) is multiplied by (2/ttt)'tsede and integrated
over all energies the energy balance equation is obtained
in the form, 4
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vi/iV = (2/2i$) ~ 2f(2)Qi (IE)d 2 . (10)

Thus, for example, in the case of ionization the ioniza-
tion frequency v; is determined by an evaluation of the
power input by the electrons to the ionization process.
For only a dc electric 6eld present, the comparison be-
tween theory and experiment is made in terms of a
coeKcient 0.& for the 1th inelastic process given by

for each solution of Eq. (2) for f and solutions were
considered acceptable only when the two sides of Eq.
(9) were equal to within one part in 10' of eEwi.

We de6ne a frequency coefBcient for the lth inelastic
process from Eq. (9) as,

Region A. Rotational Excitation and Elastic
Scattering f(fr T/e) & ex &0.08 eV]

The cross sections we use for rotational excitation are
derived from the theory of Gerjuoy and Stein~ who
considered the problem of the rotational excitation of a
homonuclear molecule by low energy electrons; the
interaction mechanism was taken to be the long range
quadrupole interaction. For both H2 and D2 the cross
section Qz, &+2 (e) for electron energy loss in rotationally
exciting a molecule from the Jth to the (J+2)nd level is

Q J,J+2
—(p z/P „)~J,J+2 exp (—E&/k T) . (13)

The factor" (p&/P, ) exp( —Eq/kT) represents the frac-
tion of the molecules in the Jth rotational level where

n,/X = (1/2v) vi/iV. (10a)
p&= (2t+1) (t+a) (2J+1),

t is the nuclear spin" (2 for H2 and 1 for D2), and

(14)

and
v /iV= (e/nz) (1/pX) = (e/222)L(E/Ã)/w], (11)

In regions A and 8 our procedure in evaluating elastic
and inelastic collision cross sections is to deQ.ne an
effective elastic collision frequency v and an energy
exchange collision frequency v„by the relations,

a=0, J even,
=1, J odd.

(15)

Eg J(J+1)B——p, (16)

In Eq. (13), Eq is the Jth energy level of the rotating
molecule given by

v„/Ã= Pew(EPr)]/(« kT) . —(12) where B2 is the rotational constant" (0.00754 eV for H,
and 0.00377 eV for D2),

The quantity v is sensitive primarily to changes in the
elastic cross section, 4 and is affected only mildly by
changes in the inelastic cross sections used. From Eq.
(12) v„ is defined as the power input per electron due
to the electric 6eld divided by the excess of electron
energy over its thermal equilibrium value, i.e., cz—kT,
and is most sensitive to changes in the inelastic collision
cross sections. 4 In this manner we are able to separate
to a large degree the effects of elastic and inelastic
collisions. Our procedure then is to plot experimental
and theoretical values of v and v„versus e~, and to
make the appropriate adjustments in the elastic and
inelastic cross sections until a satisfactory 6t is obtained.

On the other hand, for lack of adequate experimental
data in region C, the highest energy region, we have
derived cross sections applicable to this region on the
basis of agreement between experimental and calculated
values of e; only. As a result, we obtain inelastic collision
cross sections in this region which are somewhat de-

pendent on the assumed momentum transfer cross
section.

III. DETERMINATION OF CROSS SECTIONS

As stated in the Introduction, our procedure for de-
termining cross sections can be subdivided into three
separate techniques corresponding to three regions of
e~, viz. , regions A, 3, and C as discussed in the Intro-
duction. This subdivision is facilitated by the fact that
the cross sections derived for a given region are reason-
ably independent of those for the neighboring region.

P,= p p~ exp (—E~/kT),

(J+2)(J+1) (4J+6)BO 'i2

~J,Zy2(~) = 00 1
(2J+3)(2J+1) e

Rlld
J(J—1) (4J 2)B—

0 J,J—2(6) 00 1+
(2J—1)(2J+1) e

(18)

(19)

where
02 = 82r $2ao2/15, (20)

g is the electric quadrupole moment in units of eu22, and
a2 is the Bohr radius. Equation (18) gives the cross
section for an electron energy loss" of

eg= (4J+6)Bp. (21)

e g ——(4J—2)BO. (22)

These rotational cross sections are substantially greater

~ A. I'arkas, Orthohydrogen, Parahydrogen, and Heavy Hydrogen
(Cambridge University Press, Net York, 1935).

~' G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand
Company, Inc. , Princeton, New Jersey, 1950), pp. 532 and 553.

~ The selection rule is hJ =&2.

This cross section increases rapidly near the threshold
energy eJ, and for large energies asymptotically ap-
proaches a constant value as shown in Fig. 1 for H~. On
the other hand, Eq. (19) gives the cross section for an
electron energy gain of
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I I I I
j

I I I II I I I I) I I I I) I In the case of D2 we also choose three illustrative
cases as follows:

ioI
EIO—

(i)

(ii)

(iii)

@=0.423,
/=0.473,

/= 0.423,

Mg= 1.23, fg—=1.0,
Ma= 1.73, fg(e)) 1.0,
Mn ——1.47, fo(e)) 1.0.

- lo-lo—

=l.73, fRNs l.O
=l.54, f& (~) &I.O
= l.O, fR (e) & LO

lo-I2 I

lo 3

~ ionization, Electronic Excitation
Dissociation, Yibrotion, Elastic

I I it I I 1 II I I I II I I I II I

lo 2 lo '
l IO

Characteristic Energy-&K (eV)

Fra. 3. Elastic collision v /X and energy exchange v, /cV fre-
quencies for H2 at 77'K plotted against the characteristic energy
e~. The points represent our theoretical calculations and the
smooth curves represent an average of the best available experi-
mental data. In the region where e~ &0.08 eV we show results for
three combinations of the quadrupole moment g, the magnitude
factor Mz, and the polarization factor fz. The first two cases yield
identical values. In the region where vibration, rotation, and
elastic scattering are considered, we have plotted results obtained
using our final vibrational cross section Qyg and the one Qyq pre-
viously reported by Frost and Phelps. For ~z &1.0 eV we take into
consideration ionization, photon excitation, dissociation, vibration,
and elastic scattering but neglect rotation.

Here we have used the same value for the effective
quadrupole moment as for H2. Presumably the correc-
tion to the value measured by Barnes, Bray, and
Ramsey" for nuclear motion will be somewhat lower
than for H2. Unfortunately, this correction has not been
calculated. )Note added iN proof. R. J. W. Henry and
A. Dalgarno (private communication) have found that
the corrected quadrupole moment for D2 is the same as
for Hs.) We do not show the v /N points for case (ii)
since they almost coincide with those for the other two
cases shown. In any event, acceptable agreement is
achieved in all three cases between calculated and exper-
imental values of v /N; hence, we conclude that our
assumption of the same elastic cross section for both H2
and D2 in this region is justified to a large extent. Of
possibly greater interest is the v„/N plot from which it
can be seen that cases (i) and (iii) give much the same
result for &~&0.02 eV; however, above 0.02 eV to the
onset of vibrational excitation the results for case (i)
seem to suffer a rather disconcerting droop. A compari-
son of cases (ii) and (iii) reveals that, although case (ii)
furnishes a slightly better fit in the near thermal region
(sx(0.015 eV), above 0.015 eV the agreement is un-

In order to demonstrate the effects of fear, , we show in
Fig. 3 the results of calculations for three distinct cases: lo l l I IJ i J l lI J i i i

)
I I l

(i)

(ii)

(111)

/= 0.473,
/= 0.473,
/=0. 473,

M~ ——1.73, fa=1.0, —
Mg ——1.54, fry (e))1.0,
Mrt ——1.0, fg(e))10.

For all three cases the values of v„/N lie close to the
experimental curve; this result is consistent with the
findings of I where it was concluded that in H2 relatively
small changes in the inelastic collision cross sections did
not alter the agreement between experimental and
theoretical values of p /N. This conclusion is also true
for the calculations of regions 8 and C. In the case of the
v„/N curve we obtain good agreement between theory
and experiment for cases (i) and (ii); in fact, the results
for these two cases are virtually the same since the in-
crease in case (i) of the rotational cross section caused
by setting Mz ——1.73 is offset by taking fr=1.0. On the
other hand, it clearly does not suKce to use the polar-
ization correction with Mg= 1.0 since the points of case
(ii) are well below the experimental curve. We note that
all three cases yield the same result in the near thermal
region where rotational excitation is of less significance.
%e conclude, therefore, that the inclusion of the
polarization factor reduces the error in the effective
quadrupole moment to about 25% but that the re-
maining discrepancy is outside the experimental error.

I

cu 10 9—
~l
E

0

E
l0-I l

lo-l2
l0 3

73 fR~ IO

.73 fR(e)&l.O

A7, fR (e)&LO

n 8 Elastic
~ ionization, Electronic Excitation

Dissociation, Yibration et Elastic
I I I I I I I I i I I I I I I I I I,

lp-2 lp-l l IO

Characteristic Energy-e'K (eV)

FIG. 4. Elastic collision and energy exchange frequencies for D2
at 77'K plotted against e~ in eV. As in Fig. 3 the points represent
our theoretical calculations and the smooth curves are an average
of the best available experimental data. Above a~=1.0 eV the
dashed curves represent calculated results since no experimental
data are available for this region.

~~ R. G. Barnes, P. J. Bray and ¹ F. Ramsey, Phys. Rev. 94,
893 (1954). The quadrupole moment given by these authors for
D2 is the same as for H2 to within experimental error.
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satisfactory compared to that of case (iii) which, conse-
quently, we consider to be the best solution.

Our 6nal comparison for this region is in terms of
graphs of w and ex versus E//E as shown in Fig. 5 for Hs
and Fig. 6 for D2. We show our calculations as smooth
curves, i.e., cases (i) and (ii) for Hs and case (iii) for Ds,
the various experimental results'~ '4 appear as points.
The agreement is excellent for H~, since the discrepancy
for both za and ere is less than 5%. In the case of Ds, the
use of the same theory for rotational excitation and the
same momentum transfer cross section as for H2 leads to
agreement for zo and ex to within 10%. This residual
discrepancy appears to arise from an error of as much as
20'% in the shape of the theoretical rotational cross
section.
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s' N. E. Bradbury and R. A. ¹elsen, Phys. Rev. 49, 388 (1936).
's J. L. Pack and A. V. Phelps, Phys. Rev. 121, 798 (1961).
s'L. Frommhold, Z. Physik 160, 554 (1960).
~ J. S. Townsend and V. A. Bailey, Phil. Mag. 42, 873 (1921)."R.W. Crompton and D. J. Sutton, Proc. Roy. Soc. (London)

A215, 467 (1952).
~' R. W. Warren and J. H. Parker, Phys. Rev. 128, 2661 (1962)."J.L. Pack, R. K. Voshall, and A. V. Phelps, Phys. Rev. 127,

2084 (1962).
~ B.L H. Hall, Australian J. Phys. 8, 468 (1955).

Region B.Vibration, Rotation, and Elastic
Scattering (0.08 & ex & 1.0 eV)

%hen ez exceeds a value of approximately 0.08 eV,
there are a sufBcient number of electrons in the distribu-
tion function whose energies exceed the threshold for
vibrational excitation to necessitate considering vibra-
tional excitation in the solution of Eq. (2) for the dis-
tribution function. For H2 and D~ this threshold" occurs
at 0.516 and 0.360 eU, respectively. Because in this
region e~))kT', we neglect the eGect of inelastic collisions

FIG. 6. Drift velocity and characteristic energy for D2 at 77'K as
a function of E/11r. The points represent experimental results and
the smooth curves our computations. The calculated m and 6~
curves were obtained using 9=0 473, 3IIa=1.47, and fn(a) )1.0.

of the second kind and, consequently, are able to solve
the Boltzmann equation by the method of backward
prolongation. ' "

Figures 1 and 2 show the cross sections Qr used for
vibrational excitation. For this region of e~ we are able
to determine with reasonable accuracy the rising part of
the cross section for vibrational excitation up to ap-
proximately 4 eV for both H2 at D2. In all of our calcula-
tions we have assumed that only the first vibrational
level is excited. If higher levels are excited, the sum of the
vibrational-excitation cross sections will be smaller
than our Qr. Figure 1 shows two vibrational cross sec-
tions for H2 which we have used. in region B.The first,

Qi r, is that reported in I and was constructed so as to
pass through the experimental results of Ramien35; the
second, QvF, represents our final value and gives a
better fit to experimental data. Below 3 eV, Qvx is not
substantially diGerent from Qvr, nevertheless, the effect
of the difference is determined readily by our analysis.
Figure 2 displays a comparison of the vibrational cross
sections of H2 and D2. Below 0.7 eV, the D2 cross section
is greater than that of H2. On the other hand, in order to
obtain good agreement between experimental and theo-
retical values of v /X, it has been necessary above 0.7
eV to assign Hz a cross section approximately 20%
greater than that of D2.

In performing calculations for this range using our
Anal vibrational cross sections for H2 and D2, we have
employed values of g, Mn, and fir corresponding to case
(ii) of Hs and case (iii) of Ds, i.e., those values which

gave the best fit in region A. The calculations done using

Qvr assumed the same rotational cross section as in I,
s' H. Ramien, Z. Physik 70, 353 (1931).See also K. T. Chao,

S. F. Wang, and K. C. Shen, Sci. Record (Peking) 2, 358 (1949).
These authors obtain values somewhat larger than Ramien. Theo-
retical calculations of the vibrational excitation cross section are
one to two orders of magnitude smaller than the experimental
values. See for example, T. Y. Wu, Phys. Rev. 71, 111 (1947);
H. S. W. Massey, Trans. Faraday Soc. 31, 556 (1935);and Ref. 23.
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f I I i T over, in. the case of D there are no experimenta resu its2if'
for these two transport coe%cients. Fortunately, t ereio-15 p
have been reported a number of experimental determi-
nations of n;, the Townsend primary ionization coefB-
cient. The principle drawback to using only n; to
determine cross sections is that no separation is achieve
between elastic and inelastic eGects. Consequently, the

0' (ionization) inelastic cross sections we have derived are dependentGi (ionization

on the Q employed.
Shown in Figs. 2 and 7 are the curves representing our

O 17

final values of the collision cross sections. The cross
section for momentum transfer collisions has been taken
f the results of Brode. The ionization cross sectionrom e res
is the same as that reported by Tate and Smith. e

&0 i00 only direct measurement of electronic-excitation cross0 l0 20. 50 40 50 60 70 80 90 i00 P

sections for H2 is that of Ramien" for energies e ween

hoton excitation, and 8.85 and 12 eV. This cross section is presumably that for
fth O'Z+ t t hih lt i d'ionuation cross sec 'onst ections for electrons in both H2 and D~ as a func- excitation p

tion of electron energy. of the hydrogen molecule. One expects37 the excitation
of higher electronic states of H2 to begin at about 11.5

(i) ofHs. Ourresultsintermsof the P /Xplots eV and to include cross sections of both triplet and
are shown on Fig. 3 for H2 and Fig. 4 for D2. The close- singlet character' ";i.e., cross sections which rise rapidly" /+ P ' t " P r'm n l near threshold and decrease rapidly at energies beyon
curves for the two H2 and the one D2 vibrational cross the maximum and cross sections which rise s ow y wi
sections jus i es e ~ ut 6 s the ~ used. The egect pf varying the energy to a peak near that of the ionization cross sec ion.
vi ra iona cross se'b t l cross section of H2 can be deduced from the If the gas density is not too high the trip e s a es wi

3 „+ ule will dis-~'E l f Fi . 3. At the low-energy end of region B~ radiate to the O'Z + state and the molecule wi is-
viz. , 0.08(e&(0.2 eV, the fit has been improved over sociate, whereas the singlet states will radiate o
that in I primarily because of the introduction of the ground state. ~e have chosen to approximate the

]
' t' n correction which causes the rotational cross electronic excitation crpss sections by two cross sections,

section to increase with energy rather than approa h a dissociation cross section Qq with a threshold an
anasymp o ic imi .t t l' 't On the other hand for 0.2&6~&1.0 energy loss of 8.85 eV and a "photon" excitation cross)

V th /X omts calculated using Qvr fall approx'- section Q„with a thresholds' and energy oss o ee, e v p
ma el 10—15% above the curve, whereas QvF has been The dissociation cross section, whtch agrees in m g

'-
d d to ive as ood a 6t as possible. "A similar tude with that of R.amien" near threshold and in shape

procedure of adjusting the D2 vibrational cross section with that of Massey and Mohr, was eleft constant
cement resulted in the satisfactory 6t of throughout this calculation. The photon excitation cross

h /S lot in Fi . 4. The final comparison made in section with a threshold at ].2 eV and the vibrationa
terms of zv and e~ as shown in Fig. 5 for H2 and Fig. 6 excitation cross sections were adjusted to give ag

between the calculated and experimental ionization
coefficients. This assumption is arbitrary and means

nate enou h to choose theRe ipn C. Vibration, Dissociation, Electronic that unless we were fortunate g
Excitation, Ionization, and as ic correct dissociation cross section at energies above 12

) ~ ~ ~ ~

eV only a weighted sum of our electronic excitationScattering (err) 1.0 eV) )

cross sections is to be compared with, or examp e, e
Our method of analysis for region C, the highest results of electron beam experiments. In any case, we

energy reg'me co sidered, is substantially di6erent from
do not expect the falling portions of pur excitation crossthat used for regions A and B. In Part, this different sections to be as accurate as the rising portions, and so

Q be consistent with theory" at high energies, e.g.,termine the inelastic cross sections in this energy range
y p of e led to

unreason easonably large values for the cross sections an to
dissociation see L. A. Edelstein, Nature 182, 932 (1958 .~ ~ ~

F~ n s which were much to small. More- »H. S. Massey and C. S. O. Mohr, Proc. y. . (n s w ic wer. . . . . . Ro . Soc. London)ionization coeF~cients w ic wer
AD5, 258 (1932). Apparently the cross section given for the

eV our calculated excitation of the b'Z„+ state is too large by a factor of 30. See R. W."It should be noted that at ~z values near 0.2

ssTh h
'

f jj t e citatio th esh ldi basedlargely
th d h 'tt' o t'o i b W. L ht, Ph . R

hold the rotational cross isc ol.ceo ane e i
section is somewhat larger than given by the y d c o»the theor discussed on t e excj. a ion cross
above.
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above 30 eV. In spite of these uncertainities in the de-
tailed cross sections, we believe that the combined
electronic cross section derived in this section facilitates
a much more accurate evaluation of electron-transport
coefFicients than was previously" "possible.

Our procedure in deriving the cross sections for this
region was, first of all, to obtain as good a fit as possible
between the experimental and calculated values of o.;/iV
for Hs by adjusting only the Qv and Qi curves so as not
to alter the situation in region B. Then following the
suggestion of Rose," we varied only the vibrational
excitation cross section" of D~, and were successful in
obtaining satisfactory agreement between experimental
and calculated values of n;. Had we allowed H2 and D2
to have different dissociation and photon-excitation
cross sections, we should have been able to derive a
bewildering multiplicity of cross sections for D2, all of
which would give comparable agreement between theory
and experiment.

Two other assumptions inherent to our analysis can
conceivably cause significant errors. The 6rst is that we

neglect the presence of the extra electron which is
produced in the ionization process. In order to minimize
this error, we have limited our calculations to values of
E/1V for which less than approximately 10% of the
total energy input from the field to the electrons was
dissipated in the ionization process. An approximate
analysis of the magnitude of the terms neglected in the
Boltzmann equation analysis indicates that as long as
E,~S is so restricted the error should not be important.
Another cause of possible error has been investigated
recently by Baraff and Buchsbaum (BB)4' who have
studied the departure of the electron distribution func-
tion from spherical symmetry for high E/E. Our ap-
proach and in particular Eq. (2) is based on the Lorentz
approximation' which assumes that fcan be represented
adequately be a two-term expansion in spherical

"D. J. Rose, Phys. Rev. 104, 273 (1956). This paper sum-
marizes the experimental data available at that time."Our assumption of the same dissociation and photon excitation
cross sections for H2 and D2 neglects a difference discussed by
Condon. See E.. U. Condon, Am J. Phys. 15, 365 (1947). The
potential energy curves are quite accurately the same in the two
isotopic molecules of H2 and D2. However, because of its larger
mass, the Franck-Condon region for the ground state. of D2 is
narrower than that of Hg. This results in differences in the overlap
integrals between the X'Zg ground state and the excited states, and
in difterences in the energy dependence of the dissociation and
photon-excitation cross sections. We assume that when the
diGerences in the cross sections are averaged over the distribution
function the eGective difference is too small to be significant in our
calculations.

~ G. A. BaraB, Bull. Am. Phys. Soc. 7, 633 (1962); and G. A.
Baraff and S. J. Buchsbaum, Phys. Rev. 130, 1007 (1963), BaraQ
and Buchsbaum used the Qy, Qd, and Q„curves of Figs. 2 and 7 to
calculate ionization coeKcients for E/S) 1.1X10 "V-cm'. How-
ever, their use of a Q different from- that of Fig. 2 leads to a dis-
crepancy at the same E/E between their values of the ionization
coefhcient and our results which agree well with the experimental
ones of Rose. This state of affairs exists despite the fact that both
theoretical calculations are based on the "minimum energy loss"
assumption. The lower ionization coefficients which they obtain
with the "maximum energy loss" assumption are expected since
our inelastic cross sections would have been lowered had they been
calculated for this assumption.
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FIG. 8. Ionization coefficient a;/1V for Hs and Ds and electronic
excitation coeKcient n, /E for Hs as a function of E/E. The
theoretical results are shown as smooth curves and the experi-
mental ones as points.

harmonics; i.e., the distribution function is not far from
being spherically symmetric. The essential conclusion of
the BB analysis as it affects our approach is that below
an E/X of approximately 1.5X 10 "V-cm' the Lorentz
approximation is valid. Quite fortuitously, this value of
E/X was the one we adopted as an upper bound in order
to keep the power dissipated in the ionization process
from exceeding 10% of the total.

Our calculated values of n;/X for both Hs and Ds are
shown in Fig. 8 as smooth curves. The agreement with
the experimental data of Rose" and Frommhold" is
excellent. Also shown in Fig. 8 is a comparison of our
calculated values of the total electronic-excitation
coefficient4' a./lV' and the experimental values of Poole44

for the dissociation coefficient ns/X. In this figure we
have plotted the calculated total electronic-excitation
coeflicient rather than the dissociation coeScient to
emphasize the fact that we do not claim to have
separated the sects of dissociation and higher state
excitation. The comparison we have made is valid in the
range of E/X of Fig. 8, since Corrigan and von EngeP'
have shown that the photon-excitation coeKcient is only
about 30% of the dissociation coefficient. Our calculated
"photon" excitation coefficient is about 10% of the
calculated values of aq at E/)V'(7X 10 's V-cm' The
relatively large experimental photon-excitation coeK-
cient, which was overlooked at the time of our calcula-
tions, and the unusual shape, i.e., the prolonged very

"Here n, is actually nz+n~ as defined by Eqs. (10) and (10a).
"H. G. Poole, Proc. Roy. Soc. (London ) A163, 404, 415, and

424 (1937).These results have been comfirmed by Corrigan and
von Engel (Ref. 11) and by T. M. Shaw, J. Chem. Phys. 30, 1366
(1959).
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small cross section near threshold of the Q„curve of
Fig. 9, are the basis of our emphasis on the "total"
excitation cross section and rates rather than the
separate dissociation and photon contributions.

The sensitivity of this method of determining cross
sections is illustrated by Fig. 40 where the results of
four cases using different combinations of Qv and Q„ for
H2 are plotted. The ionization coefficient ratio E; is the
ratio of the calculated value of n,/X to the experimental
one of Rose at the same value of E/E. The trial value
Qvr of the vibrational excitation cross section differs
from the final value Qvo only above 3 eV (see Fig. 1);
the former exceeds the latter by about 7% at the peak
which occurs at 4.5 eV. As shown in Fig. 9, the trial
value'Q~~ of the electronic excitation cross section is less
than the final value Q„p at all energies; the latter ex-
ceeds the former by about 35%at the peak which occurs
at 33.0 eV. Q„o is a photon-excitation cross section
which is identically zero for all electron energies.

The results of case (i) are much too high. However, by
increasing the photon-excitation cross section from zero
to Q„r, we improve this situation considerably although
the discrepancy in R, at high Z/X is still quite large.
Case (iii) illustrates that decreasing the cross section
for vibrational excitation from Qvr to Qv~ improves the
shape of the calculated curve by making the fractional
error nearly constant. Moreover, the shift in the calcu-
lated points caused by changing Qv but not Q„ indicates
that o.,/S is rather sensitive to Qv at lower values of
E/S but not at higher ones. The final adjustment made
by using Q~s instead of Q„r results in excellent agree-
ment with a maximum discrepancy of about 5%. A
similar procedure was followed for D2 with the exception
that Q„was held constant at the value Q„p and Qv was
varied in such a way as to minimize the discrepancy and
not to perturb the fit in region B. In the case of D2 we
were able to fit the experimental u,/E values to about
15%. [1Vote addedie proof. Cottingham and Buchsbaum
have recently reported LSixth International Conference
on Ionization Phenomena in Gases, Paris, 1963 (to be
published) j that the p, values for electrons in Hs and

3.0

205

,O 2.0—
O

l l I

h Case (i)-QyT&Qpo
V Case (ii)-QyT Qpy

0 Case (iii)-QyF Qg
o Case. (iv}-QyF QpF

l l I

h h

h
Ognnvv9

V

0 0 n

O
O

o5

O

0 1

2 4 6 8 10 12
1

14 16
BIO-16

FIG. 10. The ionization coeKcient ratio R; for H2 as a function
of 8/E for various combinations of vibrational and photon-
excitation cross sections. Qpz and Qyl are shown in Fig. 1, whereas
Q~r and Q„r are plotted in Fig. 9. Q„, is a photon excitation cross
section which is zero at all energies.

4' W. P. Allis and S, C. Brown, Phys. Rev. &7, 419 (1952).

D2 are very nearly the same. This result appears to be
in contradiction to that of Ref. 40. If the ionization
frequencies for H2 and D2 are the same, then our pro-
cedure would lead to identical vibrational and electronic
excitation cross sections for H2 and D2 at energies above
about 3 eV.}

The relative importance of the various energy-loss
processes in region C is elaborated somewhat further in
Fig. 11, where we plot the ratio of the power input
dissipated by a process to the total power given by the
field. to the electrons. Thus P~, Py, and P; are, re-
spectively, the fractional power input values for elastic
scattering, vibrational excitation, and ionization; P, is
the sum of the fractional power input values to dis-
sociation and photon excitation. First of all, we note
that P ~ and Py for H2 are greater than the corresponding
quantities for D2, whereas the converse is true for P, and
P;.We would expect P~ to be smaller for D2 because the
molecular mass of D2 is twice as great as that of H~,.
i.e., the 2m/M factor before the second term of Eq. (2)
is reduced. Similarly P& for D2 is smaller partly because
of the smaller threshold energy of 0.36 eV, and partly
because of the smaller D2 cross section for vibrational
excitation. Finally, we note that P& is much greater
than P, at the lowest values of E/X, whereas at the
highest values P, exceeds P& but not by a considerable
factor. Consequently, vibrational excitation is im-
portant over this entire range of Z/tV in determining
n;/X. This is contrary to the conclusion reached by
Allis and Brown" but consistent with that of Rose ' and
Heylen and Lewis. "

In contrast to the very satisfactory agreement ob-
tained for n;/X, the plots of o /S and v „/N for Hs.
exhibit some very definite discrepancies. In the case of
the v„jtV curve, our computed points are well below the
experimental curve. Calculations have been performed
wherein it was attempted to obtain a better fit to the
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i „/S curve by increasing Qv. However, it became ap-
parent that an increased Qv would preclude entirely the
possibility of agreement in the case of n;/X, and as a
result, such an approach was abandoned. This dis-
crepancy in v /X is also evident in the ex plot of Fig. 5
for H2 where for e~&1.5 eV our calculated curve lies
signi6cantly above the experimental points. In the case
of ir /E, the discrepancy is small up to ex= 2.0 eV, but
for greater values of ~& the experimental curve actually
starts to drop, whereas the calculated points are almost
constant. This result appears to argue for a smaller Q
at high energies which in turn would tend to increase our
inelastic cross sections obtained by requiring agreement
between experimental and theoretical values of rr;/S. In
the absence of adequate ez data we have been reluctant
to decrease Q . Our calculations in region C of ttr, ex,
ir„/E, and ir„/N for Ds are shown in Figs. 4 and 6,
although no experimental results are available at this
time.

Now that we have obtained a fit between the ex-
perimental and computed ionization coefficients, it is
pertinent to ask in what way our result in region C
represents an improvement over previous results. First,
we will compare our results with those of Lunt and
Meek." These authors were able to obtain a satis-
factory, although not extremely good, 6t to the avail-
able ionization coeKcient data using a Maxwellian
distribution of electron energies and the measured
values of ez. Our claim is that the erroneously small
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Pt, term representing elastic collisions is the diGerence between the
energy loss and energy gain terms, i.e., the first integral on the
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experimental values of e& due to Townsend and Bailey'0
were sufFicient to compensate for the relatively large
number of high-energy electrons in a Maxwellian energy
distribution, so as to give approximately the correct
ionization coefficient. This eGect is illustrated in Fig. 12
where we have shown our calculated f and the
Maxwellian f for an E/X=9&(10 's V-cm'. The n;/X
values are 1.9&(10 "and 2.2&10 "cm' for the exact
and Maxwellian distributions, respectively. This is
rather close when one considers the rather different
values of c~.

Our results in region C differ considerably from those
of Heylen and Lewis" because we have not forced the
computed values of e~ to agree with the experimental
data. The net effect of this is tha, t our momentum
transfer and electronic excitation cross sections are
considerably larger than their values and in agreement
with the more direct measurements of the cross section.
It shouM be pointed out that the microwave data of
Varnerin and Brown" lend support to our belief that the
e~ values of Townsend and Bailey are too sma11.

"L.J. Varnerin and S. C. Brown, Phys. Rev. 79, 946 (1930).

IV. TRANSPORT COEFFICIENTS FOR AC ELECTRIC
FIELDS AND CROSSED ELECTRIC AND

MAGNETIC FIELDS

In order to obtain an additional check on the cross
sections derived from data obtained with a uniform dc
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constant at 1.68)(10 ' cm' sec '. This is the value of
v,/N we have adopted for insertion into Eq. (25), since
it is consistent with the cross sections we have derived
and is in good agreement with the value used in previous
analyses. "Cottingham and Buchsbaum" believe a value
of v./N= 1.36X10 ' cm' sec ' is a better one, because
when used in Eq. (25) it leads to slightly better agree-
ment between their ac data and the dc results of Rose."

The comparison of calculated and experimental values
of the mobility and diffusion coe%cients for H2 and D2
at high magnetic fields is shown in Fig. 13 as a plot of
(cob/N) (zor/w~) and DN versus E/Q, where Q= ups or a&.

The plots are independent of cvs/N since the experi-
mental conditions were such that (ter/to, )'((1. The
agreement between the experimental and calculated
values of (~ t/N) (wr/w, ) and DN is reasonably good for
both H2 and D2. Now the ratio of the real to imaginary
part of the high-frequency conductivity, "viz. o.„/o;, is
given by the same integrals as used to evaluate wr/to,
if co~ is replaced by co. Ke, therefore, expect values of
(&o/N)(o. ,/o, ) versus E/co for (o,/o~)'((1 to coincide
with the values of (a&s/N)(ror/w~) versus E/o&s in
Fig. 13. However, we see that the experimental micro-
wave data" are from 30 to 50% higher than the high-
magnetic field data or the calculated values. The source
of this discrepancy is unknown.

electric field and no magnetic field present, transport
coefficients have been calculated for two additional
configurations:

(A) crossed electric and. magnetic fields, i.e., Q=ros
in Eq. (4),

(B) ac electric fields, i.e., Q=co.

In the first case a comparison can be made with the
experimental results of Bernstein" and the theoretical
ones for high magnetic fields of Pearson and Kunkel. "
In the second case the microwave conductivity measure-
ments by Bekefi and Brown, "and the recent microwave
break. down measurements of Cottingham and Buchs-
baum (CB)"are available.

The comparison is facilitated by the definition of an
energy-independent effective electric field' given by
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E,=E(1+Q'/v. s)—'", (25)

where v, is some effective collision frequency. We use
E, here merely for the sake of convenience in plotting
results since we do not assume the frequency of mo-
mentum transfer collisions, zQ~, to be independent of
electron energy. The actual calculation of transport
coefIicients is accomplished using the more rigorous
Eq. (4). However, for Hs and Ds in the region above
2 eV it is a reasonably good approximation to say that
Q„~e '~' or v. ~e'~'Q (e) =const. From Fig. 3 it is seen
that above 3 eV our calculated value of v /N is almost

"G.Beicefi and S. C. Brown, Phys. Rev. 112, 159 (1998). Re
note that in spite of the disagreement indicated in I'ig. 13, the Q~
values obtained by these authors are in good agreement with the
values used in our analysis (See Ref. 4).

10-12

8xlO l6 9
1

'1
1 1 1 1 1

l0 I I I2 l 5 l4 15 l6 l7
Effective Electric Field

p llu 2
& Eejlu (volt-cfTl )

Fro. 14. Ionization frequency v~/N for Hs as a function of the
energy-independent effective Geld E,/N. The solid curve represents
our dc results which agree very well with those of Rose. The open
inverted triangles represent the results of our calculations at the
same E/N and ~/N as the solid inverted triangles which show the
experimental results of Cottingham and Buchsbaum. The remain-
ing points refer to calculations and experiments in crossed electric
and magnetic fields.
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FIG. 15.Fractional power input to elastic and inelastic collisions
for H2 as a function of the characteristic energy e~ which varies
through regions A, 3, and C. P~, Py, P„and P; have the same
meaning as in Fig. 13;Pg~ and Pg2 are the power inputs at 77'K
to the 6rst two rotational levels neglecting inelastic collisions of
the second kind.

The Inost convenient way to compare ionization
coeScients for various experimental arrangements is to
reduce the results to the ionization frequency v;. The
theoretical ionization frequency is calculated using Eq.
(10). The ionization frequency for the crossed electric
and magnetic field experiments is obtained by multi-

plying the n; values measured by Bernstein" by the
electron drift velocity in the direction of the electric
field, i.e., the transverse drift velocity, wp. The trans-
verse drift velocity is used in this case rather than the
net drift velocity, (wT'+w, ')'I', since the distance used
to calculate the experimental n; s is in the direction of
the electric field. In the ac case, we compare directly
with the measured ionization growth constant or fre-

quency. The simplicity in the comparison between the
theoretical and experimental data for the ac case would
no longer exist if we had made our comparison of
ionization coefFicients using the Townsend o, coefficients,
since it would be necessary then to define an effective
drift velocity.

Figure 14 displays plots of v;/X for H2 for both
configurations A and B. The solid line represents our
results for only a dc electric field present, and, as shown
in Fig. 8, agrees quite well with the results of Rose.4' In
the case of an ac electric field present, shown are the
results of Cottingham and Buchsbaum, "and our calcu-
lations which were done for the same pressure, micro-
wave frequency, and electric field as the CB experiment.
There is virtually no discrepancy between our calcu-
lated points for this case and the solid line. Within the
scatter of the experimental data the CB results show

little departure from the solid curve, although their
data can be brought into slightly better agreement with
that of Rose if v./X=1.36&& 10 ' cm' sec ' is used in-
stead. However, had we used the lower value of v,/X in
Eq. (25), then our ac results would fall approximately
20%%u~ above the dc curve, and our &ot/X data would be
even higher. This illustrates the necessity for consistency
between the Q data used in both the theoretical and
experimental analyses. 4'

Greater and more significant discrepancies are present
for the situation of crossed electric and magnetic fields.
On the one hand, our calculated results for three non-
zero values of a&t/E shown are within 5% of the curve
for coq/X=0. On the other hand, although Bernstein's
experimental values for a&q/X=O also agree with those
of Rose, his results for nonzero magnetic field fall
distressingly far from the curve, and therefore his
findings are open to question. Further evidence for
questioning Bernstein's results is provided by recent
calculations by Pearson and Kunkel" of n; for electrons
in H~ subjected to high magnetic fields, e.g. , a&t/S= 2.1

)(10 ' cm' sec '. The method of Pearson and Kunkel
is somewhat different from ours since they perform their
analysis for a drift frame of reference moving with a
velocity E x B. By using cross sections similar to ours
Pearson and Kunkel obtain results which are almost
identical to ours.

The results shown in Fig. 14 indicate that there is a
slight shift of the calculated v,/E results towards lower
values with increasing 0/1V. For the conditions of CB
for which o&&0.72v. , our computed points fall right on
the curve. However, with increasing 0 the results are
depressed as is shown by the three cases of ~~/X
plotted. Although this trend did not create discrepancies
greater than 5%, it does question mildly the concept of
the energy-independent effective field. In a sense a
degeneracy exists since one value of E,/X gives rise to
more than one value of i;/S.

V. DISCUSSION AND SUMMARY

By means of the analysis discussed in previous sec-
tions we have derived a set of momentum transfer and
inelastic scattering cross sections for electrons in H2 and
D2. These cross sections are consistent with most of the
available experimental data on electron transport coefIi-
cients. The assumption of the same Q for H2 and D2
has been shown to be valid. As an aid to obtaining an
over-all view of our calculations we present in Fig. 15
plots of the fractional power input for various energy
loss processes in H2. Since the calculations shown are for
T= 77'K in regions A and B, it is necessary to exhibit
only the curves for electron energy loss in excitation of
the first two rotational states, viz. , Pg~ and P~2. The
cross sections for electron energy gain by de-excitation
of the rotationally excited molecules are so small that
inelastic collisions of the second kind do not make a
significant contribution to the energy balance as given
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in Kq. (9).In addition, it is worth noting that for a given
gas temperature thermal eGects do not play an im-
portant role for e~&10k'. Hence, in region C we have
set T=300'K, a temperature which is close to but not
exactly that used in experiments.

Whereas for II& equally good agreement is obtained
both with and without the polarization correction of
Dalgarno and Moffet, for D2 the use of fg definitely
improves the shape of the v„/X curves such that
tolerably good agreement is obtained. Nevertheless,
residual discrepancies in the v„/X curve imply that an
error as large as 20% may exist in the shape of the
theoretical rotational cross sections. In addition, in both
H2 and. D2 we are left with a discrepancy of about 25%
between the effective quadrupole moment required to
fit transport coeKcient data and the values available
from other experiments. '4 "

The magnitude of the fractional power input to
elastic collisions compared with that to inelastic colli-
sions is delineated for H2 in Fig. 15.We see that only at
very low electron energies can rotational excitation be
neglected; even at &~=0.0'1 eV, Pgj is a third as large
as P&. The P& curve also displays two very interesting
humps. The first hump peaks in the vicinity of ez ——0.2
eV, since this is a region where Pg~ and Pg2 are de-
creasing rapidly and P& is not yet suSciently large. The
second hump is much less pronounced and occurs at
approximately 1.5 eV where Py is decreasing and P,
and P; are increasing quickly.

The vibrational cross section derived for H2 is greater
than that for D2 above 0.7 eV; the reverse is true below
0.7 eV. Although the differences between the Qy derived
for H2 in this analysis and that previously postulated by
Frost and Phelps4 are not large, it has been possible to
detect them, especially in region B where vibrational
excitation tends to dominate the picture.

In region C we have obtained the falling part of the
cross section for vibrational excitation and the cross
section for electronic excitation by comparing calculated
and experimental values of the ionization coeKcient,
and assuming the same Qq and Q„ for H2 and D2.
Despite the fact that there is evidence for believing that
the Q used may be too large at high energies, we have
been reluctant to seek a better fit for lack of suKciently
accurate ~& data. Since at 1.0 eV P» and P» are only
0.011 and 0.029 and are decreasing precipitously, we
consider the neglect of rotational excitation a justifiable
assumption.

Finally, we remark that our cross sections are con-
sistent for the most part with recent determinations" ""
of transport coeKcients for electrons subjected to high-
frequency ac electrical fields, and crossed dc electric and
magnetic fields. However, the concept of the energy-
independent effective field should be used with some
caution since there exists a lack of uniqueness, viz. , for
differing 0/S but the same effective field a slight spread
is obtained in the calculated values of v;/N.
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