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normally conducting state it has been proposed" that
E& is proportional to the d-electron spin susceptibility,
Xd. By assuming that the strong temperature dependence
of the measured susceptibility is due to Xq, the influence
of Xd onE~hasbeendeduced. Asharppeak in thedensity-
of-states curve for the d band was offered as one possible
explanation for the influence of temperature on Xd.
This argument does not appear useful for V-Fe alloys
in the composition range 0 to about 20 at.%%uoFe, or for
V-Cr and V-Tc alloys, for which a strong temperature
dependence in the susceptibility and in the Knight
shift is not found. It may be signi6cant that the d band
in these alloys is not characterized by sharp curvature,

If it were assumed that the composition dependence
of Ez is due entirely to E„ the variation of the latter
must enter through the probability density of the s
electrons at the Fermi surface rather than through the
measured density of states and atomic volume, both of
which decrease with Fe concentration in the composition
range concerned.

"A. M. Clogston, A. C. Gossard, V. Jaccarino, and Y. Yafet,
Phys. Rev. Letters 9, 262 (1962);A. M. Clogston and V. Jaccarino,
Phys. Rev. 121, 1357 (1961).

It seems likely that an algebraic summing of the three
terms in Eq. (1)must be invoked to explain the observed
results. For example, the peak in E~ could be due to an
increase in E, an.d/or Evv on the one hand and a de-

crease in Ea on the other as e/a increases. However, the
occurrence of the peak in Ev in the vicinity of e/a=5. 6
for three different systems seems to be more than fortui-
tous. An analysis combining the three terms must ac-
count for this electron concentration dependency.

In the composition region where moments and ferro-
magnetism appear and where the y term in the specific
heat has a large peak, a more detailed study of suscepti-
bility, NMR parameters and saturation magnetization
is currently in progress with the purpose of clarifying
the nature of the spin interactions which give rise to the
observed properties.
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Phonon scattering by point defects was studied by measuring the thermal conductivity of KCl containing
known amounts of KI, NaCl, and CaCl& in solid solution. By also measuring the conductivity in crystals in

which the impurities were allowed to coagulate, it was possible to distinguish between the effect of atomically
dispersed defects and precipitates.

The experimental data cannot be described by a Rayleigh-type scattering mechanism alone. An additional
phonon scattering by impurity modes, as discussed by Wagner in the following paper, is shown to describe
the experimental data. The angular frequencies of the impurity modes thus determined are of the order
of 10" sec ' for the defect systems investigated here. A discussion of the magnitude of the Rayleigh
scattering is also given.

l. INTRODUCTION

HE strong influence of lattice defects on the low-

temperature thermal conductivity of solids was
first demonstrated by Berman, ' and has since been
observed in many experiments. In electrically insulating
crystals, energy is carried predominantly by elastic
waves or phonons, and, therefore, measurements of the
lattice thermal conductivity at low temperatures are a
useful tool for the study of the interaction between

* Supported in part by the Advanced Research Projects Agency
and the U. S. Atomic Energy Commission.

' R. Herman, Proc. Roy. Soc. (London) A208, 90 (1951);Suppl.
Phil. Mag. 2, 103 (1953).

phonons and defects. For a review of this field we refer
to the articles by Klemens, ' Carruthers, ' and Bross.4

Among the defects which have been most carefully
studied are those whose size is comparable to that of the
host lattice atoms. In spite of considerably theoretical
and experimental effort, the problem of the phonon
scattering by these "point defects" must still be con-
sidered as unsolved.

' P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951);
Proc. Phys. Soc. (London) A68, 1113 (1955); also in Solid State
Physics, edited by F. Seitz and D. Turnbull (Academic Press Inc. ,
New York, 1958), Vol. 7, p. 1.

'P. Carruthers, Rev. Mod. Phys. BB, 92 (1961).
4 H. Bross, Physica Status Solidi, 2, 481 (1962).
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At present it appears that the only phonon scattering
that is well understood is that by randomly distributed
mass-fluctuations in an otherwise undisturbed lattice.
This so-called isotope effect has been discussed by Pom-
eranchuk' and later by Slack' and Berman et a/. It was
demonstrated by Geballe and Hull' who compared two
Ge crystals which presumably differed in nothing but
their isotopic composition. One specimen consisted of
isotopically enriched Ge74, whereas the other consisted
of the natural isotopic mixture. Callaway' showed that
the decrease in thermal conductivity in the crystal
containing the natural mixture could be described with
a Rayleigh-type scattering mechanism, i.e., a phonon
relaxation time 7 ~co ' in quantitative agreement with
the existing theory. Measurements in crystals of LiF
containing diRerent concentrations of Li' and Li by
Berman et al."also agreed with this theory, even though
the limited temperature range over which the thermal
conductivity had been determined reduced somewhat
the reliability of the theoretical analysis.

Walker and Fairbank" have investigated isotopic
mixtures of He' and He4, but their results are compli-
cated somewhat by uncertainties concerning the ran-
domness of the impurity distribution as well as the
physical perfection of the samples. "Zero-point motion
is also important here. "

In summary, one can probably say that the isotope
effect is basically understood, even though further
experimental studies certainly would be desirable. One
cannot be nearly so sanguine concerning any other point
defects.

In the original theoretical treatment' of the phonon
scattering by a static point defect only the effect of a
difference in mass, hM, a difference in force constant,
AF, and a difference in unit cell volume, AV, were con-
sidered. In all three cases it was found that in the long-
wavelength limit the relaxation time should be pro-
portional to co 4. It was therefore generally assumed that
point defects even of the most general type always scatter
phonons with a Rayleigh-type mechanism. None of the
experiments performed to test this assumption, how-

ever, could prove its validity. In fact most of them
yielded very different phonon relaxation times. As
examples we mention experiments on radiation dam-

s I. Pomeranchuk, J. Phys. (U.S.S.R.) 6, 237 (1942).
6 G. A. Slack, Phys. Rev. 105, 829 (1957).' R. Berman, E. L. Foster, and J. M. Ziman, Proc. Roy. Soc.

(London) A237, 344 (1956).
8 T. H. Geballe and G. W, Hull, Phys. Rev. 110, 773 (1958}.
J. Callaway, Phys. Rev. 113, 1046 (1959),' R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer,

R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London)
A253, 403 (1959)."E.J. Walker and H. A. Fairbank, Phys. Rev. 118,913 (1960)."M. J. Crooks and H. A. Fairbank, in Proceedings of the Eighth
International Conference I.om-Temperature Physics, London, 196Z
(to be published).

' P. G. Klemens and A. A. Maradudin, Phys. Rev. 123, 804
(1961).

age, ' -' semiconductors with acceptors, '~ '8 or crystals in
which one atom was replaced by a molecule. "In defense
of the theoretical model it could always be said that
the defects studied in these experiments basically did
not qualify as point defects in the above mentioned
sense and that additional scattering mechanisms had to
be considered.

In the remaining group of experiments this saving
grace could not be invoked. Slack" studied KCl con-
taining small concentrations of CaCl2. The point de-
fects in this case were Ca++, positive ion vacancies, or
pairs of both. The data could not be explained by Ray-
leigh scattering, and therefore Slack concluded that
some of the calcium had precipitated in the form of
CaCl2.'KCl clusters, which produced additional scat-
tering. Another experiment performed by Williams" on
mixed crystals of KCl:KBr did not give conclusive
information because the temperature range was too
small. Toxen" and Abeles et al.23 studied mixed crystals
of Ge and Si in the temperature ranges of 2 to 50 and
300 to 1200'K, respectively. Their results agreed
roughly with the Rayleigh scattering model, although
the conductivity at temperatures above the conductivity
maximum decreased faster with defect concentration
than predicted. In both investigations, therefore, a
modification of three-phonon processes by isotopic
scattering as discussed by Carruthers'4 was considered
as a possible explanation. Finally, the last experiment to
be mentioned in this series of attempts to study point
defects was done by Klein. "He studied NaCl crystals
containing small concentrations of MnCl~. As in Slack's
experiment the MnC12 tends to precipitate at room tem-
perature; however, the clustering can be observed in-
dependently with electron spin resonance measurements
and can be avoided if the sample is quenched rapidly.
In such crystals Klein found a rather strong decrease
in conductivity in the temperature range between 20
and 50'K. He could not explain his data with a pure
Rayleigh-type scattering process.

In summary, there seems to exist strong evidence
that even for this comparatively simple class of defects
Rayleigh scattering alone is not sufficient to explain the

' R. Berman, E. L. Foster, and H. M. Rosenberg, in The Report
of the Bristol Conference on Defects in Crystalline Solids, 1'954 (The
Physical Society of London, 1955)."R.O. Pohl, Phys. Rev. 118, 1499 (1960).

'6 W. Gebhardt, J. Phys. Chem. Solids 23, 1123 (1962).
'~ J. F. GoG and N. Pearlman, Proceedings of the Seventh

International Conference on Low-Temperature Physics, Toronto,
2960 (Toronto University Press, Toronto, 1960).' M. Holland and I.. Neuringer, Proceedings of the D'6Z Inter-
national Conference on the Physi cs of Semi conductors, Exeter,
edited by A. C. Stickland (Institute of Physics and the Physical
Society, London, 1962)."R.O. Pohl, Phys. Rev. Letters 8, 481 (1962).' G. A. Slack, Phys. Rev. 105, 832 (1957}.

"W. S. Williams, Phys. Rev. 119, 1021 (1960).
'A. Toxen, Phys. Rev. 122, 450 (1961}.

23 B.Abeles, D. S. Beers, G. D. Cody, and J, P. Dismukes, Phys.
Rev. 125, 44 (1962).

'4 P. Carruthers, Phys. Rev. 126, 1448 (1962)."M. V. Klein, Phys. Rev. 123, 1977 (1961).
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experimental data. However, not enough information
seems to be available to make a positive statement about
the scattering processes involved.

In an attempt to clarify this situation we have under-
taken an investigation of alkali halides doped with other
alkali halides or alkaline earth halides, and we report
here the first results of this investigation. In none of the
systems investigated have we found a pure Rayleigh-
type scattering mechanism. It will be shown that, our
data can be understood if in addition to the Rayleigh
scattering one assumes a resonance-like scattering of
phonons due to modifications of the normal lattice
modes by introduction of the impurity. The same ex-
planation will be invoked to explain Klein's data as
well as the more recent data of Worlock" for the system
NaCl: AgCl.

II. EXPERIMENTAL METHOD

The technique for measuring low-temperature thermal
conductivity has been described in great detail else-
where, ""and will not be repeated here. The only
departure from standard practice was the use in some
cases of carbon resistance thermometry over the entire
temperature range up to 150'K, rather than the use of
the more usual diRerential thermocouples. 100-0-Allen-
Bradley resistors were used for the range 1—20'K, and
1000 0-Allen-Bradley resistors were used for the range
3—150'K. In the region of overlap the data obtained
by the two sets of resistors always agreed to well within
experimental error.

The crystals measured were grown by a Kyropoulos
technique" from C12-treated reagent grade material
with the proper amount of doping added to the melt.
In the furnace high-purity argon was used as a protec-
tive atmosphere; the crucibles used were made of
sintered alumina. The thermal conductivity specimens
were all cleaved in $100] directions. They had the same
size, 40&&5&&5 mm, and their surfaces were sandblasted
to insure identical conditions for diffuse phonon scat-
tering by the crystal boundaries (Casimir scattering).

The determination of the impurity concentration in
the samples will be discussed individually for the various
defect systems in the next section.

III. EXPERIMENTAL RESULTS

1. KC1 Doped with KI

The optical properties as well as the segregation coef-
ficient of this system have recently been studied in
great detail by Mahr. "He also determined the oscillator
strength for the first exciton band of the KI in solid
solution using a chemical method. He concluded from
his investigations that the KI molecules do not coagu-
late and are probably randomly distributed in "as-

s' J. M. Worlock, thesis, Cornell University, 1962 (unpublished).
s" S. Kyropoulos, Z. Anorg. Allgem. Chemic 1S4, 308 (1926).
ss H. Mahr, Phys. Rev. 125, 1510 (1962).
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FIG. 1.Thermal conductivity of KCl doped with KI; A, undoped
KC1; B, I concentration $,=1.0&&10' cm '; C, $„=1.25)&10";
D, cY„=5.0&(10".

grown" crystals (i.e., unannealed). In the present ex-
periment a Cary Model No. 14 spectrophotometer was
used to measure the tail of the KI exciton band. By
comparing these measurements with Mahr's, the I
concentration could be determined. The thermal con-
ductivity results are shown in Fig. 1; a preliminary
report of these data has been given elsewhere. " The
data are for the crystals as grown.
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FtG. 2. Thermal conductivity of KC1 doped with NaC1; A, un-
doped KCl; B, Na+ concentration E„=2.3)&10' cm '.

"R.O. Pohl, Bull. Am. Phys. Soc. 7, 192 (1962),

2. KC1 Doped with NaC1

The concentration of Na+ was determined using a
Game photometric method. This and all the following
analyses were done by Professor G. Morrison of the
Cornell University Chemistry Department. The meas-
urements for this system are shown in Fig. 2, and again
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are for the crystal as-grown. The ratio of the NaCl in
the melt to the NaCl in the crystal was about 3:1.

3. KC1 Doped with CaC12

The concentration of Ca++, again determined using a
Game photometric method, turned out to be roughly
15% of that in the melt.

As pointed out earlier, Slack's work on this same sys-
tem demonstrated the difficulty in keeping the calcium
in solid solution. The x-ray diffraction work of Suzuki"
showed that the calcium in heavily doped NaCl crystals
precipitated out into platelets of CaC12. NaCl even at
room temperature. However, Suzuki also showed that
if the crystals were heated to 400'C and rapidly
quenched to room temperature, then the precipitates
were dissolved and did not re-form immediately ( 1

week).
On the assumption that the behavior of CaCl~ in

KCl would be roughly similar, a comparable heat treat-
ment was used in the present investigation. The three
most heavily doped samples were annealed at 400'C
for 2 h and quenched by quickly removing them from
the oven and blowing on them with a jet of room tem-
perature air. The time needed for the crystals to reach
room temperature was 2—3 min. The samples were im-

mediately mounted in the cryostat and cooled. The
total time lapse between removing from the oven and
passing below dry ice temperature was of the order of 3
h.

The data for this system are given in Fig. 3. They are
very similar to those obtained for the KCl:KI and
KCl: NaCl cases. In the Ca-doped crystals a somewhat
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greater effect on the conductivity at temperatures below
the conductivity maximum can perhaps be seen. This
is probably due to two effects. The 6rst is that in spite
of the careful heat treatment, some "microprecipitates"
still form, in the manner suggested by Klein. "The sec-
ond effect causing the somewhat greater low-tempera-
ture depression is the rapid quench itself. Such a treat-
ment is known to introduce dislocations, and to deter-
mine the magnitude of the eBect for KCl, the pure
crystal was subjected to the same thermal history. The
results are shown in Fig. 4 in which it is seen that the
quench produces a small low-temperature effect. How-
ever, there is no high-temperature effect and the "dips"
in the curves at about 30'K in Fig. 3 cannot be ascribed
to the quench.

It is quite apparent that the data in Fig. 3 disagree
rather remarkably with Slack's' "data. One must bear
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in mind, however, that Slack's crystals were very care-
fully slow-cooled from 700'C and allowed to age at
room temperature before measurement. The thermal
history of his crystals was thus entirely opposite to the
history of our crystals. In order to demonstrate that
the behavior seen by Slack can be reproduced, our
heaviest doped crystal (curve E in Fig. 3) was annealed
for 2 h at 400'C and slow-cooled ( 20'C/h) to room
temperature. The results of the measurements are seen
in Fig. 5, where the behavior of both the quenched
(curve 8) and slow-cooled (curve C) samples is seen.
Also shown in Fig. 5 (curve D) is the result of our re-
measurement of Slack's heaviest doped sample, his
crystal S. This crystal was kindly provided by Dr.
Slack. Before the measurements were made the sample
was slow-cooled from 700'C. The &'s in Fig. 5 are

Fzc. 4. Thermal conductivity of pure KCl quenched from
400'C; A, KCl as-grown; 8, after quenching. Average dislocation
density of quenched crystal was 2X106 cm ' except within 0.25
mm of surface where density was )107 cm '.



PHONON SCATTERING B Y POI NT DEFECTS 1437

Slack's original measurements on this sample. The
agreement between the measurements taken 6 yr apart
by different people is, indeed, remarkable. The data in
Fig. 5 also show that a sl.ow cool from 400'C produces
precipitates as efIiciently as one from 700'C, and that
both result in a complete obliteration of the behavior
seen in Fig. 3, where the bulk of the calcium has re-
mained in solution.

The most striking feature of the experiments reported
here is the pronounced decrease in the thermal conduc-
tivity curves around 30'K in crystals with presumably
no coagulation. The same "dip" can be seen in Klein's
data for the system NaCl: MnCl2 and was also found
recently by Worlock in NaCl containing small concen-
trations of AgCl. It is worth emphasizing at this point
that these five cases, all showing similar behavior, in
fact emcompass five somewhat different types of point
defects. The KCl: KI system has a heavier monovalent
negative ion for the defect. The KC1:NaCl system has a
lighter monovalent positive ion for the defect, while the
NaCl: AgCl system has a heavier monovalent positive
ion substituting for the host ion. In the KCl:CaCl2
system one has a foreign ion of negligible mass differ-
ence but accompanied by a positive ion vacancy. Fin-
ally, and possibly most complex, in NaCl:MnCl2 one
has both a heavier ion and an associated vacancy. All
of these defects are of atomic dimensions, and all of
them give the same effect in the thermal conductivity.
The latter fact suggests that all obey the same scattering
law. Its determination is the objective of the next
section.

r '((u, T)= r„'(cu,T)+re—'((o,T).-—(3)

Here r„contains all the information describing the un-
doped crystal and rd, contains the information concern-
ing the phonon scattering by the defect(s).

There are at least three separate scattering mechan-
isms acting in the pure KCl crystals. These are the

IV. DETERMINATION OF THE RELAXATION TIMES

In first, or Debye, approximation, the lattice thermal
conductivity E is given by the following equation:

1 AD dC
E= 'D r(rrt, T) dM

&

3 p dQ)

with

(2)

where coD is the Debye frequency, v is the sound velocity,
r, is the relaxation time for the ith phonon scattering
mechanism, T the temperature, and dC/d~ the specific
heat per unit angular frequency. The limits on the
validity of these equations have been discussed in
detail elsewhere, "but for the present discussion they
shall be assumed to hold.

In the analysis of data for systems containing deliber-
ately added defects it is useful to rewrite Eq. (2) as
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Fio. 5. KCl doped with CaC12, A, undoped KCl; 8, E,=4.7
&(10' cm ' after quenching from 400'C (same as curve E of
Fig. 3); C, same crystal after slow cool from 400'C; D, Slack's
crystal S, our measurements after slow cool from 700'C. x's are
Slack's original measurements on crystal, S.

scattering by the crystalline boundaries, the scattering
by the natural isotopes of K and Cl, and the intrinsic
or phonon-phonon scattering. We consider each term
separately.

(a) Boundary scattering The r.elaxation time for
boundary scattering is given by

re ' w/I. ,
——

where L is the Casimir scattering length. "For crystals
of square cross section and roughened surfaces, such as
ours, L is defined as the diameter of a circle with an
area equal to the cross-sectional area of the crystal.
For a crystal of width d, then, L= 1.12d.' For KCl, the
low-temperature Debye temperature is 233'K," and
from this one calculates the average sound velocity
v=3.1&&10' cm/sec. The cross-sectional area of our
crystals was 0.25 cm' and, thus, one would expect the
boundary scattering term to be

r~ '=5.6&(10' sec '.
The low-temperature data are fitted best with

rg =5.8X10' sec ' in excellent agreement with Casi-
mir's model.

(b) Ãatnral isotope scattering. According to Pomeran-
chuk, ' as amended by Klemens, ' the relaxation time for

"H. B. Casimir, Physica 5, 495 (1938).I P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1354 l1953).
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the scattering by the natural isotopes is given by

Vpl"—1 4
~Isot, =

p

471.~'

where Vp is the molecular volume and F is given by

r=Q, f,(1—~,/m) . (6)

Here m, is the mass of the ith species of molecules, m
is the average molecular mass, and f; is the relative
concentration of the ith species. Substituting the ap-
propriate quantities for KCl one obtains

rrso~ '=3.0X10 "sec' ~'.

Io.o
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E"xG. 6. Calculated
curves. A, calculated
for KCl using Eq.
(11), circles are
measured data; B,
calculated using Eq.
(11) plus additional
relaxation time r '
=A-~4, A=1X10 4'

sec ' C, A=3
X10 4'; D, A=7
X10 4'; E, A=14
X»-4 .

(c) Phonos Phonos -scattering. In order to explain the
data of Geballe and Hull, ' Callaway' used the following
expressions for Umklapp and normal phonon-phonon
processes

(8)
—I g ~2+8~—tI/aF

(9)

where 8 is the Debye temperature and a is a constant
of order 2 or 3. The same expressions were used by
Agrawal and Verma" in their attempt to explain the
previ ously published data on pure KCl. The basic
feature of Eqs. (8) and (9) is that the general behavior
for temperatures above the conductivity maximum is
E ~T

p
especially if the exponential term is ignored,

and the normal processes are included in Eq. (2)
merely as an additional scattering mechanism. '

Using these relaxation processes (r~, rr„', rp, and
rN), we have examined our data for the pure KCl. One
sees immediately that at high temperatures, where
phonon-phonon interactions become the dominant scat-
tering mechanism, the conductivity changes propor-
tionally to T '. This excludes the use of Eqs. (8) and (9).
A good fit at high temperatures requires a different
relaxation time:

« -~= pM2z-;bf ~ (1o)

where b=40'K and 8=2.92X10—'s sec deg
—i For a,

detailed study of the conductivity, Eq. (1) was calcu-
lated with the relaxation times described in Eqs. (4),
(5), and (10) combined according to Eq. (2). The inte-
gration was done using the Burroughs-220 digital com-
puter of the Cornell Computing Center. To obtain a
good fit near the conductivity maximum, it was neces-
sary to use a somewhat larger Rayleigh scattering term,
namely A = 11.2X10 " sec, ' This is perhaps not sur-

prising in view of the impurities present in the undoped
crystal ( 20 ppm). The total relaxation time, r, used
to describe the undoped crystal thus is given by

r '= 5.8&( 10 sec '+11.2&&10 "sec'a&'

+2.92X 10 "sec deg 'Tco'e "Etr (11).
The resultant curve is shown as the top curve in Fig. 6;

» Q. K, Agrawal and G. S. Verma, Phys. Rev. 126, 24 (1962).

—1—g"2/(~ 2 "2)2 (12)

We have found, however, that a term of the same form
does not fit our present data because it does not die o6
fast enough at low temperatures. A rather remarkable
fit of the present data has been achieved with a modified

also included are the data for the pure KCl crystal. %e
do not attempt to justify Eq. (11)physically, but merely
assert that it is the form needed to provide the best fit
to our data and accept it without comment. For a
serious discussion of the theoretical justification of
Eq. (11),we believe that it will be important to improve
the physical perfection of the undoped KCl, i.e., essen-
tially to reduce the background impurities. We note
parenthetically that the previously mentioned analysis
of Agrawal and Verma" is completely inapplicable in
our case, and, in fact, the use of Eq. (10) is a consider-
able improvement for the previously published pure
KCl data which they considered.

We turn now to the heart of the problem, the deter-
mination of the defect scattering term in Eq. (3). Ac-
cording to the theories of Klemens and Carruthers,
the defects which we have studied should obey a scat-
tering law of the form r '=Ace', i.e., a Rayleigh scat-
tering law. Our experiments were designed specifically
to test this conclusion. If the Rayleigh law held true,
then one could predict the shape of the experimental
curves for the doped crystals. One would simply add an
~4 term to the total relaxation time describing the pure
crystal and calculate the result. This has been done for
increasing strength of the scattering term and the re-
sults are seen as the bottom four curves in Fig. 6. A
comparison of the curves in Fig. 6 with the experimental
curves shows that the computed curves agree with the
experimental ones only at very low temperatures. The
significant feature of our data, the "dip" in the conduc-
tivity around 25—30'K, cannot be described with
Rayleigh scattering. This structure of the conductivity
curves is somewhat similar to the structure found in
KCl crystals containing KXO. in solid solution, " in
which case the defect scattering could be described with
a resonance expression of the form
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resonance expression: IO.O
(A)

—1—QM2T2/(oi 2 oi2)2 (13)

V. THEORY

Ke now consider in detail the consequences of in-
troducing a point defect into an alkali halide crystal.
As pointed out in the introduction, the perturbation of
the periodicity of mass, force constants, and volume
will give rise to a Rayleigh-type scattering mechanism.
Its effect on the thermal conductivity was demonstrated
in Fig. 6, and it was concluded that this mechanism
did not suffice to explain the experiments.

The incorporation of point defects, however, also
causes other effects. Alkali halide crystals are composed
of diatomic molecules and the well-known dispersion
relations for this system show that the frequency spec-
trum is split into two bands, acoustic and optical, with
a gap between. If a point defect satisfying certain criteria
is introduced into this system, new modes are produced
which do not lie in either band. For example, an im-

purity substituting for the lighter of the two host ions
and with a mass greater than the ion it replaces (as I
for Cl in KCl) produces a new mode which lies in the

gap between the acoustic and optical bands. A quanti-
tative determination of the impurity mode also requires
a knowledge of the binding forces and strain field around
the defect. This problem has been discussed in detail
by several investigators. ""Since these new modes exist
in energetically forbidden regions they must be highly

'4 M. Lifschitz, Nuovo Cimento 3, Suppl. A1, 716 (1956).
"R.L. Bjork, Phys. Rev. 105, 456 (1957).
'6 A. A. Maradudin, P. Mazur, E.W. Montroll, and G. H. Weiss,

Rev. Mod. Phys. 30, 175 (1959).
sr J. A. Krumhansl, J. Appl. Phys. 33, 307 (1962).
8 C. W. McCombie, J. A. D. Matthew, and A. M. Murray,

J. Appl. Phys. BB, 359 (1962).

where T is the temperature. The result of the calculation
is seen in Fig. 7. For KCl: KI, the resonance frequency
was determined to be

o&0——1.0X10"sec '

For an I concentration of 5X10is cm ' (curve D in
Fig. 1), the proportionality factor A was found to be:

A=SX1032 sec ' deg '

Even though Eq. (13) yields calculated curves which
roughly resemble the experimental data we use it only
as a crude example of the type of relaxation term which
one needs to explain the data and shall not consider it
further. The chief difficulty with Eq. (13), in addition to
the fact that it has no physical justification, is that it
does not show explicitly any phonon scattering of the
Rayleigh type expected at least as a result of the mass
difference between the I and the Cl . However, one
may conclude at this point that any theoretical. inter-
pretation of the experimental phenomena for the system
KC1:KI must contain a chara, cteristic frequency coo of
the order of 10" sec '

FIG. 7. Calculated
curves. A, calculated
for KCl using Eq.
(11); 8, calculated
using Eq. (11) plus
Eq. (13), coefficient
of resonance term
=A p C, coeKcient
=2 Ap, D, coeKcient
=10 Ap, E, coef-
6cient=20 Ap.
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localized and will have little interaction with the
phonons.

In addition to creating these new local modes, the
defects will also disturb the phonon spectrum present
in the pure crystal. In a crystal of S diatomic molecules
there can be only 3E normal modes. If by introducing an
impurity M new modes have come into play, it can only
be at the expense of M of the old modes. Further, it is
probable that the phonon spectrum may be modified
more radically than by the simple loss of M of the un-
perturbed normal modes to make up for the M localized
modes. McCombie et a/."have considered the effect on
the frequency spectrum of introducing an F center into
an alkali halide. They found that several new (or at least
enhanced old) modes are produced in both the acoustic
and optical bands. These modes seem to average to a
frequency which is the same frequency needed to explain
the F-band half-width. It is probable that an argument
similar to McCornbie s would show a, similar modifica-
tion for the type of point defects which we consider. It
is possible that the portion of these modes lying in the
heat-carrying part of the spectrum (acoustic band)
would be sufFiciently closely spaced that a gross average
over frequency, such as thermal conductivity, would
show only an "average" mode. All of these modes in
the acoustic spectrum can no longer really be called
localized because they will interact strongly with the
remaining acoustic modes.

Wagner" has studied the scattering of phonons by
localized modes and we shall sketch his method brieRy
in the following. Let us assume a local mode (i.e., a
mode outside the acoustic and optical continuum) of
angular frequency, oi„and wave vector k, .Let two pho-
nons of frequencies oii and ops and wave vectors ki
and ks collide to form a third phonon of frequency cos

and wave vector k3. If cu3= ~, and k3= k, and if there is
any interaction at all between the phonons and the
localized mode, then the possibility exists that phonon
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curve A of Fig. 8;
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+2.7X10 " sec' co'
and fitted to X's,
Impurity mode fre-
quency cop = 1.3X10"
rad/sec; C, Same as
B except that coef-
ficient of co4 term is
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3 will simply be absorbed by the localized mode. When
the mode de-excites, the probable result would resemble
phonon-phonon scattering if the excited state of the
localized mode has a lifetime short compared to a
typical phonon period ( 10 " sec). If the lifetime of
the excited state is comparable to or longer than a pho-
non period, the process of excitation should be inde-
pendent of the process of de-excitation and one would
not have a resonance-Rourescence type of scattering but
simply a resonance absorption of phonons followed by a
later reernission. Since co, lies in an energetically for-
bidden region, the collision between phonons 1 and 2

must be of the Umklapp type. That is, if the impurity
mode were not there, phonon 3 would quickly undergo
the process k,+K= ks', where K is a reciprocal lattice
vector. Thus, if this process is going to occur and be
detectable in the thermal conductivity, it must occur
in a temperature region where umklapp collisions are
abundant; i.e., for temperatures greater than the con-
ductivity maximum. It also follows that this process will

be most important in the thermal conductivity for
localized modes lying between the acoustic and optical
branches and will decrease strongly for larger impurity
mode energies.

Quantitatively, Wagner finds that the process can be
described by the following phonon scattering relaxation
time:

r '(~ T)=&f(~ T)g(~)

Here sos is the frequency of the localized mode, n
is the concentration of defects, y is Gruneisen s con-
stant, p is the density of the crystal, v is the sound
velocity, and co =nv, where 0, is the exponential damping
factor of the localized mode. M is the number of local-
ized modes created by one impurity. The properties of
Eq. (14) have been discussed by Wagner. " The im-
portant results are that r ' peaks roughly at o/, /2 and
is large over less than a decade of frequency, and that
the height of the peak increases roughly exponentially
for low temperatures, as T' for intermediate tempera-
tures, and as T for high temperatures. Although the
scattering process t Eq. (14)]was derived for the inter-
action between phonons and a localized mode, Wagner
has shown that the same result can be obtained when
the interaction occurs with impurity modes that lie in
the acoustic or optical continuum. In this case 3I in Eq.
(14) is the number of "quasilocalized" modes lying in
the band. Single-phonon processes can still be neglected.

In the following it will be shown how the experimental
data were fitted using a combination of a Rayleigh
scattering term a,nd Wagner's term LEq. (14)]. Since
it turns out that the resonance term has no low-tempera-
ture effect the coefficient of the co 4 term was adjusted
to fit the low-temperature data. The two variables in
the resonance term, the impurity mode frequency and
the damping coefficient, were then adjusted to provide
a "dip" of the proper position and depth to explain the
high-temperature data. This calculation was carried
out on the Control Data-1604 electronic computer and
the result for the system KCl: NaCl is shown in Fig. 8.
The top curve in Fig. 8 is the pure KCl curve and the
bottom curve is for the doped crystal. The circles are
the actual data and the dashed line shows the calculated
curve using an or ' law only. The coeKcient of the excess
u ' needed for curve 8 is 3=2.7)&10 "sec'. The im-
purity mode frequency is ~,= 1.6&10"sec ', while the
coeff;cient of the resonance term is 8=8.8)&10 " sec.
From the expression for E in Eq. (14) one determines
(Mrr) = 2.5 && 10' cm '.

The relevant parameters for all three defect systems
are given in Table I. Fig. 9 shows the result of the
calculation for KCl:KI. It has not been possible to
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TABLE I. Parameters needed to explain thermal conductivity data including Rayleigh and resonance scattering effects.

Defect
concentration

(cm ')

2.3X 10'9 Na+
1.0X10' I
1.25X10" I
5.0X10"I
2.4X10'7 Ca++

92X101s Ca++
2.74X 10's Ca++
4.67X10"Ca++

A in Eq. (5)
calculated from
mass difference

(10 4' sec')

0.301
0,155
1.80
7.52
0.00343
0.0275
0.0392
0.0668

A needed
to fit data
(10 4' sec')

2.7
~ ~ ~

2.7
10.8
0.34
2.2
32
5.0

&exp/
A theory

9.0
~ ~ ~

1.4
1.4

99
81
81

~s ln
Eq. (14)

(10m sec—I)

1.6
~ ~ ~

1.3
1.3
1.7
1.7
1.7
1.7

A in
Eq. (14)

(10 "sec)
8.8
~ ~ ~

8.8
44

&0.4
1.6
2.3
3.5

(Mn) ' in
Eq. (14)

(L)

4.0
~ ~ ~

5.0
40.0

2.3
2.3
2.3
2.3

fit the two most highly doped KCl: CaCl& crystals very
well because of the previously mentioned low-tempera-
ture depression presumably caused by the onset of
precipitation. Accordingly, the coe%cients in Table I
for these two cases are merely surmises and are probably
accurate only to 50%. The impurity mode frequency,
however, is reasonably accurate. Also in Table I it is
seen that E for the highest concentration of KI is
smaller than for the lower concentration.

VI. DISCUSSION

1. Rayleigh-Type Scattering

In Table I we have seen that the coefficient of the co 4

term seems to be proportional to the concentration,
and that the size of the coefFicient, A, in every case is
larger than that calculated for mass-difference scattering
only. This suggests that the theory of point-defect
scattering is at least qualitatively correct insofar as it
concerns the elastic (Rayleigh) scattering. Klemens'
describes this scattering in terms of a dimensionless
parameter S' where the coe%cient of the co 4 term is
given by

3G
S'f,

X"V

where v is the sound velocity, u' is the molecular volume,
and f is the mole fraction of impurity. For mass-differ-
ence scattering only one has (S&)'= (1/12) (AcV/M)' and
for scattering by a change in atomic linkages only one
has (S&)'= -', (d F/F)'. For scattering by a change in link. —

ages accompanied by a lattice distortion (i.e., volume
changes) one has (Ss)'=24(AR/E)'. S' for a general
tyPe defect is given by S'=Sts+ (S&+Ss)'.

Klemens has tabulated calculated values of S' for
various systems. ' The values relevant to our experi-
ments are listed in Table II. The values of S' needed to
explain our data are also given in Table II.

Carruthers" describes the scattering by the strain
field around point defects and obtains S'-= 80y'e', where

y is Gri&neisen's constant and ~ is a "misfit parameter"
giving the fractional amount of volume misfit for the

Equation (4.43) of Ref. 3 corrected numerically by Carruthers
(private communication).

impurity ion relative to the host ion. The values for e

needed to give our experimentally determined values
of S' are given in Table II.

From Table II we conclude that the agreement with
either theory is fair for the case of Na doping. For the I
and Ca doping, Klemens' S' is much too small and Car-
ruthers' theory seems more applicable. The biggest
discrepancy with Klemens' calculation is found for Ca.
Here one is dealing with a strain dipole and it is, there-
fore, understandable that Carruthers' approach is more
appropriate.

TABLE II. Comparison between experimental and calculated
Rayleigh-scattering parameters.

Defect
concentration

(ctn ')

A, ~ needed
to fit data
(10 4' sec') S'. ~ ~theory

Misfit
parameter

2.3X10"Na+
1.0X10"I
1.25X10"I
5.0X10"I
2.4X 10'7 Ca++
1.92X10 Ca++
2.74X10' Ca++
4.67X10"Ca++

2.7
~ ~ ~

2.7
10.8
0.34
2.2
3.2
5.0

0.34
~ ~ ~

1.7
1.7
1.1
0.9
0.9
0.9

0.29
0.43
0.43
0.43

&0.2
&0.2
&0.2
&0.2

0.041
0.093
0.093
0.093
0.07
0.07
0.07
0.07

a From Klemens (Ref. 2), corrected by calculating hM/M using molecu-
lar masses rather than atomic masses.

4~ M. Born and K. Huang, Dynamical Theory of Crystal Lattices
(Oxford University Press, New York, 1956).

2. Impurity-Mode Scattering

From Restrahlen and elastic data4' one determines
the upper limit of the acoustic band in K.C1 to be greater
than co=2.0&10" sec '. A comparison with Table I
shows that all the frequencies ~, needed to explain our
data lie well below this value. According to Wagner's
theory, then, we do not see the effect of localized modes
in the band gap, but rather the effect of impurity modes
or quasilocalized modes in the acoustic continuum.
Their damping factor n can be estimated if we assume
that the number M of quasilocalized modes connected
with each impurity atom is small, say four or 6ve. In
the case of the Na+ impurity with a concentration of
2.3)&10"cm ', the mean distance between impurity sites
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is of the order of 36 A. The value of (Mn) ' needed to
explain the data is 4 A; thus, n ' would be of the order of
15—20 A. Therefore, one could still consider the defects
as isolated, as postulated by Wagner.

The same argument holds for the lower I impurity
concentration. However for the highest I concentra-
tion, 5&(10" cm ', the mean separation between im-

purity sites is only about 27 A. In this case four or five
quasilocalized modes would give n ' of the order of
20—25 A and one would be dealing with an impurity
band rather than isolated impurities. The theory is

probably not applicable under this condition and this
may explain the very high value of (Mn) ' needed for
the highest I case.

It appears that Wagner's theory indeed gives a
plausible description of the experimental data. It is
important to point out, however, the problem of
whether resonances in the band are to be expected for
all the impurity systems we have discussed. Arguments
considering mass difference only suggest that the Na+
impurity should not produce a quasilocalized mode.
However, Lifshitz'4 has set up the problem for arbitrary
mass difference and one can see that a lighter mass,
such as Na for K, could indeed produce a quasilocalized
mode. Our observed resonance frequencies span the
range 1.3—1.7&(10" sec '. Since it is not yet clear how
much effect force constant changes will have on local-
ized mode frequencies, we cannot comment on whether
our observed frequency range is reasonable. At this
stage, then, several questions remain open, such as the
magnitude of ~, and its dependence on host lattice and
impurity atoms as well as the concentration dependence
of the scattering term. These questions are presently
under further investigation.

VII. SUMMARY

We can summarize the results of the present investi-
gation as follows:

(1) Measurements of the thermal conductivity of
KCl crystals containing known amounts of KI, NaC1,
and CaCl~ in solid solution were used to study the inter-
action between phonons and point defects. In all cases
the doped crystals showed a pronounced decrease in
the thermal conductivity around 30'K. Similar obser-
vations were reported earlier by Klein for the system
NaCl:MnCl2 and by Worlock for NaCl:AgCl. This
"dip" disappeared in the KC1:CaC12 system when the

Ca++ was allowed to precipitate, indicating that the
effect is to be attributed to the atomically dispersed
defects.

(2) It was not possible to describe these results solely
with a Rayleigh-type phonon scattering mechanism.
This suggested the occurrence of an additional scatter-
ing mechanism which had not been considered in
previous theories.

(3) A phonon-phonon excitation of an impurity mode
as discussed. by Wagner is shown to be a possible source
for the "dip" in the thermal conductivity curve. The
angular frequencies co, of the impurity modes, deter-
mined from the experiments under this assumption, are
of the order of 10" sec ' for the three defect systems
investigated here. This means they lie in the acoustic
continuum. The same holds true for the systems dis-
cussed by Klein and Worlock. Further experiments will
be required to test this theory and in particular the
dependence of or, on host lattice and impurity atom will
have to be studied.

(4) The experiment also permitted a quantitative
determination of the Rayleigh relaxation time and the
data were used to study the effect of the strain around
the point defect. In agreement with Slack's result it
was found that the Rayleigh scattering for the Ca-
doped crystals is much stronger than Klemens' esti-
mate; this might be expected for a strain dipole as
formed by the Ca++ vacancy aggregate. This result,
combined with the results for the Na+ and I doping,
suggest that Carruthers' strain-field model is more
applicable than Klemens'.
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